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B-convexity was defined in [7] as a suitable Kuratowski-Painlevé upper limit of linear convex-
ities over a finite dimensional Euclidean vector space. Recently, an alternative formulation
over the whole Euclidean vector space was proposed in [6]. In this paper a convex separation
framework is proposed as well as some extension of known results established over posets.
We first analyze the algebraic properties of some class of subsets characterized by a suitable
notion of dual form. Along this line some extended separation results are established by
considering the Kuratowski-Painlevé limit of a sequence of linear halfspaces.
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Introduction

B-convexity was defined in [7] as a suitable upper Kuratowski-Painlevé limit
of generalized convexities inspired from Ben-Tal [5] and Avriel [3, 4]. In the
case where convex sets are subsets of R}, B-convexity is defined making the
formal transformation + — max over the nonnegative Euclidean orthant R}.
Hence, it is linked to Max-Plus algebra via a suitable homeomorphism and, a
proposition that is true in the framework of B-convexity holds, with obvious
lexical modifications, in Max-Plus convexity [12]. All these notions are related
to general concepts of abstract convexity developed in [14] and [16]. B-convex
functions were analyzed in [1]. Hahn-Banach like separation properties [10] as
well as fixed point results [8] (see also [13]) have been established. B~!-convex
sets were introduced in [2] and [15]. A comparisons to B-convexity is proposed
in [11]. A suitable algebraic structure extending B-convexity to the whole
Euclidean vector space was recently proposed in [6] where a special class of
idempotent magma is considered in which associativity is relaxed to preserve
both symmetry and idempotence. It has been shown that such a notion of
convexity is equivalently characterized from the Kuratowski-Painlevé limit of
the generalized convex hull of two points defined in [7].
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In this paper we propose a convex separation framework over R". We first
analyze the algebraic properties of some class of subsets whose the properties
are very similar to those of linear halfspaces. Their restriction to R’} yields the
B-halfspaces defined in [10]. To do that, a notion of dual B-forms is defined
and one consider their lower and upper semi-continuous regularized respectively
termed lower and upper B-forms. Their relations to the extended definition
proposed in [6] are analyzed. Along this line, we propose some results over
the whole Euclidean vector space based on the Kuratowski-Painlevé limit of a
suitable sequence of linear halfspaces. It is shown that such a sequence of linear
halfpaces has a Kuratowski-Painlevé limit which coincides with the elements
of this class of “pseudo” halfspaces. Finally, we deduce from these properties
a separation result for some class of B-convex sets defined over R". It is also
proved that these sets are the intersection of all the lower pseudo halfspaces
which contain them.

The paper unfolds as follows. Section 1 presents the framework of B-convexity.
Section 2 focusses on the notion of dual B-form. Section 3 considers the limit
of a sequence of linear half-spaces and establishes some separation results for
a class of B-convex sets.

1. Generalized means and convexity

The generalized means were used in the field of optimization theory by Avriel
[3] and Ben Tal [5]. In particular Avriel introduced the r-convex functions that
generalize log-convexity. This notion was extended from an algebraic point of
view by Ben Tal [5] who showed that transposing an algebraic structure via
an isomorphism, a particular form of convexity can be derived over a vector
space. In [7] the B-convexity is introduced as a limit of linear convexities. More
precisely, for all p € N, let us consider a bijection ¢,: R — R defined by:

p: T — P! (1)
and ®,(x1, ..., x,) = (@p(x1), ..., pp(xy)); this is basically the approach of Ben-
Tal [5] and Avriel [3]. One can induce a field structure on R for which ¢,
becomes a field isomorphism. Given this change of notation via ¢, and ®, we
can define an R-vector space structure on R" by:

Pp _
AT o= 0 (g (N).Dya) = Ao and @ Ty — 81 (®y(2) + By(y)):

we call these two operations the indexed scalar product and the indexed sum
(indexed by ¢).

¥Yp
The ,-sum denoted 3 of (zM, ..., z(™) € R™™ is defined by*

> 2= ot (Y @), 2)

i€[m] 1€[m]

Yor all n € N, [n] = {1,...,n}.
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and the ®,-convez hull of a finite set A C R" is defined by:

Co® (A) = {Z te Ty =, (1), gplty) > 0} : (3)

T€EA z€A

which can be rewritten as

Co® (A) = {cp;l(Ztng.@p(x)) (e EE =1, > o}. (4)

z€A €A
This definition can be made more transparent showing that
Co®r(A) = @;I(Co (®,(A)) ) (5)

For simplicity, throughout the paper we denote for all x,y € R"

p Pp
rty=z+y. (6)
Moreover for all S C R™ we simplify the notations denoting

CoP(S) = Co®(S). (7)

1.1. Kuratowski-Painlevé limit and B-convexity.

Recall that Kuratowski-Painlevé lower limit of the sequence of sets { A, },en, de-
noted Li,,_,oA,, is the set of points x for which there exists a sequence {:17(”) }nen
of points such that 2™ € A, for all n and z = lim,,_,o ™. The Kuratowski-
Painlevé upper limit of the sequence of sets {A,}nen, denoted Ls, o0 Ay, is
the set of points = for which there exists a subsequence {z,, }ren of points
such that (™) € A, for all k and z = limy_,o, #™). A sequence (A, ),en of
subsets of R™ is said to converge, in the Kuratowski-Painlevé sense, to a set
A if Lsy, oA, = A = Li,_ oA, in which case we write A = Lim,,_..A,.
We now define B-convexity and its characterization in term of Kuratowski-
Painlevé limit ®,-convex sets. Let A C R’ be a finite part. Definition of
B-convex sets is based on the definition of the Kuratowski-Painlevé limit of
a sequence of ®,-convex sets. For a non-empty finite subset A C R" we let
Co™(A) = Lsy,c CoP(A). In [7] a subset L of R" is said B-convex if for all
finite parts A of L one has Co™(A) C L. When A C R, we have®:

Co™(A) = {\/ tyx : t, €[0,1], r?eaj({tx} = 1} :

z€EA

2We denote by \/ke[m] z(¥) the least upper bound of (M), ..., z(™) € R™, that is:

\/ 2F) = (max{:fgl)7 . ,(Egm)}7 ymax{z(V . ,xslm)}) .

ke[m]
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In [7] it is shown that in this case Co™(A) = Lim, o Co”(A), where Lim
stands for the Kuratowski-Painlevé limit. Moreover it is also proved that the
sequence is Haussdorf convergent.

B-convex sets have a number of remarkable properties. In particular they are
linked to the linear convex hull operator Co”. If L C R’ is B-convex, then:

L = Limy 0o CoP(L) = (] CoP(L).
p=0

For all S C R, let us denote Co™(S) = Lim,, o, Co’(S). Properties of this op-
eration are developed in [7]. In particular for all S C R’, Co™(S) is B-convex.
In the case where S is a subset of R™, let us denote Co™(S) = Ls,_o Co”(S5).

Along this line, an extended definition of B-convexity was proposed over R" in
[7]. A subset C' of R" is B-convex, if for all finite parts A of C, Co™(A) C C.

