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The main concern of this article is the stability of optimal points for sequences of functions
under suitable assumptions about convergence of their epigraphs. The optimality is based
on an improvement set given in the value space. Several theorems, obtained in two previous
papers, about the existence and stability of optimal points related to sequences of sets in
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part of the present results are new also in the case where the criteria of optimality is a cone
or the spaces have finite dimension.
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1. Introduction

The introduction of the concept of improvement set as optimization criteria,
made by Chicco et al in [2], has encouraged this line of research in recent
years. Some authors have already made extensions of the known theory about
optimality with respect to cones, making use of such new criteria. For example,
in [4] a characterization of improvement sets, in infinite dimensional spaces, by
means of sub-level sets of scalar functions is given and equivalent conditions of
optimality through scalarization are presented. In [5], instead, some sufficient
conditions, that ensure the stability of optimal points with respect to closed
improvement sets having nonempty topological interior, are proved.
To this aim, in that article, the stronger “continuous convergence” is adopted
on the sequence of functions defining the optimal control problems. Moreover,
through scalarization, the stability of sequences of approximate optimal solu-
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tions is also investigated therein. In [13] and [14], in an infinite dimensional
framework, some sufficient conditions about the existence of optimal points and
their stability for converging set sequences have been developed. In particular,
in [13], in order to obtain that an optimal point of the limit set is the limit of
optimal points, an example shows that an assumption like E + E ⊆ E, where
E denotes the improvement set, is essential, when the origin is a cluster point
for E. In [14] another example shows that the “upper” part of the stability
inclusion of sets of optimal points fails if both the improvement set and the
limit set have empty topological interior. This also happens if the optimality
criteria refers to the generalized quasi interior of E (see [1], definition 2.3), and
E is a convex cone.
In this paper, after giving some generalization or suitable reformulation of
existence results obtained in [14], a sequence of functions on a sequence of
domains, with values in a partially ordered normed space Y is considered. The
main convergence assumption is that the sequence of epigraphs converges to the
epigraph of a limit function in the sense of Mosco in the product space X ×Y .
An analogous convergence, which reduces to the well known epi-convergence (or
gamma-convergence) in the scalar case, has been recently introduced in [19] for
similar purposes, but in a finite dimensional context and with cones as optimal
criteria. With such kind of convergence both the lower and the upper part of
stability inclusions for the sequence of optimal point sets are here obtained. To
this aim it has been necessary the help of the recessive compactness property
(see Definition 5.1), which is always fulfilled in the finite dimensional case.
Furthermore, by an example, it is proved that the only convergence of epigraphs
is not enough to ensure the “upper” part of the optimal points stability. On
this fact is based our “errata-corrige” at the end of this paper, linked to the our
previous note [12]. This remark can also be applied to a result given in [19].
Finally, by a theorem which make use of the “lower” part of the Attouch-Wets
convergence, the upper part of the optimal points stability is stated in the case
where the cone or the improvement set is allowed to have empty topological
interior. As far as we know, the only existing similar result, but in the case of
minima for set sequences, is contained in [11], Theorem 4.5.
The outline of this paper is as follows. After the preliminaries of Section 2, in
Section 3, some generalizations of the previous existence results, which permit
to enlarge the class of the sets A having the domination property with respect
to the improvement set, are given. In Section 4 are presented, with some
improvement, the stability results obtained in [14], which are useful in the last
section and make use of the existence results of Section 3 (see Remark 4.4(c)).
In Section 5, the main results of this article about the stability of sequences
of optimal points is given. The main theorems are formulated with somewhat
general assumptions, then some sufficient conditions in order to guarantee their
validity are given. Moreover, some examples and remarks, pointing out that
certain assumptions are essential, are also provided.
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2. Preliminaries and definitions

Definition 2.1. Let Y be a topological vector space and C ⊆ Y

◦ C is a cone iff λC ⊆ C , ∀ λ > 0;
◦ it is a pointed cone iff, additionally, (cl C) ∩ (−cl C) = {0}, where cl C

denotes the closure of C;
◦ C is a convex cone iff it is a cone and C + C ⊆ C;
◦ C is a proper cone iff it is a cone and {0} ̸= C ̸= Y ;
◦ ([16], Definition 3.1) Let C be a convex cone. A subset B of C is a base for C

iff B is convex and each nonzero element y ∈ C has a unique representation
of the form y = λb for some λ > 0, b ∈ B.

We denote by intC the topological interior of C and by C∗ the cone in the
dual space Y ∗ of all the continuous functionals which are non-negative on C.

Throughout this paper we always consider proper cones.

Definition 2.2. (see [2, 4]) If C ⊂ Y is a cone, a subset E ⊂ Y is said to be
an improvement set with respect to C, and write that E is a C−i.s., iff
◦ E = E + C;
◦ 0 /∈ E.

Definition 2.3. If Y is a normed space and E ⊂ Y is an improvement set, we
say that E is w-closely supported iff

∀ ε>0 ∃ a weakly closed set Kε⊂ Y \ {0} s.t. E \B(0, ε)⊆ Kε , (1)
where B(0, ε) denotes the open ball of centre 0 and radius ε.

Remark 2.4. Let Y be a normed space. The w-closely supported property of
an improvement set E ⊂ Y is clearly true both when E is weakly closed and
in the case where Y has finite dimension and E ∪ {0} is closed.

As it can be easily verified, if E is a C−i.s. with intE ̸= ∅, also intE is a C−i.s.;
so we introduce the following definition of E-optimal and weak E-optimal point.

Definition 2.5. (see [2, 4, 20]) Let Y be a topological vector space. If a ∈
A ⊆ Y and E ⊂ Y is a C – i.s., we say that a is an E–optimal point of A
(a ∈ OE(A)), iff (a− E) ∩ A = ∅. We say that a is a weak E–optimal point of
A (a ∈ OintE(A)), iff (a− intE) ∩ A = ∅.

We recall the notion of Kuratowsky-Painlevé and Mosco sequential convergence
for subsets of a topological space.

Definition 2.6. Let Z be a first countable topological space endowed with a
topology τ and An, A ⊆ Z. Let

τ − lim inf An = {x ∈ Z : ∃ xn
τ−→ x,∃ n̄ ∈ N such that xn ∈ An ∀n ≥ n̄}

τ − lim supAn = {x ∈ Z : ∃ (nk)k∈N,∃ xk ∈ Ank
such that xk

τ−→ x}.
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We say that the sequence (An)n∈N converges to A in the sense of Kuratowsky-
Painlevé with respect to the topology τ , and we denote it by An

τ−K−→ A or
A = τ −K limAn, if

τ − lim inf An = τ − lim supAn = A.

In a normed space Y we say that the sequence (An)n∈N converges to A in the
sense of Mosco, and we denote it as An

M−→ A, iff
s− lim inf An = w − lim supAn = A ,

where s and w denote the strong and the weak topology, respectively.

3. Existence of E-optimal points and E-domination property

We define a property analogous to the domination property (see [11], [8], [9]),
generalized to improvement sets.
Definition 3.1. If Y is a normed space, C ⊂ Y a given cone and E ⊆ Y a
C− i.s., we say that a set A ⊆ Y satisfies the E-domination property, iff for
every a ∈ A the set a− (E ∪ {0}) ∩OE(A) is nonempty.
Moreover, we say that A satisfies the section-domination property, iff for every
a ∈ A the set OE(A ∩ a− (E ∪ {0})) is nonempty.

It is easy to check that when E ∪ {0} is closed with respect to the sum of its
elements the section-domination property is equivalent to the E-domination
property.

Definition 3.2. Let (Y, s) be a locally convex topological vector space and
E ⊂ Y \ {0} be such that E + E ⊆ E ∪ {0}. We consider in Y the reflexive
and transitive binary relation defined by y ≼E y′ iff y′ − y ∈ E ∪ {0} and we
denote y ≺E y′ when y′ − y ∈ E. We say that
(a) a net (yτ )τ∈T is

◦ E-decreasing [E-increasing] iff yτ ≼E yτ ′ [yτ ′ ≼E yτ ] whenever τ ′ < τ ;
◦ E-monotone iff it is E-increasing or E-decreasing;
◦ strictly E-decreasing iff yτ ≺E yτ ′ , whenever τ ′ < τ .

(b) A set A ⊆ Y is E-complete if it has no covers of the form∪
τ∈T

(aτ − E ∪ {0})c, where (aτ )τ∈T is a strictly E-decreasing net in A.

(c) We say that Y has the (w−s) property with respect to E, iff every weakly
convergent net, which is E-monotone, is also strongly convergent.

(d) If S ⊂ Y is a given set, we say that y ∈ Y belongs to the monotone lower
E-closure of S iff it belongs to

cls,E(S) = {y ∈ Y : ∃ an E-decreasing net (yσ)σ∈Σ in S, yσ
s−→ y}.

We say that S is s.ℓ.−E closed, iff cls,E(S) = S.
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Remark 3.3. As already seen in [14], Proposition 20, the Lebesgue spaces
Lp, 1 ≤ p < ∞, have the (w−s) property with respect to the cone E ∪ {0} of
non-negative functions.

In Theorem 19 of [14] the assumption of closedness of A can be weakened with
the s.ℓ.−E closure, obtaining the following proposition.

Proposition 3.4. Let Y be a Banach space, C ⊂ Y a pointed closed convex
cone, E ⊂ Y a C−i.s. such that
(i) E ∪ {0} is weakly closed and E + E ⊆ E ∪ {0};
(ii) Y has the (w−s) property with respect to E.
Then every A ⊆ Y, A ̸= ∅, which is weakly relatively compact and s.ℓ.−E
closed, is E-complete.
Proof. The proof is the same of Theorem 19 of [14]
The following two corollaries are analogous to Theorems 21 and 22 of [14].
They follow directly from Proposition 3.4, but the closure assumption is in the
s.ℓ.−E sense. The proof is the same as in the aforesaid theorems of [14].

