Journal of Convex Analysis
Volume 24 (2017), No. 3, 969-985

Diameter of Weak Neighborhoods
and the Radon-Nikodym Property
in Orlicz-Lorentz Spaces

Anna Kaminska

Department of Mathematical Sciences,
The University of Memphis, Memphis, TN 38152-3240, USA
kaminska@memphis.edu

Hyung-Joon Tag

Department of Mathematical Sciences,
The University of Memphis, Memphis, TN 38152-3240, USA
htag@memphis.edu

Received: August 22, 2015
Revised manuscript received: May 6, 2016
Accepted: May 15, 2016

Given an Orlicz N-function ¢ and a positive decreasing weight w, we present criteria of the
diameter two property and of the Radon-Nikodym property in the Orlicz-Lorentz function
and the sequence spaces A, , and A, ,. We show that in the spaces Ay, and A, ., equipped
with the Luxemburg norm, the diameter of any relatively weakly open subset of the unit ball
in these spaces is two if and only if ¢ does not satisfy the appropriate As-condition, while they
have the Radon-Nikodym property if and only if ¢ satisfies the appropriate As-condition.
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1. Introduction

We characterize the diameter two property in Orlicz-Lorentz function and se-
quence spaces equipped with the Luxemburg norm. A Banach space X has
the diameter two property if every nonempty relatively weakly open subset of
the unit ball Bx has the diameter two. For general overview on this property,
we refer to [1]. It is well known and easy to show that C[0,1] and L'[0,1]
have the diameter two property. It has been also shown that every infinite-
dimensional uniform algebra [21], the set C'(K, X) of all continuous functions
from a Hausdorff compact topological space K to a Banach space X [5], and a
symmetric tensor product of C'(K) [2] have this property. If a Banach space has
the Radon-Nikodym property its unit ball contains denting points, so it con-
tains slices of arbitrarily small diameter 7, 9]. Therefore the Radon-Nikodym
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property can be considered as nearly opposite from the diameter two property.
The predual of James tree space B does not have both the Radon-Nikodym
property and the diameter two property, and the latter is due to the point of
continuity property [10, 19]. We recall that a Banach space X satisfies the
Daugavet property if, for every rank one operator T': X — X and for the iden-
tity operator I, ||I +T|| = 1+ ||T|| holds. The Daugavet property is stronger
than the diameter two property, but they are not equivalent. There are natural
examples showing this phenomenon. For instance in [3] it was proved that the
classical interpolation spaces such as L' + L* and L' N L* do not have the
Daugavet property but they do have the diameter two property if equipped
with the appropriate norms. Similarly, if an Orlicz function ¢ does not satisfy
appropriate As-condition then the Orlicz space L, equipped with the Luxem-
burg norm fails to have the Daugavet property, but it has the diameter two
property [4]. The investigation of the diameter two property in Orlicz-Lorentz
spaces is inspired by that result.

Recent discovery of an explicit description of the Koéthe dual spaces of Orlicz-
Lorentz spaces [12] allows us to investigate a number of geometric properties
of these spaces. We use this characterization here to consider the Radon-
Nikodym property and diameter two property in Orlicz-Lorentz spaces. In
fact, the Kothe dual of an Orlicz-Lorentz space A, ,, is the space M?th that is
equipped with the Amemiya norm defined by the modular P, ,,, where w is a
locally integrable positive, decreasing function and ¢, is the Legendre-Fenchel
conjugate to an Orlicz function ¢. For more details on the space M, ,, and its
application to Orlicz-Lorentz spaces, we refer to [14].

The article consists of two main parts. In Section 2, we state and prove the
necessary and sufficient conditions for the diameter two property in Orlicz-
Lorentz function spaces A, ., and in Section 3, we show the analogous result
for the sequence spaces A, ,,. In both sections we also characterize the Radon-
Nikodym property. In fact, we show that if ¢ satisfies the appropriate As-
condition then the spaces are separable dual spaces, so they possess the Radon-
Nikodym property which in turn implies that they have slices of arbitrarily
small diameter. We also show that if ¢ does not satisfy the appropriate As-
condition then the spaces have the diameter two property.

Let L° = L°1I) be a set of all m-measurable functions z : I — R, where
I =100,7),0 <7 < o0, or I =N and where m is the Lebesgue measure on
[0,7) or a counting measure on N. A Banach space (X, || -||) is called a Banach
function lattice over (I,m) if X C LY and if 0 < 2 < y where z € L° and
y € X, then x € X and |z|| < |ly||. If I =[0,7) then X is called a Banach
function space, and if I = N then the set L°(N) coincides with the space of
all infinite real sequences x = (z(k))%2; and in this case X is called a Banach
sequence space.

