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1. Introduction

Let us denote by supp(f) the support of a function f. In [6] Christer Borell
proved the following inequality (see [6, Theorem 2.1]), which we will call the
Borell-Brunn-Minkowski inequality.

Theorem 1.1 (Borell-Brunn-Minkowski inequality). Let f,g,h : R" —
[0, +00) be measurable functions. Let ¢ = (p1,...,¢,) : supp(f) x supp(g) —
R™ be a continuously differentiable function with positive partial derivatives,
such that op(z,y) = wr(xk, yr) for every x = (xq,...,2,) € supp(f), v =
(y1,---,yn) € supp(g). Let ® : [0,4+00) x [0,+00) — [0,400) be a continu-
ous function, homogeneous of degree 1 and increasing in each variable. If the
inequality

0 0
Bl vy (aip + %n) > O(f ()i 9 (9) ) (1)

holds for every x € supp(f), for every y € supp(g), for every pi,...,pn >0
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and for every ny,...,n, > 0, then

[reo(frf5)

C. Borell proved a slightly more general statement, involving an arbitrary num-
ber of functions. For simplicity, we restrict ourselves to the statement of The-
orem 1.1.

Theorem 1.1 yields several important consequences. For example, applying
Theorem 1.1 to indicators of compact sets (i.e. f = 14, g = 1p, h = 1,4,p))
yields the following generalized Brunn-Minkowski inequality.

Corollary 1.2 (Generalized Brunn-Minkowski inequality). Let A, B be
compact subsets of R". Let ¢ = (¢1,...,¢n) : A X B — R™ be a continuously
differentiable function with positive partial derivatives, such that pp(x,y) =
ok(Tk, yp) for every x = (z1,...,2,) € A, y = (y1,...,yn) € B. Let ® :
[0,4+00) X [0,400) — [0,4+00) be a continuous function, homogeneous of de-
gree 1 and increasing in each variable. If the inequality

n [ 9%k Ir n n
i, (8_xk'0k + a—ykﬁk > (I o, Ty

holds for every pi,...,pnsM,---,0n > 0, then
(A, B)| > @ (A],|B]),

where | - | denotes Lebesque measure and p(A, B) = {¢(x,y) :x € A,y € B}.

The classical Brunn-Minkowski inequality (see e.g. [23], [12]) follows from
Corollary 1.2 by taking ¢(z,y) = z +y, * € Ay € B, and ®(a,b) =
(a'/™ + b/™)" a,b > 0. Although the Brunn-Minkowski inequality goes back
to more than a century ago, it still attracts a lot of attention (see e.g. [20], [16],
[13], [18], [9], [10], [11], [14], [17]).

Theorem 1.1 also allows us to recover the so-called Borell-Brascamp-Lieb in-
equality. Let us denote by M2(a,b) the s-mean of the real numbers a,b > 0
with weight A € [0, 1], defined as

MMa,b) = (1= Na® + A6  if s ¢ {—00,0, +ool,
M?>_(a,b) = min(a,b), Mg(a,b) = a*2b*, M3} (a,b) = max(a,b). We will
need the following Holder inequality (see e.g. [15]).
Lemma 1.3 (Generalized Holder inequality). Let o, (3,7 € R U {+o0o}
such that 3+~ > 0 and %—l—% = L. Then, for every a,b,c,d >0 and X € [0, 1],

[0}

M) (ac,bd) < Mj(a, b)M,j(c, d).
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Corollary 1.4 (Borell-Brascamp-Lieb inequality). Lety > —%, A€ [0,1]
and f,g,h : R" — [0,400) be measurable functions. If the inequality

h((1 = Nz + Ay) > M2 (f(x),9(y))

holds for every x € supp(f),y € supp(g), then

Loz (for]0)

Corollary 1.4 follows from Theorem 1.1 by taking ¢(z,y) = (1 — Nz + Ay,

x € supp(f),y € supp(g), and ®(a,b) = M*, (a,b), a,b > 0. Indeed, using
1+yn

Lemma 1.3, one obtains that for every x € supp(f),y € supp(g), and for every

PLy-- s Pny My ey in > 07

0 0
et ) (5 + 5ome) = (L= N + ML= N + )

> M?(f(x), g(?J))Mg (L pre, 11 )
> M2 (f (@) i, ()i

= O(f (2)T_y pr, () IT_ 1k )-

Corollary 1.4 was independently proved by Borell (see [6, Theorem 3.1]), and
by Brascamp and Lieb [8].

