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In this paper we present conditions under which elements of a quotient space (Minkowski—
Réadstrom-Hormander space) over a lattice of unbounded closed convex sets with common
recession cone have inclusion-minimal representation. We also discuss the uniqueness-up-to-
translation of minimal representation.

1. Introduction

The law of cancellation holds true in the semigroup B(X) of nonempty bounded
closed convex sets in real Hausdorff topological vector space X, where the
addition + is defined by A+B = A+ B = {a+bla € A,b € B}. Minkowski
studied the semigroup of compact convex subsets of Euclidean spaces, therefore
the algebraic or vector addition A+ B is also called the Minkowski addition. In
infinite dimensional topological vector spaces we need to consider A+ B instead
of A+ B. Radstrom [14] applied the Cancellation law in order to embed the
convex cone B(X), where X is a normed vector space, into a normed vector
space. Hormander [10] generalized the Radstrom’s result to the locally convex
spaces and Urbanski [18] to the arbitrary topological vector spaces.

Since Cancellation law does not hold in the semigroup C(X) of nonempty closed
convex sets, this semigroup cannot be embedded into a vector space. How-
ever, Robinson [15] proved Cancellation law for the family Cy (R™) of nonempty
closed convex subsets of R"” sharing common recession cone V. He also em-
bedded Cy (R") into a topological vector space (but not into a normed space).
Bielawski and Tabor [2] restricted the family Cy (X'), where X is a normed vec-
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tor space to such closed convex sets A that the Hausdorff distance dg (A, V) is
finite. It enabled them to embed restricted Cy (X) into a normed vector space,
generalizing in this way Radstrom’s result.

Let S be an abstract convex cone with 0 i.e. a commutative semigroup with zero
in which a mapping (A, s) — As of Ry x S into S is defined such that

1s = s,
A(ps) = (Ap)s,
A(s+1) = As+ A,
(A + p)s = As + pus

for all s,t € S and A\, u € Ry.
Moreover assume that in this cone the cancelation law i.e. for all a,b,c € S

a+c=b+c ifand only if b= ¢

is satisfied. Then in the Cartesian product S x S we can introduce an equiva-
lence relation ~ as follows

(a,b) ~ (¢,d) if and only if a +d =b+ c.

Let S denote the quotient set of this relation and let
[a,b] = [(a,b)]~ = {(u,v) € S x Sla+v=>b+uj.

Then the quotient space S equipped with

e addition
[a,b] + [c,d] = [a+ ¢, b+ d]

e scalar multiplication

e A if 4 >0
vl {[(—u>b,<—u>a] <0

becomes a real vector space which is called the Minkowski—Radstrom—Hor-
mander space over the cone S, shortly the MRH space over S.

In the case of S = B(X) or S = K(X), where the symbol IC(X) denotes the
family of all nonempty compact convex subsets of a real Hausdorff topological
vector space X, the appropriate MRH spaces were investigated by many authors
([3, 10, 13, 14, 16, 18]) and in this case the MRH space is denoted by X. There
also arose the concept of minimal pair of compact convex sets and minimal pair
of closed bounded and convex sets. We say that a pair (A, B) € B*(X)(resp. €
K2(X)) is minimal if for any pair (C, D) € B*(X)(resp. € K*(X)) such that
CCADCBand A+D = B+C we have A = C and B = D. The concept of
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minimal pairs is by Minkowski duality closely related to the problem of minimal
representation of DCH functions (differences of homogenous convex functions)
which is a variant of the problem of minimal representation of DC functions
(see [1, 19, 9]).

In [11] it was proved that for any pair (A, B) € K*(X) there exists a minimal
pair (C, D) € [A, B] such that C C A and D C B. Moreover it can be proved
[7] that if X is a reflexive Banach space then for any pair (A, B) € B*(X) there
exists a minimal pair (C, D) € [A, B] such that C C A and D C B. Also it
is known that if X = ¢y or X = (* then there exists a pair (A, B) € B*(X)
such that there is no minimal pair in the quotient class [A, B] [7]. Hence the
following question arose: does in any nonreflexive Banach space there exist a
pair (A, B) € B*(X) such that there is no minimal pair in [A, B]? We still
don’t know the answer, so it is an open problem.