Corollary 3.5. Let Y be a Banach space, C ⊂ Y a given cone, E ⊂ Y a
C−i.s. We consider a set A ⊆ Y such that A is s.ℓ.−E closed and such that
(i) E ∪ {0} is weakly closed and E + E ⊆ E ∪ {0};
(ii) Y has the (w−s) property with respect to E.
Then for every a ∈ A such that a− (E ∪ {0})∩A is weakly relatively compact,
it results

(a− (E ∪ {0})) ∩OE(A) ̸= ∅ . (2)

Corollary 3.6. Let Y be a Banach space, C ⊂ Y a given cone, E ⊂ Y a
C−i.s. We consider a set A ⊆ Y such that A+ C is s.ℓ.−E closed, and
(i) E ∪ {0} is weakly closed, and E + E ⊆ E ∪ {0};
(ii) Y has the (w−s) property with respect to E.
Moreover, one of the following assumptions is also fulfilled:
(iii) Y is a reflexive Banach space and a ∈ A is such that a − (E ∪ {0}) ∩ A

is bounded; or
(iii’) a ∈ A is such that a− (E ∪ {0}) ∩ (A+ C) is weakly relatively compact.
Then (2) holds.

The next definition is introduced in order to motivate, by the next remark, the
notion of monotone E-closure in Corollary 3.6.
Definition 3.7. (See [1]) Let Y be a Hausdorff topological vector space and
C ⊂ Y a convex set. A point u ∈ C is said to belong to the quasi relative
interior of C, denoted by qriC, iff cl(cone(C − u)) is a subspace in Y , where
cone(C − u) := {λv : v ∈ C − u, λ ≥ 0}.
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Remark 3.8. If Y has finite dimension and intC = ∅, also when E = C \{0},
there are simple examples showing that cls,E(A+C) $ cl(A+C). It happens,

for example, if A = {(x, y) ∈ R2 : y ≤ −1

x
, x ∈]0,∞[}, and C = {0} × [0,∞[.

If C is closed and convex with intC ̸= ∅ and E is a C– i.s. satisfying the
condition E+E ⊆ E∪{0}, it is possible to prove that cls,E(A+C) = cl(A+C)
in any dimension.
The following example shows that it is possible to find an infinite dimensional
space Y , a closed convex and pointed cone C, with non-empty quasi relative
interior and a set A ⊂ Y such that cls,E(A+ C) $ cl(A+ C).

Let Y = L2([0,∞[), A = {uk, k ∈ Z+}, uk(t) =

{
1 if t ∈ [k, k + 1

k2
[

0 otherwise for t ∈ [0,∞[
,

C = {u ∈ L2([0,∞[: u ≥ 0, u is decreasing on [0,∞[}, E = C \ {0}. Clearly
0 ∈ cl(A+C), however there exists no E-decreasing sequence (yn)n∈N in A+C
such that yn → 0. In fact, if yn = uk(n) + cn, where uk(n) ∈ A, cn ∈ C and
yn → 0, since yn ≥ uk(n) ≥ 0, it results uk(n) → 0. Up to a subsequence, we
can assume that k(n) < k(n+1) for each n ∈ N. Therefore, if (yn)n∈N were E-
decreasing, we would get cn(t) ≥ cn+j(t)+1 ≥ 1 on [k(n+ j), k(n+ j)+ 1

k2(n+j)
[

for every j ≥ 1. Hence cn(t) ≥ 1 on [0,∞[ and cn /∈ L2([0,∞[). It is also clear
that the cone C is pointed, convex and closed.
Moreover C has non empty quasi relative interior, because, as we now prove,
all the points in C̃ = {u ∈ C : u ∈ C1([0,∞[), u(t) > 0, u′(t) < 0 ∀ t ∈ [0,∞[}
are in qriC.
To prove this, it is enough to show that, if u ∈ C̃ is given, and τ ∈ R, v1, v2 ∈
cl(cone(C − u)), then v1 + v2, τv1 ∈ cl(cone(C − u)). About the sum, it is
enough to verify that v1 + v2 ∈ cone(C − u), when v1, v2 ∈ cone(C − u). Let
v1 = λ1(w1 − u), v2 = λ2(w2 − u), where w1, w2 ∈ C, λ1, λ2 ≥ 0. Since we can
suppose λ1, λ2 > 0, we can write

v1 + v2 = (λ1 + λ2)
( λ1

λ1 + λ2

w1 +
λ2

λ1 + λ2

w2 − u
)
,

which clearly belongs to cone(C − u). Analogously, it is obvious that τv ∈
cone(C − u), if v ∈ cone(C − u) and τ ≥ 0. We consider now the case where
τ < 0. If u ∈ C̃, λ > 0 are given, let us first assume that v ∈ C1([0,∞[) ∩ C
be such that v(t) = 0, when t ≥ T > 0 and we show that

τλ(v − u) ∈ cone(C − u),

by proving that there exist α > 0 and w ∈ C such that τλ(v − u) = α(w − u).
In fact, by letting δ := max{u′(t) : t ∈ [0, T ]}, with a simple calculation, since
δ < 0, it suffices to choose α > 0 great enough to satisfy

(α− τλ)δ − τλmin{v′(t) : t ∈ [0, T ]} ≤ 0 and w = u+
τλ

α
(v − u).
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In the case where τ < 0, ζ ∈ cl(cone(C − u)), we get ζ = s − lim
j→∞

λj(vj − u),

where λj > 0, vj ∈ C. For any fixed j ∈ N, we can approximate vj by a
bounded function wj : R → R, which is zero outside of [−1, Tj] for some Tj > 0,
decreasing on [−1,∞[, wj|[0,∞[ ∈ C, and ∥λj(vj − u) − λj(wj − u)∥L2([0,∞[) <
1
2j

. Moreover, by standard arguments, it is possible to approximate wj with
a function zj ∈ C1(R) having compact support, such that zj|[0,∞[ ∈ C and
∥λj(wj − u) − λj(zj − u)∥L2([0,∞[) <

1
2j

. Hence ζ = s − lim
j→∞

λj(zj|[0,∞[ − u) in

the L2([0,∞[) norm. But, from the first case considered, τλj(zj|[0,∞[ − u) ∈
cone(C − u), so τζ ∈ cl(cone(C − u)).

4. Convergence of E-optimal points

Lemma 29 of [14] also holds in the following slightly different form, with a
similar proof, which we present for the sake of completeness.
Lemma 4.1. Let Y be a reflexive Banach space, C ⊂ Y a given cone, E ⊂ Y
a C−i.s. and An, A ⊆ Y satisfying the following hypotheses
(i) E ∪ {0} is weakly closed and E is w-closely supported;
(ii) A ⊆ s− lim infAn and (ii′) w − lim supAn ⊆ A+ C;

(iii) if
(
(ank

− E) ∩ Ank

)
\ B(ank

, ε) ̸= ∅ for some ε > 0 and a subsequence
(nk)k∈N, where ank

∈ Ank
and (ank

)k∈N is bounded, then there exists
yk ∈

(
(ank

− E) ∩ Ank

)
\ B(ank

, ε) for every k ∈ N, such that (yk)k∈N is
bounded.

Then, if a ∈ OE(A), an ∈ An and an
s−→ a, the following properties hold

∀ ε > 0 ∃nε ∈ N such that (an − E) ∩ An ⊆ B(a, ε) ∀ n ≥ nε (3)
if wn ∈ (an − E ∪ {0}) ∩ An, then wn → a strongly (4)

Proof. We assume, by contradiction, that yk ∈
(
(ank

−E)∩Ank

)
\B(a, εo) for

some εo > 0 and some subsequence (nk)k∈N. Since it results ∥yk − ank
∥ ≥ εo/2

for large k, thanks to assumption (iii), we may suppose (yk)k∈N to be bounded.
Up to a subsequence we have yk ⇀ yo ∈ Y and, thanks to our assumptions,
yo ∈ a− (E∪{0})∩ (A+C). Moreover, by the assumption on E and (1), there
exists a weakly closed set Kεo ⊂ Y \ {0} such that (E− ank

) \B(−ank
, εo/2) ⊂

Kεo − ank
. Since −yk ∈ (E − ank

) \ B(−a, εo) ⊂ (E − ank
) \ B(−ank

, εo/2)
for large k, by passing to the limit, we get −yo ∈ Kεo − a. This implies that
yo ̸= a, because 0 /∈ Kεo . Then, for some e ∈ E, a′ ∈ A, c ∈ C, it results
yo = a− e = a′ + c, but A ∋ a′ = a− (e+ c) is impossible, because e+ c ∈ E,
while, from the definition of OE(A), is a− E ∩ A = ∅.
The proof of (4) easily follows from (3), because from any subsequence of
(wn)n∈N, which we still denote by (wn)n∈N, we can obtain a further subsequence
(wnk

)k∈N such that ∥wnk
− a∥ < 1/k.
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A reinforcement of assumption (ii’) in the previous lemma, permits a slightly
weaker assumption in place of (iii), which will be useful in the applications.
We state this in the following lemma, whose proof is analogous to the previous
one.
Lemma 4.2. Let Y be a reflexive Banach space, C ⊂ Y a given cone, E ⊂ Y
a C−i.s. and An, A ⊆ Y satisfying the following hypotheses
(i) E ∪ {0} is weakly closed and E is w-closely supported;
(ii) A ⊆ s− lim infAn ;
(a) w − lim sup(An + C) ⊆ A+ C;
(b) if

(
(ank

−E)∩(Ank
+C)

)
\B(ank

, ε) ̸= ∅ for some ε > 0 and a subsequence
(nk)k∈N, where ank

∈ Ank
and (ank

)k∈N is bounded, then there exists
yk ∈

(
(ank

− E) ∩ (Ank
+ C)

)
\ B(ank

, ε) for every k ∈ N, such that
(yk)k∈N is bounded.

