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If C is an exposed face of the unit sphere of the Banach space C(Q), @ compact Hausdorff
space, then the closed convex set C' is strongly proximinal and the metric projection onto C'
is Hausdorff metric continuous.
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1. Introduction

Throughout X denotes a real Banach space, X*, the dual of X, Bx = {z €
X :lz|| <1} and Sx = {z € X : ||z|| = 1}, the unit sphere of X.

For any x in X and a subset C' of X, d(z,C) denotes the distance of x from
C. Let
FPo(z) ={y € C: |lz —y| = d(z,C)}.

If Po(z) is a non-empty set for each x in X, we say the subset C' is proximinal
in X. For any § > 0 we set

Po(z,0)={z€C: |z —z| <d(z,C)+d}.

We say a proximinal set C' of a normed linear space X is strongly proximinal it
for each x in X and € > 0, there exists ¢ > 0 such that

sup{d(z, Pc(z)) : z € Po(x,0)} < e.
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Let X be a normed linear space and {fi, fa...fn} € X*.We now define subsets
JIx(f1, fa-.. fi) for 1 < i < n inductively as follows.

Ix(f1) ={z € Sx : filz) =/}
and having defined Jx(fi, fo...fi—_1), we inductively define

Ix(f1, fa- o fi)
= {z € IJx(f1, fo-. - fim1) « filw) = sup{ fi(y) : y € Ix(f1, fo-- fic1)}}

for 2 <i < n. Note that Jx(f1) # ¢ < f1 € NA(X). The sets Jx(f1, f---fi)

can be empty and if non-empty, they are closed convex subsets of By.

(1)

If fisin X* we say f is norm attaining functional if the set Jx(f) = {x €
Sx : f(x) = ||f||} is non-empty. We denote by NA(X), the set of all norm
attaining functionals on X. If H = ker f, then it is well known that [§]

feNAX) < Jx(f) # 0 < H is proximinal in X.

If fisin NA(X), then the closed, convex subset Jx(f) of Sx is called an
exposed face of the unit ball of X. Let X and Y be normed linear spaces. We
say F'is a set valued map from X into Y if F'is a map from X into the class
of all non-empty subsets of Y and in this case, we write F': X — Y is a set
valued map. Let zg be in X. The set valued map F' is said to be

1. lower semi-continuous at x if, given € > 0 and z in F(x(), there exists
d = d(e,z) > 0 such that the set B(z,€) N F(x) is non-empty, for any x
in B(zg,0). If § can be chosen to be independent of z in F(xg) in the
above definition, that is, given € > 0, there exists 6 > 0 such that the set
B(z,€)N F(z) is non-empty, for any x in B(zo,d) and any z in F(xg), then
F' is said to be lower Hausdorff semi-continuous at x .

2. upper semi-continuous at x if given any open neighbourhood U of zero
in X, there exists d > 0 such that

F(z) C F(xg)+U

for each x in B(zy,0). Replacing the arbitrary open set U by an open
ball in the above, yields the notion of upper Hausdorff semi-continuity.
More precisely, the map F' is upper Hausdorff semi-continuous at g,
if given € > 0 there exists 0 > 0 such that

F(z) C F(xo) + €Sx

for each x in B(zy, J).

The set valued map F' is lower (upper, lower Hausdorff, upper Hausdorff) semi-
continuous on X if it is lower (upper, lower Hausdorff, upper Hausdorff) semi-
continuous at each point of X and is called Hausdorff metric continuous if
it is both lower and upper Hausdorff semi-continuous.
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Definition 1.1. A selection for the set valued map Fisamap f: X — Y
such that f(x) is in F(z), for each x in X. A selection of the set valued map
I which is continuous on X, is called a continuous selection of the map F.

It is easily verified that the metric projection onto a strongly proximinal set is
upper Hausdorff metric continuous.

2. The Space C(Q)

Let X denote Cr(Q), the space of all real valued continuous functions defined
on a compact Hausdorff space () with sup norm. Then the dual of X is the space
of regular Borel measures on @) and for p in X*, the Jordan decomposition [7]
of u is given by
po=p—p”

where it = 1(|p| 4+ p) and p= = $(|u| — p). We recall that the support of a
measure 4 in X* is the smallest closed subset F' of @) such that |u|(E) = 0 for
any F contained in @ \ F. We denote the support of a measure p by S(u). It
is known and easily shown [1, 2] that

Ix(p) #0 = S(ph)nSu™) =10

and in this case

Ix(p) = ﬂ {feSx:f=oonS)}.

oce{-1,1}

Now we consider a linearly independent set {p1, o, ..., ftn} in Sx«, the unit
sphere of the dual space X* and consider the sets Jx (p1, fto, ..., it;), as given by
(1), for 2 < i < n. Using induction and very similar arguments as in (iii) of
Theorem 3 from [4] (See also Theorem 2.2 in [8] ), it is easily verified that

