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We strengthen, in two different ways, the so called Borell-Brascamp-Lieb inequality in the
class of power concave functions. As examples of applications we obtain two quantitative
versions of the Brunn-Minkowski inequality and of the Urysohn inequality for torsional rigid-

ity.

1. Introduction

Throughout the paper uy and u; will be real non-negative bounded functions
belonging to L'(R™) (n > 1) with compact supports €y and €, respectively.
To avoid triviality, we will assume that

IZ-—/ u;dr >0 fori=0,1.
R’I’L

For A € (0,1), denote by €, the Minkowski convex combination (with coeffi-
cient \) of Qg and €, that is

Q,\ = (1 — /\)Qo + )\Ql = {(1 — )\)330 + )\.fEl DX € Qo, x| € Ql}

The aim of this paper is to prove some refinements of the so-called Borell-
Brascamp-Lieb inequality (BBL inequality below) for power concave functions
(with compact support). Then let us first recall the BBL inequality.

*The work of the second author has been partially supported by the INdAM - GNAMPA
Project 2015 “Aspetti geometrici e analitici di equazioni alle derivate parziali e diseguaglianze
funzionali” and by the FIR2013 project “Aspetti geometrici e qualitativi di EDP” (Geomet-
rical and Qualitative aspects of PDE).
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Theorem 1.1 (BBL inequality). Let 0 < A < 1,—1 < p < 00, 0 < h €
LY(R™) and assume the following holds

h((1 =Nz + Xy) = M (uo(2), ua(y), A) (1)

for every x € Qq, y € Q1. Then

(]0,]1,)\). (2)

/Q h(z)dx > M

p
np+1

Here the number p/(np + 1) has to be interpreted in the obvious way in the
extremal case, i.e. it is equal to —oco when p = —1/n and to 1/n when p = o,
while for ¢ € [—o0, +00] and p € (0, 1) the quantity M,(a,b, p) represents the
(u-weighted) g-mean of two non-negative numbers a and b, which is defined as
follows:

max{a, b} q=+oo
[(1— p)a + pb?)s  if0#q€R and ab> 0
M(a,bypn) =<0 ifge RU{doo}andab=0 (3)
al=rb* ifqg=0
| min{a, b} qg=—0.

The BBL inequality was first proved in a slightly different form for p > 0 by
Henstock and Macbeath (with n = 1) in [31] and by Dinghas in [20]. In its
generality it is stated and proved by Brascamp and Lieb in [10] and by Borell
in [6]. The case p = 0 was previously proved by Prékopa [39] and Leindler
[37] (and rediscovered by Brascamp and Lieb in [9]) and it is usually known as
the Prékopa-Leindler inequality (PL inequality in the following). Noticeably,
the PL inequality can be considered a functional form of the Brunn-Minkowski
inequality (see §2.3 and refer to [26] for details) and the same could be said for
the BBL inequality for every p. The equality conditions of BBL inequalities
are discussed in [21], while the investigation of stability questions for the PL
inequality has been recently started by Ball and Boroczky in [2, 3] and new
related results are in [11]. Notice that all these three just mentioned papers
deal with L' distance between the involved functions.

Our main results are a stability result for the BBL inequality (which we will
state in §4, see Theorem 4.1) and some consequent “quantitative” versions
of Theorem 1.1 which apply when ug and u; are non-negative power concave
functions and p > 0. With the adjective “quantitative” we mean that we
strengthen (2) in terms of some distance between the functions uy and wuy,
precisely in terms of some distance between their support sets 2y and §2;.

Our first result of this kind is indeed written in terms of the Hausdorff distance
between (two suitable homothetic copies of) €y and ;. We recall that the
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Hausdorff distance H (K, L) between two sets K, L C R" is defined as follows:
H(K,L):=inf{r>0: K C L+7rB,, LC K+7rB,},

where B, = {z € R" : |z| < 1} is the (open) unit ball in R”. Then we set
Hy(K,L) = H(noK,nL), (4)

where 71, 79 are two homotheties (i.e. translation plus dilation) such that |7 K| =
|71 L| = 1 and such that the centroids of 79K and 7, L coincide.
We also recall that a function u > 0 is said p-concave for some p € [—o0, +0]
if

u((1 =Xz + Ay) = My(u(z), uly); A)
for all z, y € R" and A € (0,1) (see §2.4 for more details).
Now we are ready to state the following.

Theorem 1.2. In the same assumptions and notation of Theorem 1.1, assume
furthermore that p > 0 and

ug and uy are p-concave functions, (5)

with convex compact supports Qo and €y respectively. Then, if Ho(Qo, 1) is
small enough, it holds

(n+1) (p+1)

[ bla)de = M_a (10,1 3) + 6 HolS0, ) (6)
Qx

where 3 is a constant depending only on n, A\, p, Iy, I, and the diameters and
the measures of €y and §2;.

Another quantitative versions of the BBL inequality can be written in terms
of the relative asymmetry of y and 2y; we recall that the relative asymmetry
of two sets K and L is defined as follows

_ o JIEACEAD (K]
A(K, L) = f{ T (MJ } (7)

z€R™

where, for Q C R", || denotes its Lebesgue measure, while A denotes the
operation of symmetric difference, i.e. QA B = (Q\ B)U (B \ Q).

Theorem 1.3. In the same assumptions and notation of Theorem 1.2, if

A(Qo, 1) is small enough it holds

2(p+1)

/h(x)dxz./\/l p (To, 11, N) + 6 A0, Q1) 7, (8)
Qx

np+1

where § is a constant depending only on n, A, p, Iy, Iy and on the measures of
QO and Ql.
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Remark 1.4. Throughout the paper we consider only compactly supported
functions, while BBL inequality holds also when the involved functions are not
compactly supported. On the other hand, we are considering only L*(R™) non-
negative p-concave functions with p > 0 (see the next remark for comments
about this) and they need to have compact support. Moreover, even without
the restriction of power concavity, this is the only meaningful case of BBL for
p > 0. Indeed, when at least one among uy and u; has support of infinite
measure, the BBL inequality is trivial, since in such a case the left hand side
(i.e. [ h) must diverge, as it is easily seen: assume |Qo| = +o0o and u; does not
identically vanish, say there exists x; such that uy(z1) = € > 0; then we have

h(z) > Are for z € (1 —=X)Qo + Azy.

Remark 1.5. Although all the existing stability results for PL inequality (to
our knowledge) are proved assuming some suitable concavity property of the
involved functions, see [2, 3, 11], the authors of those papers suggest the pos-
sibility that their results may still be valid without such assumptions. And we
agree with them. On the other hand, as it can be easily seen, in our results the
p-concavity assumption is essential, since they are written in terms of a dis-
tance between the support sets of ug and u;. Without such an assumption, one
could wildly modify the support sets €2y and €2; (and their distance, whatever
you choose) without affecting the L! distance between the involved functions.

