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1. Introduction

Let H; and Hy be two real Hilbert spaces. Given mappings 7' : H; — H;
and U : Hy — Hs, respectively, and a bounded linear operator A : H; — Ho,
the split common fized point problem is to find a point z € H; such that
z € F(T)NA'F(U), where F(T) and F(U) are fixed point sets of T and
U, respectively. Let D and ) be nonempty, closed and convex subsets of H;
and H,, respectively. Let A : H; — Hs be a bounded linear operator. Then
the split feasibility problem [6] is to find z € H; such that z € D N A71Q.
Defining T' = Pp and U = Py, where Pp and Py are the metric projections
of H, onto D and H, onto @, respectively, we have that z € D N A7!Q is
equivalent to z € F(T) N A"'F(U). Furthermore, given set-valued mappings
G : Hy — 2™ and B : Hy — 22 respectively, and a bounded linear operator
A: Hy — Hs, the split common null point problem [5] is to find a point z € H;
such that 2 € G710 N A7Y(B~10), where G710 and B~'0 are null point sets
of G and B, respectively. Defining 7' = Jy and U = @Q,, where J) and @,
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are the resolvents of G' for A > 0 and B for u > 0, respectively, we have that
z € GT'0N A7Y(B710) is equivalent to z € F(T) N A F(U). Thus, the split
common fixed point problem generalizes the split feasibility problem and the
split common null point problem. Defining U = A*(I — Pg)A in the split
feasibility problem, we have that U : H; — H is an inverse strongly monotone
operator [1], where A* is the adjoint operator of A. Furthermore, if DN A™1Q
is nonempty, then z € D N A~1Q is equivalent to

2= Pp(I — MA*(I — Po)A)z, (1)

where A > 0 and Pp is the metric projection of H; onto D. There are many
results for the problems in Hilbert spaces; see, for instance, [7, 8, 11, 22].
However, we have not known such results outside Hilbert spaces. Recently,
Takahashi [19] extended the result of (1) to Banach spaces. Furthermore, by
using the ideas of [12, 13, 14], Takahashi [19, 20] obtained two results for the
split feasibility problem and the split common null point problem in Banach
spaces; see also [15].

In this paper, motivated by the split feasibility problem and the split common
null point problem in Banach spaces, we first introduce a new nonlinear oper-
ator which generalizes strict pseudo-contractions in Hilbert spaces, the metric
projections and the metric resolvents in Banach spaces. Then we consider the
split common fixed point problem with the operators in Banach spaces. Using
the shrinking projection method, we prove a strong convergence theorem for
finding a solution of the split common fixed point problem in Banach spaces.
Using this result, we get well-known and new results which are connected with
the split feasibility problem and the split common null point problem in Banach
spaces.

2. Preliminaries

Throughout this paper, we denote by N the set of positive integers and by R
the set of real numbers. Let H be a real Hilbert space with inner product (- -)
and norm || - ||, respectively. For z,y € H and A € R, we have from [18] that

lz + yll* < ll=]* + 2{y, = + y); (2)

Az + (1= Nyll* = Allzf* + (1 = Nyl = A1 = Nlz - yl*. (3)
Furthermore, we have that for z,y,u,v € H,

20z —y,u—v) =z —ol* + lly —ull® = lz —ull* =y —ol>.  (4)

Let C' be a nonempty, closed and convex subset of a Hilbert space H. The
nearest point projection of H onto C' is denoted by Pg, that is, ||z — Poz|| <
|z — yl| for all x € H and y € C. Such P is called the metric projection of H
onto C'. We know that the metric projection Pg is firmly nonexpansive, i.e.,

|Pox — Poyl|* < (Pox — Poy, = — y) (5)
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for all z,y € H. Furthermore (x — Pox,y — Pox) < 0 holds for all x € H and
y € C; see [16].