Then, if a ∈ OE(A), an ∈ An and an
s−→ a, the following properties hold

∀ ε > 0 ∃nε ∈ N such that (an − E) ∩ (An + C) ⊆ B(a, ε) ∀n ≥ nε (5)
if wn ∈ (an − E ∪ {0}) ∩ (An + C), then wn → a strongly. (6)

Now we give sufficient conditions which imply the assumption (iii) of Lemma
4.1 or (b) of Lemma 4.2.

Definition 4.3. Let Y be a normed space and (Sn)n∈N a sequence of subsets.
(I) We say that (Sn)n∈N satisfies the asymptotic condition iff there exist cones

C1, C2 in Y and w ∈ Y such that :

− E ⊆ C1, Sn ⊆ C2 + w for every n ∈ N ,

lim
r→∞

d(C1 \B(0, r), C2 \B(0, r)) = +∞,
(7)

where d(A,B) denotes the usual distance between the sets A and B de-
fined as d(A,B) := inf{∥a− b∥, a ∈ A, b ∈ B}.

(II) We say that (Sn)n∈N satisfies the path connection condition iff the set
y − (E ∪ {0}) ∩ Sn is path connected for every n ∈ N and y ∈ Sn.

(III) If C ⊂ Y is a given cone, we say that (Sn)n∈N satisfies the C-path con-
nection condition iff y− (E ∪ {0})∩ (Sn +C) is path connected for every
n ∈ N, y ∈ Sn.

Remark 4.4.
(a) If Y is a normed space and (An)n∈N a sequence of subsets of Y which
satisfies the asymptotic condition, then (An)n∈N satisfies the assumption (iii)
of the Lemma 4.1.

In fact we prove that the sequence (an−E)∩An , n ∈ N is bounded, if an ∈ An

and (an)n∈N is bounded. On the contrary, if yk ∈ (ank
−E) ∩Ank

, ∥ynk
∥ → ∞
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for a subsequence (nk)k∈N, by assumption, there exist ck ∈ C1 , c′k ∈ C2 such
that

ynk
= ank

+ ck = w + c′k (8)

Therefore, from (8), ∥ck∥ → ∞ , ∥c′k∥ → ∞, so that (7) implies that ∥ck−c′k∥ →
∞, which is impossible, since ck − c′k = w − ank

.
(b) If Y is a normed space and (An)n∈N a sequence of subsets of Y which
satisfies the path connection condition, which is true for example when E∪{0}
and An are convex, then (An)n∈N satisfies the assumption (iii) of Lemma 4.1.
Let yk ∈

(
(ank

−E)∩Ank

)
\B(ank

, ε) for every k ∈ N. We can assume (yk)k∈N
to be unbounded, so, up to a subsequence, we get ∥yk − ank

∥ ≥ 3ε for large
k. By the path connection there exists a regular map φ : [0, 1] → Y such
that φ([0, 1]) ⊆ ank

− (E ∪ {0}) ∩ Ank
, φ(0) = ank

, φ(1) = yk, and then
lim
t→0

φ(t) = ank
. Consequently, if we let t̄k = inf{t ∈ [0, 1] : φ(t) /∈ B(ank

, 2ε)}

it results ∥φ(t̄k) − ank
∥ = 2ε, so that the sequence

(
φ(t̄k)

)
k∈N is bounded and

satisfies, in place of (yk)k∈N the condition in (iii) of Lemma 4.1.
(c) If Y is a normed space, C ⊂ Y is a given cone, and (An)n∈N a sequence
of subsets of Y which satisfies the C-path connection condition, which is true
for example when E ∪ {0} and An + C are convex, then (An)n∈N satisfies the
assumption (b) of Lemma 4.2.
The proof is analogous to the case (b), only with obvious changes.

If Y is a reflexive Banach space, the following two propositions are a general-
ization of Theorems 31 and 32 in [14], where the local assumption iii) implies
the boundedness of the sequence

(
(an − E) ∩ An

)
n∈N.

Proposition 4.5. Let Y be a reflexive Banach space, C ⊂ Y a given cone,
E ⊂ Y a C – i.s. and An, A ⊆ Y satisfying (ii), (ii’) of Lemma 4.1, and
(i) E is weakly closed;
(x) (An)n∈N satisfies the asymptotic condition of Definition 4.3 (I) or the path

connection condition of Definition 4.3 (II).
Then OE(A) ⊆ s− lim inf OE(An).

Proof. Since 0 /∈ E and E is weakly closed, clearly it is w-closely supported.
If a ∈ OE(A), an ∈ An and an

s−→ a, then, by Lemma 4.1 and Remark 4.4, it
follows that (3) and (4) hold. We prove that an ∈ OE(An), eventually. In fact,
on the contrary, if for a subsequence (nj)j∈N there exist wj ∈ (anj

− E) ∩ Anj
,

then wj = anj
−ej for some ej ∈ E. From (4) it results ej = anj

−wj → 0. This
is a contradiction, because the closedness of E implies that d(E, 0) > 0.

Proposition 4.6. Let Y be a reflexive Banach space, C ⊂ Y a given cone,
E ⊂ Y a C – i.s. and An, A ⊆ Y satisfying (ii), (ii’) of Lemma 4.1 such that
(i) d(0, E) = 0, E ∪ {0} is weakly closed and E + E ⊆ E ∪ {0};
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(iv) E is w-closely supported;
(v) for every n ∈ N, the set An has the E-domination property;
(x) (An)n∈N satisfies the asymptotic condition of Definition 4.3 (I) or the path

connection condition of Definition 4.3 (II).
Then OE(A) ⊆ s− lim inf OE(An).

Proof. Let a ∈ OE(A) and An ∋ an → a. From the E-domination property
it results (an − (E ∪ {0})) ∩OE(An) ̸= ∅ . It is evident that an − (E ∪ {0})) ∩
OE(An) ⊆ OE(An ∩ an − (E ∪ {0})), so, for each n ∈ N, there exists

wn ∈ OE(An ∩ an − (E ∪ {0})). (9)

We claim that wn ∈ OE(An) for every n ∈ N. On the contrary, it would be
wn − en ∈ An for some en ∈ E, but, at the same time, from (9), wn = an − e′n
with some e′n ∈ E ∪ {0}. This is a contradiction to (9), because it implies that
wn − en = an − (e′n + en), which belongs to (wn −E) ∩An ∩ (an − (E ∪ {0})).
Now, thanks to Lemma 4.1, the property (4) implies that a = limn→∞wn, and
this means that a ∈ s−lim inf OE(An).

Remark 4.7. Thanks to Lemma 4.2 and Remark 4.4 (c), Propositions 4.5 and
4.6 still hold if we replace assumptions (ii′) (the same of Lemma 4.1) and (x)
with, respectively,
(a) w−lim sup(An + C) ⊆ A+ C;
(x’) (An)n∈N satisfies the asymptotic condition of Definition 4.3 (I) or the C-

path connection condition of Definition 4.3 (III).

Proposition 4.8. If Y is a reflexive Banach space, then the assumption (v)
of Proposition 4.6 can be replaced by

An is s.ℓ.−E closed or An + C is s.ℓ.−E closed.

Proof. In fact, since E is w-closely supported, from Remark 17 (b) of [14], it
follows that Y has the (w−s) property with respect to E. Therefore, since in
the proof of Proposition 4.6, from (3) the sets (an − E) ∩ An are bounded, we
can apply Corollary 3.5 in the first case, or Corollary 3.6 in the second one, in
order to get the E-domination property for An.

About the upper convergence of the optimal points we recall, for the reader’s
convenience, some definitions and theorems given in [14].

Proposition 4.9. (see [14], Theorem 37) Let Y be a reflexive Banach space,
C ⊂ Y a given convex cone with intC ̸= ∅. Let E, En ⊂ Y be C – i.s. and
An, A ⊆ Y satisfying
(i) E ⊆ s−lim inf En,
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(ii) A ⊆ s−lim inf An and s−lim supAn ⊆ A+ C.
Then s−lim supOintEn(An) ⊆ OintE(A+ C) ⊆ OintE(A) + C.

Definition 4.10. Let Y be a normed space, A , C , E ⊂ Y such that C is a
cone, E is a C−i.s. and intA ̸= ∅. We define

ÕE(intA) := {a ∈ A : (a− E) ∩ intA = ∅}.

The following definition is the lower part of the Attouch-Wets convergence (see
[11]) .
Definition 4.11. Let Y be a normed space, An ⊆ Y , n ∈ N . We say that
A satisfies the Attouch-Wets lower limit of (An)n∈N, and we will denote it as
AW− lim(A,An) = 0, iff

lim
n→∞

sup
x∈A∩B(0,ρ)

d(x,An) = 0 ∀ρ > 0 .

Proposition 4.12. Let Y be a normed space, C ⊂ Y a closed convex cone,
E ⊂ Y a C−i.s. and A, An ⊆ Y , n ∈ N such that An are closed convex sets,
intA ̸= ∅ and

AW− lim(A,An) = 0 , s−lim supAn ⊆ A+ C .

Then s−lim sup ÕE(intAn) ⊆ ÕE(intA) + C and

(y − E) ∩ (intA+ C) = ∅ ∀ y ∈ s−lim sup ÕE(intAn).

Proof. The proof is the same as that of Theorem 42 in [14] after previously
remarking that Lemma 41 of the same paper still holds if A is not assumed to
be closed and convex.