1.2. An algebraic structure extended to the whole Euclidean
vector space

In [6] it was shown that for all z,y € R one has:

) x if |z > |y
lim z +y = %(x +y) it |z| = |y (8)
p—>+o00 :
Y it x| < |yl

Along this line one can introduce the binary operation H for all x,y € R by:

xBHy= lim xiy,. 9)

p—r—+o00

Though the operation H does not satisfy associativity, it can be extended by
constructing a non-associative algebraic structure which returns to a given n-

tuple a real value. For all z € R" and all subsets I of [n], let us consider the
map &r[z]: R — Z defined for all a« € R by

¢rlz)(a) =Card{i € I : z; =a} — Card{i € I : x; = —a}. (10)

This map measures the symmetry of the occurrences of a given value « in the
components of a vector x.

For all z € R™, let Jr(z) be a subset of I defined by

Ti(w)={j €I &lelz;) #0} = NG Glal(e) =0} (1)

Jr(x) is called the residual index set of x. It is obtained by dropping from [
all the ’s such that Card{j € [ : x; = 2;} = Card{j € [ : z; = —x;}.
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For all positive natural numbers n and for all subsets I of [n], let F ;: R" — R
be the map defined for all x € R™ by

maxX;ez,x) i if & [a:](maxiej[(x) |xz|) >0
Fi(z) =< mineg,mz;  if &lr](maxes, @ o)) <0 (12)

0 if f[[.T](maXiejI(x) ‘l’ZD =0.
where &;[z] is the map defined in (10) and J;(x) is the residual index set of
x. The operation that takes an n-tuple (xy,....,x,) of R" and returns a single
real element f ;(xq,...,x,) is called a n-ary extension of the binary operation

H for all natural numbers n > 1 and all x € R”, if [ is a nonempty subset of
[n]. Then, for all n-tuples = = (x1, ..., x,), one can define the operation:

¥p
EEI T = plinolo Z z; = F 1(x). (13)

el i€l

This operation encompasses as a special case the binary operation defined in
equation (8). Clearly, for all (xy,z5) € R?

r; = I BE‘Z'Q.

ie{1,2}
For example, if x = (=3,-2,3,3,1,-3), we have Fjg(-3,-2,3,3,1,-3) =
Fig(=2,1) = =2 = EEIZ_E[G} x;. There are some basic properties that can be

inherited from the above algebraic structure. We briefly summarize some ba-
sic properties: (i) If all the elements of the family {z;};,c; are mutually non
symmetrical, then:

HH z: = arg max {IAl: X € {z:}ier }; (14)
icl A
(17) For all & € R, one has: a(EHiGI a:1> = Hﬂiel(axi); (#4i) Suppose that
r € eR?} where € is +1 or —1. Then EE'ZEI r; = emax;er{ex;}; (iv) We have
| Bﬂie] x| < EE'ZU |z;]; (v) For all x € R™

[xlﬂﬂ( EE| xj)}e{o,j%xj} and Hﬂxlzaﬂ[xﬁﬂ( EH x])}

jel\{i} iel iel jel\{i}

The algebraic structure (R, H, ) can be extended to R"™. Suppose that z,y €
R™, and let us denote x By = (z1 By, ..., v, By,). Moreover, let us consider
m vectors M, ..., 2™ € R™, and define

/g« = <E[E|]:Egj),..., [ «9). (15)
J€EM

j€m] Jjeiml
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Along this line an extended definition of B-convexity other R™ was suggested
in [6]. In the remainder, we say that a subset C of R", is B*-convez if for all
z,y € Candallt € [0,1], 2Bty € C. Equivalently a set C' C R™ is said to be a
B -convez set if for all x,y € C, Co™({x,y}) C C. This implies that a B-convex
subset of R" is B*-convex. Moreover, it was also established in [6] that C is
Bf-convex if and only if for all 2™, ....,2(™ € C and all ¢t € [0,1]™ such that
max;e[m) t; = 1, we have Haie[m] t;x® € C. In the case where C' C R?, we have

A tx® =\ ta? e, (16)

i€[m] 1€[m]

which is an equivalent characterization of B-convexity over R’ . Clearly, we
retrieve the definition provided in [7] when C' C R. A subset C' of R" is
B-convex and fized if for all subsets S of C, Co™(S) C C. Moreover, a fixed
B-convex set is stable and B-convex. This definition implies that Co>(C) = C
and consequently a fixed B-convex set is closed. This definition also implies
that a fixed B-convex set C'is Bf-convex, since x,y € C implies that {z,y} € C
and Co™({z,y}) C C.

SO

Figure 1.1: Examples of Bf-convex sets.

2. Dual forms and structure of half-spaces
2.1. Duality

This section presents the algebraic properties induced by an isomorphism be-
tween a scalar field and a set and their implications on convexity. Most of the
results have been pointed in details by Avriel [4] and Ben Tal [5]. A norm || - ||

yields another norm induced by the algebraic operations —Ii)- and -. The map
|- llg, : R* = R defined by [|z||,, = @, ([|®p(2)]]) is a norm over R™ endowed

p
with the operations + and -. Since ¢, is continuous over R, the topological
structure is the same. Along this line it is natural to define a scalar product. If
(-,+) is an inner product over R", then there exists a symmetric bilinear form

(s ), : R" x R — R defined by:
(@.9)¢, = 05 ((2,(2), 2,(y))) (17)
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Equivalently:

(2,9)g, = (3 alrtiy2rety s, (18)

i€[n]

The dual characterization of a ®,-convex set is now formulated using the sup-
port function, which is based upon the inner product (-,-),,. Let y € R".
Then the functional support of a conver set C' C R" is defined as the map
héf: R™ — R U {—o0, +oo} with

her (y) =sup {{y,z),, : © € C}. (19)
Now, let us denote [(y,"),, < A] = {z € R": (y,z),, <A}. The following
properties are immediate:

(a) The functional support is h(7 (y) = ¢, (h@;1(0)(<1>;1(y))).
(b) If C is closed then:

C= () [ )e, <hE W), (20)

yER?

Again to simplify the notations used in the paper let us denote

(D = (1 and 1= o @

2.2. On some idempotent and non-associative dual forms

In the following the operation (-, ) : R” x R" — R is defined for all z,y € R"
by (z,9)00 = EEIiE[n] z;y;. Let || - ||oo be the Tchebychev norm defined by

|%||oc = max;ep,) |@;|. It is established in [6] that for all z,y € R, we have: (i)
(1, 2)00 = [[#]lo0; (1) [, Y)oo| < [|2llocll¥lloc; (iid) for all a € R, oz, )00 =
<ax7y>m = <x7ay>oo-

In the following, we say that a map f: R” — R is a B-form if there exists
some a € R" such that:

f(z) = FH aiwi = (@, 2)0c = lim (a, x),,. (22)

p—o0

In the following the dual relation between Bf-convex sets and the maps of the
form z — (a, ), where a € R, is analyzed.