Another important consequence of the Borell-Brunn-Minkowski inequality is
obtained when considering ¢ to be nonlinear. Let us denote for p = (p1,...,pn) €
[—OO, +Oo]n7 r = (:El? s ,l’n) € [07 +oo]n and Y= (yla cee 73/”) < {07 +Oo]n7

MI),‘(x, y) = (]\41;\1 (X1, 1)5 -+ - M;‘n(xn, Yn))-

Corollary 1.5 (Nonlinear extension of the Brunn-Minkowski inequal-

ity). Let p = (p1,-..,pn) € [0,1]", v > =X, p; )7 A € [0,1], and
fy9,h:[0,400)" — [0, +00) be measurable functions. If the inequality

h(M)(z,y)) > M2 (f(x), 9(y))

holds for every x € supp(f),y € supp(g), then

h>Mi, __</ [ g)-
/[07+oo)n (Zi:lpi +'Y 1) ! [07_,’_00)71 [07_;'_00)71

Corollary 1.5 follows from Theorem 1.1 by taking ¢(z,y) = Mr’,\(x,y), x €
supp(f),y € supp(g), and ®(a,b) = M(/\E” p__lﬂfl)fl(a, b), a,b > 0. Indeed,
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using Lemma 1.3, one obtains that for every = € supp(f),y € supp(g), and for
eVETY D1y -y PrsMy -y M > 0,

0 0
e (52t 52

= h(Mp(z,y)) Zlefgi;k(wi_p‘tyi_p’“)Ml(wi’“_lpk,yZ’“‘lnk)
= Mﬁ(f(x),g(y)) Z:1M;§\k(ﬂkﬂ7k)

> M (f(@), g) Mz vy (g o, Ty )

> M ooy (P e, 9 () TRy )

= O(f(x)_1 p, 9(y) L k)

In the particular case where p = (0,...,0), Corollary 1.5 was rediscovered by
Ball [1]. In the general case, Corollary 1.5 was rediscovered by Uhrin [24].

Notice that the condition on p in Corollary 1.5 is less restrictive in dimension
1. It reads as follows:

Corollary 1.6 (Nonlinear extension of the Brunn-Minkowski inequal-
ity on the line). Let p <1, v > —p, and A € [0,1]. Let f,g,h: [0,4+00) —
[0, +00) be measurable functions such that for every x € supp(f),y € supp(g),

h(M) (z,y)) > M (f(z), 9(y)).

/omh > My 1y ([OO 4 /om g) '

A simple proof of Corollary 1.6 was recently given by Bobkov et al. [4].

Then,

In Section 2, we present a simple proof of Theorem 1.1, based on mass trans-
portation. In Section 3, we discuss applications of the above inequalities to the
log-Brunn-Minkowski inequality of Boroczky, Lutwak, Yang and Zhang. We
also prove an equivalence between the log-Brunn-Minkowski inequality and its
possible extensions to convex measures (see Section 3 for precise definitions).

2. A simple proof of the Borell-Brunn-Minkowski inequality
In this section, we present a simple proof of Theorem 1.1.
Proof of Theorem 1.1. The proof is done by induction on the dimension.

To prove the theorem in dimension 1, we use a mass transportation argument.

Step 1: (In dimension 1). First let us see that if [ f =0 or [ g =0, then the
result holds. Let us assume, without loss of generality, that [ g = 0. By taking
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p = 1, by letting n go to 0 and by using continuity and homogeneity of ® in
the condition (1), one obtains

(e, 0) 2 > B(f(2),0) = F(2)2(1,0)

It follows that, for fixed y € supp(g),

/ h(2)dz > / FRRCLEE /Supp h(gp(x,y))g—idx

- frmo-o(fs5)

A similar argument shows that the result holds if [ f = +o0 or [ g = +o0.
Thus we assume thereafter that 0 < [ f < +oo and 0 < [ g < +o0.

Let us show that one may assume that [f = [¢g = 1. Let us define, for
x,y € Rand a,b > 0,

( (/f 0) )‘b 9(w) =g (‘1’ (07/9) fv) 2(0,1),
M@:h( ([1.[0)2).  Fop=e2ULO220. Lo
)

o(ff,[9) ’
Cotltetis)
fffg o(ff, [9)

Let x € supp(f), y € supp(g), and let p,77 > 0. One has,

d(a,b) =

Z?Qf <® (/1) )y st 7 7070 (0 (0 0) ) s fa)

Notice that the functions ¢ and d satisfy the same assumptions as the functions
¢ and @ respectively, and that [ f = [§ = 1. If the result holds for functions
of integral one, then

/E(w)dw > d(1,1) = 1.