Let E be a real Banach space with norm ||-|| and let E* be the dual space of E.
We denote the value of y* € E* at x € E by (z,y*). When {z,} is a sequence

in E, we denote the strong convergence of {z,} to x € E by z, — z and the
weak convergence by x, — x. The modulus ¢ of convexity of E is defined by

) T+y
o9 =int {1~ P2 oy < 1yl < 1o - 2 )

for all € with 0 < e < 2. A Banach space E is said to be uniformly convex if
d(e) > 0 for every € > 0. A uniformly convex Banach space is strictly convex
and reflexive. We also know that a uniformly convex Banach space has the
Kadec-Klee property, i.e., z, — u and ||z, || — ||u| imply z, — w.

The duality mapping J from E into 2 is defined by
Jo={2" € E": (z,2") = ||z]|* = ||"||"}

forall z € E. Let U = {x € E : ||z|| = 1}. The norm of F is said to be
Gateaux differentiable if for each =,y € U, the limit

o tal — ol o
t—0 t

exists. In the case, F is called smooth. We know that £ is smooth if and
only if J is a single-valued mapping of F into E*. We also know that E is
reflexive if and only if J is surjective, and F is strictly convex if and only if J
is one-to-one. Therefore, if E is a smooth, strictly convex and reflexive Banach
space, then J is a single-valued bijection and in this case, the inverse mapping
J~1 coincides with the duality mapping J, on E*. For more details, see [16]
and [17]. We know the following result.

Lemma 2.1 ([16]). Let E be a smooth Banach space and let J be the duality
mapping on E. Then, (v —y,Jx — Jy) > 0 for all x,y € E. Furthermore, if
E is strictly conver and (x —y, Jxr — Jy) =0, then x = y.

Let C' be a nonempty, closed and convex subset of a strictly convex and reflexive
Banach space E. Then we know that for any x € FE, there exists a unique
element z € C such that ||z — z|| < |[[z — y|| for all y € C. Putting z = Pex,
we call the mapping Pc the metric projection of E onto C.

Lemma 2.2 ([16]). Let E be a smooth, strictly convex and reflexive Banach
space. Let C' be a nonempty, closed and convex subset of E and let x1 € E and
z € C. Then, the following conditions are equivalent:

(1) z= Poxy;

2 (z—wJ(@—2)>0, VyeC.
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Let E be a Banach space and let A be a mapping of of E into 2¥". The effective
domain of A is denoted by dom(A), that is, dom(A) = {x € E : Az # (}. A
multi-valued mapping A on E is said to be monotone if (z — y,u* —v*) > 0
for all x,y € dom(A), u* € Az, and v* € Ay. A monotone operator A on E is
said to be maximal if its graph is not properly contained in the graph of any
other monotone operator on E. The following theorem is due to Browder [3];
see also [17, Theorem 3.5.4].

Theorem 2.3 ([3]). Let E be a uniformly convexr and smooth Banach space
and let J be the duality mapping of E into E*. Let A be a monotone operator
of E into 2% . Then A is mazimal if and only if for any r > 0,

R(J+rA)=FE",

where R(J + rA) is the range of J + rA.

Let E be a uniformly convex Banach space with a Gateaux differentiable norm
and let A be a maximal monotone operator of E into 2¥". For all x € F and
r > 0, we consider the following equation

0€ J(x, —x) +rAx,.

This equation has a unique solution z,. We define J,. by z, = J,z. Such
J.,r > 0 are called the metric resolvents of A. In a Hilbert space, the metric
resolvents are simply called the resolvents. The set of null points of A is defined
by A7 0 ={z € F:0 € Az}. We know that A7'0 is closed and convex; see
[17].