5. Convergence of functions and their E-optimal points

Definition 5.1. (see [7],[12]) LetX be a normed space and A,An⊂X (n∈N).
(a) We say that A is a recessively w-compact set iff for every unbounded se-
quence (xn)n∈N of elements of A, there exist a subsequence (xnk

)k∈N, a sequence
(tk)k∈N of positive numbers, tk → 0 and x̄ ∈ X \ {0} such that tkxnk

⇀ x̄.
(b) We say that the sequence (An)n∈N is recessively w-compact iff for every
unbounded sequence (xk)k∈N, xk ∈ Ank

, where (nk)k∈N is any subsequence of N,
there exist a subsequence (xkj)j∈N and a sequence (tj)j∈N of positive numbers,
tj → 0 and x̄ ∈ X \ {0} such that tjxkj ⇀ x̄.
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Remark 5.2. Clearly a sufficient condition for the recessive w-compactness
of a sequence (An)n∈N is the recessive w-compactness of ∪

n∈N
An, and, in the

finite dimensional case, any closed set which does not contain the origin is
recessively compact. Other sufficient conditions for a set A to be recessively w-
compact are given in [7], where, among others, the following sufficient property
is introduced.
(I) A set A in X satisfies the (CB) condition, iff there exists a bounded set
V ⊆ X such that the closure of the cone generated by A \ V is equal to the
cone generated by some compact set H in X not containing the origin.
In the case of a reflexive Banach space endowed with the weak topology, the
following condition ensures that A ⊂ X is recessively w-compact.
(II) There exist a weakly closed set K ⊂ X \ {0} and two positive numbers
α, β such that α

a

∥a∥
∈ K for every a ∈ A such that ∥a∥ ≥ β. In fact, if

(xk)k∈N is a sequence in A such that ∥xk∥ → ∞, then ∥xk∥ ≥ β for large k.
Hence α

xk

∥xk∥
∈ K, so that, up to a subsequence, α xk

∥xk∥
⇀ x ∈ K, thanks to

the reflexivity of the space X.
Moreover, we point out that this property is not stronger than the (CB) con-
dition. In fact, if we assume (CB) to be true, and H be the compact set given
by condition (I), there exist δ, µ > 0 (δ < µ) such that H ⊂ B(0, µ) \ B(0, δ).
Moreover, if V is the bounded set given by the (CB) property, then V ⊂ B(0, β)
for some β > 0. We prove that condition (II) is true with α = µ, the same value
of β, and K = {λy : y ∈ H, λ ≥ 1}. It is easy to verify that K is weakly closed
and 0 /∈ K. Moreover, if a ∈ A and ∥a∥ ≥ β, we have α

∥a∥ a ∈ cone(A \ V ),
so, by the (CB) condition, α

∥a∥ a ∈ cone(H), namely α
∥a∥ a = τy with some

τ > 0, y ∈ H. But τ = ∥τy∥
∥y∥ = α

∥y∥ ≥ α
µ
= 1, so that α

∥a∥ a ∈ K.

Definition 5.3. (see [3], [18]) Let X,Y be normed spaces, and Y partially
ordered by a cone C ⊂ Y . Let A ⊂ X be a convex set and f : X → Y a given
function. We say that f is properly quasi C-convex on A iff for every x, y ∈ A
and every λ ∈ [0, 1] we have

f(λx+ (1− λ)y) ∈ (f(x)− C) ∪ (f(y)− C).

When intC ̸= ∅, we say that f is strictly properly quasi C-convex on A, iff for
every x, y ∈ A, x ̸= y and every λ ∈]0, 1[ we have

f(λx+ (1− λ)y) ∈ (f(x)− intC) ∪ (f(y)− intC).

We say that f is C-convex on A, iff for every x, y ∈ A and every λ ∈ [0, 1] we
have

f(λx+ (1− λ)y) ≼Y λf(x) + (1− λ)f(y).
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When intC ̸= ∅, we say that f is strictly C-convex on A, iff for every x, y ∈
A, x ̸= y and every λ ∈]0, 1[ we have

λf(x) + (1− λ)f(y)− f(λx+ (1− λ)y) ∈ intC.

Remark 5.4. If Y = R, it is straightforward to see that C-convexity (C = R+)
implies the properly quasi C-convexity, but the converse is not true. If the
dimension of Y is greater than 1 the definitions are each other independent
(see [3], Proposition 4.2).

The following kind of convergence, which is the well known Γ-convergence (or
epiconvergence) in the case of real functions, has been introduced in [19] in
order to study the convergence of efficient solutions for vector valued functions
in a finite dimensional framework. Here, in infinite dimensional spaces, we need
to deal with the Mosco convergence of the epigraphs.

Definition 5.5. Let X,Y be normed spaces, where Y is partially ordered by a
pointed convex cone C ⊂ Y . If A, An ⊂ X (n ∈ N) and f, fn : X → Y (n ∈ N)
are given, we say that fn|An M-epiconverges to f|A, iff

epifn|An

M−→ epif|A

where, for a given g : X → Y , epi g|A := {(x, y) ∈ A× Y : g(x) ≼Y y}, and on
X × Y the product topologies w × w and s× s are considered.

Lemma 5.6. Let X, Y be normed spaces with Y partially ordered by a closed
convex and pointed cone C ⊂ Y . Let A, An ⊂ X and f, fn : X → Y (n ∈ N)
be given. Assume that
(a) (fn(An))n∈N is recessively w-compact in Y ,
(b) epi fn|An

M−→ epi f|A.
Let xn ∈ An be such that (xn)n∈N is weakly convergent to x ∈ A and (yn)n∈N is
weakly convergent to ȳ ∈ Y . If fn(xn) ≼Y yn for every n ∈ N, then (fn(xn))n∈N
is bounded in Y .

Proof. We assume, by contradiction and by passing to a subsequence, if neces-
sary, that ∥fn(xn)∥ → ∞. Thanks to the recessive w-compactness, there exist
a positive sequence tk → 0, a subsequence (nk)k∈N and yo ∈ Y \ {0}, such that
tkfnk

(xnk
) ⇀ yo. From tkfnk

(xnk
) ≼Y tkynk

, by passing to the limit, we obtain
yo ≼Y 0. Let now λ > 0. Since fnk

(xnk
)− ynk

≼Y 0, and, for great k, λtk < 1,
it results fnk

(xnk
) ≼Y λtk(fnk

(xnk
)−ynk

)+ynk
, where the last sequence weakly

converges to λyo + ȳ. From Definition 5.5, therefore, (x, λyo + ȳ) ∈ epif|A,
namely f(x) ≼Y λyo + ȳ. Since λ is arbitrary, remembering Proposition 7(iii)
of [14], this is impossible, because yo ∈ −C \ {0}.

Proposition 5.7. Let X be a normed space, Y a reflexive Banach space, par-
tially ordered by a closed convex and pointed cone C ⊂ Y . Let f, fn : X → Y ,



1182 P. Oppezzi, A. Rossi / Stability of E-optimal Points ...

A, An ⊂ X be such that epi fn|An

M−→ epi f|A and (fn(An))n∈N is recessively
w-compact in Y , then

∀x ∈ A there exist xn ∈ An, such that xn
s−→ x and fn(xn) ⇀ f(x).

Moreover, if C is w-closely supported, then the following property holds:

∀x ∈ A there exist xn ∈ An , such that xn
s−→ x and fn(xn)

s−→ f(x).

Proof. If x ∈ A, by the Mosco epiconvergence of (fn|An)n∈N to f|A, we can take
(xn, yn) ∈ epifn|An , (xn, yn) → (x, f(x)) strongly. Since fn(xn) ≼Y yn for every
n ∈ N, Lemma 5.6 implies that (fn(xn))n∈N is a bounded sequence. So, by
reflexivity of Y , up to a subsequence, it results fn(xn) ⇀ y′ ∈ Y . But xn

s−→ x,
so, by the M-epiconvergence, f(x) ≼Y y′.
On the other hand, if p ∈ C∗ \ {0} and ε > 0 are given, when n is great
enough, it results ⟨p, y′⟩ − ε ≤ ⟨p, fn(xn)⟩ ≤ ⟨p, yn⟩ → ⟨p, f(x)⟩. Thanks to the
arbitrariness of p and ε, this implies y′ ≼Y f(x), so y′ = f(x), because the cone
is pointed. Since every subsequence of (fn(xn))n∈N has a further subsequence
weakly convergent to f(x), we conclude that fn(xn) ⇀ f(x).
If, in addition, C is w-closely supported, we prove that fn(xn)

s−→ f(x). On
the contrary, if fn(xn) /∈ B(f(x), 2ε) for a subsequence and some ε > 0, we
consider Kε given by condition (1) of Definition 2.3, applied to −C. Then
Kε + yn ⊃ −(C \B(0, ε)) + yn = (yn − C) \B(yn, ε) ⊃ (yn − C) \B(f(x), 2ε),
when n is sufficiently large. Since fn(xn) ∈ (yn − C) \ B(f(x), 2ε), it follows
that fn(xn) ∈ Kε + yn and, by passing to the limit, f(x) ∈ Kε + f(x), as Kε is
weakly closed. This is impossible because 0 /∈ Kε.

Definition 5.8. Let X be a normed space, A ⊂ X and Y a partially ordered
topological vector space with the partial order denoted by ≼Y . If f : X → Y
is a given function, we define the recession cone of A as

A∞ := {d ∈ X : a+ td ∈ A ∀ a ∈ A, t ≥ 0}.