Remark 1.6. We can provide explicit (but not optimal) estimates for the
constants # and ¢ in Theorem 1.2 and Theorem 1.3. To this aim and for
further use, it is convenient to introduce the following notation:

d; = d(€;) = diameter of Q;, v = ||Y" fori=0,1,

~ do d
d—max{—o,—l} , M = max{vo, 11}, m = min{vy, 11},

vy 7
Li = HbaXUl for i = O, 1, L)\ = Mp(LO, L17 )\) .

3

Then (6) holds with

_ (pt1)(n+1)
P _p+1

2(nt Mg (15N )] 7

M 1 ~
o[ (=)’
where

3. 213
Similarly, we can observe that (8) holds with

]. n—1 n
= (1 + —) 3" 2iHn < 6.00025n. (9)

m (1 —271/m)3
1812013 A M <n+j\/lﬁ([0,[1;)\)*1)
where A = max{\/(1 —\), (1 — \)/A}.

5:



D. Ghilli, P. Salani / Quantitative BBL Inequalities with Applications 861

Remark 1.7. Theorem 1.2 states that (6) holds if Hy(Q0, 1) is small enough;
this precisely means

Ho($20, ) < (2n)*ﬁ5*m .

To avoid this request, we could write (6) as follows:

/mh(x) de > M _»_ (/Qouo(x) dz, /ﬂlul(x) dx,A)

+ min {B, BHy(Q, 1) 5 }

where
pt1

B= (%) " (10)

A similar remark can be made for Theorem 1.3. In particular (8) holds when
A(Q0, ) < (20)7207 7050

but we could remove any limitation on the size of A(£,{2;) and write

[ wwyae > at g ([ ), [ wioaz.a)

+ min {B, SA(Qo, Ql)%}

where B is defined in (10).

Remark 1.8. As it is apparent from the previous remarks, the estimates in
Theorem 1.2 and Theorem 1.3 deteriorate quickly as the dimension increases;
the same feature is shared by most of the known stability estimates for the
Brunn-Minkowski inequality. We notice however that R. Eldan and B. Klartag
[22] recently made a new step towards a dimension-sensitive theory for the
Brunn-Minkowski inequality, giving rise to the possibility that the stability
actually improves as the dimension increases.

The crucial part in the proofs of Theorem 1.2 and Theorem 1.3 relies on an
estimate of the measures of the supports sets of the involved functions; this
estimate is contained in Theorem 4.1 (which can be in fact considered the
main result of this paper). There we prove that if we are close to equality
in (2), then the measure of (1 — A\)Q + AQy is close to My, (|Q0], [, A).
Therefore we can apply different quantitative versions of the classical Brunn-
Minkowski inequality (namely [28] and [24]) to get Theorem 1.2, and Theorem
1.3. We notice also that further recent stability /quantitative results for the
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Brunn-Minkowski inequality are contained in [14, 15, 22, 23]. A combination
of these with Theorem 4.1 could lead to further stability /quantitative theorems
for the BBL inequality, whose statements we leave to the reader.

Hausdorff distance between the superlevel sets and the argument fail for a
zero-measure set of values near the maxima of the functions involved.

As consequences of the above described results, we can derive interesting quan-
titative versions of some Brunn-Minkoski and Urysohn type inequalities for
functionals that can be written in terms of the solutions of suitable elliptic
boundary value problems (and this is in fact the original reason for we tackled
the stability of the BBL inequality).

For the sake of simplicity and clearness of exposition, as a toy model we will
analyze in detail the torsion problem, that is

(11)

Au=—2 in (),
u=20 on 0f).

We recall that the torsional rigidity 7(£2) of €2 is defined as follows (we refer to
66 for further details)

Dw|?d
- inf{f9|—w|f Cw e WH(Q), /
(Jolwldz) Q
and that in general, when a solution u to problem (11) exists, we have

- (fQ|u|dx)2 o
T(Q) = W = /Qudx.

=) |w|dx > 0} (12)

Borell [8] proved the following Brunn-Minkowski inequality for the torsional
rigidity of convex bodies (i.e. compact convex sets with non-empty interior):

T(Qy) > Mﬁz (7(20), 7(21), A) (13)
where
D =1=NQ +AQ.

Equality holds in (13) if and only if €2y and §2; coincide up to a homothety (see
[16]).

Now we can refine this inequality as follows.

Theorem 1.9. Let Qg and Qy be open bounded convez sets in R™, A € (0,1)
and Qy = (1 — XN)Qo + AXQy. Then the following strengthened versions of (13)
hold:

(D) = M1 (7(Q0), (), A) + 8 Ho (o, )™, (14)
T(Q)\) Z M%H (T(QO),T(Ql),)\)+5A(QO,91)6, (15)

where B and 6 are as in Remark 1.6 with p = 1/2 (and I; = 7(Q;) fori=10,1).
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The proof of Theorem 1.9, which follows almost straightforward from Theorem
1.2 and Theorem 1.3, will be presented in §6. Related results can be found in
[11], see in particular Proposition 4.1 therein.

Furthermore, existing literature (see [5, Remark 6.1] and [12, Proposition 4.1])
shows that it is possible to use (13) to obtain the following Urysohn’s type
inequality for the torsional rigidity

7(Q) < 7(9F)  for every convex set €2, (16)

which can be rephrased as follows: among convex sets with given mean width,
the torsional rigidity s maximized by balls.

The content of the next theorem (which will be proved in §6) amounts to two
quantitative versions of (16), one in terms of the Hausdorff distance of 2 from
(" and another one in terms of the relative asymmetry of €2, as applications
respectively of Theorem 1.2 and Theorem 1.3.

Theorem 1.10. Let €2 be an open bounded convex subset of R™, n > 2 with
centroid in the origin. Let Q2 be the ball with the same mean-width of €0 with
center in the origin. Then the following hold

7(QF) > 7(Q) (1 + pH3 ) | (17)
T(QF) > 7(Q) (1 +vA9) | (18)

where H = H(Q, Q%) and A = max{A(Q,Q,) : p any rotation in R"} are small
enough, p and v are constants, the former depending on n, 7(Q) and the di-
ameter of €, the latter depending only on n and T(€).

For explicit expressions (but not the optimal values) of the constants u and v
involved in the previous theorem, see (63) and (65).