Parallel to the issue of existence there also arose a problem of uniqueness of
minimal pairs. This problem was solved by Grzybowski [4] and Sholtes [17]
independently. It was shown that if (A, B), (C, D) € K*(R?) are two equivalent
minimal pairs then there exists a vector v € R? such that A = C+z, B = D+x.
It was also shown [4] that if dim(X') > 2 then there exist at least two equivalent
minimal pairs (A, B), (C, D) € K*(X)) such that A= C +x and B=D + =z
fornox e X.

In this paper we introduce the notion of minimal pairs of unbounded closed
convex sets with common recession cone V. We prove in Theorem 2.5 un-
der some conditions the existence of such minimal pairs. In order to prove
it we investigate in Proposition 2.2 the translation of intersection property
(Nier(A+A;) = A4+ Ner Ar) for chains of sets. Examples 2.3 and 2.4 show
that the conditions cannot be weakened.

We also study the problem of uniqueness for minimal pairs of closed convex
and unbounded sets. We affirm the uniqueness of equivalent minimal pairs up
to translation in two-dimensional space. In Theorem 3.1 we give the formula
for a minimal pair equivalent to a given pair (A, B) € C#(R?). The uniqueness
up to translation follows from the formula. The approach from [4] appeared
to be fruitful. In our case the criterion of minimality (Theorem 3.2) is simpler
than the one for compact convex sets. We also find the criterion of minimality
for a pair of nonbounded polygonal sets.

In the case of R3 we give Example 4.1 of three minimal equivalent pairs that are
not connected by translation. There is some affinity with the example in [4].
This example is generalized to any pointed cone V' in any finite-dimensional
vector space (Theorem 4.2). We also provide pictures (projections) of these
pairs of (polyhedral) sets. Moreover we give a continuum of equivalent minimal
pairs that are not connected by translation.
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2. Existence of minimal pairs of convex sets

Let a Banach space X be a dual of a weakly compact generated normed space.
In X every bounded sequence (x,) has a weak-* convergent subsequence. Let
V' C X be a closed pointed convex cone. By Theorem 3.2 the cone Cy is
naturally embedded into the quotient space Xy = Cy x Cy/~. In this section
we investigate the existence of inclusion-minimal representation of the quotient
class [A,B] = [(A,B)] € Xy, where A,B € Cy. It should be noted that
the existence of inclusion-minimal representation of the quotient class [A, B €
C(X) x B(X)/~ was already proved for a reflexive Banach space X (Theorem

6.3 in [6]). However, since in the case of [A, B] € Xy both sets A and B are
unbounded, we need a new approach.

Lemma 2.1. Let A € Cy(X) and let (an)nen be a sequence of elements of the
set A such that ||a,|| — oo. Moreover, let the set {x € V| ||z|| = 1} be strictly
separated from 0 by a hyperplane H = {x € X|f(x) = 1} which is closed in the
weak-x topology. Suppose that

Qn

5 ag
||an||

in the weak-x topology, then ag # 0.
Proof. Since A € Cy(X) then A C V + B, where B, denotes a closed ball

with center at zero and radius r. Thus a,, = v,, +b,, where v,, € V and b,, € B,.
Therefore

Gn__ Un n by, .
anl[  lanll  [lan]]
But
bn
—0
|||
in the norm topology, hence
(AT
[lan||

So we have

flag) = limf(an)zlimf(a"):limf(vn + b”)
n=o0” \lanl| ) nmo0 \loall ) n=e0™ \loal[ - [lonl]

n bn . n
zlimf(v )—i—limf( ):hmf(v—)21.
nvoo” \||vnl] ) mmvoe” \[lvnl[ ) novoe™ \[|vn]

Therefore ay # 0. O

Proposition 2.2. Let X be dual to some weakly compact generated normed
space and V- C X be a closed pointed convex cone (i.e. V N (=V) = {0}).
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Moreover, let {x € V| |x|| = 1} be strictly separated from 0 by a hyperplane
H which is closed in the weak-x topology. If the sets Ay € Cy(X), t € T, are
weak-x closed and {A;} is a chain with no least element, then for any weak-x

closed set A € Cy(X) we have

((A+4) = A+ A,

teT teT

Proof. The inclusion D is obvious. Let z € (},c. A+ A;. Then for every
e > 0,t € T there exist a; € A, by € Ay, € X such that [|¢;|| < e and
Z = Q¢ + bt ‘I— Ct.

