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for the past few years. We show that this condition is equivalent to the sufficient condition
of continuity of metric projection introduced by K.-S.Lau back in 1979. A characterization
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1. Introduction

Let X be a real Banach space and M a closed subspace of X. For x € X we
define Py(z) = {y € M : ||z — y|| = d(x, M)} the set of best approxzimation
of x in M. Here d(x, M) denotes the distance between z and M. For § > 0,
we define Py (z,0) = {y € M : ||z —y| < d(xz, M)+ 6}. If for every z € X,
Py(x) # 0, we say that M is a proximinal subspace of X and if Py (z) is a
singleton then M is called Chebyshev. The set-valued map x — Py () is called
the metric projection of X onto M.
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A sequence (z,) in M is called a minimizing sequence for x € X in M if
|z — x,|| = d(x, M). For a non-empty set A of X, let B.(A) = A+ eByx where
Bx denotes the closed unit ball of X. The unit sphere of X is denoted by Sx.

All subspaces we consider in this paper are assumed to be closed.

One of the pertinent questions which received a lot of attention is under what
geometric properties on X or proximinality properties on M, the metric pro-
jection is continuous or it has stronger continuity properties, such as, uniform
continuity or Lipschitz continuity in terms of Hausdorff metric.

It is easy to find an example of a proximinal (even Chebyshev) subspace but the
metric projection is not continuous, see for examples in the book by Holmes [12].
In case M is Chebyshev, a natural sufficient condition on M for the continuity
of P is that the minimum norm problem is well-posed; i.e., every minimizing
sequence in M converges. We note that if M is Chebyshev and a minimizing
sequence (x,) for x € X in M converges then it converges to Py(x) and the
sequence of sets (Py(x, 2)) converges to Py(x) in the Hausdorff metric.
Attempts were made to generalize the notion of well posed-ness in case M
is not Chebyshev and study the continuity properties of P, which is a set-
valued map. One natural generalization of the well posed-ness is generalized
well posed-ness or approximative compactness [18, page 469]. We say that a
proximinal subspace M of X is approzimatively compact if every minimizing
sequence has a convergent subsequence. Observe that a proximinal subspace
M is approximatively compact if and only if (Py(z, £)) converges to Py(z) in
the Hausdorff metric and Py (x) is compact for all z € X.

Further, by dropping the compactness condition on Py (z), a generalized notion
called strong proriminality was introduced. We say that a proximinal subspace
M is strongly proximinal if for every x € X, (Py(z, +)) converges to Py (x) in
the Hausdorff metric. Locally the notion is defined as follows.

Definition 1.1. A proximinal subspace M is said to be strongly proximinal at
z € X if for given € > 0 there exists 6 > 0 such that Py (z,9) C B.(Py(x)).

This generalized notion received considerable interests recently (see [3, 4, 5,
6, 9, 14, 15], and the recent [7]). Though it is a natural generalization of the
well posed-ness of the minimum norm problem, it is well known that strong
proximinality alone is not a sufficient condition for the continuity of the metric
projection. However, it is a simple consequence of the definition that strong
proximinality implies the upper semi-continuity of the metric projection with
respect to the Hausdorff metric. In some cases [4, 7, 14, 15] strong proximinality
also gives the lower semi-continuity of the metric projection.

It is natural to look for a sufficient condition which is a stronger condition
compared to strong proximinality for obtaining continuity properties of the
metric projection. In this paper we introduce an obvious strengthening of the
notion of strong proximinality, namely the following.
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Definition 1.2. Let M be a proximinal subspace of Banach space X and A C
X. M is said to be uniformly strongly proximinal on A if for ¢ > 0, there exists
0 > 0 such that Py(x,0) C B.(Py(z)) for every z € A.

For a subspace M of X and for 0 < p < [ we denote Dy, = {z € Sx :
d(z, M) = 1} and the metric annulus DY(M) = {z € X : p < d(z, M) < 5}

In Section 2 we show that if a subspace M is uniformly strongly proximinal on
Dy then M is uniformly strongly proximinal on every metric annulus and, in
particular, the metric projection is locally uniformly continuous on X \ M. We
note that if a subspace M is uniformly strongly proximinal on a subset A then
Py is uniformly continuous on A. We present several examples of subspaces
M which are uniformly strongly proximinal either on Dj; or on whole of X.
One of the natural class of subspaces which turns out to be uniformly strongly
proximinal on whole of X is the subspaces with the 1%—ball property (see
Definition 2.9) in X. It is known [6] that if a subspace M has the 11—ball
property in X then the metric projection Py is 2-Lipschitz continuous.

In [17], way back in 1979, Lau introduced a sufficient condition for the existence
of best approximation. We recall the notion of U-proximinality introduced by
Lau.