We remark again that results similar to Theorem 1.9 and Theorem 1.10 could be
obtained for many other functionals with similar properties as 7 and satisfying
suitable Brunn-Minkowski inequalities (some examples are suggested in §6).
Furthermore we will see in §7 some general results regarding the stability of
some kind of convolution between power concave functions and of the so called
mean width rearrangements, a new kind of rearrangement recently introduced
by the second author in [45]. The results of §7 in fact include most of the
examples we can manage with this method.

Remark 1.11. Looking at the proof of Theorem 1.2, one can understand that
the same argument can be applied to any level set of the involved functions.
Then we could possibly write stability results for the BBL inequality in terms
of some L7 distance of ug and u;. On the other hand, for applications like
Theorem 1.9 and Theorem 1.10, it is natural to consider some distance between
the supports better than some distance between the functions.
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Remark 1.12. Theorem 1.2, Theorem 1.3, Theorem 1.9 and Theorem 1.10
are written as quantitative forms of the involved inequalities, but they can be
obviously interpreted also as stability results for the same inequalities. For
instance, (14) can be written so to show explicitly that Hy(€g,€2;) is small
when we are close to equality in (13).

Remark 1.13. We finally announce that it seems possible to use a completely
different method (exploiting in particular techniques from [1, 35] in combination
with recent stability results [14, 15, 23] for the BM inequality that do not
necessarily require the convexity of the involved sets) to obtain a stability for
the BBL inequality in the case p > 0 without the p-concavity assumption for
the involved functions. This will be done in a forthcoming paper [41].

The paper is organized as follows. In §2 we introduce some notation and recall
some useful known results. In §3 we give a proof of Theorem 1.1 (in the case
p € (0,00)) whose argument will be useful for the proof of Theorem 4.1. §4 is
devoted to Theorem 4.1, while the proofs of Theorem 1.2 and Theorem 1.3 are
presented in §5. In §6 we give some applications and prove Theorem 1.9 and
Theorem 1.10. In §7 we investigate the stability of p-Minkowski convolutions
and mean width rearrangements, obtaining Theorem 7.5 and Theorem 7.13.

2. Notation and preliminaries
2.1. Means of non-negative numbers

We have already given the definition of p-mean of two non-negative numbers in
the Introduction. Here we just recall few useful facts and refer to [29] and [13]
for more details. Clearly M,(a,b; \) is not-decreasing with respect to a and b
for every p and every A. Moreover a simple consequence of Jensen’s inequality
is the monotonicity of p-means with respect to p, i.e.

My(a,b; ) < Mg(a,byp) it p <gq. (19)
We also notice that for every p € (0, 1) it holds

lim M,(a,b; ) = max{a,b} and lim M,(a,b; ) = min{a, b}.
p——00

p—0o0

Finally we recall the following technical lemma (for a proof, refer to [26]):

Lemma 2.1. Let0 < A < 1 anda, b, ¢, d be nonnegative numbers. If p+q > 0,
then

M (a,b, )M, (c,d, N) > M(ac,bd, \)

where s = p’%. The same is true with s =0if p =¢ = 0.
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2.2. Convex bodies and convex functions.

Throughout the paper 2 and K, possibly with subscripts, will be bounded
convex sets, most often the former open, while the latter a convexr body, that is
a compact convex set with non-empty interior. We denote by Kf the class of
convex bodies in R".

Next we recall some classical notions of convex geometry, for further details see
[47]. Let L C R™ be a convex set, p € R™\ {0} and o € R; we set

Hyo={r€R" : (z,p)=a} and H,,={reR": (z,p) <a}.

We say that p is an exterior normal vector of L at zg if z9 € L N Hp,, and
L C H__; in such a case, we also say that the hyperplane H,, is a support

P,
hyperplane and that H, is a supporting halfspace (with exterior normal vector

p) of L.
The support function of L is defined in the following way:

hW(L,z) =sup{(z,y) :y € L}, x€R"
It K € Kf, the latter supremum is in fact a maximum and we can write:
h(K,z) =max{(x,y) :y € K}, x€&R"

For any unit vector £ € S"7!, h(K, &) represents the signed distance from the
origin of the support plane to K with exterior normal vector £. The support
function satisfies the following properties:

(i) h(K,\x) = Ah(K,z) YA > 0.

(i) A(K, 2 +y) < h(K,z)+ h(K,y).

In fact, the latter properties characterize support functions in the following
sense: if f: R™ — R is a function that satisfies (i) and (ii), then there is one
(and only one) convex body with support function equal to f.

Other useful properties of the support function are the following: let K, Ky, K5 €
K¢, then

(i) h(K + xq, ) = (K, ") + (xg, ) Vrg € R";

(iv) h(AK,-) = Ah(K,-) YA > 0;

(V) h(Kl + KQ, ) == h(Kl, ) + h(Kg, )

(vi) h(Ky,-) < h(K,,-) if and only if K; C K.

If K € Ki the number

U}(K, 5) = h(K, f) + h(f(7 —é')’ é’ c Sn—l

is the width of K in the direction &, that is the distance between the two support
hyperplanes of K orthogonal to £. The maximum of the width function

d(K) = max{w(K,¢)|§ € "'}

is the diameter of K.



866 D. Ghilli, P. Salani / Quantitative BBL Inequalities with Applications

The mean width of K is the average of the width of K over all £ € S"~!, that

1S
wik) = —— [ wgde == [ g,

nwy,

Urysohn’s inequality states
K n
K| < w, (—w(2 )) , (20)

equality holding if and only if K is a ball.

2.3. The Brunn-Minkowski inequality

As already mentioned in the introduction, the original form of the Brunn-—
Minkowski inequality involves volumes of convex bodies and states that V1/™ is
a concave function with respect to Minkowski addition, where V(-) denotes the
n-dimensional Lebesgue measure and the Minkowski addition of convex sets is
defined as follows:

A+B={z+y|x€ A, ye B}

In particular, let A € [0, 1] and let £ and €1 be convex subsets of R™; we define
their Minkowski linear combination €2 as

QA:(1—)\)Qg+/\01:{(1—>\)$0+)\1’1 : (L‘zEQz,l:O,l} (21)

With this notation, the classical Brunn-Minkowski inequality reads
V(KD ™ 2 (1= A V(Ko)" + V()" (22)

for Ko, K, € Kj and A € [0,1] and it can be also written in the following
equivalent multiplicative form

V(Ky) > V(K)' V(K.

As it is well known, the Brunn-Minkowski inequality and the PL inequality are
equivalent (notice that the way from the latter to the former is almost straight-
forward by taking up = xk,, u1 = Xk, and h = xk,, where x4 represents the
characteristic function of the set A).