Moreover, if z ∈ Y , we define the sublevel set of f|A as

f z
|A = {x ∈ A : f(x) ≼Y z},

and
O+(f z

|A) = {d ∈ A∞ : f(x+ λd) ≼Y z ∀x ∈ f z
|A, λ ≥ 0}.

Remark 5.9. In [10, 19, 6], the condition O+(f z
|A) = {0} is assumed in order

to prove various results about the convergence of optimal points. We also need
to introduce this assumption in most of the following results.

Theorem 5.10. Let X, Y be Banach spaces, with X reflexive, and Y partially
ordered by a closed convex and pointed cone C ⊂ Y. Let f, fn : X → Y and
A, An ⊂ X be given. Moreover,
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(i) An are convex;
(ii) epi fn|An

M−→ epi f|A;
(iii) (An)n∈N is recessively w-compact in X;
(iv) each fn|An is properly quasi C-convex or C-convex;
(v) O+(f z

|A) = {0} if z ∈ Y is such that f z
|A ̸= ∅.

Then w − lim sup(fn(An) + C) ⊂ f(A) + C.

Proof. Let us consider yo = w − lim fnk
(xk) + ck ∈ w − lim sup(fn(An) + C),

where ck ∈ C and xk ∈ Ank
for some subsequence (nk)k∈N of N. We prove

that (xk)k∈N is bounded. If we assume the contrary, then, up to a subsequence,
we get ∥xk∥ → ∞. The assumption about the recessive w-compactness of
(An)n∈N gives the existence, possibly for a subsequence, of x̄ ∈ X \ {0} such
that tkxk ⇀ x̄, where tk > 0 and tk → 0. First we prove that

x̄ ∈ A∞. (10)

If x ∈ A is given, thanks to M-epiconvergence, there exists a sequence (x′
n, yn) ∈

epifn|An strongly convergent to (x, f(x)). We can assume one or both the
following assumptions to be true:
• fnk|Ank

are properly quasi C-convex for infinitely many k ∈ N,
• fnk|Ank

are C-convex for infinitely many k ∈ N.
If λ > 0 is given, let vλ,k = (1 − λtk)x

′
nk

+ λtkxk. In the case where fnk|Ank
is

properly quasi C-convex we get

fnk
(vλ,k) ≼Y fnk

(x′
nk
) ≼Y ynk

or fnk
(vλ,k) ≼Y fnk

(xk) + ck.

Therefore, by taking M-epiconvergence into account and by passing to a sub-
sequence if necessary, (vλ,k, ynk

) weakly converges to (x + λx̄, f(x)) ∈ epif|A
for every λ ∈ [0,∞[, or, otherwise, (vλ,k, fnk

(xk) + ck) weakly converges to
(x+ λx̄, yo) ∈ epif|A for every λ ∈ [0,∞[.
In the case where fnk|Ank

is C-convex we get

fnk
(vλ,k) ≼Y (1−λtk)fnk

(x′
nk
)+λtkfnk

(xk) ≼Y (1−λtk)ynk
+λtk(fnk

(xk)+ ck).

The last side converges to f(x), so again, thanks to M-epiconvergence, we get
clearly (x + λx̄, f(x)) ∈ epif|A for every λ ∈ [0,∞[. Hence assertion (10) is
proved. Moreover, such condition implies that x̄ ∈ O+(f z

|A), if z ∈ Y is such
that f z

|A ̸= ∅, in contradiction with the assumption (v). Also in the case where
(x + λx̄, yo) ∈ epif|A for every λ ∈ [0,∞[, we conclude that, for any x ∈ f yo

|A ,
it results x̄ ∈ O+(f yo

|A ), and this contradicts the assumption (v) again. Then,
since (xk)k∈N is bounded and X is reflexive, up to a subsequence, it weakly
converges to some xo ∈ X. In virtue of M-epiconvergence, we obtain that
(xo, yo) ∈ epif|A, and this concludes the proof.
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The following propositions are a direct consequence of the above results about
the convergence of the images fn(An) and the theorems about the stability of
optimal points of Section 4.

Proposition 5.11. Let X, Y be reflexive Banach spaces, with Y partially or-
dered by a closed convex and pointed cone C ⊂ Y . Let E ⊂ Y be a C – i.s. and
A, An ⊂ X, f, fn : X → Y satisfying the following assumptions
(i) C is w-closely supported and E is weakly closed;
(ii) An are convex;
(iii) (An)n∈N is recessively w-compact in X and (fn(An))n∈N is recessively w-

compact in Y ;
(iv) epi fn|An

M−→ epi f|A;
(v) each fn|An is properly quasi C-convex or C-convex;
(vi) O+(f z

|A) = {0} if z ∈ Y is such that f z
|A ̸= ∅;

(vii) condition (I) or (III) of Definition 4.3 is satisfied by
(
fn(An)

)
n∈N.

Then OE(f(A)) ⊂ s−lim inf OE(fn(An)).

Proof. By Proposition 5.7, it results f(A) ⊂ s− lim inf fn(An), while Theorem
5.10 gives w − lim sup(fn(An) + C) ⊂ f(A) + C. Then the conclusion follows
from Proposition 4.5 and Remark 4.7.

Proposition 5.12. Let X, Y be reflexive Banach spaces, with Y partially or-
dered by a closed convex and pointed cone C ⊂ Y . Let E ⊂ Y be a C−i.s. and
A, An ⊂ X, f, fn : X → Y satisfying the following assumptions
(i) d(0, E) = 0, E ∪ {0} is weakly closed and E + E ⊆ E ∪ {0};
(i’) E is w-closely supported;
(ii) An are convex;
(iii) (An)n∈N is recessively w-compact in X and (fn(An))n∈N is recessively w-

compact in Y ;
(iv) epi fn|An

M−→ epi f|A;
(v) each fn|An is properly quasi C-convex or C-convex;
(vi) if z ∈ Y is such that f z

|A ̸= ∅, then O+(f z
|A) = {0};

(vii) condition (I) or (III) of Definition 4.3 is satisfied by
(
fn(An)

)
n∈N;

(viii) fn(An) satisfies the E-domination property for any n ∈ N.
Then OE(f(A)) ⊂ s−lim inf OE(fn(An)).

Proof. We notice that, since d(0, E) = 0 and E ∪ {0} is weakly closed, then
E ∪ {0} ⊃ C, so C itself is w-closely supported. Hence, by Proposition 5.7, it
results f(A) ⊂ s−lim inf fn(An), while Theorem 5.10 gives w−lim sup(fn(An)+
C) ⊂ f(A)+C. Then the conclusion follows from Proposition 4.6 and Remark
4.7.
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Remark 5.13. If X, Y, C and E are as in the previous proposition, An ⊂
X, fn : X → Y , the following assumption (I) is sufficient to ensure that the
hypothesis (viii) of the aforesaid proposition is true.
(I) Y has the (w−s) property with respect to E and, for every n ∈ N, the set

fn(An) or, alternatively, fn(An)+C is s.ℓ.−E closed and (y−E)∩fn(An)
bounded for any y ∈ fn(An).

In fact it is sufficient to apply Corollary 3.5 or Corollary 3.6 with fn(An) in
place of A, and fn(a), a ∈ An, in place of a.

The next proposition gives sufficient conditions to ensure that fn(An) + C are
closed.

Proposition 5.14. Let X be a reflexive Banach space and Y a topological
vector space ordered by a closed convex cone C ⊂ Y . Let f : X → Y be given
and A a convex closed and recessively w-compact subset of X. Moreover,
(i) epif|A is closed in the product topology wX × sY ,
(ii) f is C-convex or properly quasi C-convex,
(iii) O+(f z

|A) = {0} if z ∈ Y is such that f z
|A ̸= ∅.

Then f(A) + C is strongly closed.

Proof. Let yn ∈ f(A) + C, n ∈ N, such that yn
s−→ y. We prove that y ∈

f(A) + C. We claim that, if xn ∈ A, f(xn) ≼Y yn , n ∈ N, then (xn)n∈N is a
bounded sequence. The proof is similar to the case of Theorem 5.10.
If, by contradiction, for a subsequence, it results ∥xn∥ → ∞, in virtue of
recessive w-compactness there exist a positive sequence tk ↘ 0 and x̄ ∈ X \{0}
such that tkxnk

⇀ x̄, for a suitable subsequence (nk)k∈N.
If x ∈ A, since A is convex and closed, then x + tx̄ = w − lim(1 − tkt)x +
tktxnk

∈ A. Moreover, thanks to assumption (ii), f((1 − tkt)x + tktxnk
) ≼Y

(1 − tkt)f(x) + tktf(xnk
) ≼Y (1 − tkt)f(x) + tktynk

for large k, when f is
C-convex.
In the case where f is properly quasi C-convex it results either f((1− tkt)x+
tktxnk

) ≼Y f(x) or f((1 − tkt)x + tktxnk
) ≼Y f(xnk

) ≼Y ynk
. In any case,

by passing to a subsequence, if necessary, there exists a sequence (zk)k∈N in Y ,
strongly converging either to f(x), or to y, such that f((1−tkt)x+tktxnk

) ≼Y zk.
In virtue of assumption (i), this implies that f(x+ tx̄) ≼Y s− lim zk for every
t ≥ 0. Hence, in both cases, this is in contradiction with the assumption (iii).
Thus, the boundedness of (xn)n∈N being proved, up to a subsequence, it results
xn ⇀ x ∈ A, so, by the closedness of epif|A, we obtain (x, y) ∈ epif|A. This
proves that y ∈ f(A) + C.

Definition 5.15. (see [16], Proposition 1.7, Ch.II) Let Y be a normed space
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ordered by a cone C. Such a cone is normal for the norm topology, iff there
exists a constant γ > 0 such that γ∥x∥ ≤ ∥y∥, whenever 0 ≼Y x ≼Y y.
Equivalently (see [16], Proposition 1.3, Ch.II), for any two nets (xβ)β∈I , (yβ)β∈I ,
such that 0 ≼Y xβ ≼Y yβ for all β ∈ I, and (yβ)β∈I converges to 0, then (xβ)β∈I
also converges to 0.