Definition 1.3. A subspace M of X is said to be U-proximinal if there exists
a function € : R™ — R™ such that €(-) is continuous, increasing, e(p) — 0 as
p— 0and (14 p)Bx N[Bx + M| C Bx + €(p)Bu.

At first appearance it is difficult to understand as to what U-proximinal means
geometrically and although it is introduced for the existence of best approxima-
tion, it is shown in [17] that it works as a sufficient condition for the continuity
of metric projection. In Section 3 of this paper, we present some character-
izations of U-proximinality which provide more clarity for understanding the
notion of U-proximinality geometrically and the characterizations explain that
the U-proximinality is a natual sufficient condition for the continuity of the
metric projection. One of the characterizations is that a subspace M is U-
proximinal if and only if it is uniformly strongly proximinal (USP) on Dy,.
This fits well with the local version of the result proved in [3] that M is locally
U-proximinal if and only if it is strongly proximinal. As a consequence of the
characterization, we present some new examples for U-proximinal subspaces
and we also obtain the fact that if M is U-proximinal then the metric pro-
jection Py is not only continuous on X, it is locally uniformly continuous on

X\ M.

Further, we observe that the notion of Property-(A) introduced in [19] (see
Definition 3.4) is actually equivalent to the property USP on Dy;.

Section 4 deals with a characterization of uniform convexity in terms of uniform
strong proximinality. We show that a Banach space is uniformly convex space
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if and only if the class of all closed subspaces of X is uniformly USP on any
bounded subset of X. As a corollary of this result we obtain a result of Holmes
[12, page 165].

In Section 5, we introduce the notion of modulus of uniform strong proximinal-
ity and present some quantitative results which relate the modulus of uniform
strong proximinality and modulus of uniform convexity. In particular we show
that in a uniformly convex space with modulus of uniform convexity of power
type p, every subspace has modulus of uniform strong proximinality of power
type i. Conversely if every subspace (every hyperplane) in X has modulus of

uniform strong proximinality of power type % then X is uniformly convex with
modulus of uniform convexity of power type p. This gives rise to some natural
questions which we present in Remark 5.4.

As a corollary to our results in Section 5, it follows that in every Banach space
there is a hyperplane which fails to have the 1%—ball property.

2. Uniform continuity of metric projection and examples

In the entire paper, unless specified otherwise, we assume M to be a proximinal
subspace of a real Banach space X.

Definition 2.1. P, is said to be continuous at zy € X if for € > 0 there exists
d > 0 such that Py(z) C B.(Py(z0)) and Pp(xg) C Bo(Py(x)) for all z € X
satisfying [|zg — x| < 6.

One of our main results in this section is that uniform strong proximinality of
M on D), is a sufficient condition for the metric projection P,; to be uniformly

continuous on each metric annulus. Recall that for 0 < p < 8 we denote the
metric annulus {z € X : p < d(z, M) < B} (with respect to M) by DJ.

Theorem 2.2. Let M be uniformly strongly proximinal on Dy;. Then for any
B and p satisfying 0 < p < B, we have

(a) M is uniformly strongly proximinal on Df ;
(b) Py is uniformly continuous on D5 .

Proof. Suppose M is uniformly strongly proximinal on Dy; and 0 < p < 5 for
some p, 3 € R. Let € > 0.

(a) By definition, there exists § > 0 such that Py(x,0) C B.(Py(x)) for
all z € Dy. We show that for any « € D?, Py(x,p6) C Bog(Py(x)). Let
x € DJ and y € Py(z). Denote 2o = ﬁ Then zg € Dy and Py(x,6) C

B.(P(xp)). Denote d(z, M) = a and note that

Pur(0,6) = é(PM(ac,océ) —y) and  B(Py()) éBaE(PM(x) _y).

Since Pys(x9,0) C B.(Py(z)) the conclusion follows.
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(b) Due to part (a), M is uniformly strongly proximinal on Dg . Hence there
exists § > 0 such that Py (z,0) C Be(Py(z)) for every x € DY, Then for any

x,y € Df satisfying ||z — y|| < %, we have Py(x) € Py(y,d) € B(Puy(y)).
By interchanging x and y we get Py(y) € Py(x,d) C Be(Py(z)). This proves

that Py is uniformly continuous on Dg . Il

Remark 2.3. The proof of part (b) of Theorem 2.2 actually shows more. It
follows that if M is uniformly strongly proximinal on a subset A of X then the
metric projection Py is uniformly continuous on A. The converse is not true.
For example, the metric projection on every closed subspace of a Hilbert space
is uniformly continuous but even a one dimensional subspace of R? with the
usual norm is not uniformly strongly proximinal on R?.

As Py is continuous on M, the following result is an immediate consequence of
Theorem 2.2. Recall that for z € X andr > 0, B.(z) ={y € X : |[x—y| <r}.