A Banach function lattice (X, || -||) is said to have the Fatou property if for
any sequence (r,) C X, v € L° x, 1 x, m-a.e., and sup,, ||z,|| < oo, we have
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r € X, and ||z,| T ||z||. Let X, C X be a closed subspace consisting of all
order continuous elements from X. Recall that x € X is order continuous
whenever for any 0 < z,, < |z| with z,, | 0 m-a.e. we have that ||z,| | 0. By
X3 denote the closure in X of all simple functions from X with supports of
finite measure. We always have X, C X.

The Kothe dual space of a Banach function lattice X, denoted by X', is the
set of all x € L° such that ||z|x = sup{ [,y : ||y|| < 1} < co. The space
X' equipped with the norm || - || x is also a Banach function lattice on (I, m).
The space X has the Fatou property if and only if X = X” [22]. A functional
H € X* is called regular whenever it has an integral representation H(x) =
Il ;zh for some h € X’ and all x € X. The collection of all regular functionals
on X is denoted by X}. If X, = X, and X has the Fatou property then
(X,)* is isometrically isomorphic to X’ [6]. In this case X* = (X,)* & Xt
is isometrically isomorphic to X’ @ X7, where X? = X2 is the set of singular
functionals which coincides with the set of S € X* such that S(z) = 0 for every
x € X,. Consequently, any F' € X* has a unique decomposition F' = H + S,
where H € X} and S € X7 = X} [22].

The distribution function d, of a function z € LY is given by d (\) = m{t €
I :jz(t)] > A}, A > 0, and the decreasing rearrangement of x is defined as
z*(t) = inf{\ > 0:d,(\) <t} for t > 0. In this paper, decreasing means non-
increasing. By this definition z* is always a function defined on the interval
[0,00) with the values in [0,00]. In the case when 7 < oo, we always have
z*(t) = 0 for t > =, so we will treat z* as a function defined only on the
interval [0,7). In the case when I = N, since the function z* is constant on
each interval [n — 1,n), n € N, we identify it with a sequence of its values
(z*(n—1))5,. In fact, it coincides with more convenient formula expressed as

z*(k) = (2*(k))52,, where z*(k) = inf{\ > 0:d,(\) < k}, k € N.

We say that z,y € LY are equimeasurable, denoted by x ~ y, if d, = d, on
[0,00). A Banach lattice (X, || - ||) is called a rearrangement invariant (r.i.)
Banach space if for € X, y € L° with z ~ y, we have y € X and ||z|| = ||y]|.
Given a r.i. Banach space over I = [0,7) define its fundamental function as

ox(t) = lIxpnl if t € I.
Comprehensive information on Banach function lattices and on rearrangement
invariant spaces may be found in [6, 15, 17, 20].

Recall the well known result by Hardy which remains also true for sequences

71 = (21(n))3ly, w2 = (22(n))321-

Lemma 1.1 (Hardy’s Lemma, [6, Proposition 3.6]). Let x1 and x5 be non-
negative Lebesque measurable functions on [0,7), 0 < v < oo, and suppose

fot x1(s)ds < fot xo(s)ds for allt € [0,7). Let y be any nonnegative decreasing
function on [0,7). Then [ z1(s)y(s)ds < [ xa(s)y(s)ds.

The function ¢ : Ry — Ry is called an Orlicz function if ¢ is convex, ¢(0) =0
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and ¢(u) > 0 for u > 0. The Ay-condition of an Orlicz function ¢ plays a
key role in the theory of Orlicz spaces and their generalizations. There are
three versions of this condition that depend on the measure space and on the
particular property under investigation. We say that ¢ satisfies the Ay (resp.,
AS; AY) condition if there exists K > 0 (resp., there exist K > 0, ug > 0;
K > 0,up > 0) such that ¢(2u) < Kp(u) for all u > 0 (resp., u > up; 0 <
u < ug). We say that ¢ is an Orlicz N-function if ¢ is an Orlicz function with
lim, o+ ¢(u)/u = 0 and lim, ., ¢(u)/u = co. The complementary function of
¢, denoted by ., is defined by ¢.(u) = sup{uv — p(v) : v > 0},u € R;. In
fact, it is the restriction to R, of the Legendre-Fenchel conjugate to an Orlicz
function ¢ on R, extended to the entire real line as p(u) = oo for u € (—00,0).
It follows that the Young’s inequality, uv < ¢(u)+p.(v) for all u,v € R, holds.

The following lemma describes useful equivalent expressions of the Ay, A3 and
AY-conditions.

Lemma 1.2 ([8, Theorem 1.13]). An Orlicz function ¢ satisfies the A
(resp., AS°; AY) condition if and only if there exist | > 1 and K > 1 (resp.,
[>1,K>1,u>0;1>1,K >1uy > 0) such that p(lu) < Ke(u) for all
u>0 (resp., u > up; 0 < u < up).