Remark 5.16. A sufficient condition for the closedness of epif|A, assumed
in the previous proposition, is the weak lower semicontinuity of f|A : A →
Y . More precisely, following [15], we say that φ : A → Y is wX × sY -lower
semicontinuous at x ∈ A iff for any neighbourhood V of φ(x) in (Y, sY ), there
exists a neighbourhood U of x ∈ A, for the weak topology on A induced by X,
such that φ(U) ⊂ V + C. We say that φ is wX × sY -lower semicontinuous in
A, iff it is wX × sY -lower semicontinuous at x for every x ∈ A. When the cone
C is assumed to be closed and convex, Proposition 1.3 of [15] can be applied,
so that the wX × sY lower semicontinuity of f|A implies the closedness of epif|A
with respect to the wX × sY topology of X × Y .

Remark 5.17. When A = X, or A is a closed convex subset of G, where G
is a convex open set in X, if the cone C is assumed to be closed and normal
with respect to the norm topology of Y , and f is C-convex and locally upper
bounded on G, then the wX × sY closedness of epif|A follows as consequence.
So this assumption can be omitted in Proposition 5.14.
In fact, by [12], Theorem 3.5, f is continuous on A with respect to the norm
topologies of X and Y . Therefore, if (xn, yn) ∈ epif|A and xn ⇀ x , yn → y, by
Mazur’s Lemma, we may consider a sequence (uk)k∈N of X, such that uk → x

and uk =
∑i(k)

n=k α(k,n)xn, where α(k,n) are nonnegative real numbers such that∑i(k)
n=k α(k,n) = 1. Hence, by convexity of A and C-convexity of f , we get

uk ∈ A and f(uk) ≼Y

∑i(k)
n=k α(k,n)f(xn) ≼Y

∑i(k)
n=k α(k,n)yn. Since f(uk) strongly

converges to f(x) and the last term in such inequality converges to y, by the
closedness of C, it follows that f(x) ≼Y y. This concludes the proof.

Let us now deal with the upper stability of the optimal points of fn(An).

Proposition 5.18. Let X be a normed space, Y a reflexive Banach space,
partially ordered by a closed, convex and pointed cone C ⊂ Y with intC ̸= ∅.
Let E, En ⊂ Y be C−i.s. and assume that An, A ⊆ Y satisfy
(o) C is w-closely supported;
(i) E ⊆ s− lim inf En;
(ii) An are convex, (An)n∈N is recessively w-compact in X.
Let f, fn : X → Y be such that

(iii) epi fn|An

M−→ epi f|A;
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(iv) (fn(An))n∈N is recessively w-compact in Y ;
(v) each fn|An is properly quasi C-convex or C-convex;
(vi) O+(f z

|A) = {0} if z ∈ Y is such that f z
|A ̸= ∅.

Then s−lim supOintEn(fn(An)) ⊆ OintE(f(A) + C) ⊆ OintE(f(A)) + C.

Proof. Proposition 5.7 and Theorem 5.10 imply

f(A) ⊆ s−lim inf fn(An) ⊆ w−lim sup fn(An) ⊆ f(A) + C .

Then the conclusion follows from Proposition 4.9 applied to fn(An) and f(A)
in place of An and A, respectively.

With the further assumption of strict properly quasi C-convexity or strict C-
convexity on f , we can join the lower and the upper stability thanks to the
following result.

Proposition 5.19. Let X, Y be reflexive Banach spaces, Y partially ordered
by a closed, convex and pointed cone C ⊂ Y such that intC ̸= ∅. Let E ⊂ Y
be a C−i.s. and let An, A ⊆ Y satisfy
(o) E is w-closely supported, d(0, E) = 0, E ∪ {0} is weakly closed and E +

E ⊆ E ∪ {0};
(i) A,An are convex, and (An)n∈N is recessively w-compact in X.
Let f, fn : X → Y be such that

(ii) epi fn|An

M−→ epi f|A;
(iii) (fn(An))n∈N is recessively w-compact in Y ;
(iv) each fn|An is properly quasi C-convex or C-convex;
(v) if z ∈ Y is such that f z

|A ̸= ∅, then O+(f z
|A) = {0};

(vi) condition (I) or (III) of Definition 4.3 is satisfied by
(
fn(An)

)
n∈N;

(vii) fn(An) satisfies the E-domination property for any n ∈ N;
(viii) f is strictly properly quasi C-convex on A or, alternatively, λE ⊆ E for

any λ ∈]0, 1] and f is strictly C-convex.

Then f(A)∩s−K limOE(fn(An)) = OE(f(A)) (11)

Proof. From Proposition 5.12 we conclude OE(f(A)) ⊂ s−lim inf OE(fn(An)).
Moreover, thanks to the strict C-convexity or the strict proper quasi C-convexi-
ty of f , we get OE(f(A)) ⊇ OintE(f(A)). In fact, if y = f(x) ∈ OintE(f(A))
and, by contradiction, y − e = f(a) for some e ∈ E, a ∈ A, then a ̸= x, since
e ̸= 0. Therefore, for example when f is strictly C-convex and λE ⊆ E for any
λ ∈]0, 1],

f(x) + f(a)

2
− f(

x+ a

2
) ∈ intC.
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But, f(x)− f(a)

2
=

e

2
∈ E, thanks to the further property of E and, as follows

from [17], Proposition 2.2, it results E + intC ⊂ intE. So,

f(x)− f(
x+ a

2
) =

f(x) + f(a)

2
− f(

x+ a

2
) +

f(x)− f(a)

2
∈ intE,

which contradicts f(x) ∈ OintE(f(A)). If f is strictly properly quasi C-convex
and

f(x)− f(
x+ a

2
) ∈ intC or f(a)− f(

x+ a

2
) ∈ intC,

we have again a contradiction, because intC ⊂ intE, and, also in the last case,

f(x)− f(
x+ a

2
) = f(a)− f(

x+ a

2
) + f(x)− f(a) ∈ intE.

This proves that OintE(f(A)) ⊆ OE(f(A)). Then the conclusion follows if we
prove that f(A) ∩ s− lim supOintE(fn(An)) ⊂ OintE(f(A)).

Let f(A) ∋ y = s− lim yn, yn ∈ OintE(fn(An)), we prove that y ∈ OintE(f(A)).
In fact, if, on the contrary, y − e = f(x) for some e ∈ intE, x ∈ A, thanks to
assumption (ii), there exists a sequence (xn, vn) ∈ epi fn|An such that (xn, vn) →
(x, f(x)) strongly. Since e ∈ intE and yn − vn

s−→ y− f(x) = e, then yn − vn ∈
intE for large n. On the other hand, vn − fn(xn) ∈ C, so, yn − fn(xn) =
yn − vn + vn − fn(xn) ∈ intE + C ⊂ int (E + C) = intE, where the last
inclusion is justified, as before, by Proposition 2.2 of [17]. This contradicts the
fact that yn ∈ OintE(fn(An)) and our proof is achieved.

When E is weakly closed we can drop the assumption (vii) of the previous
proposition, in the case where f is strictly properly quasi C-convex.

Proposition 5.20. Let X, Y be reflexive Banach spaces, Y partially ordered
by a closed, convex and pointed cone C ⊂ Y , such that intC ̸= ∅. Let E ⊂ Y
be a C−i.s. and An, A ⊆ Y, f, fn : X → Y satisfying the assumptions from (i)
to (vi) of the previous proposition. Moreover, in place of (o) we assume
(o’) C is w-closely supported, E is weakly closed
and in place of (viii)
(viii’) f is strictly properly quasi C-convex on A.
Then the same conclusion as in Proposition 5.19 holds.

Proof. The inclusion OE(f(A)) ⊂ s− lim inf OE(fn(An)) follows now from
Proposition 5.11, then the remaining part of the proof is the same of the pre-
vious proposition.

Remark 5.21.
(a) The following example shows that, under the assumption of Proposition
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5.19, it may happen that s− lim supOintEn(fn(An)) * OintE(f(A)), also in
finite dimension.
Let X = R, Y = R2, C = E = [0,∞[×[0,∞[, A = An = [0, 1] and

fn(x) = (x2,
1

(x+ 1)n2 + g(x)), where g(x) = x(x − 2). It is easy to verify

that epi fn|A
M−→ epi f|A, where f(x) = (x2, g(x)), x ∈ [0, 1], and f is strictly

C-convex. In fact, if x > 0 and (x, α, β) ∈ epi f|A, α ≥ x2, β ≥ g(x), it

results (x, α, β) = lim
n→∞

(x, α,
1

(x+ 1)n2 + g(x) + β − g(x)) ∈ lim inf(epi fn|A). If

x = 0 and β ≥ 0, then (0, α, β) = lim
n→∞

(
1

n
,
1

n2
+ α,

1

( 1
n
+ 1)n2 + g(

1

n
) + β) =

lim
n→∞

(
1

n
, fn(

1

n
) + (α, β)) ∈ lim inf(epi fn|A). Hence, epi f|A ⊆ lim inf(epi fn|A).