Corollary 2.4. If M is uniformly strongly proziminal on Dy, then

(a) Py is locally uniformly continuous on X\ M;
(b) Py is continuous on X.

In case X is strictly convex and if M is uniformly strongly proximinal on Dy,
then P, is actually uniformly continuous on all bounded subsets of X. To see
this it is enough to prove the following.

Corollary 2.5. Suppose X is strictly convex and M is uniformly strongly prox-
iminal on Dy;. Let B3>0 and D° = {z € X : d(z, M) < 8}. Then

(a) M is uniformly strongly proziminal on DP;

(b) Py is uniformly continuous on D,

Proof. (a) Let ¢ > 0. Then there exists § > 0 such that Py(x,d) C
B.(Py(x)) for all x € Dy Assume that § < e. Let 0 < r < 1 and
zo € X be such that d(zg, M) = r. Denote Py(x9) = yo. We show that
Pr(0,0) € B-(yo) which proves the result because of Theorem 2.2.

Suppose 7 > 0. We may assume (and we assume) that yo = 0. Then *® € Dy,
Py (%2) = 0 and by assumption Pp(%2,0) € B.(0). It is easy to verify that
Pri(20,0) € Py(%2,6). Therefore Py(20,6) € Be(0) = Be(yo)-

In case r = 0 then yo = zo and Py(xg,0) C Py(xo,€) C Be(zo).
(b) This follows from Remark 2.3. O]

In the rest of the section we give various examples related to uniform strong
proximinality.

Proposition 2.6. If M is a strongly proximinal hyperplane of X, then it is
uniformly strongly proxziminal on D,y.
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Proof. Suppose M = {y € X : 2*(y) = 0} for some z* € Syx- and M is
strongly proximinal. Let € > 0 and zq € Dy;. Then 2*(zy) = £1. Suppose
x*(x9) = 1. Denote H = {y € X : 2*(y) = 1}.

We observe that Py (0) = xg— Py (z0) and Py (0,6) = xo — Pu(xg,0). Since M
is strongly proximinal, there exists § > 0 such that Py(x,0) € Bo(Pa(zo)).
This implies that

xo — Pr(xg,0) C Be(xg — Puy(xo)),

and hence Py (0,0) C B.(Pg(0)). Again by translation we see that Py (z,d) C
B.(Py(x)) for all @ € Dy satisfying z*(x) = 1.

Finally, Py (z,d) C B.(Py(x)) for all @ € Dy, satisfying 2*(x) = —1 can be
shown in a similar way. [

The following corollary is immediate from Corollary 2.4, Corollary 2.5 and
Proposition 2.6.

Corollary 2.7. Let M be a strongly proziminal hyperplane of X. Then Py,
is uniformly continuous on every metric annulus and in particular it is locally
uniformly continuous on X\M. If X is strictly conver then Py is uniformly
continuous on bounded subsets of X .

We refer to [6, 9] for a necessary and sufficient condition for a proximinal
hyperplane to be strongly proximinal (see Proposition 4.3).

Remark 2.8. (1) Uniform strong proximinality is not a necessary condition
for the continuity of the metric projection. If we consider any proximinal
hyperplane M, then P, is continuous whereas M need not be even strongly
proximinal.

(2) Tt is known [2] that there is a one dimensional subspace M of a three di-
mensional space X such that P, is not continuous. As M is finite dimensional,
it is strongly proximinal however by Corollary 2.4 it is not uniformly strongly
proximinal on Djy;. Moreover, the same example reveals that Proposition 2.6
is not valid for M which is of co-dimension 2.

For the next class of examples we need the following definition.

Definition 2.9. A closed subspace M is said to have the 1%—ball property in
XifreX,ye M, r,s >0, B.(x)NM # () and ||z — y|| < r + s then the
intersection M N B,.(x) N By(y) # 0.

We will use the fact [10] that every closed subspace which has the 13—ball
property is proximinal. We also need the following lemma.

Lemma 2.10. Let M be a proriminal subspace of X. Then the following
assertions are equivalent.
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(a) M has the 1%—ball property;
(b) For any x € X andy € M we have ||x — y|| = d(x, M) + d(y, Py (z)).
(¢) Forany x € xg+ M,xo € Dy, we have ||z|| =1+ d(x, Pyt s(0)).

Proof. (a) < (b) is proved in [10] and the proof of (b) < (c¢) follows easily by
the translation. [

The following simple result unifies some of the results of [13, 17] which is
explained in Remark 2.12.

Proposition 2.11. Let M have the 1%—ball property in X. Then M is uni-
formly strongly proximinal on Dy;. In fact more, it is uniformly strongly
proximinal on entire X .

