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1. Preliminaries

The study of low dimensional spaces of polynomials can be an interesting source
of examples and counterexamples related to more general questions. In this
paper we mind 2-variable, real 2-homogeneous polynomials endowed with the
supremum norm on the sector D (%) = {ew 10 e [O, ﬂ } The space of such
polynomials is represented by P (2D (%)) This paper can be seen as a contin-
uation of [15] and [20]. Other publications in the same spirit can be found in

[11, 12, 21, 22, 24, 25].

If P(z,y) = azx® + by? + cxy, we will often represent P as the point (a,b,c) in

R3. Hence, the norm of P (2D (%)) is in fact the norm in R? given by

) :sup{|ax2+by2+cxy\ :(z,y) € D <z>}

I(a,b,) ¢ -

s
4

In Section 3, the notation L£* (2D (%)) will be useful to represent the symmetric

bilinear forms on R? endowed with the supremum norm on D (%)

In order to obtain sharp polynomial inequalities in P (2D (%)) we will use the so
called Krein-Milman approach, which is based on the fact that norm attaining
convex functions attain their norm at an extreme point of their domain. Hence,

an explicit description of the norm || - ||, (=) and the extreme points of the unit
4

ball B,

below:

Lemma 1.1 ([20, Theorem 3.1)). If P(z,y) = az® + by* + cxy, then

) denoted by ext (BD(E)), will be required. Both are presented

jus
4

121l p(=)
_ max{|a|,%|a+b+c|,%|a+b—|—sign(c)\/(a— b)? —|—02|} if c(a—0) >0,
max{|al, 3|a + b+ |} if c(a —b) <0,

Lemma 1.2 ([20, Theorem 4.4]). The extreme points of the unit ball of

P(D(%)) are given by

mﬂBm)):{inﬁ&iUJﬁy—4§t§1aM1§s§5+h@}

us
1
where

Po=(t44+t+4vV1+t,—2—-2t —4V1+1),
Qs = (1,5, —2y/2(1 + s5)).

Let us describe now the three inequalities that will be studied in this paper.
Section 2 is devoted to obtain a Bernstein type inequality for polynomials in
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P (2D (%)). Namely, for a fixed (z,y) € D (F), we find the best (smallest)

1
constant ®(z,y) in the inequality

IV PG 9l < @, 5) Pl

forall P € P (2D (%)), where [|-||2 denotes the Euclidean norm in R?. Similarly,

we also obtain a Markov global estimate on the gradient of polynomials in

P (2D (%)), or in other words, the smallest constant M > 0 in the inequality

IV Pyl < MIP] oy,

for all P € P (2D (%)) and (z,y) € D (%) It is necessary to mention that the
study of Bernstein and Markov type inequalities has a longstanding tradition.
The interested reader can find further information on this classical topic in

[2, 13, 14, 16, 18, 19, 23, 26, 28, 29, 30, 31].

In Section 3 we find the smallest constant K > 0 in the inequality
||L||D(g) < KHPHD(g)a

where P is an arbitrary polynomial in P (2D (%)) and L € L* (2D (%)) is the

polar of P. Observe that here ||| (z) stands for the sup norm of L over
4

D (%)2. Hence, what we do is to provide the polarization constant of the space

P (2D (%)) The calculation of polarization constants in various polynomial

spaces is largely motivated as the extensive, existing bibliography on the topic

shows (see for instance [10, 13, 17, 27]).

Finally, in Section 4 we investigate the smallest constant C' > 0 in the inequality
1P oz < ClIPllygz), (1)

for all P € P (®D (%)), where |P| is the modulus of P, ie., if P(z,y) =
ar?® + by* + cxy, then |P|(z,y) = |a|z?® + |bly* + |c|ry. The constant C' turns
out to be the unconditional constant of the canonical basis of P (2D (%))
It is interesting to note that already in 1914, H. Bohr [4] studied this type
of inequalities for infinite complex power series. Actually, the study of Bohr
radii is nowadays a fruitful field (see for instance [1, 3, 6, 7, 8, 9]). Observe
that the relationship between unconditional constants in polynomial spaces and

inequalities of the type (1) was already noticed in [7].

2. Bernstein and Markov-type inequalities for polynomials on sec-
tors

In this section we provide sharp estimates on the Euclidean length of the gra-

dient VP of a polynomial P in P (2D (%))
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Theorem 2.1. For every (z,y) € D (%) and P € P (2D (%)) we have

HVPH2 < (I)(may)l‘P"D(g),

where

(4 (13 +8v/2) 2 + (69 + 48v/2) y? — 2 (28 + 20v/2) 2]
ingyg@x or (4\/_—5)x§y§x,

2 +4(2? +y?)

le.y) = if 5 le <y < (V2-1)a,
(3x2—2xy+3y2)2

2(z—y)?

| if(ﬂ—l)x§y§(4\/_—5)x.