2. Function spaces

In this section we will consider the Orlicz-Lorentz function space on I = [0,7).
A positive decreasing function w : I — (0,00) is called a weight function
whenever it is locally integrable, that is, W (t) = f(f w < oo for all t € I. We
denote W(o0) = [;° w if v = oo. Given an Orlicz function ¢, a weight function
w and the Lebesgue measure m on R, for any x € L°, the modular p is defined
by

ple) = ponla) = [ ol o) = [ ol

The modular p is convex and orthogonally subadditive, that is, for =,y € L°,
pl(z+1)/2) < (p(x) + ply))/2 and if [z] Aly] = 0 then p(z +y) < p(a) + p(y).
where |z| A |y| = min{|z|, |y|}. The Orlicz-Lorentz space A, ,, is the set of all
x € LY such that p(Az) < oo for some A > 0. It is a r.i. Banach space when
the space is equipped with the Luxemburg norm, that is,
2] = llz[lpw = inf{e > 0 p(z/€) <1},

The space (Ayw, || - ||) satisfies the Fatou property. Moreover [11],

(Apw)a = (Apw)o = {f € L° 1 VA, p(Af) < oo} (1)

For locally integrable z,y € LY, we write z < y if fot x* < fg y* for all t € I.
Given an Orlicz function ¢ and a weight function w, the modular P, ,, is defined
by

P(x) = P, ,(z) —inf{/lgo(m/v)v:v < w,v 20}, z el
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and the corresponding function space by
My ={x € L, P(\x) < oo for some A > 0}.

Thes space is equipped with either

1
0 0 inf (P 00
@3 = ||$||MWU ,125 k‘( (kz) +1) < oo,

or the Luxemburg norm
|zl am = ||7|| ., = inf{e > 0: P(z/e) < 1}

Both norms are equivalent [12], P(z) = P(z*) and the space M, ,, equipped
with either norm is a r.i. Banach space [14]. In this paper, M, and /\/lg’w
stand for the space M., ,, equipped with the Luxemburg norm and the Amemiya
norm, respectively.

In view of (1) and [12, Theorem 2.2] we get the following result on bounded
linear functionals on A, .

Theorem 2.1. Let w be a decreasing weight function and ¢ be an Orlicz N -
function. Then the Kdéthe dual space to Orlicz-Lorentz space A, 1s expressed
as

(A%w), = M)

P, W
with equality of norms. Moreover any F € (Ay,,)* is uniquely represented as
F=H+S, where H is a regular functional such that for some h € M, ,, we

have
H(z) = /mh, x € Ay,
I

with |H|| = [|kl|%,, ., and S is a singular functional such that
S(x) =0 forallx e (Apw)a-

Proposition 2.2. Let ¢ be an Orlicz N-function. Then the fundamental func-
tion ¢ of the space (M, || - lm) s expressed as

pm(t) = WL@)/so1 (WL@Q . te(0,9).

Consequently, lim;_o () = 0.

Proof. In order to compute the fundamental function ¢, we will use the
level functions discussed in [12]. Let z = X(9a), 0 < @ < 7. We have that
the interval (0,a) is a maximal level interval with respect to w because a is a
maximal number such that [ z/W(s) < a/W(a) for all s € (0,a) [12]. Indeed
for s € (0,a), (J; x)/W(s) =s/W(s) < a/W(a) since w is decreasing, and a is
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maximal since if s > a then ([ 2)/W(s) = a/W(s) < a/W(a). Then the level

aw(s)

function 2°(s) = W(a)X[Oﬂ)(S)' Therefore by Theorem 4.7 in [12],

Pl =) = [ o (G ) wi s = ¢ (55 ) Wi

Now it is straightforward to compute that

ool = s /o7 ()

Due to the assumption lim, .., ¢(s)/s = oo we have that lim, .., ¢~ *(s)/s =0
and so lim, o4 || X(0,0) || = O. O

Theorem 2.3. Let ¢ be an Orlicz N-function and let W(o0) = oo if v = 0.
If ¢ satisfies the Ag-condition for v = oo, or ¢ satisfies the A -condition
for v < oo, then A, is a separable dual space. Consequently, A, ., has the
Radon-Nikodym property.

Proof. If a Banach function lattice X has the Fatou property and X, = X,
then (X,)* = X' [6, Corollary 4.2, p. 23]. Consider now the space M¢ . By
Theorem 2.1 it is a Kothe dual space of A, ,, since ¢,, = ¢. By the general
theory [22], any K&the dual space must satisfy the Fatou property. Hence Mng
satisfies this property.