Proof. Let ¢ > 0 and » € X \ M. We show that Py(z,5) € B.(Pu()).
Let y € Py(z,£). Then by the definition of the 13—ball property d(z, M) +
d(y, Pu(z)) = ||z —y|| < d(z, M) + 5. Therefore d(y, Py (z)) < 5. O

Remark 2.12. (1) In the next section we will show that a proximinal subspace
M is U-proximinal if and only if it is uniformly strongly proximinal on D,;. In
[13, 17] it is proved that M-ideals, semi-L-summands and semi M-ideals are
U-proximinal subspaces. However it is known [11] that these classes have the
1%—ball property and hence by Proposition 2.11 they are U-proximinal.

t 1s known that 1 as the 15—ball property then Fy; 1s 2-Lipschitz
2) Itisk 6] that if M h hlébll hen P, is 2-Lipschi
continuous.

In [17] it is shown that for a compact Hausdorff space K, the space of continuous
functions C(K) is U-proximinal in the space of all bounded functions B(K)
with the supremum norm. We show below that in this case also C(K) in B(K)
has the 1%—ball property.

Proposition 2.13. Let K be a compact Hausdorff space. Then C(K) has the
12 —ball property in B(K).

Proof. It is known [16] that C'(K) is proximinal in B(K'). Denote M = C'(K).
Let fo € Dy and f € fo + M. By Lemma 2.10, it is enough to show that
I fll = L+ d(f, Pr+m(0)). If || f|| = 1 then f satisfies this condition trivially.
Therefore let || f|| = 14 p where p > 0. Define b’ = (fAp)V(—p)and ¢’ = f—h'.
Then h' € M, ||W'|| < p and it follows from the proof of Proposition 4.4 of [17]
that ||¢’|| < 1. Note that ¢ = f —h' € fo + M and hence ¢ € Py (0).
It follows that [If — /|| > d(f, Pp,ai(0). Thus p > 2] > d(f, Prsni(0).
Hence || f|| > 1+ d(f, Pfy+1(0)). The other inequality is obvious. O

Remark 2.14. (1) In [17] it is also proved that K (Ly(u),f;) - the space
of all compact operators from L;(u) to ¢, p non atomic, is U-proximinal in
L(Ly(p),¢1) - the space of all bounded operators from L;(u) to ¢,. However,
in [21] it is shown that K (L;(p), ¢1) has the 11 —ball property in L(Ly(p), (7).
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(2) By Proposition 2.13 and Remark 2.12 it follows that for a compact Haus-
dorff space K, the metric projection Pe(k) is 2-Lipschitz continuous on B(K).
We refer to [12, page 173] for a variant of this result.

The examples of subspaces of classical spaces which are U-proximinal given
above or given in [17] have the 15—ball property. Taking cue from an example
in [20], in the following we show that there exists a subspace M of ¢y which does
not have the 1%—ball property in ¢y but it is uniformly strongly proximinal on
Dyy; that is, M is U-proximinal.

Example 2.15. Take the space ¢y with sup norm and f = (3, _31 ,0,0,0,...) €
c5. Let M = Ker(f) = {z(x;) € co : 2x1 = x2}. Since f has a finite support,
M is proximinal and hence it follows from [15] that M is strongly proximinal
in ¢g. Therefore, by Proposition 2.6, M is uniformly strongly proximinal on
Dy;. We show that M does not have the 1%—ball property.

Consider x = (—=1,2,0,0,...) € X and y = (2,4,0,0,...) € M. First we
show d(x, M) = %. Suppose (z1, 22, 23, . ..) € Blz,r] N M for some r > 0 then
—r—1<z1<r—1and —r+2 < 2z <r+2 If r < —then221 < 29
which implies that Blx, 7] M = (). Since (%, 2,0,0,...) € MﬂB[ 3] we have
d(x, M) =3

If (21,22,23,...) € Blz,3]N M = Py(x) then z; = 3. Therefore for any
z € Py(z) we have Hy—z” > 10 and hence d(y, Py(x)) > 4. This implies that

3’3’

4 10
A, M) + dly, Pa(a) 2 5 + = > 3= lo = |

Therefore by Lemma 2.10 the subspace M fails to have the 1%—ball property.

Remark 2.16. In Section 5 we show a more general result (Corollary 5.5)
which provides several examples of M which are uniformly strongly proximinal
on Dy, but they do not have the 1%—ball property.

Another natural class of examples of uniformly strongly proximinal subspaces
are subspaces of uniformly convex spaces. We will deal with this in Section 4.

3. U-proximinality and uniform strong proximinality

In this section we present some characterizations of U-proximinality. In par-
ticular we show that M is a U-proximinal subspace of X if and only if it is
uniformly strongly proximinal on D,;.