JX(MI:MQ:“'7M7L> # ¢ — S(/'L:r) mS(/'Lz_) = ¢ for 1 S [ S n and
S(pi)\S(pi—1) is closed for 2 <i<n  (2)

and

Ix (1, phay ooy fln) = ﬂEz (3)

where Fy = Jx(u1) and for 2 <i < n, the sets E; are given by

- J {gemm):gzaonsws)\Usw)}, (4)

oe{-1,1} j=t

whenever the set S(uf) \ U;: S(p;)is non-empty.
Fact 2.1. The set Jx (1, f2, .-, fin), if non-empty, is proximinal in X .
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Proof. Since Jx(p1, fi2, ..., ptn) is non-empty, (2) holds. Let f € X and set «
as

« = max max |f(t) —1], max lf(t)+ 1], (5)

1<i<n i—1 -
teS(uwH\ U S(uy) t€S(u; )\ U S(uy)
Jj=i Jj=i

taking S(uo) = 0. By (4) and (5),

d(f? JX(IU’lvlu?"”a,un)) 2> Q. (6>
We discuss two cases
Case (1) :  supd(f(t),[-1,1]) < a. (7)
teQ

Pick any g € Jx (1, o, ..., 1) and set h = max{—a, min{f — g,a}} and
g = f — h. Then g is continuous on () and is in X. Also,

Lf =gl = l[All < a.

We will now show that g € Jx (g1, pa, ..., tn) and ||f — g|| = a. This with (6)
would imply g is a best approximation to f from Jx (1, ft2, .-, fin)-

Note that if |(f — ¢)(¢t)| < «, then h(t) = (f — g)(t) and so

g=(f=h){) =g

Thus
g=g on{teQ:[(f—g)t)] <a}. (8)

Since g € Jx (1, ft2, -+, fin ), the definition of « given by (5) and the description
of the sets Jx (1, pio, ..., f1n) as given by (3) and (4) imply that

n

US(M) C{teQ:[(f—9)®)] <a}.

Hence

g=9 on [ JS(m). (9)

Now we assume that [(f — ¢)(t)] > . If (f — g)(t) > «, then h(t) = « and so
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since ||g|| = 1. Further g(t) = f(t) — h(t) = f(t) — o < 1 by (7). On the other
hand, if (f — ¢g)(t) < —« then h(t) = —a and

§(t) = 1(t) — h(t) = [(t) +
—ata
(t

as |lg]| = 1. Further g(t) = f(t) — h(t) = f(t) + « > —1 by (7). Thus
gl <1 on {te@:|(f—g)t)] > a}. This with (8) implies ||g|| = 1. Since ¢
is in Jx (g1, o, .-y fn), this together with (9), (3) and (4) further implies that
g € Jx (i, f2; oo fin)-

We recall that ||f — g|| = ||h|| < a and therefore,

1f =9Il < o <d(f, Ix(p, g s in))-

Thus g is a best approximation to f from Jx (1, fto, ..., ftn). We now discuss
the second case.

Case (2): [ =sup {d(f(t), —1,1])):te @)\ US(M)} > o

In this case, note that since Jx (p1, fi2, ..., ftn), is a subset of the unit sphere S,

d(f, Ix (g1, 2, -y pin)) > sup {d(f(t), [—1,1]):te @\ US(M)} = 4. (10)

Define f by

f=max{—1— a,min{f, 1+ a}}. (11)

We have f € C(Q) and by (7)
F=7 on [JS(m) C{teQ: fnl <1+a}. (12)

i=1
Clearly sup,cq d(f(t), [—1,1]) < a and hence d(f, Jx (1, fio, ooy fin)) = a. By

Case (1), there exists § € Pry (u1,o,... Mn)(f). Thus

||f— gl = d(f, Ix (1, flos ooy fin)) = Q. (13)

We now claim that g is a best approximation to f from Jx (p1, f2, ..., ftn). For
this, we would show that ||f — g|| < . This with (10) would prove the claim.
Now using (12) and (13) we note that

sup{|(f — (M) :teQ: [f(t) <1+a}<|f-Fll<a<B.  (14)
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We observe that, by (13), (f —¢)(t) < «. Hence by (11) we have

g(t)=1 if f(t) =1+« or equivalently f(t) > 1+«

and similarly

g(t)=—1 if f(t) = =1 — « or equivalently f(t) < —1— a.
Now using (10) and (12), we conclude that

sup{[(f —g)()| : 1 € Q: |f(t)] > 1+ a}
< sup {d(f(t)v [_171]) e Q\OS(Nz)} = 0.