Inequality (22) is one of the fundamental results in the theory of convex bodies
and several other important inequalities, e.g. the isoperimetric inequality, can
be deduced from it. It can be extended to measurable sets and it holds also,
with the right exponents, for the other quermassintegrals. We refer the inter-
ested reader to [47] and to the survey paper [26] for this topic; see also [35, 19].
It is also interesting to notice that analogues of (22) hold for many variational
functionals, see for instance [7, 8, 5, 10, 16, 17, 18, 30, 43, 44].

We recall two quantitative versions of (22) which will be used later.
The first proposition is due to Groemer [28].
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Proposition 2.2. Let Ko, K1 € K, n>2, A € (0,1) and let
Ky = (1 — N Ko+ \K1.

Set v; = |Ki|n. Let d = max{d(y—fgo);@} and M = max{vg,1n},m =
min{vy, v1}. Then

[Kx| > M (||, [Kal, A) (1+ wHo(Ko, 1))

where

M1 AN
T (”" (EW—M ”) d) ’

Hy is defined as in (4) and

]_ n—1 n
Y = <1 + 5213) 3" 20 < 6.00025n.

The second proposition is due to Figalli, Maggi, Pratelli [24, 25].
Proposition 2.3. Let Ky, K1 € K, A € (0,1) and let

Ky=(1—-)MNKy+ \K;.
Then

nm [ A(Ko, K1)\?
> 1
|K>\| = M5(|KO|7|K1|7)‘) <1+ AM ( 9n ) ’

where A(Ky, K1) is defined in (7), m and M are defined as in the previous
theorem, A = max{\/(1 — X), (1 — X\)/A} and 0, is a constant depending on n
with polynomial growth. In particular

362n7

O < ——==
(2 -2

— 3
n )2

We recall that A. Segal [46] improved the above result, by showing that the
involved constant can have a better exponential dependence on the dimension
n, precisely n° instead of n7. We further recall that a very recent stability
result for the Brunn-Minkowski inequality by Figalli and Jerison is contained
in [23] and previous results have been obtained by M. Christ in [14, 15].

2.4. Power concave functions

Definition 2.4. Let € be a convex set in R™ and p € [—00, c0]. A nonnegative
function u defined in €2 is said p -concave if

u((1 =Nz + Ay) > Mp(u(z),u(y); A)

for all z, y € Q and A € (0,1). In the cases p = 0 and p = —o0, u is also said
log-concave and quasi-concave in €2, respectively.
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In other words, a non-negative function u, with convex support €2, is p-concave
if:

— it is a non-negative constant in €, for p = 4o00;

— wuP is concave in 2, for p > 0;

— logu is concave in €, for p = 0;

—  wP is convex in (), for p < 0;

— it is quasi-concave, i.e. all of its superlevel sets are convex, for p = —oc.
Notice that p = 1 corresponds to usual concavity. Notice also that from (19)
it follows that if u is p-concave, then u is g-concave for every ¢ < p (this in

particular means that quasi-concavity is the weakest concavity property one
can imagine).

The solutions of elliptic Dirichlet problems in convex domains are often power
concave. Two famous results state for instance that the first positive eigen-
function of the Laplace operator in a convex domain is log-concave [9] and that
the square root of the solution to the torsion problem in a convex domain is
concave [33, 34, 36]. For recent results and updated references (in the elliptic
and parabolic cases), see for instance [4, 32].

The concavity properties of a function v can be expressed in terms of its level
sets. Precisely it is easily seen that a function u is concave if and only if

{u>1=Nto+ M1} 2 (1 =N{u>te}+Mu>t1}
for every tg,t; € R and every A € (0, 1).

More generally, we have the following characterization of power concave func-
tions, which easily follows from the above property.

Proposition 2.5. A non-negative function u is p-concave in a convexr domain
Q for some p € [—00, +00) if and only if

{z € Q : ulx) > My(to, t1, )}
DA =M{ze:ux) >tt+MreQ: ulx) >t}

for every to,t; > 0 and every X € (0,1).

Let p be the distribution function of u, i.e.

p(t) = [{u = t}]. (23)

Then, as a direct consequence of the Brunn-Minkowski inequality and Propo-
sition 2.5, we have the following.

Proposition 2.6. If u is p-concave for some p #£ 0, then
p(tYPYY™ s concave in t .
If u is log-concave (corresponding to p=0), then

w(e)Y™ is concave in t .
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2.5. The (p, \)-convolution of non-negative functions

Let p € R, € (0,1), and wug, u; non-negative functions with compact convex
support 2y and €2;, as usual in this paper.

The (p, A)-convolution of uy and u; (also called p-Minkowski sum, see [35]) is
the function defined as follows:

up(z) = sup { M, (uo(xo), ur(x1); A) (24)
r=(1—=XNzo+ Ar1, 2 GE,izO,l}.

The above definition can be extended to the case p = 00, but we do not need

here. Notice that (19) yields

Ugn < upy g <p. (25)

It is easily seen that the support of u,y is Qy = (1 — A)Q + AQy, and that the
continuity of ug and uy yields the continuity of uy y, in particular if u; € C(£2;)
for i = 0,1, then u,, € C(£2,).

Let p # 0; then, roughly speaking, the graph of ug/\ is obtained as the
Minkowski convex combination (with coefficient A) of the hypographs of uf
and ul; precisely we have

EP = (1= VKPP + AKP
where
K = {(2,0) e R™ € Q) 0< 1t <upn(a)'}, (26)
KP ={(z,t) eR™ - 2 €Q;, 0 <t <w(x)’}, i=0,1. (27)

In other words, the (p, A)-convolution of uy and u; corresponds to the (1/p)-
power of the supremal convolution (with coefficient \) of uf and u}. When
p = 0, the above geometric considerations continue to hold with logarithm in
place of power p and exponential in place of power 1/p. When p = 1, uy, is
just the usual supremal convolution of uy and u; (see for instance [43, §3]). For
more details on infimal /supremal convolutions of convex/concave functions, see
40, 48].
From the definition of u, y and the monotonicity of p-means with respect to p,
we get

Upx < gy for —oo <p<g<+oo. (28)

3. A proof of Theorem 1.1

Before giving the proof of Theorem 4.1, we recall here an alternative proof of
Theorem 1.1 for power concave functions. The argument will be useful for the
proof of Theorem 4.1.
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Proof. First of all, we define u, ) as in (24) and notice that (1) implies
h > Up, A in R™.

Let

IZ:/u,dx, iZO,l,
Q;

I :/ Up x dx .
Qx5

As declared at the beginning, we assume

and

>0, i=0,1.
and

Li:r%axui<oo, 1 =0,1.