By Theorem 5.5 on p. 67 in [6], if X is a r.i. Banach space on a non-atomic
measure space and lim; o+ ¢x(t) = 0 then X, = Xj. In view of Proposition
2.2, we have that lim; o+ ¢ (¢) = 0 for the space M., ,,, hence also for /\/lg,’w
because the Luxemburg and Amemiya norms are equivalent [12]. Therefore

(Mg,w)a - (Mg,w)b‘

Note now that ¢ is an Orlicz N-function if and only if ¢, is an Orlicz N-
function [8]. Therefore all above facts remain true if we substitute ¢ by ..
Then by Theorem 2.1 and the Fatou property of A, we get [(MY_ ,).]* =
(./\/lg*,w)’ = (Apw)” = Ay, and so A, ,, is a dual space. By the appropriate
Ay-condition, W(oo) = oo and separability of the Lebesgue measure we get
that A, is separable [11, Theorem 2.4]. By the well known result [9, 18] it
must satisfy the Radon-Nikodym property. Il

The next corollary follows from Theorem 2.3 and from the fact that any Banach
space with the Radon-Nikodym property must possess slices of arbitrarily small
diameters [7, 9].

Corollary 2.4. Let ¢ be an Orlicz N-function and let W(oo) = oo if 7 = 0.
If ¢ satisfies the Ay-condition for v = oo, or ¢ satisfies the AS°-condition for
v < 0o, then there are relatively weakly open subsets of the unit ball By, ,, with
arbitrarily small diameter.
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Recall also that [ z*y* = sup,,., [, [zh], and thus [, |zh| < [ 2*y* for every
h~y 6, 17).

Lemma 2.5. For any x € L°, a decreasing function 0 < y on I and a mea-
surable set A C I, we have

¥ m(A)
/(vaA)*yS/ z*y.
0 0

Proof. Recall that [) h* = SUD, ()=t [ || for any h € LY (p. 64 in [17]). For
t €10,7) we get

t
/(mXA)*: sup /|$XA|= sup / ||
0 m(E)=tJE m(E)=t J ANE

m(ANE) Y
< sup/ z* = sup / " X[0,m(ANE))
m(E)=t J0 m(E)=t JO
~ Y
< sup / HS*X[o,min{m(A),m(E)})Z sup / ﬂf*X[O,m(A))X[O,m(E))
m(E)=t J0 m(E)=t J0
m(E) t
= sup / OC*X[om(A)):/ x*X[O,m(A))
m(E)=t J0 0
Thus, by Lemma 1.1, fow(a:XA)*y < foy T*X[0,m(A)Y- O

The next theorem is the main result in this section.

Theorem 2.6. Let w be a weight function such that W (oo) = oo if v = oo,
and let ¢ be an Orlicz N-function. If v = oo and ¢ does not satisfy the Ay-
condition, ory < oo and ¢ does not satisfy the AS°-condition, then the diameter
of any nonempty relatively weakly open subset of the unit ball in Orlicz-Lorentz
space Ny, equipped with the Luzemburg norm is equal to two.

Proof. Let Z be a nonempty relatively weakly open subset of the unit ball
in Orlicz-Lorentz space A,,,. Then we can find an element z € Z such that
|z|| = 1. We have d,.(\) < oo for any A > 0. In fact

¥ B
1> pla) = / ol )w > / o(Nw = o) / w,
0 {s€[0,7): z*(s)>A} 0

where § < oo is such that the intervals (0,3) and {s € [0,7) : x*(s) > A}
have equal measure. By the assumption W (oo) = oo if v = 0o, we must have
B < oo and so d(N) = dp+(N) = [ < 0.

Choose ¢ > 0 and a Lebesgue measurable set £ C [0,7v) with m(E) > 0 and
|z(t)| < con E. From the fact that d,(\) < oo for all A > 0, if v = oo we have
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m{t € I : |x(t)] < ¢} = co. Hence we choose E such that |z(t)] < cfort € E
and m(E) = oo.

Suppose ¢ does not satisfy the Ay-condition when v = 0o, or ¢ does not satisfy
the A-condition when v < co. Then by Lemma 1.2 there exists (t,,) C (0, 00)

such that for all n € N,
1
¢<(L+ﬁ)m)>2%@w. (2)

Assume without loss of generality that ¢, T co when v < oo and ¢, T oo or
t, | 0 when v = o0.

We consider first when ¢, T co. Assume that m(FE) < co. Then we choose a
disjoint sequence of measurable sets F,, C E such that for n € N,

A O 2t ®)

: 1 1 o0 1 o0 1
Indeed, since Tl S Temy; > oy < %0 and so Y 7 Tty <

w for some ng € N. Then we can find a disjoint sequence of measurable

n € N. Without loss of

m(E
Jo!

m(En) _ 1
sets En C FE such that fO w = m,
generality we can assume further that ny = 0. Since m(E) < oo, m(E,) — 0.