The change of variable w = z/®([ f, [ g) leads us to

/h(z)dzztb(/f,/g).
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Assume now that f f= f g = 1. By standard approximation, one may assume
that f and g are compactly supported positive Lipschitz functions (relying on
the fact that ® is continuous and increasing in each coordinate, compare with
[2, page 343]). Thus there exists a non-decreasing map T : supp(f) — supp(g)
such that for every x € supp(f),

f(x) = g(T(x))T"(x),
see e.g. [3], [25]. Since T is non-decreasing and dp/dx,dp/dy > 0, the func-
tion © : supp(f) — @(supp(f),T(supp(f))) defined by O(z) = p(z,T(x)) is

bijective. Hence the change of variable z = ©(z) is admissible and one has,

h(z)dz > hole, 7@) (22 + 227 (2) ) de
supp(f) dr  y

> / B(f(x), g(T(x))T"(x))dx
supp(f)

~ [eUta). s

Using homogeneity of ®, one deduces that

/hz@(l,l)/f(x)dxzé(/f,/g).

Step 2: (Tensorization). Let n be a positive integer and assume that Theorem
1.1 holds in R™. Let f, g, h, ¢, ® satisfying the assumptions of Theorem 1.1 in
R"*1. Recall that the inequality

h(p(, )T (a—p ' —nk) > SF@IL o oI ), (2)

holds for every x € supp(f),y € supp(g), and for every p1, ..., put1, M1, - -« s Dnt1
> 0. Let us define, for x,11, Yni1, 2ne1 € R,

F(xn-i-l) = f((l?, xn-i—l) d.’I?, G(yn-H) = / g(l', yn+1> dl’,
R’VL

R’ﬂ
H(zn41) :/ h(z, zp41) dz.
Since [ f >0, [ g > 0, the support of F' and the support of G are nonempty.

Let x,11 € supp(F), yns1 € supp(G), and let p,i1, 7,41 > 0. Let us define, for
x,y,z € R"

fxn+1 ($) = f(ﬂf, :Bn-i-l)pn-i—la Gynt1 (y) = g(y> yn-i-l)nn-‘rlv
@(l',y) = (Spl(xbyl)v S 790n(xnayn))a

Iipn Opn
hson+1 (Z) = h<za Pn+1 (anrla ynJrl)) (ax—j: —Hnn+1)
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Let « € supp(fz,.,),y € supp(gy,.,), and let pi,..., pn, 1, ..., mn > 0. One
has

- (0T 0w
Pt (@(2, )}y (a_::ﬁ)k + a—j:nk)

= h(@(% Tn+1,Y, yn+1))HZi11 (%Pk + —Uk>

> ‘D(f($7$n+1)HZ:11Pk79(?J, yn-i—l)HZiink)
= O(far (@)1 oy Gy W)y ),

where the inequality follows from inequality (2). Hence, applying Theorem 1.1
in dimension n, one has

/ hy, . (x)dz > @ ( fan(LE)dQZ,/ gyn+1(x)dx> :
" Rn R®

This yields that for every x,.1 € supp(F),y,s1 € supp(G), and for every
Pr+1; M1 > 07

Opn v,
H(pn1(@nt1,Ynt1)) (T:pn—kl + T“ﬂnﬂ) > O(F(rp41), G(Ynt1))-

Hence, applying Theorem 1.1 in dimension 1, one has

/R H(z)dz > @ ( /R F(z)dz, /R G(a:)dx).

This yields the desired inequality. O]

3. Applications to the log-Brunn-Minkowski inequality

In this section, we discuss applications of the above inequalities to the log-
Brunn-Minkowski inequality of Bordczky, Lutwak, Yang and Zhang [7].

Recall that a convez bodyin R™ is a compact convex subset of R” with nonempty
interior. Bordezky et al. conjectured the following inequality.

Conjecture 3.1 (log-Brunn-Minkowski inequality). Let K, L be symmet-
ric convez bodies in R™ and let X € [0,1]. Then,

(1 —=X)-K @\ L| > K" L

Here,

(1—X)-K@oA-L
= {2 e R": (z,u) < hg(u) hp(u)”, for all u € S"1},
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where S"~! denotes the n-dimensional Euclidean unit sphere, hx denotes the
support function of K, defined by hx(u) = max,cx(x,u), and | - | stands for
Lebesgue measure.