Observe that a subspace M of X is U-proximinal if for € > 0 there exists o > 0
such that (140)BxN[Bx+M] C Bx+eByy. It is known [17] that U-proximinal
subspaces are proximinal.
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The following characterizations provide more clarity for understanding the no-
tion U-proximinality geometrically and also show that U-proximinality is a
natural sufficient condition for the (uniform) continuity of the metric projec-
tion.

Theorem 3.1. Let M be a proziminal subspace of a Banach space X. Then

the following statements are equivalent.

(a) M is U-proximinal in X;

(b) Given € > 0 there exists 6 > 0 such that (1 + 0)Bx N[z + M] C B.(Bx N
[z + M]) for all x € Bx;

(¢) Given € > 0 there exists 6 > 0 such that (14 6)Bx N[z + M| C B.(Bx N
[z + M]) for all x € Dyy;

(d) M is uniformly strongly proximinal on Dy;.

Proof. (a)=-(b) Suppose M is U-proximinal in X and ¢ > 0. Then there
exists 0 > 0 such that (1 + 0)Bx N[Bx + M| C Bx + eBy. Let y € (1 +
0)Bx N [x + M] for some © € Bx. Then y € (1 + 0)Bx N [Bx + M] and

= x + m for some m € M. By the assumption y € Bx + Bj;. Therefore
y = xo + emy for some zy € Bx and my € By;. Moreover ||y — z¢|| < e. Since
Tog =Yy —emg=x+m—emg, zg € x + M. Therefore g € Bx N [x + M| and
hence y € B.(Bx N [z + M]) which proves the implication.

(b)=(c) This implication is obvious.

(c)< (d) These implications follow from the observation that for any § > 0,
x € Dy, (14+6)BxN(x+M) = Ppyp(0,0) = x— Py(x,0) and By N(x+ M) =
(¢c)=(b) Let x € Bx \ Djp; and € > 0.

If © € M then it is easy to see that (1+¢)Bx N[x + M| C B.(Bx N [z + M]).
Suppose z is not in M, that is © + M # M. By (c), there exists § such that
(1+0)Bx N [zg + M] C Bs(Bx N [zo + M]) for all 9 € Dyr. We now use the
argument used in the proof of Proposition 2.2 of [17].

Let y € (1+0)Bx N[z + M]. If y € By then y € Bx N [x + M| hence there
is nothing to prove. So let y € (14 §)Bx \ Bx. Find zq € Dy N span{x, M}
and « > 0 such that ay € xg + M and [y, zo) " M = 0. Let y; = ay.

Choose wy € (xo+ M) N Bx such that ||y, —wi|| < d(y1, (xo+ M) N Bx) + %

Define x; as follows. If y; € (1 + J)Byx, let z; = y;. Otherwise let

{21} = [wy, ] N (1 +6)Sx.
Then

13
ly1 — 21| + ||z — wi]] < d(y1, (o + M) N Bx) + 3

€
< g1 — x1|| +d($17($o+M)ﬂBx)+§.
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Therefore |21 —w, || < d(21, (2o+M)NBx)+5. Since 2, € (140)Bx N (zo+M),
by the assumption, x1 € Bz (Bx N (zg + M)). Therefore ||z; —w;[| <e.

Using Lemma 2.1 of [17] and the remark below this lemma in [17], find z €
(x + M) N Sx such that ||y — z|| < ||x1 — w]|. Hence y € B.(Bx N [z + M]).

(b)=(a) Let € > 0. By (b) there exists § > 0 such that
(14+0)Bx N[z + M] C B.(Bx N[z + M])
for all x € Bx. We claim that
(1+6)Bx N[Bx + M| C Bx +eBy,.

Suppose y € (1 + 6)Bx N [Bx + M]. Then y = x + m for some =z € By,
m € M and ||y|| < 1+ . Observe that y € (1+ 0)Bx N [x + M]. Therefore
by the assumption y € B.(Bx N [z + M]). Find xy € Bx N [x + M] such that
ly — xo]] < e. Sincey € o+ M and zp € x+ M, y — xg € M. Therefore
y:xo—l—(y—xo)€x0+5BM§BX+€BM. U]

The following corollary which sharpens Theorem 3.4 of [17] is a consequence of
Theorem 3.1.

Corollary 3.2. If M is a U-proximinal subspace of X, then the metric pro-
jection Py is continuous on X. Moreover, it is uniformly continuous on every
metric annulus and in particular it is locally uniformly continuous on X \ M.

Remark 3.3. Given a paracompact Hausdorff space K and a subspace M of
X, let Cy(K, M) (resp., Cp(K, X)) denote the space of all bounded continuous
functions f : K — M (resp., f : K — X). It was observed in [3] that the
strong proximinality of M in X is not sufficient to ensure the proximinality
of Cyp(K, M) in Cy(K,X). However, in [19], the following property, called
Property-(A), is considered for studying the sufficiency part.