The function above is depicted in Figure 2.2. The points satisfying (a, z)., = 0
are represented by the thick line. In the following, for all subsets A of R™, cl(A)
and int(A) stand for the closure and the interior of A.
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T2 2
(@, 2)o0 = ¢ > 0 A (a,Z)o0 =0 \
cl [{a, Yoo < ]
~
0 - 0 < o
/
(a,2)oo =’ <0 /
// s
Figure 2.1: Figure 2.2:
The level lines of the form (a,.)so The domain cl [(a, .)os < €]

In the following, for all maps f: R” — R and all real numbers ¢, the notation
[f < c] stands for the set f~!(] — oo,c]). Similarly, [f < c¢] stands for
Y] —oo,c])and [f > ¢] = [—f < —c]. The next result analyze some
important topological properties of these sets.

Proposition 2.1. For all B-forms f: R" — R and all ¢ € R, the following
properties hold:

(a) cd[f <c]=cdlf<c]

(b) R™\int[f > ] = [/ < c]

(¢) R\ cl[f <c]=int[f >c].

Proof: (a) If [f < ¢| is an empty set, this property is immediate. Suppose
that it is a nonempty set. Since it is obvious that [ f< c} C[f < c}, we
have cl [f < c] C cl [f < c}. Let us show the converse. Let a € R™ such
that f(z) = (a,2)e and assume that z € cl[f <c]. By definition there

exists a sequence {x(k)}keN such that for all k& f(z®) = (a,2®) < ¢ and

limy_,o ) = 2. Let us construct the sequence {y(k) }keN defined forz =1,...,n

by:

xgk) -+ ifa; >0
yi(k) xl(»k) ++ ifa; <0
xl(k) if a; = 0.

It is easy to see that f(y®) = (a,y™), < c for any k € N. But z
limy oo 2% = limy_,oo y*, and consequently z € cl [ f< c] which proves (a).
(b) We have, using (a), R™\int [f >¢] = c (R"\[f >¢]) = cl[f <]
cl[f < c] and (b) is proved. The proof of (c) is similar.

~—

L

For all real numbers v and all x € R", By (z,af and B(z, o] respectively
denote the open and closed ball centered at x of radius «, with respect to the
Tchebychev norm || - ||«. The next results are concerned with the topological
regularity of the subsets [ f< c].
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Proposition 2.2. For all B-forms f: R® — R, and all ¢ € R, if the subset
[f < c} is nonempty then it has a nonempty interior. Moreover

[f <c] cel(int[f <c]) and int (cl[f <c]) C [f <e].

Proof: Suppose that x € [f < c]. All we need to prove is that there is a
sequence {SC(k)}keN C int [f < ¢| such that limy_,o ) = 2. Let a € R" such
that f(z) = (a, 7).

Let us consider the sequence {x(k)}keN defined for + = 1,...,n by:

k) 2 fg, >0
GRS S (23)
x; + 5 if a; < 0.
Moreover, for all natural numbers k, let us fix z¥) € R™ such that
AL N 24)
v+ ifa; <O0.

Clearly, we have both (a,z®),, < ¢ and (a,z®),, < ¢. By construction, for
all positive natural numbers k, [|[z® — z™||, = 1. Let K, be the cone of all
the vectors v in R™ such that uw; > 0 if @; > 0 and u; < 0 otherwise. The cone
K, defines a partial order over R”. From (23) and (24), z(¥) is the supremum
element of the cube By, (:c(k), ﬂ It follows that,

Boo(z®, =] c 2 - K,.

| =

Moreover for all u € 2% — K,, (a,u)s < (a,72"™), < c. However, this implies
that, for all k, 2 € By (x(k), ﬁ[ C int [f < c] and since limy_ oo 2% = z,
this ends the proof. To prove the second inclusion, note that using the same
arguments yields [ f< c} Ccl (int[ f < c]. Since this property is independent
of the sign of f, we have for all ¢, [f > c} C cl(int[f > c]) Therefore
R™\[f < ¢] Cel(int (R"\[f < ¢])). Hence R"\[f < ¢] € R™\int (I ([f <
c])) Consequently, int (Cl([f < C]) C [f < ¢, which proves the second
statement. [

For all u,v € R, let us define the binary operation

u it Jul > ||
u—v =< min{u,v} if |ul = |v]
v it Jul < vl

An elementary calculus shows that v Hv = %[u Zv—[(—u) = (—v)]]
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Similarly one can introduce a symmetrical binary operation defined for all
u,v € R, let us define the binary operation

u it Jul > |l
u— v =< max{u,v} if |ul = ||
v it |ul < |y
Equivalently, one has: u & v = —[(=u) = (—v)]. This means that we

equivalently have u B v = %[(u )+ (ud v)}

Given m elements uyq, ..., u,, of R, not all of which are 0, let I, respectively I_,
be the set of indices for which 0 < wu;, respectively u; < 0. One can then write

Up — o Uy = (;ieu u;) — (~—ier. ;) = (maXi€I+ u;) — (minger_ u;) from
which we have

max;er, u; if I_ =0 or maxjes |w;| < maxer, u;
Up = o= Uy, = minger u; if 1o =0 or maxes, u; < maxer |u
min;e; u; if max;es_ |u;| = maxier, w;.

(25)
Let us define a lower B-form on R™ as a map g : R® — R such that for all
(x1,...,2,) € RY,

(1, .., zn) = (@, ) = @11 — -+ — AT, (26)

It was established in [6] that forallc € R, g7 (] — 0o, c]) = {x € R : g(x) < ¢}
is closed. It follows that a B-form is lower semi-continuous. It was established
in [10] that ¢7' (] — 0o, ¢]) N R’} is a B-halfspace, that is a B-convex subset of
R? whose the complement in R is also B-convex.

Similarly, one can define an upper B-form as a map h: R™ — R such that, for
all (zq,...,x,) € R,

Wy, ay) = (a,2)t = agey T oo Toagay,. (27)

co

For all z € R", we clearly, have the following identities

(a,2)t = —{(a,—x) and (a,z) = —(a,—z)} (28)

[oon

The largest (smallest) lower (upper) semi-continuous minorant (majorant) of a
map [ is said to be the lower (upper) semi-continuous regularization of f. In
the next statements it is shown that the lower (upper) B-forms are the lower
(upper) semi-continuous regularized of the B-form.

Proposition 2.3. [6] Let g be a lower B-form defined by g(x1, ..., x,) = ayjxy —
C— ApXy, for some a € R™. Then g is the lower semi-continuous requlariza-

tion of the map x — {(a, =)o = Hﬂie[n} a;x;.
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The following corollary is then immediate.

Corollary 2.4. Let h be an upper B-form defined by h(xy,...,x,) = a1x; N

+ . . . .
C— ApTy, for some a € R™. Then h is the upper semi-continuous requlariza-

tion of the map x — (a, )0 = Bﬂie[m a; ;.

The main objective of this paper is to analyze dual properties of B-convex sets
over R". To do that the B-forms play a crucial role. Let f: R" — R be a
B-form.

Proposition 2.5. Let f~ and [T be respectively the lower and upper semi-
continuous reqularized of f over R™. For all c € R,

cdf<cl=[f <c]and d[f>c]=[f">c].

Proof: By definition f~ < f. Therefore, [f < ] C [f~ < ¢]|. Since f~ is lower
semi-continuous, we obtain cl[f < ¢] C [f~ < ¢]. Let us prove the converse
inclusion. Suppose that z € [f~ < ¢|. Let a € R™ be a vector such that for all
re€R"” f~(z) =ayzy — -+ — anx,. Suppose that x € [f~ < ¢|. All we need
to prove is that o € cl[f < ¢]. We consider three cases:

(¢) f~(z) = max;ep) a;x;. From the definition of f~, f~(x) = f(x). Therefore
f(z) <c,and x € cl[f <.