For a sequence {C,,} of nonempty, closed and convex subsets of a Banach space
E, define s-Li,, C,, and w-Ls, C), as follows: x € s-Li, C,, if and only if there
exists {z,} C E such that {z,} converges strongly to = and z, € C, for all
n € N. Similarly, y € w-Ls,, C,, if and only if there exist a subsequence {C,, }
of {C,} and a sequence {y;} C F such that {y;} converges weakly to y and
y; € C,, for all 1 € N. If C satisfies

Co= sLiC, = w-LsC, , (7)

it is said that {C),} converges to Cy in the sense of Mosco [10] and we write
Co = M-lim,, o, C,. It is easy to show that if {C,} is nonincreasing with
respect to inclusion, then {C,} converges to () —, C,, in the sense of Mosco.
For more details, see [10]. The following lemma was proved by Tsukada [24].

Lemma 2.4 ([24]). Let E be a uniformly convexr Banach space. Let {C),} be
a sequence of nonempty, closed and convex subsets of . If Cy =M-lim,, .. C,
exists and nonempty, then for each x € E, {Pc,x} converges strongly to Pg,x,
where Pe, and Pe, are the mertic projections of E onto C,, and Cy, respectively.
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3. Main Result

In this section, using the shrinking projection method introduced by Takahashi,
Takeuchi and Kubota [21], we first prove a strong convergence theorem for
finding a solution of the split common fixed point problem in Banach spaces.
Before proving the theorem, we need a few definitions and lemmas. Let F be a
smooth, strictly convex and reflexive Banach space and let n be a real number
with n € (—o00,1). Then a mapping U : E — FE with F(U) # 0 is called
n-demimetric if, for any « € E and ¢ € F(U),

(r—q,J(x—Ur)) > lz — Uz|f?,

1—n
2
where F'(U) is the set of fixed points of U.

Examples.

(1) Let H be a Hilbert space and let k£ be a real number with 0 < k < 1. A
mapping U : H — H is called a k-strict pseudo-contraction [4] if

Uz = Uy|* < |z = y|* + kllz — Uz — (y = Uy)||*

for all x,y € H. If U is a k-strict pseudo-contraction and F(U) # ), then U is
k-demimetric. In fact, we have that, for x € H and ¢ € F(U),

Uz —ql” < |z —ql” + kl|le — Uz|]?
and hence
Uz — 2| + ||z — q||* + 2(Uz — z,2 — q) < ||z — q||* + k|jz — Uz|>.

Therefore, we have

1—k
2

for all x € H and ¢ € F(U). This implies that U is k-demimetric.

(t—Uz,x—q) = lz — Uz]*

(2) Let E be a strictly convex, reflexive and smooth Banach space and let C' be
a nonempty, closed and convex subset of E. Let Po be the metric projection
of E onto C. Then Pg is (—1)-demimetric. In fact, since Pr is the metric
projection of E onto C', we have that, for any x € E and ¢q € C,

(Pox — q, J(x — Pox)) > 0.

Then we get
(Pox —x+x—q,J(x — Pex)) >0

and hence
B _ S e Gt 0 NN
(x —q,J(x — Pox)) 2 ||v — Pex||” = 5 |z — Pox||”.

This means that Pc is (—1)-demimetric.
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(3) Let E be a uniformly convex and smooth Banach space and let B be a
maximal monotone operator with B=*0 # (). Let A > 0. Then the metric
resolvent Jy is (—1)-demimetric. In fact, since Jy is the metric resolvent of B
for A > 0, we have that, for any x € F and ¢ € B0,

(Jrxx —q,J(x — Jyx)) > 0.
Then we get
(e —x+x—q,J(x—J\x)) >0
and hence

(x—q,J(x — J\x)) > ||z — Jhz|* = 1-(=1)

|z — Jaz|]?.
This means that Jy is (—1)-demimetric.
The following lemma is important and crucial in the proof of our main result.

Lemma 3.1. Let E be a smooth, strictly conver and reflexive Banach space
and let n be a real number with n € (—oo,1). Let U be an n-demimetric
mapping of E into itself. Then F(U) is closed and convex.

Proof. Let us show that F'(U) is closed. For a sequence {g,} such that ¢, — ¢
and ¢, € F(U), we have from the definition of U that

1_
(q—qn, J(qg—Ugq)) > Tan— Uq|>.