Proof. In order to calculate ®(z,y) := sup{||VP(z,y)|2 : HPHD( ) < 1}, by

I
the Krein-Milman approach, it is sufficient to calculate

sup{||[VP(z,y)|l2: P € ext(BD(%))}.

By symmetry, we may just study the polynomials of Lemma 1.2 with pos-
itive sign. Let us start first with Py(z,y) = tz? + (4+t+4\/1 +t) y? —

2(14+t+2V1+t)zy, t € [~1,1]. Then,
VF(z,y)
= 2tz —2(1+t+2V1+t)y, 24+t +4V1+ )y —2(1 + t + 2V1 + t)x),
so that
IVP(z,9)|3 = 4222 + 4(1+ t + 2T+ )" — 8t (1 +t + 2T + t)ay
A AT D2+ 41+t 2V 1)
—8(4+t+4V1+1t)(1+t+2V1+t)zy.
Make now the change u = +/1+1t € [O, \/5}, so that

IV Pu(z, y)|I5
= 8(x —y)*u* + 16 (ZL‘2 —dxy + 3y2) u?
+ 8 (2* — 10zy + 13y°) v* + 32 (3y” — wy) u + 4 (2 + 9y°) .

Since
0

=16 (2(xz —y)*u® + (2% — Sxy + Ty*) u+ 2y (3y — x)) (u + 1),
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it follows that the critical points of |DP,(z,y)||3 are u = nyy,u = ;EZ:; and
u=—1ifxr #yand u =4 and u = —1 if z = y. Since we need to consider
0 < u < V2, we can directly omit the case z = v.
Therefore, we can write
0 2y 3y —x
VP, )13 =32(z — y)* (u— — 2 V(w4 1).
SV Rl =32 = 9 (= 2 ) (w5 =5 )
Let u; = nyy and uy = % (again, since we need to consider 0 < u < V2,
we can omit the solution u = —1). Also, we have the extra conditions u; €

[0,4/2] whenever 0 < y < (\/5— 1) z and uy € [0,+/2] whenever %x <y<
(4\/_ — 5) x. Considering all these facts, we need to compare the quantities
Ci(z,y) = [[VPu (z,9)]5 = VP53

28 — 4ady + Txty? — 8Py + T2yt — day® + o8

=1 @y

:4(x2—|—y2),

forogyg(\/ﬁ—l)zandtlz%,

Co(x,y) = [[VPu (2, 9)]5 = VP, |3
925 — 3025y + 55ty — 6823y + 5wyt — 302y + 9y°

2(x —y)*
(322 = 2ay + 3y)°
2(x —y)? ’

Cs(,y) = [V Py=all3 = 4 (2" + 9¢°) ,
and
Ca(w,y) = [[VPy=il3
= 4[(13 + 8v2)2® + (69 + 48v/2)y? — 2(28 + 20v/2) zy].

Let us focus now on ), = (1,3,—2 2(1 +3)), 1 < s <5+4y2. Then, we
have

IVQs(z, y)llz = 42* + 45°y* + 8(1 + 5)(2” + ) — 8(1 + 5)\/2(1 + s)ay.

Making the change v = /2(1 + s) € [2, 24 2\/5] , we need to study the func-
tion
IVQu(2, )5 = v* (y*v* — dzyv + 42°) + 4 (2* + y?) .
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If v =y = 0 we have ||[VQ,(z,y)||3 = 0, so we will assume both z # 0 and
y # 0. The critical points of [|[VQ,(z,y)|? are v = sv= %’” and v = 0 (but

0 ¢ [2,2 4 2v/2]). Observe that v; = S 2,2 + 2v/2] whenever \/52_190 <y<

%x and vy = Qf € [2,2 + 2\/5} whenever y > (\/5 — 1) x. Thus, we also need
to compare the quantities

JI4

Cs(@,y) = [V Qu, (2. )|z = VQs, (2, )3 = il 4(a® +y7),

22 —2y>
2?}2 )

Col(@,y) = [VQu (2,92 = IVQs, (z,9) Iz = 4 (2* + ) ,

for (\/§ —lz<y<zands = 2’”2;92, and also

for@xﬁyﬁ%xandslz

Cr(2,y) = [VQuy=rll3 = 4 (2* +¢°) +16(z — y)*,
and
Cs(x,y) = [VQ,,—54ay3ll2
= (12+8v2) [42” + (124 8v2)y* — (8 + 8V2)xy] + 4(2” + o)
= 4[(13 + 8V2)a? + (69 + 48V/2)y* — 2(28 + 20V/2)xy].
Note that (the reader can take a look at Figures 2.1, 2.2 and 2.3)

Cy(z,y) ifogyg%ixor%xgygx,

Ci(z,y), Cs(x,y) < Cr(x,y) <
1(2,9), Co(,y) 7(z,y) {05($,y) if—@_leyS%:&

Cy(x,y) if %x <y< (4\/_— 5) x,
Cy(z,y) ifogygéxor(4\/§—5)x§y§x,

Cs(z,y) = Cu(,y).