(1) f~(x) = minep,) a;x;, and | minep,) a;@;| > | max;ep, a;2;]. From the defi-
nition of f~, we also have f~(z) = f(z), f(z) < ¢, and x € cl[f < (]

(ii1) f~(z) = mingep) a;2;, and | minep,) a;z;] = | maxep a;2;]. Let Iy = {i €
[n] : a;z; > 0}. Let us construct the sequence {#(®)}cy such that for all £ > 1,

xi—% if 1€ lyand a; >0
e =1 if i€l anda; <0
z; otherwise.

By construction, f(z®) = f~(2®) < ¢ for all k. Since limj_,oc 2* = z, we
deduce that x € cl[f < ¢|]. Therefore, the converse inclusion is established,
which ends the proof. O

The next result is an immediate consequence of the characterization of the
closed B-halfspaces established in [10]. Recall that a B-halfspace of R’ is a
B-convex subset of R’} whose the complement is also B-convex.

Corollary 2.6. For all closed B-halfspaces H C R} having a nonempty inte-
rior there exists a dual B-form f: R™ — R and a real number ¢ such that

H=cl[f <cNR%.

Moreover, for all B-forms f and all ¢ € R the subsets cl

f< c} N RY s
B-halfspace of Rl whose the complement is [f > ¢|NR} =int [f > ¢

JNR".
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Proof: From [10], if H is a B-halfspace of R’} having a nonempty interior,

then there is a map ¢g: R” — R defined by g(z1,...,z,) = @121 — -+ — @, Ty,
for some a € R" and some ¢ € R such that H = [¢g < ¢/ N R%}. However,
g is the lower semi-continuous regularized of the map f: x — (a,2). From
Proposition (2.5), H = cl[f < ¢]/NR%. Suppose now that f is a B-form defined
over R". Let f~ be the lower semi-continuous regularized of f. From [10],
[~ <] NRY is a B-halfspace of R%. Since cl[f < ¢] = [f~ < ¢], the result of
the second statement follows. Finally, we have shown in Lemma 2.1.(b) that
R™\[f < ] =int[f > ¢]. Hence R}\[f < ¢] = int[f > ¢] "R’} which ends the
proof. [

Remark 2.7. In general, given a B-form f : z — (a,2)s, the domain [f <
¢ MR is not a B-convex set. Assume that a = (1,—1,1) and let us consider
the vectors © = (1,1,0) and y = (0,1,1). We have (a,z)o = 0 and (a,y)oo = 0.
However, xVy = (1,1,1) and (a,2 Vy)» = 1. Consequently the subset [f < 0]
is not a B-convex set. However, it is easy to prove that xVy € cl[f < ¢]. Thisis
shown by considering the sequence {z*)}, .y such that, for all natural numbers
k>1,2% = (1,144+,1). This implies that (a, 2¥),, = —1—+ < —1. Thus, for
allk > 1, 2 ¢ [f < 0], and, consequently, since lim_,., 2% = vy = (1,1,1),
we deduce that x Vy € cl[f <0].

Before establishing the next proposition, we derive some intermediary proper-
ties.

Lemma 2.8. For all x,y € R",

if HZ‘EE?JHOO<‘EE|$1‘|7 then (EElxz)EH(EHyz):O

1€[n] 1€[n] i€[n]

Proof: We first establish that for all o, 5 € R, |a B | < |a| implies that
a5 =0. If a # —f, then max{|al, |8|} = |aHS|. Consequently |a| > |aHf|,
implies that max{|al,|5|} > |a B §|. Consequently, « = —f. For all u € R",
let us denote

I{u) = {i € [n]: |ui| > |z Bylloo}

We first prove that I(x) = I(y). By definition, for all i € I(x), |z;| > ||z B
Ylloo = maxjcpy |2; B y;|, which implies that for all ¢ € I(x), we have |z;| >
|z; B y;|. Therefore, for all i € I(z), z; By; = 0 and |z;| = |y;|. Consequently,
I(z) C I(y). Moreover, if |y;| > maxjcp, |z; B y;|, then 2; By, = 0, and we
have the converse inclusion /(y) C I(x). Therefore, we have I(z) = I(y) and
x; = —y; for all i € I(z) = I(y). Since | Bicpn 2| > [z B yllw, one has
Hicmzi # 0. Thus, there is some iy € [n], such that H,cpz; = x4,. Since by
hypothesis ||z B y|lo < | Bigpn i|, we have iy € I(z). Since z; = —y; for all
i € I(z) = I(y), we have y;, = —x;, = —( HEL,GM z;) = Hﬂie[n] i, which ends

the proof. O
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Proposition 2.9. For all B-forms f: R" - R, and allc e R if z,y € [f < (]
then, for all t € [0,1],

sBtyedlf <d=[f <d
where f~ is the lower semi-continuous reqularized of f.

Proof: Let z,y € [f < ¢]. We need to prove that for all ¢ € [0,1], z Bty €
cl[f <c]. We first assume that x,y € [f < ¢|. By definition, there is some
a € R™ such that f(z) = (a,%)s. Let us denote z = x H ty and

I = argmax |a;z;].
i€[n]
We consider two cases:

(7) There exists some iy € [ such that a;,z;, <O0.
Remark that if a;,z;, = 0, then a;z; = 0 for all i and f(z) = 0. Let us introduce
the sequence {2 },en of R™ defined for all positive natural numbers & by:

ng):{ 2 if i # 4
Zlo

i [11'0 . .
it d=g.

a; 2
Clearly, limy_, 2 = 2. For k sufficiently large, we have |a; z;, — | =

—QiyZiy + G—ISQ Thus, for all i € [n]\{io}

a;.> ;> ;>
’aiozi(f)‘ = |aio2io — %\ = —QiyZip + % = |aio2i| + Z > [a;z).
Thus, by definition:
2
a; a;
<a7 Z(k)>00 = a’io(zio - ﬂ) = QigRig — = < <CL,Z>OO = <a,x H ty>00'

k k

In the following, we prove that (a, ) B {a,ty) s > aiy2iy- If (0, 2)00 < aiy2i, =
— max;e |(a;z;) B (ta;y;)|, then |[(a,x)o| > maxiep |(ax;) B (tay;)|. From
Lemma 2.8, this implies that (a,2)s B (a,ty)se = 0 > a;y2;,. Similarly, if
(a,ty)oe < @igZiy, then [(a,ty)os| > maxiep |(a;z;) B (tay;)| and from Lemma
2.8, one has (a, )0 B (a,1y)0e = 0 > a;,2;,. Therefore, in any case we have
(a,7) 00 > a;,2i, and (a, ty)oo > a;y2i,, which implies that (a,x)s B (a,ty)s >
a;, %, Consequently:

(a, 2™ o0 < iy 25y < (a,2)00 B (a,ty)eo < ¢ forall k > 1.

Thus 2*) € [f < ¢] for all k& and since limy,_,o, 2*) = 2z = Bty we deduce that
Bty ec[f <.