From ¢, — ¢, we have 0 > 22| /g—Ugq]||%. From 1—7 > 0, we have ||¢—Uq||* = 0
and hence ¢ = Uq. This implies that F(U) is closed. Let us prove that F(U)
is convex. Let p,q € F(U) and set = = ap + (1 — a)q, where a € [0,1]. Then
we have
|z — Uz|* = (x — Uz, J(x — Ux)) = {ap+ (1 — a)q — Uz, J(x — Ux))
={(ap+ (1 —a)g— (aUx + (1 —a)Ux), J(x — Ux))
=alp—Uz,J(x—Uzx))+ (1 —a){q — Uz, J(x — Ux))
=alp—az+z—Ux,J(x—Ux)+(1—-a){g—z+z—Ux,J(z — Ux))

—1
< %Hx —Uz|?® + al|lz — Uz|*+
1-— -1
P Um0 g - o)l - U
(n—1)
= e — Ul + o - U,
and hence
—1
o< U . iz = U2

We have from 0 > 1 — 1 that ||z — Uz|| = 0 and hence x = Uz. This means
that F(U) is convex. O
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Using the idea of Maingé [8], we have the following result.

Lemma 3.2. Let H be a Hilbert space and let E be a smooth, strictly convex
and reflexive Banach space. Let Jg be the duality mapping on E. Letn be a real
number with n € (—oo,1) and let U : E — E be an n-demimetric mapping with
F(U)#0. Let A: H— E be a bounded linear operator such that A # 0 and
let A* be the adjoint operator of A. Then, for any x € H and q € A~*F(U),

2(x — q, A" Jg(Az — UAz)) > (1 — n)||Ax — UAx|*.

Furthermore, define a mapping L : H — [0,00) as follows:

Az —U As if (I—U)Az #0
L(z) = { PeCa=UA) 7
|AA*||, otherwise.

Then, for any x € H and g € A7 F(U), and for any nonnegative number -,
llg = ylI* < lla — 2 = v (1 = n)L(z) = NI A" Jp(Az — UA)|]?,
where y = x — yA* Jp(Ax — UAx). Moreover,
L(z) > ||AA*||™Y, Vz e H.

Proof. Let z € H and ¢ € A"'F(U) be arbitrarily chosen. It follows from the
definition of U that

2(x — q, A" Jg(Az — UAx)) = 2(Ax — Aq, Jp(Az — U Ax)) (8)
> (1— )| Az — UAs|?.

In view of (8) we conclude that (I — U)Az # 0 yields A*Jg(Ax — UAz) # 0.
Hence the mapping L given in Lemma 3.2 is well-defined. On the other hand,
using (8) and the definition of L, we have the following two possible cases:
If (I —U)Ax # 0, then we get
_ 2
() = |Az — U Az|| 7
|A* Jp(Ax — U Ax)||?

which, together with (8), implies that

(1= n)L()[| A" Jp(Az — UAz)||* = (1 — n)[|Az — U Ax||*

< ;(x —q, A" Jp(Ax — U Ax)).
If (I —U)Az =0, then we get
L(z) = ||[AA*|7' and ||A*Jg(Axr — UAz)|]* =0,
which trivially implies that
(1 —n)L(x)||A* Jp(Ar — UAz)||* = 2(x — q, A*Jp(Ax — U Az)).
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Therefore, we have
(1 —n)L(2)||A*Jp(Azx — UAz)||> < 2(x — q, A*Jp(Av — UAz)), Vz € H.
Furthermore, setting y = x — yA*Jg(Ax — U Ax), we obtain that

lg —yll* = llg — I + |z = ylI> + 2{g — z, 2 — y)
= |lg — z||* + ¥*||A* Jg(Az — UAz)||*+
+2(q — z,yA" Jp(Ax — U Ax))
< llg — z|* + || A" Jp(Az — U Az)||*—
— (1 = n)L(z)|A* Jp(Ax — UAz)|?
= llg — =|]> = 4 ((1 = ) L(x) = )[|A*Jp(Ax — UAz)|]?.
From
| A* Jp(Ax — UAx)||? = (AA* Jg(Az — UAx), Jp(Ax — UAz)),
we have that
|A* Jp(Az — UAx)||? < ||AA*||||Je(Ax — UAz) ||
If (I —U)Ax # 0, then

ey < LIete —UADP _ JAv— Udo]?
~ ||A*Jp(Ax — UAx)||?  ||A*Jeg(Az — UAx)|?