Cs(z,y) < {

Hence, for (z,y) € D (%),
O(x,y) = sup {||VP(x,y)||2 . P €ext (BD(%))}

Cy(z,y) if0§y§%$or(4\/_—5)z§y§:n,
= { Cs(wy) it e <y < (V2-1,
Co(z,y) if (V2 -1z <y < (4V2—5)r.

In order to illustrate the previous step, the reader can take a look at Figure
2.4. m

Corollary 2.2. If P P (D (%)), then
sup {IVP(,9)2 : (@,9) € D () } <403+ 8V2) | Pll ),

with equality for the polynomials Py(x,y)= £ ($2+(5+4\/§)y2—2(2—|—2\/§)ajy).
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Figure 2.2: Graphs of the mappings Cy(1,\), C5(1, A), C7(1, A).

3. Polarization constants for polynomials on sectors

In this section we find the exact value of the polarization constant of the space
P (2D (%)) In order to do that, we prove a Bernstein type inequality for

polynomials in P (2D (%)) Observe that if P € P (2D (%)) and (z,y) € D (%)

then the differential DP(z,y) of P at (z,y) can be viewed as a linear form.
What we shall do is to find the best estimate for | DP(z,y)|| p(x) (the sup norm

us
4

of DP(x,y) over the sector D (%)) in terms of (z,y) and ||P||D(£). First, we
4

state a lemma that will be useful in the future:
Lemma 3.1. Let a,b € R. Then,

sup |acosf + bsin 0|
06[0,%]

B maX{|a|,‘/7§|a+b|} if2>1o0rt<o,
Vva?+b? otherwise.
Va2 4+ if0<t <1,

= ‘%a—l—bl if (1-=v2)b<a<borb<a< (1—+v2)b
|al if—(1+Vv2)a<b<0or0<b<—(1+v2)a
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Figure 2.4: Graphs of the mappings Cs(1,\), Cy(1,A), C5(1, A).

Theorem 3.2. For every (x,y) € D(§) and P € P(*D(%)) we have that

|DP(z,y)lpy < ¥(z, )| Pllp), (2)
where
V2[(1+2v2) 2~ (3+2v2)y] if0 <y <22ty
b~ Vil >2 {f Wl <y < (V2- 1w,
2 (24 2) if(V2-Dr<y<(2-v2)u,
4(1+V2)y -2z f(2-V2)rsys<we

Moreover, inequality (2) is optimal for each (z,y) € D(%).

Proof. In order to calculate ¥(z,y) := sup{HDP(a:,y)HD(%) : HPHD&)) <1},
by the Krein-Milman approach, it suffices to calculate

Sup{HDP(ZE,y)HD(g) : Pe ext(BD(%))}.

By symmetry, we may just study the polynomials of Lemma 1.2 with positive
sign. Let us start first with

Pyz,y) =ta* + 4+t +4V1+t)y* — (242t + 4V1 + t)ay.
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So we may write

VP(z,y) = (2tz— (242t+4V1 + t)y, 2(4+t+4V1 + t)y— (2+2t+4V1 + 1)),

from which
IDPi(z,y)llpez)
= sup ‘Z[tx — (1 +t+2vV1+ t)y] cos 0

0<<T

+2[(4+t+4vV1+t)y— (1+t+2V1+t)z]sinb)|
= 2z sup |fi(t,0)],
0<6<T

for fA(t,0) = [t — (1 +t+2V1+t)A] cosb
+[(A4+t+4V1+ )X — (1+t+2V1+1t)]sin0,

where A\ = £, 2 # 0 (the case v = 0 is trivial, since the only point in D(%)
where z = 0 is (0,0), in which case P;(0,0) = || DF;(0, O)||D(£) =0).

4
We need to calculate

sup || DPy(x,y)|pz) =2z sup [fa(t,0)].
—1<t<1 <6<z

—1<t<1

Let us define C = [—1,1] x [0,

~13

|. We will analyze 5 cases.