Moreover, if (x, y, z) ∈ lim sup(epi fn|A), we have (x, y, z) = lim
k→∞

(xk, yk, zk),

yk ≥ x2
k, zk ≥

1

(xk + 1)n
2
k

+g(xk) and, since 1

(xk + 1)nk
2 +g(xk) ≥ g(xk) → g(x),

we conclude that y ≥ x2 and z ≥ g(x), so, (x, y, z) ∈ epi f|A. Thus is proved
that epi fn|A

M−→ epi f|A. We now show that

fn(A)
s−K−→ Γ := {0} × [0, 1] ∪ {(x2, g(x)) : x ∈]0, 1]}. (12)

We begin with the inclusion Γ ⊆ lim inf fn(A). When (0, y) ∈ {0}×]0, 1] we
consider xn = 1

n2 (− ln y), while, when y = 0, xn = 1
n
, so, anyway, fn(xn) →

(0, y) and (0, y) ∈ lim inf fn(A). Besides, (x2, g(x)) ∈ lim inf fn(A), because
fn(x) → f(x) for any x ∈]0, 1].
For the opposite inclusion, we consider a sequence (xn)n∈N in A, such that

(x2
n,

1

(xn + 1)n2 + g(xn)) → (t, y). Obviously, t ≥ 0 and xn →
√
t. If t = 0 then

g(xn) → 0 and y = lim
n→∞

1

(xn + 1)n2 , but lim
n→∞

n2 ln(1 + xn) ≥ 0, so y ∈ [0, 1].

If t ∈]0, 1], clearly (x2
n,

1

(xn + 1)n2 + g(xn)) → (x2, g(x)), where x =
√
t. This

concludes the proof of the opposite inclusion. It is simple to see that fn(An) and
f(A) are graphics of strictly decreasing functions on [0, 1], so it is clear that
OintE(fn(An)) = fn(A) and OintE(f(A)) = {(x2, g(x)), x ∈ [0, 1]} = f(A),
hence, by taking (12) into account, our assertion is proved.
(b) By another example, we point out that, when the improvement set E is
closed, so that d(0, E) > 0, it may happen that OintE(f(A)) * OE(f(A)) and
s− lim supOintEn(fn(An)) * OE(f(A)), also if f is strictly C-convex or strictly
properly quasi C-convex on A.
Let A = An = R2, f, fn : R2 → R2 defined as fn(x, y) = f(x, y) = (x2 +
y2, exp(−x) + y2) and C = {(x, y) ∈ R2 : x ≥ 0, y ≥ 0}, E = (1, 1) + C.
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Since x ∈ R 7→ x2 ∈ R and x ∈ R 7→ exp(−x) ∈ R are strictly C-convex
and properly strictly quasi C-convex, the same holds for f . Clearly f(x, 1) ∈
OintE(f(A)) \OE(f(A)) for every x ∈ R.

In the next result about the upper inclusion of sequences of optimal points we
avoid the assumption of nonempty interior on the cone, thanks to the use of
the Attouch-Wets lower limit.

Proposition 5.22. Let X, Y be normed spaces, with Y partially ordered by a
closed convex and pointed cone C ⊂ Y , and E ⊂ Y a C-i.s. Let f, fn : X → Y
and A, An ⊂ X, we assume
(i) fn are C-convex, fn(An) + C are strongly closed, and int f(A) ̸= ∅
(ii) AW− lim(f(A), fn(An) + C) = 0.

Then f(A)∩ s− lim supOE(fn(An)) ⊂ ÕE(int f(A)) (13)

Proof. Let y = s− lim fnk
(ak), ak ∈ Ank

, y ∈ f(A), and fnk
(ak) − E ∩

fnk
(Ank

) = ∅, k ∈ N. We assume, by contradiction, that y /∈ ÕE(int f(A)),
so, we have y − e = f(a) for some e ∈ E and f(a) ∈ int f(A). It is
by an obvious argument that fn(An) + C results to be convex. We notice
that Lemma 41 of [14] still holds if the limit set is not assumed to be nor
closed neither convex. Since by assumption fn(An) + C are also closed, if
B(f(a), δ) ⊂ B(f(a), δ′) ⊂ f(A), 0 < δ < δ′, from such lemma it follows
that there exists nδ ∈ N such that B(f(a), δ) ⊂ fn(An) + C for each n ≥ nδ.
On the other hand, as fnk

(ak) − e → f(a), there exists νδ ∈ N such that
fnk

(ak) − e ∈ B(f(a), δ) for every k ≥ νδ. As we can assume nk ≥ nδ when
k ≥ νδ, it follows that fnk

(ak) − e = fnk
(a′k) + ck ∈ int(fnk

(Ank
) + C). This

means that fnk
(ak) − e − ck = fnk

(a′k) ∈ fnk
(Ank

), which is in contradiction
with fnk

(ak) ∈ OE(fnk
(Ank

)).

Remark 5.23.
(a) Let X, Y, C, E be like in the previous proposition, with the further as-
sumption that 1

2
e ∈ E for any e ∈ E; if we assume that A ⊂ X and f : A → Y

are given and satisfy
(i) A is closed and convex, int f(A) ̸= ∅ and f(a+b

2
) ∈ int f(A) ∀ a, b ∈ A;

(ii) f is C-convex;

then OE(f(A)) = ÕE(int f(A)).
So, if we join such assumptions with those of the Propositions 5.11 and 5.22,
we obtain

f(A) ∩ s−K limOE(fn(An)) = OE(f(A)) .

Proof. Obviously, the only inclusion to prove is ÕE(int f(A)) ⊂ OE(f(A)).
Let f(x) ∈ f(A) be such that (f(x)− E) ∩ int f(A) = ∅ and, on the contrary,
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f(x) − e = f(a) for some a ∈ A, e ∈ E. From assumption (ii), we have
f(x)+f(a)

2
−f(x+a

2
) ∈ C, while, thanks to the additional property of E, f(x)−f(a)

2
∈

E. This leads to f(x) − f(x+a
2
) ∈ E, which is a contradiction, since f(x+a

2
) ∈

int f(A) by virtue of assumption (i).

(b) The condition on the strong closure of fn(An)+C of assumption (i) in the
previous proposition is a consequence, whereas the assumptions of Proposition
5.14 are satisfied by fn and An in place of f and A.

In order to avoid the intersection with f(A) in the left hand of (11) and (13),
we need a stronger convergence which is known, in the finite dimensional case,
as ‘continuous convergence’.

Definition 5.24. Let X, Y be normed spaces, f, fn : X → Y, A, An ⊂ X.
We say that (fn|An)n∈N converges to f|A in the sense of weak-weak [respectively
weak-strong] continuous convergence, and we denote fn|An

c.ww−−→ f|A [respec-
tively fn|An

c.ws−−→ f|A], iff for every Ank
∋ xk ⇀ x ∈ A, where (nk)k∈N is a

subsequence of N, it results fnk
(xk) ⇀ f(x) [respectively fnk

(xk)
s−→ f(x)].

Remark 5.25. Assuming that Y is partially ordered by a pointed convex and
closed cone C ⊂ Y , then
(i) if w− lim supAn ⊆ A, the weak-weak continuous convergence implies the

upper part of the M-epiconvergence w − lim sup epi fn|An ⊂ epi f|A. In
fact, if epi fnk|Ank

∋ (xk, yk) ⇀ (x, y) ∈ X ×Y , thanks to the assumption
w − lim supAn ⊆ A, it results x ∈ A and fnk

(xk) ⇀ f(x). So, since
fnk

(xk) ≼Y yk and the cone is weakly closed, we obtain that y−f(x) ∈ C
and (x, y) ∈ epi f|A.

(ii) If An
M−→ A the weak-strong continuous convergence is stronger than the

M-epiconvergence. In fact, let us assume that fn|An

c.ws−−→ f|A. Thanks
to part (i) of this Remark, we only need to prove the inclusion epi f|A ⊂
s− lim inf epi fn|An . Let (x, y) ∈ epi f|A and xn ∈ An, xn → x, then,
by definition of weak-strong continuous convergence, fn(xn) → f(x),
thus epi fn|An ∋ (xn, y − f(x) + fn(xn)) → (x, y) and (x, y) ∈ s −
lim inf epi fn|An .
An example of M-epiconvergent sequence which is not weak-strongly con-
tinuously convergent is the one given in Remark 5.21 (a).

Proposition 5.26. Let X, Y be normed spaces, such that X is a reflexive
Banach space, and Y is partially ordered by a closed convex and pointed cone
C ⊂ Y . Let f, fn : X → Y and A, An ⊂ X such that
(i) An are convex, and An

w−K−→ A;
(ii) (An)n∈N is recessively w-compact in X;
(iii) each fn|An is properly quasi C-convex or C-convex;
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(iv) fn|An

c.ww−−→ f|A;
(v) O+(f z

|A) = {0} if z ∈ Y is such that f z
|A ̸= ∅.

Then w−lim sup fn(An) ⊂ f(A).

Proof. Let y = w − limk→∞ fnk
(xk), where xk ∈ Ank

, we prove that (xk)k∈N
is bounded in X. If, by contradiction, up to a subsequence, ∥xk∥ → ∞, by
assumption (ii), we get tkxk ⇀ x̄ ∈ X \ {0} for some positive sequence tk → 0.
Let λ > 0 and x ∈ A be given. In virtue of assumption (i), we may consider
Ank

∋ x′
k ⇀ x. Since λtk ∈ [0, 1], when k is large, and An are convex, it re-

sults (1− λtk)x
′
k + λtkxk ∈ Ank

, while the same sequence weakly converges to
x + λx̄. So, x + λx̄ ∈ A and x̄ ∈ A∞. Thanks to assumption (iii) and to the
weak-weak continuous convergence we easily obtain that f(x+λx̄) ≼Y f(x) or
f(x+ λx̄) ≼Y y for any λ ∈ [0,∞[, and this contradicts the assumption (v).
Hence (xk)k∈N is bounded, and, by reflexivity, xk ⇀ a for some subsequence,
and a ∈ A. The conclusion follows, because, by weak-weak continuous conver-
gence, fnk

(xk) ⇀ f(a) and this says that y = f(a) ∈ f(A).