= L(z).

If (I —U)Ax = 0, then we get ||[AA*|™! = L(z) by the definition of L(z).
Therefore, we have that

L(z) > ||AA*||7', Vz € H.
This completes the proof.

Let E be a Banach space and let C' be a nonempty, closed and convex subset

of E. A mapping U : C' — E is called demiclosed if for a sequence {z,} in C
such that z,, = p and z,, — Uzx,, — 0, p = Up holds.

Theorem 3.3. Let H be a Hilbert space and let F' be a smooth, strictly convex
and reflexive Banach space. Let Jr be the duality mapping on F' and let n be a
real number with n € (—oo,1). Let T : H — H be a nonexpansive mapping and

let U : F — F be an n-demimetric and demiclosed mapping with F(U) # 0.
Let A: H — F be a bounded linear operator such that A # 0 and let A* be
the adjoint operator of A. Suppose that F(T) N AYF(U) # 0. Let {u,} be
a sequence in H such that u, — w. For x;y € H and Cy = H, let {z,} be a
sequence generated by

Zp = T<xn —rA*Jp(Ax, — UA:L‘n)>,
Cot1={2 € H : |z, — 2[| < ||z — 2[|} N T,

Tpe1 = Po,Ung1, Vn €N,
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where 0 < r||AA*|| < (1 —n). Then the sequence {x,} converges strongly to a
point zy € F(T)NA'F(U), where zy = Priryna—1pu)u.
Proof. We first show that the sequence {x,} is well defined. Let x; € H and

C,=H. Let z, = T(xn —rA*Jp(Az, — UAxn)> with 0 < r < ||(}4X,f)||. Define

a mapping L : H — [0, 00) as follows:

Az—UAz||? .
||A*‘1‘]E(A:C—U,‘llx)||27 if (I =U)Az # 0,

|AA*|| 7, otherwise.

From Lemma 3.2, the definition of L(z) is well defined. We have from Lemma
3.2 that for z € F(T)N A~ F(U),

20 — 2|2 = HT(wn A Jp(Az, — UAa:n)> T

< \zn —rA*Jp(Az, — UAz,) — 2|

= ||z, — 2||* — 2z, — 2,7 A" Jp(Ax, — UAx,))+
+ ||rA* Jp(Az, — UAz,)|]?

< llan = 2l = r(1 = n) L(wn) | A" Jp(Az, — UAz, )|+ (9)
+ 73| A* Jp(Az, — UAx,)|?

= [z = 2l = 7((1 = n) L(zn) — )| A" Tp(Az, — UAz,)||*

< llan = 2l = (@ = )| AA™| 7" = )| A" Tp(Az, — UAz,)||”

< llwn — 2.
Therefore, F(T)NA~'F(U) C C, for all n € N. Moreover, since
{zeH: ozl < llww—2ll} = {2 € H: |20 — 2]” < |lza — 2"}
= {2 € H: [|zl” — llzall” < 2 (20 — 20, 2)},

it is closed and convex. Applying these facts inductively, we obtain that C,, are
nonempty, closed, and convex for all n € N, and hence {z,} is well defined.