Case I: (t,0) € (—=1,1)x (0, §). We are interested just in critical points. Hence,

afxr B 2 B 1 .
at(t’e)_{(1+ 1+t)/\ (1+\/1+t>}s ’
+[1—(1+ L >/\]c030:0,
1+
O

W(t,e):[(1+t+2\/1+t)A—t] sin 0 n
+[(A4+t+4V1+ )N = (14+t+2V1+1¢)] cosf =0

Equation (4) tells us that

(A+t+4VT+ ) A= (1+t+2V1+1)
t—(1+t+2V1+E) A

If we now plug (5) in equation (3), we obtain

o= {- (@ ) - ()
X(4+t+4\/1—+t)A—(1“*2\/1—“)}0%0.
t—(1+t+2V/T+1)A

(3)

:

sinf =

cos . (5)
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Using that 0 < 6 < 7, we can conclude
1 2 1
0= (11— (14— A+ ||1+—= |1+
e D (e R G

LAt VT A - (14t +2VT+)
t—(T+t+2v1T+0)A

and thus

0:{1—(1+ ! >/\}-[t—(1+t+2\/1—+t))\}

VvV1+t

g ()
A+t AVTEOA = (T +t+2VT+1)]

=t—(1+t+2VI+)A—tA+ (1 +t+2V1+ )N _fit
\/1_“(1+t+2\/1+) ( \/12_+t) (4+t+4V1+1)N
2
<1+\/_)(1+t+2\/1+t))\
1
<1+\/1_+t) (44+t+4V1+E)A
1
+(1+\/1_+t)(1—|—t+2\/1—|—t)

=t (1 =20 42X =20+ 1) + (=22 + 20 +4X* =224 — 44X+ 2) V1 + ¢

t
+ AN 22— 20—\ +1
\/1+t( )
1
+ A2+ 88X — 2\ — 4N+ 1
\/1+t( )

F (A A F2X 24N =X — AN+ 142+ 8X% = 8))

= 2AN—1)24+6V1+t(A—1) (A—é) +3\/1t—+t“_1) (A_é)

\/11T(3/\—1 +15(>\——> <)\——>

Working with this last expression, we get

0= 26v/T+ (A — 1)2+6(1+)(A (A )+3t 1>(A_%)

+

+ (38X —1)? +15\/?(A—1 (/\—5)
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and hence, rearranging terms,

VIt {15 ()\ - 1) ()\ — §) + 2t(\ — 1)2]

3 5)
1 1 3 (6)
— oD (A=) —15(r=—2)(r=2).
= (=5) = (-5) (+5)
If A =1, we obtain
VIFi4+1=0
and so, in particular, we have A # 1. Equation (6) has two solutions,
—1 42X + 3)? SN2+ 2\ —3
ti(N) = d ty(N) = ——————
W=—ae o md BN =TTy

Using equation (3), we may see

1
<1+m)A—1

0= .
T ) ()

In particular, evaluating in ¢;(\) we obtain

(1+52)A-1
I+5) A= (1+50)

:A’

tanf; =

in which case we have

Dia(N) = |fat1,01)] = | = V1 + 22| = V1 + A2
Regarding t, (), we obtain

4(A—=1)2
(1 n —(3A_1)2) A—1

4(A—1)? A0-12\
(1 2 <3A—1>2> A (1 * <3A—1>2>

tan 6y, =

Since 0, € (07 %), we need to guarantee 0 < tanfy < 1, and for this we need
0< A< % Therefore

SA—1

tan«92 = N3
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and in this case,

D1 2(N) = [ fa(ta, 02)]
A2 420 —3 /9N —6A+1 3A—1 37\
= H I —1)7 _< -1 T A—l))\} VTN — 520+ 10
+K3+9/\2—6)\+1+6)\—2))\
AN—12 T x-1
_(9)\2—6>\+1+3)\—1)} 1— 5\ ‘
4N —1)2 A—=1 )] /74X2 = 52X + 10
| T8A* —208X% + 19602 — 80X + 14
a ‘_ AN — 1)2y/74N2 52\ + 10 '
3902 — 26\ + 7
‘_2\/74)\2 —52M 1+ 10‘
3902 — 26\ + 7
2V/T4N2 — 52\ + 10

Case 2: 6 =0,—1 <t <1. We have
Ht0)=t— (1+t+2V14+1)A
Then,

A(=1,0) = —1,
A1,0) =1—2(1+V2)\,

and hence

1—2(14+V2)A 0 <A< L

2

|f)\(150)’:{2(1+\/§))\—1 1f%§)\§1

Working now on (—1, 1), since

f0)=1— (1+ ! >/\,

141

the critical point of fy(t,0) is

)\2

T ~ 1.

t =

Recall that we need to make sure that —1 < ¢ < 1. Therefore, in this case we
also need to ask

V2
/\<m:2—\/§.
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Plugging the critical point of fy\(¢,0) into fy(¢,0), we obtain

A2 A\ A2 2\ A2
fk((A—nfl’O):(A—l)fl‘ [(A—l)?*l—A]A:A—l‘l’

and hence

22 22
— 1 =1 .
fA((A—l)? 0)’ 1o

° Assume first 0 < A < @ Then,

A2 A2
sup [f3(t,0)] =max 1,12 (14 v2) A, 1+ S
—-1<it<1 1—)\ 1— )\

° Assume now @ <A< 2-—42. Then,

/3 A2 A2
sup IA(50) :maX{1,2<1—l— 2))\—1,1+1_)\}:1+1_)\.