Notice that the very definition of w, ) yields
L)\ = H’Sl)aX Up N = Mp(L07 L17 )\) (29)
A

Let
pi(s) = {u; = st| fori=0,1,  px(s) = [{upnr = s}

(notice that the distribution functions pg, p1 and py are continuous thanks to
the p-concavity of the involved functions). Then

L;
I; :/ wi(s)ds, i=0,1,\.
0
The definition of u) yields

{upr > Mp(so, 5130} 2 (1= MN{uo > so} + Mus > s1}

for s € [0, Lo, s1 € [0, Ly]. Then, using the Brunn-Minkowski inequality, we
get

1A (M (s0, 513 A)) = M (po(s0), pa(s1), A).- (30)
Define the functions s; : [0,1] — [0, L;] for i = 0, 1 such that
1 Sl(t)
si(t) : T/ pi(s)ds =t fort e |0,1]. (31)
tJo

Notice that s; is strictly increasing, then it is differentiable almost everywhere
and differentiating (31) we obtain

si(t)pi(si(t))

- —1 ae tel0,1], i=0,1. (32)
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It is also easily seen that s; is continuous and by (32) its derivative s coincides
almost everywhere with a continuous function in [0, 1); hence, as a derivative,
in fact it is continuous in the whole [0, 1) and finally s; € C'([0, 1)). Moreover,
since ; is decreasing and s; is increasing, by (32) we can also see that s is
increasing, which yields s; is convex in [0, 1].

Now set
sx(t) = My(so(t), s1(t), A) te€0,1]

and calculate
sh(t) = ((1 = N)sh(t)so(t)P~F + Asy(H)s1(t)P~)sa(t) P ae. t €[0,1]. (33)

Notice that the map s : [0,1] — [0, L,] is strictly increasing, then invertible;
let us denote by ¢, : [0, Ly] — [0, 1] its inverse map.

Then
AzéﬁMQw:[mmmmwm (34)
:[mwwmmwmwwwwmmwmmww
Thanks to (30), we get

pa(sa(t)) = Mo (po(so(t)), pa(s1(t)),A) ¢ €[0,1] (35)

and coupling (34) and (35) we arrive to

Bz [ MGl (s 0) )

My (sy(t)so(t)P, 8y (H)s1(8)P 71, N) sa(t) P dt.

(36)

Next we use Lemma 2.1 with p = % and ¢ = 1 to obtain

M% (NO(SO)u Ml(sl)v )\)Ml(sé)sgila 811511)717 )‘)

> M 1 (po(s0)sh s, pa(s1)sh'sh, )

n+1

for sg € [0, Lo], s1 € [0, L1]. Then (36) yields

IAE/OMnil(uo(So(t))So(t)p_ls'o(t),Ml(sl(t))sl(t)”_ls'l(t),A)Sx(t)l_pdt- (37)

Since
si_p = M, (s0, 51, )\)l_p = ML(S(I)_pa Si_pv A, (38)

1—p
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using again Lemma 2.1 with p = and ¢ = & S we get

+1

ML (MO(SO)Spi SO? 251 (Sl)sg 18/17 )‘)ML (Séipv S%iz)? >\)

(39)
> M (UO(SO)S(J?/Ll(Sl)Sl’)‘)

Then coupling (39) with (37) we obtain

I)\Z/Oanp“(MO(SO(t))Sg(t)wMl(sl(t))sll(t)v)‘>dta

whence, thanks to (32), we finally arrive to

(]07 -[la )‘)

])\ / M ]0,]1, ) _anp+1
This concludes the proof. Il

4. The main result

Theorem 1.2 and Theorem 1.3 essentially stem from the following stability
result for the BBL inequality, which we will prove first and can be in fact
considered the main result of the paper.

Theorem 4.1. In the same assumptions and notation of Theorem 1.2 and
Theorem 1.3 (and Remark 1.6), if for some (small enough) € > 0 it holds

o (/Qouo(a:) dac,/glul(x) da )\) Lo (40)

9] < M (190,19, 2) [1+ e ] (41)

o ( /Q Ouo(:p) dz, /Q lul(x) da; )\)1) . (42)

Remark 4.2. “Small enough” (referred to € in the statement of Theorem 4.1)
precisely means

/Q h(z) dz < M

then

where

77§2(n—|—/\/l

pt1
< 1 '
€
mn

and we could make similar comments as in Remark 1.6 and Remark 1.7. This
number depends on n (and tends to 0 as n — o0), then the result of Theorem
4.1 is dimension sensitive (see Remark 1.8).
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Proof. First of all notice that Brunn-Minkowsi inequality states
] = Mo (1], 1], 1),
and if equality holds, there is nothing to prove. Then let us assume
0] = Mo([€0], [, A) + 7, (43)
for some 7 > 0. Our aim is to find and estimate on 7 depending on ¢, that is
7 < f(€) (with lim._¢ f(e) = 0).

We use the same notation as in the proof of Theorem 1.1 given in the previous
section and following the same argument we arrive again to (30) and then (35).

Now, given any ¢ > 0, set

Fy ={t €[0,1] : pa(sa(t)) > Ma(po(so(t)), p(s1(2), A) + 0} (44)
and
I's = {S)\(t> 1t e F(;}. (45)

Notice that Fs and I'y are measurable sets, thanks to Proposition 2.6 and to
the monotonicity and regularity of the s;’s.
Then we have

I = / (s ds = / (52 (1)) 4 (1) dt
- / pia (52 (1)) (1) it + / pix (52 (1)) (1)

[071]\F6

> [ MGt @) + 8] SO d+ [ s@)sod

[011}\F5

> [ MGl ) 050 d+5 [ o

= | M Galsalt)). (s (0, V)50 e+ 81T

where in the first inequality we have used the definition of Fj, in the second we
have used (35) and in the last equality we have used the definition of I's (and
the change of variable s = s,(t)).

Continuing to argue as in the proof of Theorem 1.1 given in the previous section,
we find

np+1

/0Mi(uo(so(t)),ul(sl(t)),)\)s')\(t)dtZM » (1o, I1, N).