(17) Vi € I, a;z; > 0. In that case (a,x B ty)s > 0, thus

(a, x Bty)oo = max{(a, T)eo, (@, 1Y) oo }-
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Hence x Bty € cl[f < ¢]. Consequently

v,y €|f <= xHtyecl|f <,
which ends the proof. [
The next result is then an immediate consequence of Proposition 2.2.

Corollary 2.10. For all B-forms f: R" - R and c € R, if x,y € int[f~ < ¢,
then, for allt € [0,1], Bty € [f~ < ¢|. Moreover if z,y € int[f* > ] then
zBty e [ft > .

Remark 2.11. In general the subset [f~ < c] is not B*-convex. Suppose for
example that f~(z) = (a,z) where a,z,y € R* a = (1,1,1), z = (3,2, -3)
and y = (—3,2,3). We have (a,z) = =3, (a,y),, = —3. It follows that
z,y € [f~ < 1]. However, 2By = (0,2,0) and (a, zBy)_, = 2 which implies that
xBy ¢ [f~ <1]. Tt is interesting to note that = ¢ int[f~ < 1]. For example,
for all € > 0, let us denote z, = (3,2, —3+¢). We have f~(x.) = 3 and therefore
ze ¢ [f~ < 1]. Since lim. gz, = x, we deduce that x ¢ int[f~ < 1]. It is also
easy to check that y ¢ int[f~ < 1]. Similarly, in general, the subset [fT > (]
is not Bf-convex. For example in the case above (a,z)t = 3, (a,y)X = 3 and
z,y € [fT >3] but (a,zBy)L = 2.

It is shown below that reversing the sense of the inequalities both in the lower
and upper case yields a convex set. In the following we will say that a map
g: R" — R is B*-quasi concave if g7'([c, +00[) is Bf-convex for all ¢ € R. A
map h : R" — R is Bf-quasi conver if h=*(] — o0, ¢]) is Bf-convex.

Proposition 2.12. Let f: R® — R be a B-form and let f~ and f* be respec-
tively the lower and upper semi-continuous reqularized of f over R™. Then f~
and T are respectively B*-quasi concave and Bf-quasi convex.

Proof: By definition f~ is a lower B-form and there is some a € R" such that
f(z) ={a,z),. Let z,y € [f~ > ¢|]. We need to prove that for all ¢ € [0, 1],
f~(xzHBty) > c. Since the case t = 0 is obvious, we shall assume that ¢t > 0.
By construction, there is some i, jo, ko € [n] such that

ai, i, = f(x), ajy;, =f(y) and  ag, (ze, Btye,) = [~ (xBiy).

This implies that |a; x; | > |a;z;| for all i € [n] and |a;, y;,
j € [n]. Let us consider two cases:

> |ajy;| for all

(i) ¢ > 0. In such a case, a;,x;, > 0 and ta; y;, > 0. Therefore, if a,z; < 0 and
ta;y; < 0 for some (i, j) € [n] X [n] then |a;z;| < a;,z;, and [ta;y;| < ta; y;,. It
follows that

[ (x Bty) = max{a; x;., ta; y;, } > max{c,tc} = c.

(17) ¢ < 0. By construction there is some k, € [n] such that ag, (xy, Bty ) =
f(xBty). If ax, (vg, Btyg,) > 0, then, since ¢ < 0, the result is immediate.
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Set u = ty. We need to prove that f~(zHwu) > ¢. Since ¢ <0, for all ¢ € [0, 1]
we have ct > ¢. Hence f~(u) > ¢t > c¢. Suppose that

(@ Bu) = ak, (2, Buk,) = (ak,zr,) B (ak,ur,) = arzp, = f~(x).  (29)

Assume that a,xr, < ¢ and let us show a contradiction. This implies that
lag, 2k, | = —ag,xr, > |c| = —c. Since f~(z) = a;,x;,, we have |ag xp,| <
|a;,x;,|. Consequently, |a; x; | > —c. Hence, since a;,x;, = f~(x) > ¢, we also
have a; x;, > 0. Moreover f~(x) = a;,x;, > 0 and ag, g, < 0 implies that
lag, Tk, | # |ai,x;,|. Therefore, |ag, xx,| < |a;,x;,|. Thus from (29)

’(aioxio) H (aiouio)

< ’(akoﬂﬁko) H (@kouko)

= ‘akoxko‘ < ’a’iox’io"

From Lemma 2.8, this implies that (a;,x;, ) B (a;,u;,) = 0. Hence, a;, u;, =
—a;,x;, < 0 and |a;, u;| > |c|] = —c. Consequently a; u;, < ¢. However, by
hypothesis there is some j, such that f~(u) = a; u;, > c¢. This implies that
Jo # oy |aj,uy,| > lai,ui,| = lai, ;| Since

((aj,2;,) B (aj,u5,)| < |(ar,2r,) B (ar,ur,)| = ok, zr,| < |aj, 2|,

from Lemma 2.8, we have (a; x;,) B (a;,u;,) = 0. However, this implies that
laj u, | = |aj x| > |a;, ;. f~(z)], which is a contradiction.

Suppose now that that f~(x B u) = (ag,xr,) B (ag, vk, ) = ax,ug, = f~(u). By
symmetry, we then deduce that f~(zHBwu) > ¢, which ends the first part of the
proof.

Let f* be the upper semi-continuous regularized of f. It is an upper B-form.
Hence, the map x +— —f*(—x) is a lower B-form. Thus, for all ¢ € R,
[—ft(—z) > —c] is B*-convex. Therefore [f*(—z) < ] is B*-convex. Since
the map = — —x is bijective, the result follows. [

Corollary 2.13. Let [ be a B-form defined over R™ and let f~ and f* be
respectively the lower and upper reqularized of f. Then for all c € R, [f~ > (]
and [f* < ] are B*-convex.

Lemma 2.14. Let A be a finite part of R*. Let f be a B-form defined over
R™ and let f~ and fT be respectively the lower and upper reqularized of f. Let
B*[A] be the smallest B*-convex set which contains A. Then:

min{f~(a) : a € A} = min{f~(z) : v € B[A]}
and

max{f"(a): a € A} = max{fT(z) : z € B[A]}.

Proof: Suppose that ¢ = min{f~(a) : a € A}. Forall a € A, f~(a) > ¢. Since
[f~ > c] is B*-convex, B*[A] C [f~ > ¢] which proves that ¢ = min{f~(z) : v €
B*[A]}. The second part of the proof is similar. O
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This property has an immediate implication stated in the following proposition.

Proposition 2.15. For all B-forms f and all real number ¢ € R, we have the
following properties:

(a) The subset int[f < c| is Bf-conver.

(b) The subsets int[f~ < c] and int[f+ > c] are B*-convez.

(¢) We have

int[f~ <c]=R"\[f*>¢] and int[ft > =R"\[f" <]

Proof: (a) For all a € R", the map f~ : 2 — (a,x), is the lower semicontinu-
ous regularized of the map f : z — (a, x), it follows that cl[f < ¢] = [f~ <]
for all ¢ € R. From Proposition 2.1.(c), we have

intlf > ¢ = R\ cllf < =R"\[/~ < = [/~ > .