° Assume finally 2 — V2< A<, Then,
sup | fa(t,0)] = max {1, 2(1 + V2)A — 1} =2(1+ V2)A — L.
—1<t<1
So, in conclusion,
1+ 25 if0<A<2-+2,
sup [f(t,0)] =
—1<t<1 (24+2v2) -1 if2—-vV2<A <1,

Dyi(\) if0<A<2—4/2
Dys(N) if2—-v2< A< 1.

(3)0=7%and -1 <t <1

We have

t,

=
/N

)

[t— (A +t+2V1+ A+ (A+t+4V1+ )N — (1+1+2V1+1)]

N

SIcEIe

[(B+2VI+8)A— (1+2VI+1)].
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Again, we have

A(-17) =§<3A—1>,

£ (15) = D1+ 2v2a - (14293)],

1.2
"4

L[, T _Q A1
fA(t’Z)— 2 L/Ht Vitt]’

and f}(t, %) = 0 implies A = 1 (in which case f\(t,Z) = v/2 for every t).

° Assume first 0 < A < % Then,

sup ‘f,\ (t,%)‘ :gmax{(l—l—Q\/E) — (3+2\/§)/\, 1—3)\}

= g[(1+2\/§) — (3+2v2)A].

° Assume now % <\ <42 -5, Then,
sup

™
v
—1<t<1 f)\( 4

= %ﬁmax{(l—l—Z\/E) — (3+2\/§))\, 3)\—1}

(R0 +2v2) - 3+2V2) ] if § <A< 22
1 26A-1) if 2/245 < \ < 42— 5.

° Assume finally 4v/2 — 5 < A < 1. Then,

a 1(:)

- ?max{w— 1, (3+2V2)A— (1+2v2)} = \/7§<3A— 1).

Hence, we can say that

h (3=

[ Dsa(N) if0< A< 2241

[14+2v2— (3+2v2)A] if 0. <A< 225
(3A—1) if 224 < ) < 1.

sup
—1<t<1

oS el
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Case 4: t = —1,0 <0 < 7. Applying Lemma 3.1, we obtain

§

if 0 <\ < Y2
23\ —1) if ! ng<1.

oS T

sup fi(=1,0) =
0<o<T

D4’1<)\) if 0 < A< 1+\[
Dya(N) P2 <A<

Case 5: t =1,0 <6 < 7. We use again Lemma 3.1, with a =1 — (2 + 2\/5) A
and b = (5 +4\/§) A — (2 + 2\/5) Through standard calculations, we see
that g < 0 if and only if A € [O, ‘/52_1) U (6_3\/5, 1} and g > 1 if and only if
@ <A< %. Therefore,

sup [fx(1,0)|

0<<T
(max {[1 - (2+2v2) A
if 0 <A< 32

=X \/(1_ (2+2\/§) )\)2+((5—|—4\/§))\_ (2+2\/§))2

e 344V2 6—2v2
if =50 <\ < v

max{u—(2+2¢§)A\,§\(3+2\/§)A—(1+2¢§)}}

if =2V2 <\ < 1L

21(3+2vD) A - (1+2v2)|}

\

Since 0 < A < v2—1 implies |1 — (2 +2v/2) A| < %2 | (3 +2v2) A — (1 +2v2)],
it follows that

sup [ fa(1,0)]
ogegg
(2 (34 2v2) A — (1 +22)] if0 <A< 32

= { VA8V2N2 — 56X + 69A2 — 40V2) + 8v2 + 13 if B2 < \ < 622
L1 (2+2v2) A if =22 < X <1
(2 [1+2v2— (3+2v2) )] if 0 <A< 32

= V48V2)2 — 56) + 69A2 — 40v/2) +8v/2 + 13 if HIV2 < ) < 622
((2+2v2) A -1 if =22 < ) < 1.
(Ds1(N\)  if0< A< 32

=i Dsp(\) if T2 <\ < 8222
[ Dsa(\)  if 22 <A <1
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Since (see Figures 3.1 and 3.2)

Dg’l(/\)
Dii(N) <
Dy ()

if0<\<2—+2,
if2—v2<A<1,
Di12(A) < Ds1(N) for 0 <A< 3,
we can rule out Case 1. Since
D31(\) = Ds () for 0 < A\ < 302

D32(\) = Dya(N) for 22 <\ <1,

S

we can directly rule out Case 3. Since (see Figures 3.1 and 3.3)

Dyi(N\) if0<A<2—+/2
Dyi(N)=1<
Dop(N) if2—-v2 <\ < B2
Dys(N) < Dyy for %ﬁ <A<,

we can rule out Case 4. Finally, since (see Figure 3.4)

D572()\) < DQJ(A) for %ﬁ <A< %,
D573<>\) = D272(A) for 2 — \/5 S A S 1,
we can rule out the expressions Ds () and Ds 3(A) of Case 5.