Lemma 5.27. Let X be a normed space, Y a reflexive Banach space partially
ordered by a closed convex and pointed cone C ⊂ Y , and f, fn : X → Y ,
A, An ⊂ X. We assume the conditions (ii), (iii), (v) of Proposition 5.26 plus
the following ones
(i’) An are convex, and w−lim supAn ⊆ A;

(vi) the sequence (fn(An))n∈N is recessively w-compact in Y ;
(vii) epi fn|An

M−→ epi f|A.
Then, if (fnk

(xk))k∈N, where xk ∈ Ank
, is strongly convergent in Y , the sequence

(xk)k∈N is bounded in X

Proof. The proof is analogous to the one in the previous proposition, with the
difference that the sequence (fnk

(x′
k))k∈N weakly convergent to f(x) is given by

Proposition 5.7.

Definition 5.28. Let X, Y be normed spaces, with Y partially ordered by a
closed convex and pointed cone C ⊂ Y , and E ⊂ Y be a C-i.s. Let f : X → Y
and A ⊂ X, we say that x ∈ A is an E-efficient point, iff f(x) ∈ OE(f(A)) and
we denote the set of such efficient points by Eff(f, A,E).

Theorem 5.29. Let X, Y be reflexive Banach spaces, with Y partially ordered
by a closed convex and pointed cone C ⊂ Y , and E ⊂ Y a C-i.s. such that
d(0, E) = 0. Let f, fn : X → Y and A, An ⊂ X. We assume that all the
conditions from (i) to (viii) of Proposition 5.12, or, alternatively, from (i) to
(vii) of Proposition 5.11 are true. In addition
(a) w − lim supAn ⊆ A, and
(b) λf(a)+(1−λ)f(b)−f(λa+(1−λ)b) ∈ C\{0} if a, b ∈ A, a ̸= b, λ ∈]0, 1[;
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then Eff(f, A,E) ⊆ w − lim inf Eff(fn, An, E).
Moreover, with the further assumptions
(c) fn|An

c.ws−−→ f|A,
(d) intC ̸= ∅,
(e) f is strictly C-convex,
(f) λE ⊆ E for any λ ∈]0, 1],

it follows that Eff(fn, An, E)
w−K−−−→ Eff(f, A,E).

Proof. Let x ∈ A be such that f(x) ∈ OE(f(A)). We prove that x ∈ w −
lim inf Eff(fn, An, E). Thanks to our assumptions, we can apply the Proposi-
tion 5.12 or 5.11 to obtain a sequence (xn)n∈N such that xn ∈ Eff(fn, An, E) and
f(x) = s− lim fn(xn). Since among our assumptions, there are those of Lemma
5.27, such sequence is bounded, so, up to a subsequence, xn ⇀ x̃ and x̃ ∈ A.
By taking the M-epiconvergence into account, it results f(x̃) ≼Y f(x), namely
f(x) − c = f(x̃) for some c ∈ C. If c ̸= 0, then c ∈ E, because d(0, E) = 0
implies that C \ {0} ⊆ E. This is impossible, because f(x) ∈ OE(f(A)), so
f(x) = f(x̃).
Now, assumption (b) implies that x = x̃, in fact, on the contrary,

C \ {0} ∋ f(x) + f(x̃)

2
− f(

x+ x̃

2
) +

f(x)− f(x̃)

2
= f(x)− f(

x+ x̃

2
),

which again contradicts f(x) ∈ OE(f(A)). Hence x = x̃ = w− limxn, and the
inclusion Eff(f, A,E) ⊆ w − lim inf Eff(fn, An, E) is proved.
We now consider the upper inclusion w− lim supEff(fn, An, E) ⊆ Eff(f, A,E),
under the further assumptions from (c) to (f). If xk ∈ Eff(fnk

, Ank
, E), k ∈ N

and xk ⇀ x ∈ X, then assumption (a) gives x ∈ A. Hence, by assumption
(c), fnk

(xk)
s−→ f(x) and, by Proposition 5.19, we have that f(x) ∈ OE(f(A)),

which means x ∈ Eff(f, A,E). This concludes the proof.

Theorem 5.30. Let X, Y be reflexive Banach spaces, with Y partially ordered
by a closed convex and pointed cone C ⊂ Y , and E ⊂ Y a C-i.s. such that
d(0, E) = 0. Let f, fn : X → Y and A, An ⊂ X. We assume that all the
conditions from (i) to (viii) of Proposition 5.12 are true. In addition
(a) w−lim supAn ⊆ A;
(b) for any n ∈ N, any λ ∈]0, 1[, and any a, b ∈ A, a ̸= b, we have

f(λa+ (1− λ)b) ∈ (f(a)− C \ {0}) ∪ (f(b)− C \ {0}), and
fn(λa+ (1− λ)b) ∈ (fn(a)− C \ {0}) ∪ (fn(b)− C \ {0}).

Then Eff(fn, An, E)
w−K−−−→ Eff(f, A,E).
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Proof. The proof of the inclusion Eff(f, A,E) ⊆ w− lim inf Eff(fn, An, E) is
analogous to the one of the previous proposition.
For the opposite inclusion, we consider xk∈ Eff(fnk

, Ank
, E), k ∈ N, xk ⇀ x ∈

X, then assumption (a) gives x ∈ A. We prove that f(x) ∈ OE(f(A)). If, on
the contrary

f(x)− e = f(a) (14)

for some e ∈ E, a ∈ A, thanks to the epiconvergence, there exists a sequence
(an, yn)n∈N such that epi fn|An ∋(an, yn)

s−→ (a, f(a)). Clearly ank
̸= xk for large

k, otherwise a = x against (14).
Let now sk =

1
k
ank

+(1− 1
k
)xk, which, by convexity, belongs to Ank

, and weakly
converges to x. In virtue of assumption (b), we have fnk

(xk)−fnk
(sk) ∈ C \{0}

or f(ank
) − fnk

(sk) ∈ C \ {0}. The first case is impossible, because sk ̸= xk

and f(xk) ∈ OE(fnk
(Ank

)). Therefore, fnk
(sk) ≼Y fnk

(ak) ≼Y ynk

s−→ f(a), so,
by epiconvergence, f(x) ≼Y f(a) = f(x)− e. This implies that −e ∈ C, which
is impossible, because it would entail 0 = e − e ∈ E, while E is a C-i.s. This
concludes the proof.

Remark 5.31.
(a) Assumption (d) in Theorem 5.29 is essential as can be shown by the
following example.
Let X = R, Y = R2, E = C \ {(0, 0)} = {(0, λ) : λ > 0}, An = A = [0,∞[ and

fn : An → Y , f : A → Y , defined by fn(t) = (
t

n
, t2), f(t) = (0, t2), t ∈ [0,∞[,

n ∈ N, n ≥ 1. It is clear that fn|An

c.ws−−→ f|A and this, thanks to Remark 5.25 (ii),
implies that epi fn|An

M−→ epi f|A. Also the other assumptions in Theorem 5.29
are easily verified, in particular the E-domination property of each fn(An),
because any its point is in OE(fn(An)). However, Eff(fn, An, E) = [0,∞[ for
every n ∈ N, while Eff(f, A,E) = {0}.
(b) Also assumption (c) in Theorem 5.29 is essential as can be shown by the
following example.
Let X = R, Y = R2, E = C \ {(0, 0)} = [0,∞[×[0,∞[\{(0, 0)}, An = A =

[0,∞[, fn : An → Y , f : A → Y , defined by fn(t) = (t,− 1

n

√
t), f(t) = (t2, t4),

t ∈ [0,∞[, n ∈ N, n ≥ 1. Obviously epi fn|An = {(y1, y2) ∈ R2 : y1 ≥ 0,

y2 ≥ − 1

n

√
y
1
}, epi f|A = C and epi fn|An

M−→ epi f|A. Moreover f, fn are strictly
C-convex and all the other assumptions of Theorem 5.29 are verified, except
(c). The conclusion of Theorem 5.29 fails, because Eff(fn, An, E) = [0,∞[ for
every n ∈ N, while Eff(f, A,E) = {0}.

Errata Corrige. We recall Theorem 3.21 of [12].
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Let X be a normed space, Y an ordered topological vector space with positive
cone C such that intC ̸= ∅. Let f, fn : X → Y and A, An ⊂ X be such that
• the sequence (An)n∈N is recessively w-compact in X and (An)n∈N converges

to A in the sense of Mosco;
• f, fn are C-convex and locally upper bounded (i.e. for any x ∈ X there

exist a neighborhood U of x and y ∈ Y such that y− f(x′) ∈ C ∀x′ ∈ U);
• ∀x ∈ A there exists a sequence (xn)n∈N, xn ∈ An, xn

s−→ x, such that
fn(xn)

s−→ f(x);
• ∀x ∈ A, xn ∈ An, xn ⇀ x and every ε ∈ intC there exists kε,x ∈ N such

that fn(xn)− f(x) + ε ∈ C ∀n ≥ kε,x;
• there not exists x̄ ∈ X \ {0}, y ∈ Y such that x+λx̄ ∈ A, y− f(x+λx̄) ∈

C, ∀x ∈ A, λ ≥ 0

Then
s−lim supOintC(fn(An)) ⊆ OintC(f(A)). (15)

This conclusion is incorrect and must be replaced by

f(A) ∩ s−lim supOintC(fn(An)) ⊆ OintC(f(A)). (16)

In fact, it is easy to check that the example in Remark 5.21 satisfies all the
above assumptions, however, as already noticed about Propositions 5.19 and
5.20, the inclusion (15) fails, while the same proof shows that (16) holds.
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