Now let ¢,, | 0 and v = co. We can still choose a disjoint sequence of measurable
sets (B, ) satisfyting equation (3) and E,, C F, where m(E) = co. Indeed, there
exists ([,), an increasing sequence of measurable subsets of [0,00) such that
uX I, = [0,00) and m(I,) < oo. Thus E = U2 ENI,, where m(E\ I,) = cc.
By the continuity of W, W(0) = 0, and W (m(E \ I,)) = W(oo) = oo, there

exist a, > 0 such that [["w = m, n € N. From the fact that m(E \
I,) = oo, there exists a disjoint sequence (E,) of measurable sets satisfying
(3) and such that E,, C E\ I,, with m(E,) = a,. In this case by (2) we have

m(E,) — oo.
Define

T, = TXN\E, + taXE, and T, = TXnE, — taXE,-
Note first that 2/, — x and 2/ — z m-a.e. on [ according to the fact that F,
are disjoint. By the Fatou property of A, ., 1 = ||z|| < liminf||«],||, and 1 =
|z|| < liminf||2”||. We will show that lim,_, ||2,]| = 1 and lim, . ||z}| = 1.
By the orthogonal subadditivity of p, Lemma 2.5 and (3) we get

v Y Y
pla)= [ eloxne, +toxe)w s [ plwnne) o [ et w
0 0 0
¥ mE, ¥ mEy,
— [(ellahane) ot [ otws [ olah xommeye+ [ ot
0 0 0 0

T | |
< | o )w+—:p(q;)+2—n.
0
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Hence limsup,,_, . p(z) < p(xz) < 1. Then for any € > 0 there exists ng such
that for all n > ng, p(z],) < 14 e. It follows by the convexity of p that for
n > ng, p(x), /(14 €)) < 1. Therefore for all n > ny, ||} || < 14 €. This implies
limsup,,_ ., ||z,|| < 1 and proves that lim, . [|z/,|| = 1. Analogously, we get
that lim, . ||z”| = 1.

Let F' be a bounded linear functional on A,,. Then F' = H + S, where
H is the integral functional associated to h € M, ,, and S is a singular
functional identically equal to zero on (Ay ), by Theorem 2.1. We claim that
r — ), € (Apw)e. Note that on E, C E the function |z| is bounded by ¢, so

|(z — ) ()] = [2(t) — tulxp, () < (Jz()] + ta)xp, (1) < (¢4 tn)xE,(t) on I.
Then for any A > 0,

P\ — 1)) = / " oA — e, ) w < / " oA ta)x)

:@(A(C—i—tn))/om nw<oo,

which shows the claim. Hence S(z —z]) = 0 and F(z — 2),) = H(z — z}) =
fEn xhdm — fEn t,hdm.

Assume first when ¢, T co. So E, C E and m(E,) — 0. Since h € M, ,,
Py, w(Ah) < oo for some A > 0, and if we let 0 < v € L° and v < w, we obtain

Pz — o) < A / wxm, | [Nhldm + A~ /tnXEn|)\h|dm
I I
Y Y
<\ / (2xm,)" (AR)* + A1 / (taxs,)*(AR)* (by Lemma 2.5)
0 0

m(En) m(En)
)\‘1/ x* (Ah*)+)\‘1/ tn(ARY)
0 0

)\_1/ x” ( > v+ /\_1/ tn ()\h ) v (by Young’s inequality)
0 0 v

v

m{En) AR m{En) AR
S)\l/ {go(x*)v—l—go*( ” )v}—l—)\l/ {go(tn)v—l—go* ( ” )v}
0 0

Due to v < w, fom(E") o(x*)v < fom(E") ¢(x*)w by Lemma 1.1. Taking now the
En)

IN

infimum of fo Dy ( . ) v over v < w we get

)

A1 / “Ju 4 2inf / go*< >v:v—<w +go(tn)/ v
0 0 v 0

AT / “Yw + 2inf / go*( )v:v%w —i—go(tn)/ w | .
0 0 v 0

IA

IN
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We have fm(E") tn)w = 1/2" — 0 by (3). Moreover, p(z) is finite and

m(E,) — 0, so fo o(z*)w — 0. Also P, ,,(Ah) is finite, so there exists vy <
w such that [/ . (2%)v; < Py, (AR*) +1 < co. Hence fo *( “)vr — 0
as n — oo, and so mf{fo m(En) go*(%) :v<w} <f0 *(’\h )v1—>0

Thus |F(z — 2],)] — 0 as n — oo. For 2! we show the same, so both (2/,) and
(x') converge weakly to x.