Thus, putting all the above cases together, we may reach the conclusion

sup | fa(t,0)]
(t,0)eCy

(
D5,1(/\) fo< < (2_3‘/5)@4—5\/54-67

= Day()) if EEAVAIVETENGG <\ o9 \/5
[ D2p(N) if2—-v2< A<,

(Z[(142V2) — (34+2V2) \] if0 <\ < WAV

= (142 if CESVAVAIVEITENEEG ) 9 (/9
[(2+2v2) A -1 if2-v2<A<1,
and hence
sup |[DFi(z,y)|pz) =2z sup |[fi(¢,0)]
—1<t<1 (t,0)eC1

V2 [(1+2\/§) T — (3+2\/§) y] f0<y< (2_3\/§)V4\/§+7+5\/§+6x’

14
— 2($+Iy__2y> o (2—3\/5)\/4f+7+5\/§+6x§y< (2_\/5) z,

4(1+V2)y—2x if (2-v2)z<y<u,
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Figure 3.1: Graphs of the mappings D; 1(A), Da1(A) and Dy o(A).

.
S 2y241 06
7

Figure 3.2: Graphs of the mappings D; 5(\) and D31 ().

assuming in every moment = # 0 (in order to illustrate the previous step, the
reader can take a look at Figure 3.5).

Let us deal now with the polynomials

Qs(z,y) = 22 + sy> —20/2(1 + s)zy, 1<s<5+4V2.

Then,
VQs(z,y) = (22 — 2¢/2(1 + s)y, 25y — 2/2(1 + s)z),
1DQs(z, y)|lp(z)
= sup [2z[(1—/2(1+ s)A) cos + (sA — 1/2(1 + s)) sind]],

0<0<%

and thus
sup  |[[DQs(,y)|pz) =22 sup [gals, 0)],
1<s<54+4v/2 (s,0)€Cq

with

9r(5,0) = (1 — /2(1 + s)A) cos 0 + (sA — 4/2(1 + s)) sinf

and Cy = [1,5 +4v/2] x [0, %]. Again, we have several cases:
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I I I I I I I
0 0.1 0.2 03 34+ 4y2 6-2v2 05 232 0.7

23 7

Figure 3.4: Graphs of the mappings Dy 1(\) and Dja(\).

Case 6: (s,0) € (1,5+4v/2) x (0,Z). Let us first calculate the critical points
of gy, over Cj.

dgx —A 1 .
R (50,00) = ———cos by + [ A — ——o | sin b,
95 50 %) 20 +s0) ( 2(1+50)) ’

O 1. 00) = (50 — VBT T s0)) cosf— (1 /BT T 50 sinfo

s, if Dgx(s0,60) = 0, using the first expression, we obtain tan fy = ——2———
) ’ ] ’ V/2(1+s0)A-1"

soA—+/2(1+s0)

and, using the second one, we obtain tan fy = :
1—4/2(14s0)A

Hence, we may say

80)\—\/2(1+50) . A
1— 21+ s0)A  2(1+s0)A—1

and thus
2 —\2
Sp — T
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[
[
(2-3V2)VAV2+T+5V2+6 11
— Y 1 |
I |14 I L I I
02 03 3+4v2 05 23 07 08

Figure 3.5: Graphs of the mappings Ds1(A), D22(A) and Dj1(N).

Then, tanf, = A and also, if we want to guarantee that 1 < sq < 5 + 4v/2, we
need vV2—1< A< 1.

In that case, sinfy = ﬁ and cos @y = ﬁ, and then
-1 —\?
9x(s0,00) = =—V1+ A2

+
VI+ A2 V14N

SO

Dg(N) == |ga(s0,60)| = V1 + A2

Case 7. s = 1,0 <0 < 7. Apply Lemma 3.1 witha =1 -2 X and b = A — 2.
Using 0 < XA < 1, observe that we always have b < 0 and b < a. Also,
a < (1—\/§)bifandonlyif)\>#.

Putting everything together, we can say that

sup [gA(1,0)] =
0<6<T

1-2\ 0< A< =22
Z(14 ) if 2 <<,

D)) o< < 2
U Dra(n) i ER2 <A<

Case 8 s = 5+4v2,0 < 6 < 7. Apply again Lemma 3.1, this time to
a=1 —2(1+\/§))\ and b = (5+4\/§))\—2(1+\/§). As usual, we notice
that a < 0 if and only if A > ¥2-1 b < 0 if and only if A < ©2Y2 and a < b if

: 3+4v2 3+4v2 6—2v2
and only if A > +2—3 All together, we can say that, for +2—3 <A<
we have

sup_|ga(5 +4v/2,0)| = Va? + b?