However, we have established that [f~ > ¢] is Bf-convex. Therefore int[f > ]
is a B*-convex subset of R™. Since the map x + (a, 7). is homogenous of
degree one, the result follows. (b) From Proposition 2.1.(b), we have

R\ int[f > = cllf < d = [f~ <.

From Proposition 2.2, one has int[f > ¢] = int (cl[f > ¢]) = int[f > ¢].
Hence, we deduce the first part of the statement. To prove the second part
of the statement, let us introduce that map g = —f. By construction g is a
B-form. Moreover [g < —c|] = [f > ¢|, g~ = —f* and g" = —f~. From the
first part of the statement:

intlg” < —c] =R"\[g" > —].

Since [¢g- < —c] = [fT > ] and [¢7 > —c] = [f~ < ¢|, we deduce the second
part of the statement. O

In view of the above properties, we say in the following that for all B-forms
f, the subset of R™ [f < (] is a pseudo-halfspace; the subsets [f~ < ¢] and
[fT < (] are respectively called lower pseudo-halfspace and upper pseudo-
halfspace. Clearly, the restriction to R of a lower (upper) pseudo halfspace is
an halfspace.

3. Kuratowski-Painlevé limit of linear halfspaces

This section is devoted to analyze the Kuratowski-Painlevé limit of a sequence
of half-spaces defined with respect to the algebraic structure involved by the
map &, (say a ®,-half-space). It is shown that these limits correspond to the
lower and upper pseudo halfspaces above defined.
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3.1. Limit of linear halfspaces

This section analyzes the geometric deformation of a sequence of ®,-halfspace
expressed as H, = [f, < ¢,] where, for each natural number p, f,: R” — R
is a ®,-linear form defined by f,(x) = (P, z),, with (a®?) c,) € R" x R. Tt
is shown that the Kuratowski-Painlevé limit of this sequence can be expressed
with respect to the B-forms.

Proposition 3.1. Let f be a B-form defined by f(z) = {(a, ) for some point
a € R™\{0}. For all natural numbers p let f,: R" — R be a map defined by
fo(x) = (a®) 2), where {aP},en is a sequence of R™\{0}. If there exists an
increasing sequence of natural numbers {p,},en and a sequence {c,}pen C R
such that limy_oo(a®?), ¢, ) = (a,c), then:

[f =¢] C Ligsoo[fp, = &) and [f <] C Ligsoo[fp, < cp,]-

Proof: We first assume that for some z € R" we have f(z) = (a,2)o =
c. Since a # 0, the set I = {i € [n]:a; # 0} is nonempty. Now, since
limg_ o0 alPd) = g, there exists gy € N, such that ¢ > ¢y = agpq) #0,Viel.
Let us pick some ig € I. For q > qg, we construct the sequence {x(pq)}qzqo,
such that:

P
g s, ;Zq alPy; ifi=i
a(Pq) 10720 a(Pq) i%[ 7 7 — 0
(pq) ‘0 ‘0
X = 1 oo . .
(3 N . .
g i if i € I and i # iy

Since a;x; = 0 for all i ¢ I, we have:

‘qu SOPq
qu (x(Pq)) — <a(17q)7x(17q)>pq :Z agpq)xgpq) :Z a;x; = <a7x>pq-
i€[n] iel
Moreover, since for all ¢ ¢ I, lim, aEp 2 =0, and for all i € I (including
Pq
ig), im0 al(-pq> = a; # 0, we have lim,_, (+q) Zi¢[ a§pq>xi = 0. Thus, we
a,

deduce that lim, ,., P9 = 2. Thus we can find a sequence {x?)} oy such
that <CL(pQ),I(p‘I)>pq = <ayx>pq and hmq—>oo x(pq) = .

We consider two cases:

(i) ¢ # 0. We intend to construct a sequence {y®9} oy such that for all
natural numbers ¢, y«) € | Jp, = Cp,) and limg_, yPd) = x. Since ¢ # 0, and
(a,r)s = c, there exists some gy € N such that ¢ > gy = ¢,, # 0, ﬁ >0

>Pq

and —2¢— > (. Let us denote:
<a733)(1q

Yo — P o),

<a7 x>Pq
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Thus:

C C
Lo (y9) = (a®0) y®a)y, = <a(pq), " z;q> x(Pq>>p S TR S
) Pq q

Therefore since lim, ., y®? = z, we deduce that = € Liyeo[fp, = ¢p,] which
proves the first statement.

(7i) ¢ = 0. For all ¢ > qq, let us denote:

Pq
— {qPa) (P

SP0) — o) O <Cpq (aPa) | g (Pa >p¢1>a(pq)
(flat||57)? ’

where || - ||z is the usual Euclidean norm and || - [[3" = ¢, '[|®,,(-)|l2 the
P
corresponding norm according to the operations + and -. Since, we have

<a(pq)’x(pq)>pq = <a7 x)pq’ one has

qli_)rgO(a(pq),x(p‘J)}pq - qh_glo<a7'r>pq - <a’7 $>oo =C= 0 and ,}LIEO Cpq = 0

Thus, we deduce that

Pq
lim Cp, — <a(pQ),a:(p‘I)>p

oo ([latPa)57)?

1 =0.

Hence, one has limg_,o 2(Pa) — limg o0 P = . Notice that, it is easy to
check that (||a(1"‘1)||120q)2 = (a2, P2}, . Moreover, we have shown that for all

q, (@) z¥d)), = (a,x), . Therefore:

Pq
— {q®d) 1(Pq)
= <a(Pq)’l»(Pq) {)ﬁ <Cpq <(1 Pa L Pa >pq)a(pq)>
p

(Pq) — (Pq) ,(Pq)
o (£70) = {0, 220 e

q
q

p p
— <&(Pq)’x(pq)>pq _ﬁ Cp, i <a(pq)’x(pq)>pq = Cp,-

Thus & € Lig—oo[fp, = ¢p,], which completes the proof. ]
Remark 3.2. The result above also implies that:

(a,T)oo = ¢ = = € Lsp | fp = ¢p)-

Moreover
(0, %) < ¢ = x € Ly ool fp < ¢l

Consequently, [f < ] is a subset of the upper Painlevé-Kuratowski limit of the
sequence { [f, < ¢,] }pen-
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Proposition 3.3. Let [ be a B-form defined by f(z) = (a, ) for some a €
R™\{0}. For all natural numbers p let f,: R* — R be a map defined by
fo(@) = (a®),2), where {aP},en is a sequence of R™\{0}. If there exists an
increasing sequence of natural numbers {p,},en and a sequence {c,}pen C R
such that limg_oo (), ¢, ) = (a,c), then:

[f~ < =cl[f <= Ligso|fo, <,

and
[fP > =cllf >d = Ligsoo|fo, > )

where [~ and ft are respectively the lower and upper semi-continuous reqular-

ized of f.

Proof: Since Liyoo[fp, < ¢p,] is a closed set, from Proposition 3.1, we imme-
diately have cl[f < ¢] C Ligoo[fp, < ¢p,]- Let us show the converse inclusion.