Let Cy = (oo, Cy. Since Cy D F(T)NAT'F(U) # 0, Cy is also nonempty. Let
w, = Pc,u for every n € N. Then, by Lemma 2.4, we have w,, — w = Pg,u.
Since a metric projection on H is nonexpansive, it follows that

[ = wll < flzn = wnl| + [wn — wl|
= [P, un = Poyul| + [lwn —w]
< lun = ull + lwn = wl

and hence x,, — w. Since w € Cy C Cyy1, we have ||z, — w|| < ||z, — w|| for
all n € N. Tending n — oo, we get that z, — w. Then we have

[z = zall < [l —wl| + |w =z, = 0.
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We also have from (9) that

r((L=m AL = )| A" Tp(Azy — UAz,)[I* < 2w — 2[* = |20 — 2|
= ([l#n = 2ll = 120 = 2D (lzn = 2]l + [lz0 = 2[])

< Hlen = zull(lzn = 2l + [lzn = 2[D).
Since ||z, — 2,/ — 0 and 0 < r||AA*|| < (1 —7n), we have that
|A* Jp(Ax, — UAx,)|| — 0.
Then we get from Lemma 3.2 that

lim ||Az, — UAx,| = 0.

Since z,, — w and A is bounded and linear, we have that {Az,} converges
strongly to Aw and hence {Az,} converges weakly to Aw. Since U is demi-
closed, we have from lim, . ||Az, — UAx,| = 0 that Aw = UAw. We also
have that

|y — Txn|| = ||Tn — 20 + 20 — Ty |
= ||xn — 20 + T(:z:n —rA*Jp(Ax, — UA.CEn)) — T,

< |xn — znl| + |20 — rA*Jp(Az,, — UAz,) — x,||
= ||z, — z|| + ||rA* Jp(Az,, — UAx,)| — 0.

Since x,, — w and T is nonexpansive, we have w = Tw. This implies that

we F(T)N A F(U).

Since F'(U) is nonempty, closed and convex from Lemma 3.1, F(T)NA~'F(U)
is also nonempty, closed and convex. Then there exists zg € F(T) N A7 F(U)
such that zg = Ppr)na-1p@yu. From x, 1 = Pg, , Uny1, we have that

[tns1 = Tnga || < 1 =yl
for all y € Cp41. Since 29 € F(T)N A'F(U) C C,,1, we have that
[ttnt1 = Tnga ]| < [lunsr — 2ol|- (10)

From zy = Ppiryna—1ranu, w € F(T)NA'F(U) and (10), we have that

lu = zoll < flu = wll = T [lun 1 = zpg
n—oo
< i jun gy = 2o = [Ju = 2of|-
n—oo
Then we get that ||u — w|| = ||u — 2o|| and hence zy = w. Therefore, we have

T, — w = 29. This completes the proof. O
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4. Applications

In this section, using Theorem 3.3, we get well-known and new strong conver-
gence theorems which are connected with the split common fixed point prob-
lems in Banach spaces. We know the following result obtained by Marino and
Xu [9]; see also [23].

Lemma 4.1 ([9]). Let H be a Hilbert space and let C' be a nonempty, closed
and convex subset of H. Let k be a real number with 0 < k < 1 and let
U:C — H be a k-strict pseudo-contraction. If x, — z and x, — Ux,, — 0,

then z € F(U).

Theorem 4.2. Let H, and Hy be Hilbert spaces. Let k be a real number with
k €10,1). Let T : Hi — Hy be a nonexpansive mapping and let U : Hy — H,
be a k-strict pseudo-contraction such that F(U) # (). Let A : Hi — Hy be a
bounded linear operator such that A # 0 and let A* be the adjoint operator of
A. Suppose that F(T)NATYF(U) # 0. Let {u,} be a sequence in Hy such that
Up, — u. For xy € Hy and Cy = Hy, let {x,} be a sequence generated by

Zp = T(:}:n —rA*(Az, — UAxn)>,
Cor1={2z € Hi:|[2n — 2|| < [lzn — 2[} N Cy,

Tnt1 = Po,  Unt1, Vn €N,

where 0 < r||AA*|| < (1 — k). Then the sequence {x,} converges strongly to a
point zg € F(T)N A F(U), where zg = Ppiryna-1ru)u.