0<6<T

— /134 8v2 — (56 + 40v2) A + (69 + 48V2) X2,



946  Aradigjo, Jiménez, Munoz, Seoane / Polynomial Inequalities on the ...

Also, notice that, for any A € [0, 1], we are going to have b < — (1 + \/5) a and
a < (1 — \/5) b. Hence,

sup [gx(5 +4V2,0)]

0<0<T
(V2 (142v2) — (3+2v2) )] if0 <\ < 32

= C\/138v2 — (56 +40V2) A+ (69 +48v/2) A2 if HEAZ < ) < 622,
2(1+V2)A—1 if =22 < )\ <1,

(Dsi(\) i 0 <\ < 2502
=i { Dyp(N) if 32 <\ < 6242
[ Dsa(\) if 22 <)\ <1

Case 9: 0 =0,1< s < 5+ 4v/2. We have
ga(5,0) =1 — /2(1 + s)A,
gA(1,0) =1 —2),

(5 +4v2,0) =1 —2(1+ V2)\,
A\

g5 (5,0) = ————=#0 for A # 0.
3(,0) V2(1+s)
Then,

sup  |ga(s,0)| = max {|1 —2)|, [1 —2(1 +V2)A|}

1<s<54+4v/2

_fi-2x if0 <A< 252
201+ V2) A -1 2 <<,

. D9,1()\) if 0 < A< 2_2\/5,
T Doa(N) i 2 <AL

Case 10: 0 = 7, 1 <s<5+4v2. We have

[ (8,%) = ﬁ[l—i—s)\— V2(1 4 s)(1+ N)].

2
Then
7T V2
) (1, Z) = —7(1 +A),
2
9 <5+4\/_E) = g[(3+2\/§))\— (1+2v2)],
/ . . 14+ )\ 2
9 (Sm%) =0 if and only if sy = ( 2)\2) —1
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and since we need to ensure that 1 < so < 5+ 4\/5, we need Lg_l <A<
In that case,

T V2(1 + 3)%)
9 (SO’ Z) S W
Hence,
2(1+2v2) — (3+2v2)\] if 0< A< 221
sup g (s.—)‘ =
1<s<54+4v2 4 % if Lg_l <A<,

D1071(A> if 0 < A< 2\/3_1,
Diga(N) if 222 <A <1,

Since (the reader can take a look at Figure 3.6)

D&Q()\) lf\/§—1 <A< %,

Dg(N) <
Dga(N) if 22 <\ <1,

we can rule out Case 6. Since (see Figures 3.7 and 3.8)

Dz71(X) < Dyp1(A) for 0 <A < 5—?7>\/§’
Dygi(N) if #ﬁ <\ < 221
D?Q()\) <

| Dua() iR <A<,

we can rule out Case 7. Since

2v2—1
Dg1(X) = Dig1(A) for 0 < A < \/_T’

we can rule out the expression Ds () of Case 8. Since

S

-3
7

<1

o

>

A
o

<

D971()\) == D771()\) for

Dg,g()\) = D&g()\) fOI' 6_3

S
IA
>~

Y

we can directly rule out Case 9. Furthermore, since (see Figure 3.9)

Dg2(A\) < Diga(N) for %ﬁ <A< 6—?/5,

Dg3(A) < Diga(N) for % <A< (4\/5*5)\/4\7/§+7+875\/§’
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| I I
3+4vV2 V2-1 6-2V2 0.6 0.7 08
23 7

Figure 3.6: Graphs of the mappings Dg()), Ds2(A) and Ds 3(N).

we can conclude that

sup [ga(s,0)|
(s,0)€C2

(Dig1(\) if 0 <\ < 2221
= { Dip(N) if 2L << (4\/5—5)@%—5\/5,

| Dss(h) if UVEZERVAVRETESVE )

(21422 - (3+2V2)\] if0 <A< 2L

_ ) V214337 221 oy o (WVRSHVAVRATHS-5V2
4 7 — 7 )
2(1+v2)A—1 if W2 BVAIVEITIS 0VE ) <,
and hence

sup |1 DQs(,y)|lp(z)

1<s<54+4v/2
V2[(1+2v2)z — (3+2v2)y] if0<y< 22y
V2(z2+3y2 . - (4v2-5)1/4V2+7+8-5V2
4 (1 + \/5) y—2x if (V2-5)y 4\7/§+7+8_5ﬂx <y<uw.

Finally, if we compare the results obtained with P, and @), since % >

1+ % whenever \ < v/2 — 1, we obtain

®(z,y)
V2[(1+2v2) 2 — (3+2v2)y] if0<y< 221y,
—ﬁ(m;+3y2) if —2\/371x <y< (\/§ — 1)x,

N 2(3::;’—2) if(ﬂ—l)x§y<(2—\/§)x,
4(1+\/§)y—2x if(2—\/§)x§y§x. ]
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3

Diga(N)

1 1 1
0 573\/5 0.2 2\/571 0.4 05 0.6 07 08 0.9 1
7 7

Figure 3.8: Graphs of the mappings D7 2(\), D1o1(A) and Diga(A).