Moreover (40) says
])\ S Mil (]0,11,)\> +€

p
np+
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and so we can conclude

anﬂl (Lo, I, \) + 6 |Ts| < I < M# (Lo, I1, \) + €,
which yields
ITs| < €/o. (46)
Take now
0= Ea/L)\
for some 0 < o < 1. Then (46) reads
Teasr,| <€ °Ly. (47)

Let uy be defined in (24). Then, thanks to assumption (5), uy is p-concave,
that is the following inclusion holds

{z 1 ur(z) > M, (0o, £1,€)}

48
S (1= un(e) > o} + €4y : (o) > ). )
for £ € [0, 1], ly € [O,Lo] and (; € [O,Ll]
Let us choose
EO - 0, 61 == L)\. (49)
By (47), we can find ¢ > 0 such that
sa(t) < €Ly, (50)
and
pa(sa(B) < M (po(so(f), (s1(£), A) + Ly (51)
Let
(s
‘= < Ly ) ' 52)
From (50) we have
€ < ellmor, (53)

With these choices of £y, ¢1 and &, we have s, (t) = M, (¢, {1,§) and (48) reads
{ur > 30} 2 (1= + E{un > Ly}
From the Brunn-Minkowski inequality we get
{ur 2 s@H = (1= I0[F +€ {un = LaHH)

Using (43) and neglecting [{uy > Ly}| (notice that {uy > Ly} = (1 — X\){ug >
Lo} + Mwuy > Ly} and, if the involved functions are strictly p-concave, as we
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can assume without loss of generality, these three sets reduce to a single point,
then they all have zero measure), we get

{ux = sx(®)} = (1= &)"Ma(|Q, [1], A) + (1 = )"
Then, by (51) we have

€*Ly" + M (po(so(f)), n (s1(1)), A)
> (1=8)"M1(|Q], [, A) + (1 = &)"7.

Since po(so(t)) < |Qo| and py1(s1(t)) < || and thanks to the monotonicity of
the mean M1, the previous formula implies

€Ly + M (|0l [, ) > (1= €)" M (|0, [u],A) + (1= &)"r,
whence

7 < (L3 M (1], ] V1 - (1= €)7]) (1= )7,

Since (1 —&)" >1—n& >1/2for 0 <& < 5, we get

<2 (eL Hn My (0], 1], 0 €) (54)

Take v = L5 and € small enough (precisely e < (5-) (;,:1)) and recall (53), then
(54) reads

23] < M (190, 190, A) + 2 (L3 4+ M (9], [0], ) 5. (55)

Since clearly I; < L;|Q], for i = 0,1, A, we get
Lx = My(Io/|S20], 11 /|$0]; A)
and Lemma 2.1 implies

L, > MWI’H(IOJB/\) '
M (|€0], [$]; A)

Combining the latter with (55) we obtain

] < Mo (0], €], ) [1 +2 (” + Mos (T, I )‘)_1) EP%}

p
np+

and the proof is concluded. O
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5. Proofs of Theorem 1.2 and Theorem 1.3

Now we prove Theorem 1.2.

Proof of Theorem 1.2. We argue by contradiction. Suppose that

(n+1) (p+1)

/ h(z)de < M _»_ (/ up () dx,/ uy () dx,/\) + BHp(Qp, )

Q, "\ Jay o

where (3 is defined in Remark 1.6. Then we apply Theorem 4.1 and we get
9] < Mo (9], 1], ) (1+ 0877 Ho(Q, 1))

where 7 is like in (42). Then we use Proposition 2.2 and, thanks to the definition
of the constant (3, we easily get a contradiction. O]

Regarding Theorem 1.3, we notice that it can be proved precisely in the same
way, using the quantitative version of the Brunn-Minkowski inequality proved
by Figalli, Maggi and Pratelli, that is Proposition 2.3 (or its improved version
of Segal), in place of Proposition 2.2.

6. Some applications

In the following section we apply Theorem 1.3 and Theorem 1.2 to derive
quantitative versions of some Urysohn inequalities for functionals that can be
written in terms of the solution of a suitable elliptic boundary value problem.
As a toy model, we take the torsional rigidity for which we carry out all the
computations. However, as exploited with details in Section 7, the same kind
of quantitative results can be proved for a wide class of elliptic operators.

Let us recall the definition of the torsional rigidity 7(K) of a convex body K
given in (12):

1 . [y | Dul? dz
(K) - f{<fKru\dx>2

Take u the unique solution of

:u € Wy (int(K)), / lu| dx < 0} :
K

(56)

Au= -2 inint(K),
u=70 on 0K.

Then we have
(K = / wdz. (57)
K

We recall an useful geometric property satisfied by the solutions of problem
(56) (see [36] and [34] for details):
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Proposition 6.1. Ifu is the solution to problem (56) then w is %-

the function

concave, 1.e.

1s concave in K.

Finally we recall a comparison result for solutions of problem (56) in different
domains (see [16] and [45] for details):

Proposition 6.2. Let Ky, K1 be convez bodies, A € [0,1] and K\ = (1-\) Ko+
MK, Let u; be the solution of problem (56) in K;, i =0,1,\. Then

+)\U1(Zl)%7 VSL’EK(), yeKl

N

un((1 = Nz + M\y)2 > (1= Nug(z)

The Brunn-Minkowski inequality for 7, that is (13), essentially stems from
(57) and the above propositions. Also, it can be viewed as a straightforward
application of Corollary 7.8 when f is constant.

Taking into account also Theorem 1.2 and Theorem 1.3, we get Theorem 1.9.

Proof of Theorem 1.9. Thanks to Proposition 6.1 and Proposition 6.2, it is
possible to apply Theorem 1.2 and Theorem 1.3 with p = 1/2 and h = wy. Then
it is easily seen that (6) and (8) precisely read as (14) and (15), respectively,
thanks to (57). O

6.1. An Urysohn inequality for torsional rigidity

As recalled in the Introduction, the following proposition can be retrieved from
more general results in [12, 45] and it was already sketched in [5]. For a better
understanding of our results, we give here an explicit proof.

Proposition 6.3. Let Q be an open bounded convex set in R™ and let QF be
the ball with the same mean-width of 2. Then it holds

7(Q) < 7(QF) (58)
and equality holds if and only if Q = QF.

Proof. Since 7 is invariant under translations, we can translate ) in a way
that the point of Steiner s of {2 coincides with the origin. We remind that the
point of Steiner s(€2) of a convex set 2 is defined as

s(Q) = = / On(€2.6) M (0)

Wn

Using Hadwiger’s Theorem (see [47]) there exists a sequence of rotations {py}
such that

1
Oy = E(PlQ 4 pef2) (59)
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converges, in the Hausdorff metric, to a ball.
We notice that €, converges to *: in fact, since the mean-width is invariant
under rigid motions and is additive under the Minkowski sum (see [47]), we get

w(Qg) =w(Q) =0

for all £ and so

w(F) = w(Q) = b.