Now consider the second case when v = oo and ¢, | 0. For some A > 0,
P,, w(Ah) < oo. Then there exists 0 < v € LY, v < w with [, ¢, (Alh|/v)v <
P, w(Ah) +1 < oco. From the Young’s inequality,

Fo—a) < A~ / e, IV + A~ / X e | M
I I

=t [l (B vea [ (B
<y (/ﬂ”“")““/f*( LU‘)”“”“ >/>

By Lemma 1.1 and by v < w, [, ¢(|z|)v < [, o(z*)v* < [, o(z* p(z) <
Due to the construction of E,, we get E,, C I \ [n, where the sequence (I\I,)
is decreasing with m (I \ I,,) = 0. Therefore as n — oo,

/ (el < / el —o.

By the choice of v, [, ¢.(Alh|/v)v < co. Hence

foo(B)es ] (A'h')
O | — v < Y| — Jv—0.
n v I\In v

Finally, from the fact that [, v < fo (En) e < fo )w and from (3) we have

m(En)
o) [ vet) [ w12 0
n 0

Consequently in both cases we have that z/, — = and 2!/ — x weakly.

Let’s compute now the diameter of Z. For n € N,

t
X
— Qinf{)\>0 %n v (W)}

2t, by (3) 2t, by (2)  2n

TOWmE) | o 2el) © ntl
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s~

T

[l I

Hence ||z], — 2| — 2 as n — oo. Taking f, =

and f/ = ”2%”, for any
bounded linear functional F' on A, ,, we get

Ple— )] < |Fla— )] + ]F (x; - x—)\

(e

< 1P =)+ 1=

as n — oo, due to ||z}|| — 1. Thus f/ — x weakly and similarly f/ — =z
weakly.

We also show that ||f/ — f/|| — 2. Indeed,

Hfl _ f//H — ;7, _ x/ + x/ ” ‘ Iln _ fLJ ‘ .ZU// /
n T I T T AT A
— 1 || + //_ //_ /
RN [ ~u o
1
> -1 M- — —1 " M
> | = 1] ‘nx;;n et -+ e, o]

The last expression approaches 2 as ||z] ||, ||z/]| — 1 and ||z, — 2| — 2 as
n — oo. We have constructed two sequences (f),(f!) C Z whose distance
goes to 2. This shows that the diameter of Z is two. The proof is finished. [J

As a result of Corollary 2.4 and Theorem 2.6 we obtain a full characterization
of the relatively weak subsets of a unit ball with diameter two in Orlicz-Lorentz
function spaces equipped with the Luxemburg norm. It is a generalization of
the analogous theorem for Orlicz spaces [4, Theorem 2.5].

Theorem 2.7. Let w be a decreasing weight function such that W (oo) = oo if
v = 00, and let ¢ be an Orlicz N-function. Then the diameter of any nonempty
relatively weakly open subset of the unit ball in the Orlicz-Lorentz function space
Ay equipped with the Luzemburg norm is equal to 2 if and only if ¢ does not
satisfy the Ay-condition when v = 0o, and ¢ does not satisfy the AF-condition
when v < 00.

As a corollary of Theorems 2.3 and 2.7 we obtain a characterization of the
Radon-Nikodym property.

Corollary 2.8. Let ¢ be an Orlicz N-function and w a decreasing weight func-
tion on I = [0,7) such that W(oo) = oo if v = oco. Then the Orlicz-Lorentz
space N,y has the Radon-Nikodym property if and only if ¢ satisfies the As-
condition if 7 = 00, and ¢ satisfies the AS°-condition if v < oo.
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3. Sequence spaces

In this section we consider the Orlicz-Lorentz sequence space A, ,,, where ¢ is

an Orlicz function and w = (w(k))52, is a positive decreasing sequence. Let

W(n) =% ,_,w(k), n € N, and W(oco) = > r-, w(k). As in function spaces,
the modular « for x = (x(k))32, is defined by

o(2) = agu(@) = Y p(a"(k)w(k),

k=1
and an Orlicz-Lorentz sequence space by
Aow = {2 1 a(Ax) < 00, for some \ > 0}.

The space A, ,, satisfies the Fatou property and the modular « is convex and
orthogonally subadditive [13]. The Luxemburg norm for A, ,, is given as ||z|| =
|z]|pw = inf{e > 0 : a(x/e) < 1}. It is well known that (Ayw)e = (Apw)s =
{x: ppw(dx) < oo for all § > 0}. For a sequence z € [°, the modular p,,, is

defined by
Poul@) = inf{Z@ () ot o< w},

k=1

where v < w means that Y ,_, v*(k) <> 7_, w(k), n € N. Let
My = {2 1 pyw(dx) < 0o, for some 6 > 0}.