We can see that ®(z,y) < 4+ /2, for all (z,y) € D (%) Furthermore, the
maximum is attained by the polynomials

Pi(z,y) =27+ (5+4V2)y? — (4 + 4V2)zy = Q5.4 5(7,y).

Corollary 3.3. Let P € P (2D (%)) and assume L € L* (*D (%)) is the polar

of P. Then 4
1Ll pzy < (2+ g) I1Plp(z)-

Moreover, equality is achieved for Py(z,y) = Q5 4. 5(z,y) = 22+ (5 + 4\/5) y?—
(4 + 4\/§) xy. Hence, the polarization constant of the polynomial space

P (2D () is 2+ ¥2,

4. Unconditional constants for polynomials on sectors

Here, we obtain a sharp estimate on the norm of the modulus of a polynomial
s

in P (2D (Z)) in terms of it norm. That sharp estimate turns out to be the
unconditional constant of the canonical basis of P (2D (%))
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s Ds3(\) -
| ~— ! Diga(N)

i | b Dsa h

I

U (AV2 - 5)VAV2 + T+ 8 —5V2

[IRE A S S AL A

1 1 1 Ll 1 i’ 1 1 1 1

02 242103 3442 6-2V2 05 06 07 0.8 0.9
7 23 7

Figure 3.9: Graphs of the mappings Dgo(\), Ds3(A) and Diga(N).

Theorem 4.1. The unconditional constant of the canonical basis of P (2D (%))
is 5+ 4v/2. In other words, the inequality

11Pp(z) < (5 +4V2IIP] o5,

s
4

for all P € P(QD (%)) Furthermore, the previous inequality is sharp
and equality is attained for the polynomials £Pi(x,y) = £Q5,4.5(x,y) =

+ [+ (5+ 4V2)y° — (4 +4v2)xy].
Proof. We just need to calculate
sup {|||P|||D(§) : P € ext (BD(g))}-

In order to calculate the above supremum we use the extreme polynomials
described in Lemma 1.2. If we consider first the polynomials P;, then |P| =
(Jt], 4+t +4v1+t,2+ 2t + 4y/1+t). Now, using Lemma 1.1 we have

su P x
sup 1Rl

1
= sup max{]t|,§(|t|—|—4—|—t+4\/1+t+2+2t+4\/1+t)}

—1<t<1

1
= sup S(jt|+6+3t+8VI+1) =5+4V2.

—1<t<1

Notice that the above supremum is attained at ¢t = 1. On the other hand, if we
consider the polynomials Q,, we have |Q,| = (1,s,2y/2(1 + s)). Now, using
Lemma 1.1 we have

sup - [[|Qs[llp(x)

1<s<5+4/2
1
= sup max{l,—(1+s+2\/2(1+s))}
1<s<54+4v/2 2

1
= swp S(I+s+2V2(1+9)) = 54 4V/2.

1<s<5+4v2
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Observe that the last supremum is now attained at s =5 + 44/2. ]

5. Conclusions

Comparing the results obtained in [11] and [25] for polynomials on the simplex
A, in [12] for polynomials on the unit square [, in [15] for polynomials on the
sector D (g) and the results obtained in the previous sections, we have the
following:

PCA) [ P(D(5) | PP (3) | PCO)

Markov constants 2v/10 2v/5 4(13 + 8\/5) V13
Polarization constants 3 2 24 ‘/75 %
Unconditional Constants 2 3 5+ 4v/2 5

Furthermore, all the constants appearing in the previous table are sharp. Ac-
tually, the extreme polynomials where the constants are attained are the fol-
lowing;:

(1) +(2* + y* — 6zy) for the simplex.

(2) +(2*+ y* — 4zy) for the sector D ().

(3) £ (2*+ (5+4V2)y? — (4 + 4v2)ay) for the sector D (F).

(4) £(z* + y* — 3zy) for the unit square.

Compare the previous table with similar results that hold for 2-homogeneous
polynomials on the Banach spaces ¢3, (3 and (2 :

PEa) | P(G) | PCE)
Markov constants 4 2 22
Polarization constants 2 1 2
Unconditional Constants 1+2\/§ V2 1442

Observe that the Markov constants of the spaces P(?(?) and P(*(%)) can be
calculated taking into consideration the description of the geometry of those
spaces given in [5]. Also, the Markov constant of P(*¢3) is twice its polarization
constant, or in other words, 2.

On the other hand, the constants appearing in the second line of the previous
table are well-known results (see for instance [27]).

Finally, the unconditional constants corresponding to the third line of the pre-
vious table were calculated in Theorem 3.5, Theorem 3.19 and Theorem 3.6 of
[11].
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