Definition 3.4. A subspace M of X is said to have Property- (A) if for every
e >0 and R > 0, there exists § > 0 such that, given z € X with d(z, M) < R
and w € M such that ||z—w| < R+9, there exists y € M such that ||[z—y| < R
and ||w —y| <e.

It is proved in [19, Theorem 4] that if M has Property-(A) in X, then Cy(K, M)
is proximinal in Cy(K, X).

It is straightforward to see that if M has Property-(A) in X then M is USP
on Dys. On the other hand in [19, Example 6], it is shown that if M is U-
proximinal in X then M has Property-(A). Hence, it follows from Theorem 3.1
that all three properties are equivalent. Therefore, if M is USP on D,;, then
Cy(K, M) is proximinal in Cy(K, X).
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4. Uniform strong proximinality and uniform convexity

In this section we present a characterization of uniform convexity in terms of
uniform strong proximinality.

It is shown in [17] that in a uniformly convex space every closed subspace is
U-proximinal. Therefore, by Theorem 3.1 and Corollary 2.5, it follows that in a
uniformly convex space every closed subspace is uniformly strongly proximinal
(USP) on bounded subsets. We see below that in a uniformly convex space
the class of all closed subspaces is uniformly USP on bounded subsets and
interestingly the converse is also true. This implies the result of Holmes [12,
page, 165] that the family of maps { Py, : M is a closed subspace of a uniformly
convex space X } is uniformly equi-continuous on any bounded subset of X.

The following is our main result of this section.

Theorem 4.1. The following assertions are equivalent.
(a) X s uniformly convex;

(b) For a given € > 0 there exists 6 > 0 such that Py(x,0) C B.(Py(z)) holds
for every closed subspace M of X and x € Dyy.

(¢) For a given € > 0 there exists 6 > 0 such that Py(x,6) C B.(Py(x)) holds
for every closed hyperplane M of X and x € Dyy.

For the proof we need some definitions and notations.

It is known [18, page 483] that for a fixed z € Sx the function

th|| —
(o Lot = e

is increasing on R\ {0} for any h € X and hence the limit

Do) — 1 N R = D]

t—0+ t

exists.

Definition 4.2. The norm || - || of X is said to be strongly subdifferentiable (in
short ssd) at = € X if the one-sided limit

et th] o]
t—0+ t
exists uniformly for all h € Sx. If the norm || - || of X is ssd at all points of

Sx, we say that || - || is ssd or the space X is ssd.

The norm is uniformly ssd on X (or X is uniformly ssd) if the above limit is
uniform in z € Sx.



1274 S. Dutta, P. Shunmugaraj, V. Thota / Uniform Strong Proximality ...

The following observation is an immediate consequence of Proposition 2.6 and
the characterization of strongly proximinal hyperplanes in terms of ssd of the
dual norm given in [9] (see Proposition 2.1 of [6]).

Proposition 4.3. Let M = {x € X : 2*(z) = 0} for some x* € Sx+. Then
the following assertions are equivalent.

(a) M is uniformly strongly proziminal on Dyy;

(b) The norm of X* is ssd at x*.

For z € Sx, * € Sx- and 0 < 4 < 1 we define
S(X,xz*,0) ={x € Bx:2"(z) > 1 -4}

and
S(X*,x,0) ={z" € Bx+ :2"(x) > 1—6}.

Proof of Theorem 4.1. (a) = (b) Let X be uniformly convex and € be such
that 0 < ¢ < 2. Then there exists d such that 0 < § < 1 and for every z,y € Bx
with ||z — y|| > § we have ||Z5%|| < 1 —25. Let M be a closed subspace of
X and zy € Dy. Find 2* € Sx- such that z*|y; = 0 and z*(zg) = 1. We
show that diam(Py,4a(0,0)) < e which proves (b). Let x,y € Py 4n(0,0).

Consider ¥ = 135 and ¥ = 5. Then 7,y € Bx. Moreover, 2*(Z) > 1 -4

and y*(7) > 1 — 6. If |7 — 7| > § then 2*(Zt¥) < || 22| < 1 — 20 which is a
contradiction. Therefore |7 —7|| < § and hence |z —y[| <.
(b) = (c) Obvious.

(c)=(a) The proof of this implication will be done in several steps. Consider
the following assertions.

(1) For each € > 0 there is 6 > 0 such that Py (0,6) C B.(Pg(0)) whenever H
is a translate of a closed hyperplane satisfying d(0, H) = 1.

(2) For each € > 0 there is § > 0 such that S(X,y*,0) C B.(S(X,z*,0)) for
all z*,y* € Sx- satisfying ||z* — y*|| < 0.

(3) The dual norm is uniformly ssd on Sx-.

(4) The dual norm is uniformly smooth.
We will show that (¢) = (1) = (2) = (3) = (4) which proves (c¢) = (a).
(¢)= (1) This is easy to verify.