The space m,, ,, equipped with the norm ||z||% = [Jz]|%, = infyo(pyw(kz)+1)

My w
will be denoted by m . Tt is a r.i. Banach space with py ., (%) = pyw(z*) [14].
In view of Theorem 5.2 in [12] we get a sequence analogue of Theorem 2.1.

Theorem 3.1. Let w be a decreasing weight sequence and ¢ be an Orlicz N -
function. Then the Kothe dual space to Orlicz-Lorentz space Ay, 15 expressed
as

(Aw,w), =m

P, W

with equality of norms. Any functional F' € (A, )" is uniquely represented as
F = H+S, where H is a reqular functional such that for some h = (h(k))52, €
My, » we have

H(z) =Y z(k)h(k), =€ Apu,
k=1
with ||H|| = [|h]|2 and S is a singular functional such that

m‘P*,’w7

S(x)=0 forallz e (Apw)a-
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Theorem 3.2. Let ¢ be an Orlicz N-function and let w be a weight sequence
such that W(oo) = oo. If ¢ satisfies the AS-condition then A\, is a separable
dual space. Consequently A, has the Radon-Nikodym property, and there
exist relatively weakly open subsets of the unit ball By, with arbitrarily small
diameter.

Proof. By Proposition 1 in [13], under the assumption of the AY-condition of
¢ and W(oo) = 00, (Apw)a = Apw and the unit vectors e, form a boundedly
complete basis in A, ,,. It follows that (A, ), = A, and the space has the
Fatou property. Then clearly the space is separable.

We also have by Theorem 5.4 in [6] that (A,.)" = (Apw)’. Then in view of
Theorem 3.1, m&w = (Ap,w)" and thus the space mg’w has the Fatou property.

Let & = (x(i)) € (mg,)e- Then || 3702, z(i)e; — x|y = lleXmirmaz..y[lm — 0
as m — oo. Hence x € (m,,)q [6, Proposition 3.2, p. 14]. Thus (m ), =
(m{,)s- Now similarly as in the function case in view of [6, Corollary 4.2, p. 23],

[(mg’w)a]* = (mgw)’. Finally by Theorem 3.1, [(mg*’w)a]* = (mghw)’ = Apws

which shows that A, ,, is a dual space.

The conclusion of the proof follows like in Theorem 2.3 and Corollary 2.4. [

Now, we prove the analogous result to Theorem 2.6 for the sequence spaces.

Theorem 3.3. Let w be a weight sequence such that W (oo) = oo. Suppose
@ is an Orlicz N-function and it does not satisfy the AY-condition. Then any
nonempty relatively weakly open subset of the unit ball in the Orlicz-Lorentz
sequence space Ay, equipped with the Luzemburg norm has the diameter two.

Proof. Let Z be a weakly open subset of the unit ball in A, ,, and let x € Z
such that ||z|| = 1. Suppose ¢ does not satisfy AY. Then there exists (¢,) C
(0,00) such that ¢, — 0 and for n € N,

- <(1 + %) zn) S 2(t). (4)

We claim that there exists a sequence of subsets (E£;) C N\ {1,...,j} and a
subsequence (n;) C N such that for all j € N,

m(E;j) 1
5 = #lty) w(k) < o= (5)

Indeed, without loss of generality, assume w(1) < 1. Then, w(k) < 1 for any
k € N. Since ¢(t,) — 0, there exists the largest natural number n; such that
@(tn,) < 1. Then there exists ky > 1 such that 7+ < ¢(t,,) < 5= Hence for
all j € N,
W)
21

< o(tn )W ()

IA

9k1—1" (6>
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In view of the assumption W (oo) = oo we can find j € N such that
W) > 2"

and let
my = min{j € N: W(j) > 2"~}

By w(1) <1 and k; > 1, we have that m; > 2. By definition of m; we get that
Wmy —1) < 2871 But W(my) = Wimy — 1) +w(my) < 2M71 41 < 2k,
Now by (6),

1 gk ok
1 < Wlm) i ywimy) < Ym)

2 k1 — k1 - - 9ki-1 —2k1—1:2'

Finally let £y C N\ {1} be such that m(E;) = my, and so we get (5) for j = 1.

As a second step choose ny > ny and ko > ki such that 2%2 < o(ty,) <
Let

1
9kg—1"°

my = min{j € N: W(j) > 22},
Then 2F272 < W (my) = W(mg — 1) + w(my) < 20272 41 < 2k271 Hence

1 k2
=2 W) o W (ma) <

W(mg) < 2k2_1
22 ok 2k2

2]6271 - 2]{271 = 1

Thus, there exists Ey C N\ {1,2} of size my = m(FEy) satisfying (5) for j = 2.
Now proceeding analogously by induction we can find £; C N\ {1,...,7} and
a subsequence (n;) satisfying (5).