Case 1. The set {a; }ter is not bounded. There exists a sequence (ay, )nen sSuch

that ||ay,|| tends to infinity and (A;,) is decreasing. Since the sequence ”Z:"” is

bounded, some of its subsequence % is convergent in the weak-* topology
N

to ap € X. Now by Lemma 2.1 we get ag # 0 and, since

z Ct,,
40 and - o,

la, | la, |

. by ..
we obtain ﬁ — —ag. Hence ag, —ag € V. Contradiction.
"k

Case 2. The set {a;}ier is bounded. The chain A; is a decreasing net (or
MS-sequence). Then there exist subnets {a,} and {c,} of the nets {a;} and
{c}, respectively, such that a, — ag € A and ¢, — ¢y, ||| < e. Therefore
b, — by = z — ag — ¢y, and since the sets A; are weak-x closed, we have
bo € (er A¢- Hence

Z:a0+b0+C0€A—|—ﬂAt—|—BE.
teT

Since ¢ was arbitrary, we obtain

ze A+ A O

teT

Example 2.3. Let /; denote the space of all absolutely summable sequences
of real numbers with the norm [[a[| = >_; |a;[, and let B denote its closed unit

ball. Let
B,={a€B:a;<ay<..<a,anda; >0 forall j € N},

S={aeB:|la]|=1and a; >0 for all j € N}, A, =S5NB,. Then

0€ [ \(B+A,) #B+[)A.=0.

neN neN
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Example 2.3 shows that Proposition 2.2 does not hold if the sets A, are not
weak-* closed.

The following example shows that the assumption in Proposition 2.2 about
cone V', i.e. that V N B is strictly weak-x separated from 0, is essential even in
Hilbert space /5.

Example 2.4. Let X = /5 and let

V:{a:(ao,.. 6€2|a0 Z%}
j=1

&}
1)
-1
An:{OJEgQ‘GO |al—.j|_17ao> u}a
Jj=1 J Jj=1 J

where n > 2. Denote p(a) = 377, T‘ The function p is sublinear (subadditive

and positively homogenous). By Hélder inequality

8

Mg

J

Jj=1 J

A:{aefg\ao Z|a—?|—2,ao>

Mg

Then p is continuous in 0. Hence it is continuous, and V' is a pointed closed
convex cone in /.

Similarily, A and A, are closed convex subsets of f5. Since /5 is reflexive,
V,A and A, are weakly closed and weak-* closed. Since V. C A C V — 2¢,
and V C A, C V — ey, where ¢y = (1,0,...), the recession cone of A and of
each A, is V. Concerning the Hausdorff metric we have dg(A,V) < 2 and
dp(An,, V) < 1. Therefore, A, A,, € Cy({s).

Notice, that ()", A, =V, and A+ ()", A, = A+V = A. Let us observe that
—eg & A, but —ne, — ey € A and ne,, € A,, where ¢, is the n-th canonical
basis vector in 3. Therefore, —eqg = (—ne, — eg) + ne, € (o (A+A,) and
—€p ¢ A+ mZOZQ An

We have just showed that Proposition 2.2 does not hold true any longer if we
omit the assumption that the set {a € V| ||a|| = 1} is strictly separated from
0 by some hyperplane H which is closed in the weak-* topology.

In the product C%(X) = Cy(X) x Cy(X) we introduce an equivalence relation
~ as follows:

(A,B) ~ (C,D) iff A+D = B+C.
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By Xy we denote the quotient set C2(X)/.. Let [A, B] € Xy. We introduce a
partial order < within the quotient class [A, B] as follows:

(A,B) < (C,D) ifand only if AC C and B C D.

Notice that in no quotient class [A, B] € )~(V there exists a minimal pair. By
minimal pair (C, D) € [A, B] we understand a minimal element of [A, B] N
(Co(X) x Cy (X)) with respect to <, where Co(X) = {A € Cy(X) |0 € A}

Theorem 2.5. Let X be a reflexive Banach space and V- C X be a closed
pointed convexr cone. Moreover, let the set {x € V' |||z| = 1} be strictly sepa-
rated from 0 by a hyperplane H which is closed in the norm topology. Then in
every equivalence class [A, B] € Xy there exists a minimal pair.