Boroczky et al. [7] proved that Conjecture 3.1 holds in the plane. Using
Corollary 1.5 with p = (0,...,0), Saroglou [21] proved that Conjecture 3.1
holds for unconditional convex bodies in R™ (a set K C R" is unconditional
if for every (zi,...,z,) € K and for every (eq,...,¢e,) € {—1,1}", one has
(61%‘1, ce ,Efnl’n) € K)

Recall that a measure p is s-concave, s € [—o0, +0o0], if the inequality
p((1 =N A+AB) > M} (pu(A), u(B))

holds for all compact sets A, B C R™ such that u(A)u(B) > 0 and for every
A € [0,1] (see [5], [6]). The 0-concave measures are also called log-concave
measures, and the —oo-concave measures are also called conver measures. A
function f: R™ — [0, +00) is a-concave, o € [—00, +00], if the inequality

F =Nz +Ay) > M3 (f(x), f(y))
holds for every z,y € R™ such that f(z)f(y) > 0 and for every A € [0, 1].

Saroglou [22] recently proved that if the log-Brunn-Minkowski inequality holds,
then the inequality

p((1=X) - K @oA- L) > p(K) (L)

holds for every symmetric log-concave measure g, for all symmetric convex
bodies K, L in R™ and for every A € [0, 1].

An extension of the log-Brunn-Minkowski inequality for convex measures was
proposed by the author in [19], and reads as follows:

Conjecture 3.2. Letp € [0,1]. Let p be a symmetric measure in R™ that has

an a-concave density function, with o > —%. Then for every symmetric convex

body K, L in R"™ and for every A € [0, 1],
(=X K@,\-L)> M} )—1(M(K)a/~L(L))- (3)

(341
Here,
(1-=XN)-K®,\-L
={zr eR": (z,u) < M]j\(hK(u), hr(u)), for all u € S"'}.
In Conjecture 3.2, if a or p is equal to 0, then (n/p + 1/a)~! is defined by

continuity and is equal to 0. Notice that Conjecture 3.1 is a particular case of
Conjecture 3.2 when taking i to be Lebesgue measure and p = 0.

By using Corollary 1.6, we will prove that Conjecture 3.1 implies Conjecture
3.2, when a < 1, generalizing Saroglou’s result discussed earlier.



A. Marsiglietti / Borell’s Generalized Prékopa-Leindler Inequality ... 815

Theorem 3.3. If the log-Brunn-Minkowski inequality holds, then the inequal-
1ty
p(1=X)-K@,\-L)> M} o (), (L))

(4
holds for every p € [0,1], for every symmetric measure p in R™ that has an

a-concave density function, with 1 > o > —E for every symmetric convex body
K, L in R™ and for every A € [0, 1].

Proof. Let Ky, K; be symmetric convex bodies in R™ and let A € (0,1). Let
us denote K = (1—\)- Ko®, A K; and let us denote by ¢ the density function
of u. Let us define, for t > 0, h(t) = |KxN{y > t}|, f(t) = |KoN{y > t}| and
g(t) = |K1 N {y > t}|. Notice that

Y(x)
u(Ky) = Y(x)de = / / dtdz
A Ky J0
+o0o +o0

- [ mnwzal- [ ko

0 0
Similarly, one has
+oo “+o0o
ut) = [ s = [ g0
0 0

Let t,s > 0 such that the sets {¢y > t} and {1 > s} are nonempty. Let us
denote Ly = {¢ > t}, Ly = {¢p > s} and Ly = {» > M)(¢t,s)}. If # € Ly and
y € Ly, then ¢((1 — Nz + Ay) > Ma(y(x), ¥(y)) = MZ(t, s). Hence,

LyD (1—)\)L0+>\L1 D) (1—>\)'Lo@p>\'L1,
the last inclusion following from the fact that p < 1. We deduce that

K)\HLAD((1—)\)'Ko@p)\~K1)ﬂ((1—/\)'Lo@p/\'Ll)
D(1=XN) - (KoNLy) @y A (K1NLy).

Hence,
h(M2(t,s)) = |[KxN Ly > [(1 = )) - (KoM Ly) @, A (KN Ly)|
> Mg(f(t%g(s)),

the last inequality is valid for p > 0 and follows from the log-Brunn-Minkowski
inequality by using homogeneity of Lebesgue measure (see [7, beginning of
Section 3]). Thus we may apply Corollary 1.6 to conclude that

= [ w7

= M}, (o) ) =

P @
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Since the log-Brunn-Minkowski inequality holds true in the plane, we deduce
that Conjecture 3.2 holds true in the plane (with the restriction ov < 1). Notice
that Conjecture 3.2 holds true in the unconditional case as a consequence of
Corollary 1.5 (see [19]).
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