Clearly, this with (10) and (14) imply that

If =3Il = B < d(f, Jx (1, fay oy pin))

and ¢ is a best approximation to f from Jx (1, ft2, .-, fin)- O

Fact 2.2. The set C = Jx(u1, p2, .-, fbn) is strongly proziminal and Pg is
Hausdorff metric continuous. In particular Poc has a continuous selection.

Proof. Let f € X and « as given by (5). If d = d(f,C), then d > «a. Recall
that

n

C= JX(Mlana 7ﬂ’n) = mEZ

i=1
where Fy = Jx(u1) and for 2 <i < n, the sets E; are given by (4).
By Fact 2.2 above, C' is proximinal. Pick any f; € Po(f). Since C' is a subset
of the unit sphere, we have || f1|]| = 1 and || f — f1]| = d. Hence

A< Il +d=1+d. (15)

Pick h € C such that ||f — h|| < d + d for some § > 0. We will construct
h € Po(f) such that ||h — k|| < 8. This would prove C is strongly proximnal.

Define
g = max{—d, min{f — h,d}}. (16)

Then g € C(Q) and for any t € ) we have
(f=h)t)=d=g(t)=d,  (f—h)F) <—d=g(t)=—d

and

[(f =h)(@)] < d = g(t) = (f = h)(D).
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Define h = f —g. Then
h=h on{teQ:|(f—h)(t)<d}. (17)

If (f — h)(t) > d then g(t) = d and h(t) = f(t) — g(t) <1+d—d < 1 by (15).
Also

h(t) = f(t) —g(t)
= h(t) + (f(t) = h(t)) — 9(t)
> h(t)+d—d
= h(t)
> — 1.

If (f — h)(t) < —d, then g(t) = —d and h(t) = f(t) —g(t) > =1 —d +d = —1
by (15). Further in this case,

h(t) = f(t) — g(t)

— h(t) + (F(t) = h(t)) — g(1)

< h(t)—d+d

= h(t)

<1.
Thus B

h(@)] < 13 |(f = h)(E)] > d

and

[R(O] = RO < 1A |(f = ()] < d.
Hence ||h|| < 1.
We have d = d(f,C) > « by (6). Since h € C, using (3), (4) and (5) we have

n

UsS(u) S {teQ:|(f = nt) <o <d).

i=1

Hence, by (17), h = h on Ui—, S(i;) and therefore, (3) and (4) imply that
h e C since |h|| <1. Now f —h = f—(f —g) =g and by (16), |lg]| < d. So
h e Pc(f)

We now show that || — h|| < 6. If |(f — h)(t)| < d then h(t) = h(t). Hence
(h=h)()] <& i |(f = h)(1)] < d. (18)

So we assume that |(f — h)(¢)| > d. If (f — h)(t) > d then by (16), g(t) =d <
(f = h)(t). Now h(t) = (f — g)(t) and therefore

(h = h)(t) = (f = g)(t) — h(t) > h(t) — h(t) = 0.
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Also since || f — k|| < d+ 4§, we have
0<(h=h)t)=(f—h){t)—gt)<d+d—d=04.
If (f —h)(t) < —d, then
g(t) = —=d > (f = h)(1).
This implies (f — ¢)(¢t) < h(t) and therefore

(h—h)(t) = (f — g)(t) — h(t) < h(t) — h(t) = 0.
Further

0> (h—h)(t) = (f = h)(t) — g(t)
> —d—6+d=—0.

Thus if |(f — k)(¢)| > d then either 0 < (b — h)(t) < 6 or 0 > (h— h)(t) > —6.
So |(h — h)(t)| < 6 if |(f — h)(t)| > d. This with (18) implies that

Ih—hl <6
and completes the proof for strong proximinality of C.

We now show that the metric projection Pg is IHsc. Since C' is strongly prox-
iminal, Py is upper Hausdorff semi-continuous. We only need to show that Px
is lower Hausdorff semi-continuous. From the above for any f € C(Q) and
0 > 0, we have

heC|f—hl| <d(f,C)+6=3hePsf) such that |[h—h| <.

Let f € C(Q) and h € Po(f). Let € > 0 be given, we need to show that there
exists 0 > 0 such that

If =gl <0 = B(h,e)N Polg) # ¢. (19)
Choose 0 < 0 < {. Then || f — g|| < 0 implies

d(f,C) —d(g,C)| < |If —gll <6
and we have
lg =Rl < llg = fIl +II.f =Rl

<0+d(f,C)
< d(g,C) + 20.

Hence there exists h € Po(g) such that |[h — h|| < 26 < € and (19) is satis-
fied. Thus P¢ is Hausdorff metric continuous and by the well known Michael
selection theorem [5, 6], Po has a continuous selection. ]
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