Proof. Let (A, B;) € [A, B] N (Co(X) X Cy (X)) be a chain. By Proposition
2.2 we get

B-}—ﬂAt = m(B—i—At) = ﬂ(A-‘;-Bt) = A—Fth.

t t

Hence the element (Ao, By) = (), A, (), B:) € [A, B] is a lower bound of the
chain {(A;, By) }ier. Thus by Kuratowski-Zorn Lemma there exists a minimal
element in [A, B], and the proof is complete. O

In fact any element of [A, B]N(Co(X) x Cy (X)) is bounded from below by some
minimal element.

Every finite dimensional vector space X is reflexive and for every pointed closed
convex cone V' C X the set {x € V' |||z|| = 1} is strictly separated from 0 by
some hyperplane. Therefore, the following theorem is an obvious corollary from
the last theorem.

Corollary 2.6. Let X be a finite dimensional vector space and V. C_X be a
closed pointed convex cone. Then in every equivalence class [A, B] € Xy there
exists a minimal pair.

3. Uniqueness of minimal pairs of convex sets in a two-dimensional
vector space

Two dimensional vector space can be identified with R2. The recession cone
is an angle with vertex 0 of measure less then 7, possibly 0. Assume that the
x-axis is bisecting the recession cone V' and that the negative part of the x-axis
is contained in V. We also assume that the measure of the angle V' is equal to
7 — 29, where 0 < ¥ < . Our approach is similar to the one that was applied
first in [4] and [5] to compact convex subsets of R2

Let A be the abstract cone of nondecreasing real functions f on the open
interval (—,v), such that f(0) = 0 and f(¢) = w where f(tT) =
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limg i+ f(s), f(t7) = limy— f(s), for t € (—0,9). Let us notice that every
function f € A has bounded variation on any closed subinterval of (=, 7).

Define the ordering in A the following way. For the functions f, g € A we have
f < gif and only if g — f € A. Then the infimum inf(f, g) is the greatest
function in A such that f —inf(f,g), g — inf(f,g) € A.

For A € Cy(R?),u € R? we have the face A(u) = {a € A|{u,a) = maxyca(u,b)},
where (x, y) is the inner product. Obviously, A(u) is either a segment or single-
ton. Let the boundary function hy : (—9,9) — 0A, where ha(t) is the center
of A(cost,sint). We also define the arc length function f, : (—9,9) — R,
where f4(t) is the length of the arc contained in 0A joining h4(0) and h4(t)
for ¢ > 0 and minus the length of the arc joining h4(0) and hy(t) for ¢t < 0.
The function f belongs to A. The mapping Cy > A — f4 € A is a homo-
morphism of abstract convex cones i.e. farp = fa+ fp and foa = af4 for all
A, BeCy,a>0.

For a nondecreasing function f € A we define the function hy : (—9,9) — R?
by hs(t) = f;(— sin s, cos s)df (s) for t > 0, where the latter is the Stieltjes
integral, and hy(t) = — fto(— sin s, cos s)df (s) for t < 0.

We denote Ay = conv(hy(—v,9)) +V. Then Ay, = A —h(0) and fa, = f.

The following theorem describes the construction of a minimal pair equivalent
to the given one (see [4]):

Theorem 3.1. Let (A, B) € C3(R?). Denote fi = fa —inf(fa, fB) and fo =
fp —inf(fa, fg). Then the pair (Ay, Ay, + hp(0) — ha(0)) is minimal and
belongs to [A, B].

The following theorem, the Criterion of Minimality (compare Lemma 5.1 in
[4]) follows from Theorem 3.1.

Corollary 3.2 (Criterion of Minimality). Let (A, B) € CZ(R?). The pair
(A, B) is minimal if and only if 0 € A(cost,sint) for some t € (—9,9) and
inf(fa, f5) =0.

The following theorem is a corollary to Corollary 3.2.

Corollary 3.3. Let (A, B) € CE(R?). If the boundaries of A and B are unions
of segments and/or rays then the pair (A, B) is minimal if and only if the sets
have no parallel bounded sides and 0 belongs to one of A’s bounded sides.