Moreover s(€;) = 0 for all k for the same reason, and then Q) is the ball with

radius r = g centered at 0.
Using (13) we get

7(Q) > 7(Q) for all k> 0, (60)

since 7(pQ2) = 7(Q2) for any rotation p.
Since , converges to §f in the Hausdorff metric when %k goes to infinity, for
every m > 0 there exists k,, such that

1
ngB<O,7’+—>
m

w0 < (B (ors 1)), -

By letting m — +o0o, we finally get (58).
Regarding the equality case, obviously if €2 is a ball we get the equality in (58);
conversely, the above proof gives

for all £k > k,,,. Then

7(Q) < 7(Q%) < 7(QF)  for all k> 0,
then if equality holds in (58), we have
7(Q) = 7() = 7(%)

for all £ > 0 and thanks to the equality case in (13), we can conclude that €
is a ball. O

6.2. Proof of Theorem 1.10

Let us prove only (17); then (18) can be proved in the same way, using (15) in
place of (14).

Let €1, be a rotation of {2 with center in the centroid of {2 and set

11
Q=_-0+-0,
3 g
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First notice that, since 3
w(Q2) = w(€),

by (58) we get
() < 7(QF).

Since 7(€2,) = 7(2), (14) gives
7(Q) > 7(Q) + 5 Ho(Q, 0,3V (62)

where

5, _ |Q|3(n+1)/n
8(n+7(2)71)

and d(2) is the diameter of €.

Since

—3(n+1)

_ H(Q,Q))
Ho(€,9Q,) = Qi
(62) becomes 3
7(2) 2 7(Q) (1+ pH(Q,9,)*"Y)
where
po= () [22 () (nr(Q) + 1)) (63)

Then we have just to show that we can find a rotation €2, of {2 such that

H(Q2,Q,,) > H(Q,Q%

Notice that, denoting by hq and hq: the support functions of € and QF respec-
tively,
H(Q,0) = max |hq(0) — ho:()] = max |hg(6) — 7| (64)

fesn—1 fesn—1

where 7 is the radius of QF, that is

_w(Q)_ 1/
r= = o Snilhg(&)d&.

By the mean value Theorem and the continuity of hq, there exists 6, such that

hQ(QO) =T

Take 0 such that the maximum in (64) is attained at 6 and let py be a rotation
with center in the centroid of €2 such that

h,, (0) = ha(b).
Then thanks to (64) we get
H(Q,Qy,) > |ho(0) — ha,, (0)] = H(Q, %),

and we conclude the proof.
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Remark 6.4. During the proof we find an explicit value for the constant pu.
The same can be done for the constant v; here it is:

_ (=27 r()?
YT R120® (nr(Q) + 17 (65)

Remark 6.5. Let us denote by Q* a ball with the same measure as 2. Then
we notice that (58) is weaker than the well known St Venant’s inequality (see
[38])

7(Q) < (), (66)

since T is increasing with respect to inclusion and
o C O

by the classical Urysohn’s inequality between mean width and volume of convex
sets. This is due to the fact that the Laplacian or other kind of operator written
in divergence form works better under Schwarz symmetrization. Moreover, any
quantitative version of (66) would imply immediately the same quantitative
result for (16). However, to our knowledge, no quantitative version of (66)
have been proved yet.

7. Quantitative p-Minkowski convolutions and mean width rear-
ragements

Results like Theorem 1.9 and Theorem 1.10 can be obtained for other function-
als related to different elliptic operators. In particular, we could for instance
derive similar results for the p-Laplacian, for the 2-Hessian operator in R? and
for the extremal Pucci’s operator Py, ,,; the corresponding Brunn-Minkowski
inequalities, as well as the needed concavity and comparison results, similar to
Proposition 6.1 and Proposition 6.2, can be explicitly found in or retrieved from
[17], [44] and [4, 45], respectively. The same authors of this paper also inves-
tigated some Monge-Ampere functionals (whose Brunn-Minkowski inequalities
can be found in [30, 43]), obtaining similar results in [27].

An interesting and quite general formulation of some of the applications cited
above can be given through the so-called mean-width rearrangements, intro-
duced by the second author in [45]; to this aim, we recall hereafter some results
from that paper.

Consider two convex sets €y, €, fix A € (0,1) and as usual set Q) = (1 —
A)Qo + AQy. Let ug, uy and uy be the solutions of the corresponding Dirichlet
problem

Fy(z,u;, Dug, D*u;) =0 in Q;,
(R) u; =0 on aQZ) Z:0717,u
u; >0 in Qi,
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where F; : R® x R x R® x §,, — R is a continuous proper degenerate elliptic
operators (here and throughout S,, denotes the space of n x n real symmetric
matrices).
For any p > 0 and for every fixed 6 € R™ we define GZ(-?D) : Qi x(0,4+00) xS, = R
as follows:

Ggeo) (z,t, A) = Fy(x,e', e'f, e’ A) .
’ fort=0,1,\. (67)

G t, A) = Fy(a,tr,t:7'0,t57°4) if p> 0

We say that Fy, Fy, F)\ satisfy the assumption (A, ,) if, for every fixed 6 € R",
the following holds:

G\ (1= N)zo + Az, (1= At + Ay, (1= A)Ag + Ady)
> min{> GY) (w0, o, Ao); GV (1,11, Ar)}

for every xg € Qg, 1 € Qq, to,t1 > 0 and Ay, A1 € S,,.

Remark 7.1. If Fy = F; = F),, we are simply requiring the operator Gf) to be
quasi-concave, i.e. with convex superlevel sets.

In [45] it is proved that, under suitable assumptions, the p-Minkowski convolu-
tion wy,  of the solutions ug and uy of (P) and (P;) is a subsolution of problem
(Py); we recall the precise statement in the following proposition.

Proposition 7.2. Let A € (0, 1), £; an open bounded convex set and u; a clas-
sical solution of (P;) fori=0,1. Assume that Fy, Fy, Fy satisfy the assumption
(Axp) for some p € [0,1). If p > 0, assume furthermore that for i = 0,1 it
holds
lim inf ui(y)
y— v

>0 (68)

for every x € 092;, where v is any inward direction of ); at x. Then u,\ 1s a
viscosity subsolution of (Py).

Then, when a comparison principle holds, it is possible to estimate the solution
uy of (Py) by means of u, , and then by means of uy and u;.

Corollary 7.3. In the same assumptions of the previous theorem, if F\ satis-
fies a Comparison Principle and uy is a viscosity solution of (Py), then

ux((1 = Nzo + Axy) > My(ug(xo), ur(z1); ) (69)
for every xy € Qp, 1 € 4.
By a combination of the previous result with the BBL inequality, we can finally

compare the L" norms of the involved functions for any r € (0,4o0]; this is
Corollary 4.2 of [45], which we recall now.
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Corollary 7.4. With the same assumptions and notation of Corollary 7.3, we
have

||y = M e (HuOHLr(QO), il zr 1), )\) for every r € (0,400]. (70)

np+r

Then it is probably clear as, by applying Theorem 1.2, we can easily get the
refinements of (70) which are the content of the following theorem.