Define now the sequences ()52, (7)52, by ) = xxwmp; + ta,XE, and 2 =
TXME, — tn; X5, By orthogonal subadditivity of a and by (5),

a(w)) = Y p((@xmm, + to,xm,)" (k) w(k)
k=1

WK

p((xmg,) (k) w(k) + Y @((tn,x5,)* (k)w(k))

B
Il

1

k=1
m(Ej) 1 1
< a(z) + ¢(tn,) kz w(k) < a(x) + 572 <1+ T
=1

Dividing each side of the above inequality by 1 + 2]%2 we get by convexity of
the modular «,

a((1+1/273) 7)) < (1+1/273) Ha(e)) < 1,

i) =
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as j — oo. Similarly |[|lz7]| — 1.

We claim that 2% — z and 2} — 2 weakly. Since m(E;) < oo, v — 2} =
TXE; —tn;XE; € (Apw)a- Then by Theorem 3.1, F(z —2}) = H(z —2}) for any
F e (Apw)*. Let H be generated by (n(k))i2, =n € my,, . Thus we can write
H(z) =2 z(k)n(k) for © € Ay 4p. Since n € My, 4, Py, w(0n) < 0o for some
0 > 0. Let v be a positive sequence such that v < w and

- Sn(k)]
;w* (W) v(k) < Pg.w(n) + 1 < . (7)
Then by Young’s inequality
H(x —2f)| = > _(x(k)xs, (k) — tn, x5, (k))n(k)
k=1
<Y lxk)xe, (R)n(E)| 4+ ta, x50 (k)|
o [ z(R)an(k)|u(k) Ly, 0ln(k)|v(k)
=0 (; e+ ; BT m(kr))
<5 <Z (e (0o (k)xs, (k) +23 @, (ﬂj@j?') o) (K)
k=1 k=1
+o(tn,) Y v(k>xE]>
k=1

By v < w and in view of Lemma 1.1, > 7, o(Jz(k)|)v(k) < D50, (x*(k))v* (k)
<3 (e (k) w(k) = a(r) < co. Hence

S ek ok)vs, (k) < S e(lek))u(k) — 0 as j — oo.

oo
k=1 k=j+1

In view of 322 v(k)xg, (k) < S it o* (k) < S5 w(k) we get by (5),

0o m(Ej)
o(tn;) D 0k xs; (k) < o(ta,) D wlk) <1/27 0.
k=1 k=1

We also have by (7),

= (8n(k)
Z@( v(k)

JECTHCED SN L REE

k=j+1
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Thus, [H(x — )| — 0, which implies that z; — x weakly. Similarly, ¥ — x
weakly.

Now, we show that ||z — /|| — 2. From (5), o™ (27 ¢(tn,)) > ¢ (57rmzy) =

¢ (277%p(tn,)). Due to convexity of ¢,

|2 — 27| = [|2tn, x5, || = 21nf{5 >0: Zg& (b, x1,)"/0) w < 1}

k=1
=2infc 6 >0: Z tn,/0) w < 1

= 2inf{5 >0ty /0 < ! (1/W(m(EJ)))}

tn,
=2 {52 0: oy <)
_ 2, L 2,
e (/W (m(E;))) — ¢~ (2 e(ty,))
> 2, by>(4) 21 — 2 as j — 00.
e (2ve(ty,) T omy+
Taking f} = ﬁ and f] = HQC:':H, 5 J7 € By, Finally we can show analo-

gously as for function case that fj — x, f; — z weakly, and || f; — f/|| — 2 as
j — 00, and this completes the proof. O]

The following complete characterization of Orlicz-Lorentz sequence spaces with
the diameter two property (for Orlicz spaces see [4]) results from Theorems 3.2
and 3.3.

Theorem 3.4. Let w be a decreasing weight sequence such that W (oco) = oo,
and let ¢ be an Orlicz N-function. Then the diameter of any nonempty rela-
tively weakly open subset of the unit ball in the Orlicz-Lorentz sequence space
Apw equipped with the Luzemburg norm is equal to two if and only if ¢ does
not satisfy the AS-condition.

We finish with a criterion on Radon-Nikodym property that follows immedi-
ately from Theorems 3.2 and 3.4.

Corollary 3.5. Let w be a decreasing weight sequence such that W (oo) = oo,
and let ¢ be an Orlicz N-function. Then the Orlicz-Lorentz sequence space Ay 4,
has the Radon-Nikodym property if and only if ¢ satisfies the AS-condition.
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