(1) = (2) Let € > 0. Then by (1) there exists 6 > 0 such that § < §
and Py(0,0) C Be(Ppg(0)) whenever H is a translate of a closed hyperplane
satisfying d(0, H) = 1. Let z*,y* € Sx- be such that |z* — y*|| < ¢ and

r € S(X,y*,0). Then

v (r) =y (z) = (y" —2")(x) =1 -9,
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This implies that x € S(X,z*,0). Define H = {y € X : *(y) = 1} and choose
T € Py(x). Note that ||Z]| < ||z —Z|| + ||z|| < d(x,H) +1 < § 4+ 1. Since
T € Py(0,6) choose § € Py (0) = S(X,2*,0) such that ||z —7|| < 5. Therefore
|z —7|| < |l —Z|| + ||z — ¥l|| < e This shows that x € B(S(X,z*,0)).

(2) = (3) This follows from Theorem 2.1 of [1]. Since several concepts are
involved in Theorem 2.1 of [1], we present here a direct proof following the

proof of Theorem 1.2 of [8] for reader’s convenience. Let ¢ > 0 and z* € Sx-.
Observe that (2) implies that the space X is reflexive.

By (2) there exists 0 > 0 which is independent of z* such that 0 < 6 < 1 and
S(X*,y*,0) C B(S(X™,2%,0))

whenever y* € Sy~ and ||z* — y*|| < J. Let 0 <t < 2 and h* € Sx-. We will
show that
[l + the]] — [l
t
Choose z;* € Sy« such that x;*(z*+th*) = ||*+th*|. Note that ||z*+th*|| >

) 1 * *+th* *k Rk )k
1 — 3> 5. Define 27 = ;7. Note that z;* € S(X™, z7,0) and

dy(z",h") <e.

[y — 2|l < 2[(1 = [l + th* | ll="[ + el 7] < 0.
Therefore, there exists ** € S(X**, z*,0) such that ||z};* — 2™ < e.
Since, for any t > 0, ™ (2* 4+ th*) — 2™ (2*) < ||la* + th*|| — ||z*||, we have
**(h*) < w and hence z**(h*) < dy(z*, h*). Therefore

lo* 4+ th* —1
t

r*(x* + th*) —

t ‘Tt (LU ) —l’**<h*) <e.

d+($*> h*) <

(3) = (4) This was proved in [8].
(4) = (a) This is well known (see [18, page 500]). O
The following result follows from the proof of Corollary 2.5 and Theorem 4.1.
Corollary 4.4. If X is uniformly convex then the family of maps

{Py : M a closed subspace of X}
is uniformly equi-continuous on any bounded subset of X.

Remark 4.5. It is known [9] that if M is strongly proximinal subspace of
finite codimension then M* is ssd. It is tempting to conjecture that if M is
uniformly strongly proximinal on Dy, then M~ is uniformly ssd, that is by [8],
uniformly smooth. However this is not true. For an easy example, consider
M ={feC(o,1]): f(z;) =0,21,29, -+ ,x, € [0,1]}. Then M is an M-
ideal in C([0, 1]) [11] hence has the 13 —ball property. Therefore M is uniformly
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strongly proximinal on Dj;. However M= is isometric to £} and it cannot be
uniformly smooth. Equally it is easy to see that if every closed hyperplane M
in X is strongly proximinal (therefore uniformly strongly proximinal) on D,
then X need not be uniformly smooth - any non super reflexive space X with
X* having a Frechet smooth norm will serve as an example.

5. Modulus of uniform strong proximinality

For a proximinal subspace M of X, the modulus of strong proximinality ¢ :
X\ M x Rt — R* is defined in [5] as follows:

env(z,t) =inf{r > 0: Py(x,t) C B.(Pu(z))}.

We may consider the uniform version of this modulus as follows:

enm(t) = sup e(z,t).
€Dy

It then follows that M is uniformly strongly proximinal on D, if and only if
enm(t) = 0ast— 0.

Similarly one may define the modulus of U-proximinality as follows:

ey (t)=inf{r >0: (1+¢)BxN[Bx + M| C Bx +rBy}.

The proof of Lemma 3.1 shows that we actually have e,,(t) = €%, (¢).

Theorem 4.1 can be stated in terms of the modulus of uniform strong proximi-
nality as follows: X is uniformly convex if and only if £,,(¢) — 0 uniformly for
all closed subspaces M of X ast — 0.

In the following quantitative result we see that one can relate the modulus of
uniform convexity dx(¢) to epr(t).

Proposition 5.1. Let X be uniformly convexr with modulus of uniform con-
vezity 6x(t). Then for any closed subspace M of X, ep(t) < 965" (L).