We need to prove that if & € Lip,o[fp, < ¢, then € cl[f < ¢. If
x € Lipoolfp, < ¢p,), then there is a sequence {x(P)} o such that for all g,
(alpd) zPa)) < ¢, and lim, , 2P = 2. Let us denote

I = arg max |a;x;],
i€[n]

I, ={iel:amx >0}and I_ = {i € I : a;x; < 0}. For all ¢, we have the
inequalities

g max al) 2P| < (qp0) @0y < T max a®2®)) (30
1€n i€[n

We consider three cases:

(i) I_ # (. From (30), (alrs), zPa)), < ¢, for all ¢, implies that

1
Cp, > —N2FT max |a§pq)g;<pq)|.
q . (3 A
i€[n]

1
Note that lim, ,,, n?4*! = 1. Consequently:

(Pq) x('pq)

7 7

TN
¢ = lim ¢,, > —( lim n>7)( lim max|a

) = — max |a;z;].
q—00 q—00 q—0 i€[n]

i€[n]
Let {2}, cn be a sequence such that for all & > 1:

zi+4 ifiel anda; <0

= = xi—% ifiel anda; >0

7

T otherwise.

It follows for all k > 1, (a, ") <— maX;ec) |a;;| < c. Since limy_,o0 z® =g,
we deduce that z € cl[f < ¢].
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(i1) I- =P and I # 0 . Insuch a case (a, &) = MaX;c[y) A;T; = MaX;cfy) |0 T;].
Moreover, lim, o, (a®?), x(pq))pq = MaXie[y] |@;7;| < limg o0 ¢y, = c. Let {2} en
be the sequence such that such that for all k£ > 1:

a:i—i—% ifiel, and a; <0

o =0 4~ ifiel anda >0

T otherwise.

It follows that for all k > 1, (a, "), < max;ef,) |a;z;| < c. Since limy, o0 z®) =
x, we deduce that = € cl[f < ¢].
(i16) I- = I, = 0. In such a case, for all i € [n], a;x; = 0. From (30),
limq_)oo<a(pq),x(pq)>pq = 0. Therefore ¢ = lim,_,o ¢,, > 0. Let {2} en be the
sequence such that for all £ > 1:

ifa; <0
[E(k) = —% if a; >0
x;  otherwise.
It follows that for all & > 1, (a,2®), < 0 < ¢. Since limy_,o 2% = 2, we

deduce that = € cl[f < ¢] and Lig—,oo[fp, < ¢p,] C cl [f < ¢]. From Proposition
3.1, we deduce that:

Ligyoo[fp, < cp,] =l [f <.

This ends the proof of the first part of the statement. The second part is then
immediate, reversing the sense of the inequalities. Il

Proposition 3.4. Let f be a B-form defined by f(z) = (a,x) for some a €
R™\{0}. For all natural numbers p let f,: R* — R be a map defined by
fo(®) = {ay,x), where {aP},en is a sequence of R"\{0}. If there exists a
sequence {c,}pen C R such that lim, .. (a?), c,) = (a,c), then:

Limyy o0 [fp < Cp] =cl [f < C} = [f_ < c}

and
Limpﬁoo[fp > cp} =cl [f > c} = [f+ > c].

Proof: We need only prove that Ls, oo[fp, < ¢, C Lip oo [fp < cp}. If x €
Ls, lfp < ¢, then there is an increasing subsequence {p,}sen such that
r € Ligoo[fp, < ¢p,]. But from the proposition above we know

Ligooolfp, < €p,] = Lipmoolfpy S ] = cl[f <.

Thus x € Li, 0o [ fp < cp], and this ends the proof. [
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Figure 3.1: Geometric deformation and limit of ®,-halfspace.

3.2. Separation properties in limit

It was established in [10] and [9] that if f: 2 +— (a, ) is a B-form and if f~
is the lower semi-continuous regularized of f, then for all z € R” and all real
numbers c :

if 0 < ¢ then f~(z) < cif and only if mz}x{aixi} < mz}x{—aixi, ct  (31)
[ASY S 1€l
and

if ¢ <0 then f~(z) < ¢ if and only if mz}x{aixi, —c} < mz}x{—aixi}, (32)
[ASY R ISy

where I_ ={i € [n]:a; <0} and I, = {i € [n] : a; > 0}.

Theorem 3.5. If C' and D are non-proximate B-convex subsets of R’} then
there exists a B-form f:R%} — R such that

sup f~(z) < inf f~(x).

zeC zeD

In the following, we use this property to establish a separation result over R"
which involve a finite collection of dual B-forms.

For all z,y € R", let us denote the Hadamard product x Dy = (x1y1, ..., TnYn).
In the following we say that two vectors x,y € R™ are copositive if

rCye R (33)

We say that a subset K of R" is copositive if for all ,y € K one has x[[y > 0.
For all subsets L of R", K is copositive and maximal in L if there does not
exists a copositive subset K’ C L which contains K. A n-dimensional ortant in
R™ is copositive and maximal in R". Equivalently, a n-dimensional orthant in
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R™ is a subset defined by a system of inequalities: €;x; > 0 for any i € [n], where
each ¢ is +1 or —1. A n-dimensional closed orthant K of R™ can be written
K =TI, (¢Ry). For all subsets C' of R", we say that a collection K(C)
of n-dimensional orthant is a copositive recovering of C' if C' C Uex(oy K-

Moreover, C(C) is a minimal copositive recovering of C' if there does not exists
a copositive recovering of C', K'(C') such that K'(C') C K(C). In the following
B* denotes the set of all the dual B-forms. The following statement comes
from the fact that for all ¢ € [n], the canonical projection z — z; is a special
B-form which is identical to its lower and upper semi-continuous regularized.
Consequently, it is also both an upper and a lower B-form.

Proposition 3.6. Let C' and D be two nonproximate B-convexr subsets of R™.
There exist two subsets I and J of N and a finite subset {(fi;,ci;) : (i,7) €
I x J} of B* x R such that

CcC Um[ffy <e¢, ] and D C ﬂU[ > gl

i€l jeJ el jeJ

Proof: Let £(C') a minimal collection of n-dimensional orthant which contain
C. Fix some K € K(C). If K € K(D), from [10] there is some lower B-
form fy ;- and some real number cg x such that C N K C [fx x < cx k] and

DN K CR"\[fg g < cx k] However, from Proposition 2.1.(c),

R™[frx < cxx] = nt[fx i > cxi] C d[fxx > cxr] =[x > cxxl.

Moreover, for all K’ € K(D) there is a canonical dual B-form such that CNK C
[f]}’K, <cgg]and DNK' C [f;’K, > ck i]. It follows that

CnKcC () ik <cxrl
K'ek(D)

and using the fact that D = Ugepy D N K, we deduce that

D cC U [frx > cr i) (34)
K'eK(D)

However C' = Uy cx () C N K. Therefore

Cc U ﬂ [fI;,K’ < CK,K/]-

Kek(C) K'eK(D)

Moreover from (34)

D C ﬂ U [f;,K’ Z CK,K’]-

KeK(C) K'ek(D)
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Since K(C') and K(D) are two finite collections, one can find two subsets [
and J of N respectively isomorphic to K(C) and K(D). Thus, there exists a
bijection T': I x J — IC(C') x K(D). Now, identifying for all (i, j) € I x J each
B-form fr;j to fi; and each cp(; ;) to ¢;;, we obtain the result. O

In the following, we extend Theorem 3.5 to some class of B-convex sets defined
over R™. Recall that we say that as subset S of R" is a fixed B-convex if
Co™(S) = S. From [7], this implies that all the closed B-convex sets of R} are
fixed, and the result holds for “usual” B-convex sets.