4. Lack of the uniqueness of minimal pairs of convex sets in a more-
than-two-dimensional vector space

As we know from [4] in the family of compact convex subsets of R?® there
exist two minimal pairs of sets not connected by translation. In fact if there



J. Grzybowski, H. Przybycier / Minimal Representation in a Quotient ... 703

E F
e e
A B C D 3 3
a2 aj a2 a1 Co &1 Co &1 (& { er
a c ts 172
6 5 6 5
as Qay as ay C3 C4 C3 Cy €4 €6
€1 €1

Figure 4.1: Orthogonal projections of sets from Example 4.1 on the plane Oxx-

exist two of such pairs then there exist uncountably many of minimal pairs
not connected by translation [8, 12]. These results hold true in all higher
dimensional Hausdorff topological vector spaces.

In this section we also show that in R? for every pointed convex cone V there
exist two equivalent minimal pairs of sets in Cy that are not translates of each
other.

Example 4.1. Let V = {z € R*|z; = 73 = 0,23 > 0}. Let us denote the
following points a; = (1,1,0),ay = (—1,1,1),a3 = (—=1,—1,0),a4 = (1,—1,1),
as = (2,0,1),a5 = (=2,0,1),c1 = (2,1,0),¢5 = (=2,1,1),¢3 = (=2, —1,0),
e = (2,—1,1),¢5 = (3,0,1),¢6 = (=3,0,1),e1 = (0, —2,1),e5 = (0,0,0), e5 =
(0,2,1), e4 = (—1,-1,2), e5 = (—1,1,1),e6 = (1,—1,1),e7 = (1,1,2). Also,
let A = conv{ai,az,as, a4} +V, B = conv{ay,as,as,ay,as,a6} +V, C =
conv{cy, ca, c3,c4}+V, D = conv{ey, o, 3, ¢4, C5, 6} +V, E = convi{ey, e, €3} +
V, F = conv{ey, e, €3, €4, 65,66, 71 + V.

In the following picture (Fig. 4.1) we present orthogonal projections of all men-
tioned sets on the plane Oxqxs.

In Fig. 4.1 solid lines are projections of all the edges that are not orthogonal to
the plane plane Ox 5. Visible polygons are projections of all bounded facets
of the listed sets.

All sets A, B,C, D, E and F belong to Cy(R3). Moreover, A,C, E € Co(R?).
It can be proved that the three pairs (A, B), (C, D) and (FE, F’) are inclusion-
minimal. Notice that these three pairs are mutually equivalent, as we see in
the picture below (Fig. 4.2).

It is easy to observe that these pairs are not connected by translation. Using
these pairs we can easily construct continuum of equivalent minimal pairs not
connected by translation. For example ((1—t)A+tE, (1—t)B+tF), 0 <t < 1.

The example is also correct if we replace the ray V' with any cone contained in
the cone {z € R*|x3 > 24/2? + 22}. This leads us to the following theorem.

Theorem 4.2. If V C R", n > 3 is a pointed cone then in C there exist a
continuum of equivalent minimal pairs not connected by translation.
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A+F=B+F C+F=D+FE

Figure 4.2: Orthogonal projections of sums of sets from Example 4.1.

Proof. For n = 3 Example 4.1 serves as the proof of our theorem in case of a
cone V contained in the cone {x € R3|z3 > 24/2? + 22}. Since for any pointed
cone V in R3 we can find a linear transformation which maps V onto a cone
contained in the cone {x € R3|z3 > 2+/2? + 23}, the theorem holds true for
n=3J.

For n > 3 and any pointed cone V' C R™ we can assume (using linear trans-
formation if necessary) that V C {z € R"|z3 > 2y/2% + 23}. Let us define
the sets A, B,C, D, E and F in the same way as in Example 4.1 taking the
points a;, ¢;, e; as elements of {x € R"|z4y = ... = x, = 0}. Then the pairs
(A, B),(C,D) and (E,F) are equivalent minimal pairs in Co(R™) x Cy(R")
that are mutually not connected by translation. The same is true for the pairs
(1—t)A+tE,(1—t)B+tF),0<t < 1. O
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