Proof. Since U be a k-strict pseudo-contraction of H, into itself such that
F(U) # 0, from (1) in Examples, U is k-demimetric. Furthermore, from Lemma
4.1, U is demiclosed. Therefore, we have the desired result from Theorem
3.3. O

Theorem 4.3. Let H be a Hilbert space and let F' be a smooth, strictly convex
and reflexive Banach space. Let Jr be the duality mapping on F. Let C' and
D be nonempty, closed and convex subsets of H and F', respectively. Let Pg
and Pp be the metric projections of H onto C' and F onto D, respectively. Let
A: H — F be a bounded linear operator such that A # 0 and let A* be the
adjoint operator of A. Suppose that C N A™'D # 0. Let {u,} be a sequence
in H such that w, — w. For xy € H and C; = H, let {x,} be a sequence
generated by

2z = Po (xn —rA*Jp(Ax, — PDAxn)),
Coy1={z€ H:||z—2z| <||lzn — 2||} N Cy,
Tpy1 = PC'n+1un+1a Vn € N7

where 0 < r||AA*|| < 2. Then the sequence {x,} converges strongly to a point
20 € CNA™'D, where zg = Popa-1pit.
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Proof. Since P. is the metric projection of H onto C, Pg is nonexpansive.
Furthermore, since Pp is the metric projection of F' onto D, from (2) in Ex-
amples, Pp is (—1)-demimetric. We also have that if {x,} is a sequence in
F such that z, — p and z, — Ppx, — 0, then p = Ppp. In fact, as-
sume that z, — p and z, — Ppx, — 0. It is clear that Ppx, — p and
|Jr(zn — Ppxy)|| = ||xn — Ppxy|| — 0. Since Pp is the metric projection of F
onto D, we have that

(Ppxy — Ppp, Jp(zn — Ppxy,) — Jp(p — Ppp)) > 0.

Therefore, —||p — Pppl||* = (p — Ppp, —Jr(p — Ppp)) > 0 and hence p = Ppp.
Therefore, we have the desired result from Theorem 3.3. Il

Theorem 4.4. Let H be a Hilbert space and let F' be a uniformly convex and
smooth Banach space. Let Jr be the duality mapping on F'. Let A and B be
maximal monotone operators of H into H and F into F*, respectively. Let Jy
be the resolvent of A for A > 0 and let @), be the metric resolvent of B for i > 0,
respectively. Let T : H — F be a bounded linear operator such that T # 0 and
let T* be the adjoint operator of T. Suppose that A~10NT~1(B710) # (0. Let
{u,} be a sequence in H such that w, — u. For zy € H and Cy, = H, let {z,}
be a sequence generated by

25 = J (wn —rT*Jp(Tx, — QMTxn)>,
Cov1={2€H:|lzon—2z| <||lzn — 2||} N Cy,

Tne1 = Po, Ung1, Vn €N,

where A >0, u> 0 and 0 < r||AA*|| < 2. Then the sequence {x,} converges
strongly to a point zyp € A7'0NT1(B710), where zg = Pa-10n7-1(5-10)U.

Proof. Since J, is the resolvent of A on H, .J, is nonexpansive. Furthemore,
since (), is the metric resolvent of B on F', from (3) in Examples, @, is (—1)-
demimetric. We also have that if {z, } is a sequence in F' such that z, — p and
Tn—Qur, — 0, then p = @Q,p. In fact, assume that z,, — p and z,, —Q,x, — 0.
It is clear that Q,x, — p and ||Jp(x, — Quzy,)| = ||z, — Quzy,|| — 0. Since @,
is the metric resolvent of B on D, we have from [2] that

<Q,uxn - Q,upv JF<xn - Q,uxn) - JF(p - Qup)> 2 0.

Therefore, —|lp — Q.p||> = (p — Qup, —Jr(p — Qup)) > 0 and hence p = Q,.p.
Therefore, we have the desired result from Theorem 3.3. O
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