Lemma 3.7. Let C' and D be two closed subsets of R™. Suppose that D is
compact. If Co™(C)N Co™ (D) = 0, then there is some natural number py such
that for all p > po, Co’(C) N CoP(D) = ().

Proof: Assume that this is not the case and let us show a contradiction. In such
a case there is an increasing subsequence {p, } . such that Co**(C)NCo" (D) #
0. Just pick some x,, in Co(C) N CoP*(D) for all ¢ € N. Since D is compact
one can extract a subsequence {p, }, .y such that {z,, }.cn converges to some
Z. Therefore T € Li, 0o CoP" (C) N Liy_00 CoP (D) C Co™(C) N Co™ (D). But
since Co™(C) N Co™ (D) # 0 this is a contradiction. O

For all x € R™, let By(z,d] and Cx(x,d) respectively denote the ball and the
circle of center x and of radius d, with respect to the norm || - |-

Lemma 3.8. Let {pi}tren be an increasing sequence of natural numbers. For
all nonempty closed subsets C' of R™, and for all xy € C, we have

C = Limi_ oo (Boo(mo,pk N C’).

Proof: Let us show that Lsjp_ o (Boo(Ig,pk 1N C) C C. Let {pk }ien be
an increasing sequence of natural numbers and let {x(p’w)}leN be a sequence
of R™ such that z®) € Boo(z9,pr, | N C for all I. Suppose moreover that
limy o 2®P%) = 2. Since C'is closed, z € C. Thus Lsj_,e0 (Boo(xo,pk ]ﬂC) cC.
Conversely, for all x € C, there is some ky € N such that for all £ > ko,
& € Buyo(wo,pr |. Let us consider the sequence {x®P¥)},cy such that, for all
k > ko, ) = z and 2 = x, otherwise. This sequence converges to
x and, for all k, ") € By (zo,pr |NC. Thus z € Lz'k._mo(Boo(xo,p;c ] N
C). Therefore Lsk%oo(Boo(a:O,pk | N C’) C C C Lipoo (Boo(xo,pk 1N C') =
Limy_soo (Boo(xo,pk 1N C) = (', which completes the proof. O

This property is useful to establish the following separation result.

Proposition 3.9. Let C and D be two nonempty subsets of R™. Assume that
Co™(C) N Co>™(D) = 0. There exists a B-form f: R™ — R and a real number
¢ such that

CcClf <c and DC[f" >,

where [~ and ft are respectively the lower and upper semi-continuous reqular-

ized of f.
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Proof: Let yy € D. For all ¢ € N the subset Dq = Boo(Y0,q] N D is compact.
By hypothesis Co™(C) N Co™(D) = . Therefore Co™(C) N Co™(D,) = 0.
From Lemma 3.7, for all ¢, there exists a natural number 7, such that for all
p > 1, we have

CP(C) N CP(D,) = 0.

Consequently, one can find an increasing sequence {p,}4en of natural numbers
such that p, > n, for all g. Therefore, for any ¢, there is also some (alPa), Cp,) €
Cs(0,1) x R such that

Dq - Copq<Dq) C [foy Z ] and  Co™(C) C [f,, < ],

where f, : z — {(aPa) x)p, for all z € R™. Let us show that there is a compact
K C C5(0,1) x R such that for all ¢, (a®?), ¢, ) € K. Let x5 € C and yo € D,
by definition, we have (a2, ), < cp, and (a®) yo), > Cp,, therefore since
alPe) € C(0,1) for all ¢:

—n |70l < (a7, 20}, < €, < (a®), y0)p < 7 l90]lcc-

Set K = Cx(0,1) X [=7||Z0]|00, 7 ||Y0|oo]. Thus we deduce that, for all natural
numbers ¢, (a®, ¢, ) € K. Hence, one can extract from {(a®, ¢, )},en C K,
an increasing subsequence {p, }ren, such that limy_, a®Pu) = g and limy, o, Cpq,
c. Thus, from Proposition 3.3:

Lik_)OO‘D(Ik - Lik%m{quk > Cqu} =cl[f > = [f+ > (]

and

CC LikﬁOO[quk < Cqu] =cf < =[f <]

But, from Lemma 3.8

D= Lik—mquk )

thus D C cl[f > ¢] and we obtain the result. O

In the following, we use the fact that for all fixed B-convex subsets C' of R"
we have Co™(C') = C. The following result is then immediate and is a slight
extension of the separation result obtained in [10] where the convex sets were
assumed to be non proximal.

Proposition 3.10. Let C' and D be two non empty fized B-conver sets in R™
such that C N D = (. There exists a B-form f: R® — R and a real number c
such that:

Cclf-<cdandDC[ft >
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Figure 3.2: Separation property.

In the following we explore the dual structure of fixed B-convex sets. To that
end the next result is useful. A subset B of R" is a bor with respect to the
usual partial order if there exist u,v € R"™ such that u < v and B = {x € R":
u <z <wv}.

Lemma 3.11. A boz of R" is a fixed B-convex set.

Proof: All we need to prove is that for all p € N, Co’(B) = B. Let B be a
box of R". By definition, there exist u,v € R™ such that:

B:{IER":USxSU}.
For all p € N, the map ¢,: A — A**! is an increasing map. Moreover the

reciprocal map (p,)"': A — AT is also an increasing map. It follows that for
all x,y € R", if # < y, then ®,(z) < ®,(y) and &, ' (x) < ®, ' (y). Therefore,
we have
®,(B)={z eR": ®,(u) <z < Py(v)}.

By definition, for all p

Co’(B) = ©,7' Co(®,(B)). (35)
However, ®,(B) is a box and, consequently, it is convex which ensures that
Co(®,(B)) = ®,(B). Hence, from (35) we have Co’(B) = ®,”'(®,(B)) = B.
Therefore Co™(B) = Lsy_o, Co”(B) = B, which proves that B is fixed. O

Note that it follows that for all zp € R™, and all d > 0, since By (zo,d] is a
box, it is a fixed B-convex set.

Proposition 3.12. A nonempty fized B-convex set is the intersection of all
the lower pseudo-halpfspaces which contain it.

Proof: Let C be a fixed B-convex set. We need to prove that if y ¢ C, then
there exists a lower B-form f~ and a real number ¢ such that

Cclf <cd andf (y)>ec
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Since C'is closed if y ¢ C, then there is some € > 0 such that B (y,e|]NC = 0.
However, By (y, €] is a fixed B-convex set. From Proposition 3.10, there is a
dual B-form f: R™ — R and some ¢ € R such that

CcClf <c and By(y,e] C[f" >l

This implies that y € int[f™ > ¢|. From the topological regularity of [f > ] we

deduce that y € int[f > ¢] = R"\ cl[f < ] = R"\[f~ < ¢|. Hence, f~(y) > ¢

which ends the proof. O
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