Proof. Let x € Dy, and M a closed subspace of X. Then d(x, M) = 1. It is
shown in the proof of Proposition 3.5 of [5] that

ar(e,) < (L 2l + (1+ 035 (5)

Hence for x € D); and sufficiently small ¢

t ¢ t
en(w,t) < 3t + 30! (5) < 605" (5) + 305 (5)-

Hence the result follows. O
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If for every closed subspace M of X we have uniform estimate on ey(t), then
we can also get the other way inequality as the following result shows.

Proposition 5.2. Suppose there exists a non-decreasing, continuous function
e:RT = RT with e(t) — 0 as t — 0 such that for every closed hyperplane M
of X we have Py (x,t) C Bewy(Pu(x)) for all x € Dy Then X is uniformly
convex and dx (t) > e (&) for 0 <t < 1.

Proof. It follows from Theorem 4.1 that X is uniformly convex. Observe that
t <e(t) for t > 0.

We first show that for ¢t € (0,1), S(X,z*,t) C S(X,z*0) + 2¢(t)Bx for all
z* € Sx-. For 2* € Sy let M = { X :2*(z) =0} and H = {z €
X :a*(x) = 1}. Let z € S(X,z%t),t € (0,1). Denote T = Py(x). Since
Z € Py(0,t) and Py(0,t) C Bewy(Pu(0)) we get | — Py (0)]] < (). Therefore
|z — Pr(0)|| < 2e(t). This shows that S(X,z*, t) C S(X,x*,0) + 2¢(t) Bx.

We finally show that if =,y € Sx and H“y” > 1 —¢e71(t), then ||z — y|| < 6t.
Suppose z,y € Sx and ||ZH¥ (). Choose xy € Sx» such that
rp () = H“yH Now elther zi(r) > 1—e () or z(y) > 1—e~(t). Suppose
zi(r) > 1 —e71(t), then x € S (X, z},e71(t)) C S(X,z,0) + 2tBx.

Since S(X, zj,0) = {HHyII} Hm — 2 < 2t and therefore

lz+yll

(Il +yll = 2)z + (z —y)|| < 4.

This implies that ||z — y|| < 4t + 2¢7(t) < 6. We have shown that whenever
2,y € Sy and ||z —yl| > 6t, we have 1— || *32|| > ¢7'(t). Hence dx(6t) > e~ (t).
That is 0x (t) > 5*1(@, -

The following result is a consequence of Proposition 5.1 and Proposition 5.2.

Corollary 5.3. Suppose that X is a uniformly convex Banach space such that
Ox(t) > KtP for some constant K > 0 and 2 < p < oco. Then there ezists a

constant C' > 0 such that for every closed subspace M, ey(t) < Ctv.

Conversely, let £(t) be the function considered in the statement of Proposition
5.2. If there exists ¢ > 0 such that e(t) < Ct? for some constant C' > 0 then X

is uniformly convexr and there exists a constant K > 0 such that dx(t) > Ktu.

Remark 5.4. Since the power type p of any uniformly convex space satisfies
2 < p < oo, from Corollary 5.3 we see that the power type ¢ of €(t) satisfies
0<qg< % Note that for any closed subspace M of a Banach space X the best
possible power type of £),(¢) is 1 and that occurs when M has the lé—ball
property in X. It will be interesting to construct an example where €,,(t) has
power type ¢ for q € (%, 1). Also can we have a space X and a subspace M
such that e, has power type ¢q for ¢ € (1,00)?7 Note that such a space must
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have the 1%—ball property. Finally, can there be a space X such that for every
q € (0,00) there exists a subspace M, C X such that e,;, has power type ¢?

We end with the following corollary which shows that in every Banach space
we have a hyperplane which does not have the 1%—ball property. This also
provides several examples of subspaces which are U-proximinal but do not
have the 1%—ball property.

Corollary 5.5. Let X be a Banach space. Then there exists a closed hyper-
plane M of X such that M does not have the 1%—ball property.

Proof. If X is not reflexive then there exists a closed hyperplane M which is
not proximinal. In this case M cannot have the 1%—ball property. Suppose now
X is reflexive and every closed hyperplane M in X has the 1%—ball property.
Let M be a hyperplane in X ande > 0. Let y € Py(x, §) for some 2 € X. Then
by Lemma 2.10, d(z, M) + d(y, Pu(z)) = ||z — y|| < d(z, M) + 5. Therefore
d(y, Pu(z)) < § which shows that Py(x,5) € B.(Pu(z) for all 2 € X. It
follows from the definition that €,,(t) < 2t for every hyperplane M of X. Hence
by Proposition 5.2 and Corollary 5.3, X is uniformly convex with dx(t) > Ct
for some constant C' > 0 which is absurd as power type of modulus of uniform

convexity is always greater or equal to 2. [
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