Theorem 7.5. With the same assumptions and notation of Corollary 7.3, as-
sume furthermore that for p > 0

up and uy are p-concave functions (71)

(with convexr compact supports Qo and €y respectively). Then, if Ho(Qo, 1)
and A(Qo, Q1) are small enough, for every r € (0,+oc| it holds

(n+1) (p+7)

uall7r @y = M_rr (IJuol o), Nunllzr@n, A) " + 6 Ho(Qo, ) @ (72)

np+r

and

2(p+r)

luallzr @y = Moz (luollr@o): [[ual 1), )"+ 0 A(Q0, Q1) >, (73)

np+r

where 6,3 are constants depending only on n, A, p, |[uo| |7+ o) [[will7r (o) and
on the measures of €2y and €2y.

Proof. It is a straightforward combination of Corollary 7.3 and Theorems 1.2
and 1.3, applied to u] for i = 0,1, \. Indeed uf and u} are (p/r)-concave in €
and y, and (69) gives

ux((1 = N)zo + Aay)" > Myr(uo(wo)”, ur(z1)"5 A)

for every xy € Qo, x1 € €2y.

Then, applying Theorem 1.2 (with p changed into p/r) to the functions u]’s,
we get (72), while applying Theorem 1.3 we obtain (73). O

Remark 7.6. When the operators Fy, F satisfy suitable assumptions (see for
example [38]), the p-concavity of solutions uy and u; is known to hold, then
there is no need of assuming (71). For instance this happens when Fy = Fy = F),

9) . .
and Gé) is quasi-concave.

Remark 7.7. Notice that, as r — 400, both (72) and (73) yield

]| @) = My ([[uol e @), [ua] L@, A)

the same as Corollary 7.4, which can not be improved, since (29) holds.
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Let us see an example of the previous result in the particular case when uy and
uy are solutions of the following problems

Aug+ f(z) =0 in
Uy = 0 on 890

and
Auyp + f(z) =0 in
u; =0 on 0€); .

Then take A € (0,1) and set
Q= (1= N2 + A,

Now let uy be the solution of

Auy+ f(x) =0 inQ
uy =10 on 0f).

In this particular case, we can write the following result.

Corollary 7.8. Let f be a smooth nonnegative function defined in R"™. Assume
f is B-concave for some 3 > 1, that is f° is concave. Then (72) and (73) hold
with

p

T 1423

p

Remark 7.9. In case f is a positive constant (§ = 4+00), the same conclusions
follow with p = 1/2 and we find the results of Theorem 1.9.

Let’s see now as the technique above can be applied to improve some Talenti-
like results (for operators not in divergence form) from [45]. We need first to
set some notations. Let u be the solution of the problem

F(x,u, Du, D*u) =0 in Q
u=20 on 0N (74)
u>0 in Q

where F'(z,t,£, A) is a continuous proper elliptic operator acting on R™ x R x
R"™ x §,, and 2 is an open bounded convex subset of R™. Let v be the solution
of

F(x,v,Dv,D?*v) =0 in Q*
v=0 on ON* (75)
v >0 in Q*
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We consider F' a rotationally invariant operator, i.e.
F(pz,u, pd, pAp") = F(x,u,0,A)
for every (z,u,0,A) € R" x R x R" x §,, and every rotation p € SO(n).

Remark 7.10. Let p € SO(n) and denote by Q, a rotation of Q and by
u,(z) = u(p~'z) for x € Q, a rotation of u. We remark that we consider
rotationally invariant operators since the proof of Propositin 7.11 relies mainly
on the fact that if u is a solution of (74) in €2, then w, is a solution of (74) in
Q,.

For instance, F' is rotationally invariant when it depends on x, 6 and A only
in terms of |z|, |f| and the eigenvalues of A, respectively.

Given the operator F', a real number p > 0 and a vector 6 € R", we set
0 B 11y, 1.4 N
Gé)(x,t,A) = F(x,tr,tr 0, tr "A) (x,t,A) € RY x [0,00) X S,.
Then we the following holds (see [45]).

Proposition 7.11. Let Q) be a bounded open convex set in R™ and v a solution
of (74) where F is a rotationally invariant proper elliptic operator, and assume
u satisfies (68). Let p € (0,1) and assume that

the set {(z,t,A) € [0,00) X S, : Gée)(x,t,A) >0} is conver (76)
for every fixed 6 € R™. Then

o[l ey > [|ullor@)  for every r € (0, 4-oc] (77)

Remark 7.12. Notice that assumption (76) is satisfied if the function Gl(f) is
quasi-concave for every # € R", hence if it is g-concave for some ¢ € R.

The proof of the above proposition is based on the definition of the so-called
mean-width rearrangement. Roughly speaking, we associate to u a symmetrand
ug defined in the ball Qf having the same mean width of € and, under suit-
able assumptions on the operator F' (stated in Proposition (7.11)), we have a

pointwise comparison between u,, and the solution v in QF that is

uh <o in QF (78)

which leads to conclude (77).

The precise definition of uﬁ, is actually quite involved. Here we just say that uf,
is not equidistributed with u, in contrast with Schwarz symmetrization; indeed
the measure of the super level sets of ug, is greater than the measure of the
corresponding super level sets of w.

By following the same argument used to prove Theorem 1.10 and in particular
applying Theorem 7.5, we derive the following quantitative version of Proposi-
tion 7.11.
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Theorem 7.13. With the same assumptions and notation of Theorem 1.10
and Proposition 7.11, assume furthermore that

u s p-concave (79)

Then for r > 0 it holds

(n+1) (1)
ol ey = Nullir) +nH >

and
2(p+r)

ol ey = Nl + oA 7,
where H = H(Q, Q) and A = max{A(Q,Q,) : p rotation in R"} are small
enough, n and o are constants, the former depending on n, ||u||2r(9) and the

diameter of €1, the latter depending only on n and |[ul[}, ).

Remark 7.14. Notice that for p =  and 7 = 1 and F(z, u, p, A) = trace(A)+
1, Theorem 7.13 coincides with the quantitative result for the torsional rigidity
stated in Theorem 1.10.

We remark that Theorem 7.5 and Theorem 7.13 apply also to nonlinear opera-
tors not in divergence form, for example the ¢-Laplacian, the Finsler Laplacian
and the Pucci Extremal operators.
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