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1. Introduction

Let X be a real Banach space. For aset A C X, by 0A and int A we denote the
boundary and the interior of A, respectively. We use (p, z) to denote the value
of the functional p € X* at vector x € X. For R > 0 and ¢ € X we denote by
Br(c) the closed ball with center ¢ and radius R, and by B%(p) we denote the
ball in the conjugate space.

The distance from a point x € X to a set A C X is defined as
p(z, A) = int [|lz —af|.

The metric projection of a point x onto a set A is defined as any element of the
set

Py(z) ={a € A:lla—=z| = p(z, A)}.
Let f and g be two non-negative functions, each one defined on a segment [0, £].
We shall consider f and g as equivalent at zero, denoted by f(t) < g(t) ast — 0,
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if there exist positive constants a, b, ¢, d, e such that af(bt) < g(t) < cf(dt) for
te0,el.

Clarke, Stern and Wolenski [1] introduced and studied proximally smooth sets
in a Hilbert space H in the following sense.

Definition 1.1. A set A C X is called proximally smooth with constant R if
the distance function x — p(x, A) is continuously differentiable on the set

URA)={xe X :0<p(x,A) <R}.

We denote by Qpg(R) the set of all closed proximally smooth sets with constant
R in X.

Properties of proximally smooth sets in a Banach space and the relation be-
tween such sets and similar classes of sets in a Banach space were investigated
in [1]-[10]. Such sets are usually called weakly convex sets. Some notes about
the history of these concepts can be found in [3] and in [8]. Probably, the
most complete description of proximally smooth sets and their properties in a
Hilbert space can be found in [5].

Definition 1.2. The Fréchet normal cone to a set A C X at a point ag € A
is defined as follows

N(ag, A) = {p € X":Ve>035>0Va e ANDBs(ap) (p,a—ag) < z—:||a—a0||}.

For brevity, in this paper we will refer to the Fréchet normal cone simply as
the normal cone.

Remark 1.3. It is easily seen that the normal cone N(ag, A) does not change
when the norm of the space X changes in an equivalent way.

The problem of characterizing proximally smooth sets in Hilbert spaces through
the monotonicity properties of the normal cone turns out to be very important
for applications. Thus, Theorem 1.9.1 of monograph [5] may be reformulated
in the following way (see also [3], Cor. 2.2).

Theorem I. Let A be a closed set in a Hilbert space H and R > 0. The
following conditions are equivalent:

(1) the set A is proxzimally smooth with constant R > 0,
(2) for any vectors 1,15 € A, py € N(x1,A), ps € N(xo, A) such that ||p1|| =
|p2|| = 1, the following inequality holds

2
To — X
(2= proy =) > 1220 1)

In a Hilbert space, equivalent properties with the normal cone were studied
earlier in [1] and in [2]. Inequality (1) is often called the variational inequality.
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So, Theorem I characterizes proximally smooth sets in terms of the variational
inequality.

Afterwards, of course, attempts were made to extend this result to Banach
spaces. Here we must note the works of Thibault and his colleagues, for ex-
ample, [6], [7]. Usually, in these works other approaches to defining the nor-
mal cone are examined, and then the coincidence of different normal cones for
proximally smooth sets in special Banach spaces (usually, uniformly smooth
and uniformly convex) is proved.

Probably, the strongest results in this domain may be formulated in the fol-
lowing two theorems.

Theorem II. Let X be a uniformly convexr and uniformly smooth Banach
space. Let px (1) < 7% as 7 — 0. Then a prozimally smooth set A C X with
constant v > 0 satisfies condition (2) of Theorem I for some (may be another)
constant R > 0.

Theorem III. Let the convexity and smoothness moduli be of power order at
zero in a Banach space X. Let 6x(g) =< €* as e — 0. If a set A satisfies
condition (2) of Theorem I, then it is proximally smooth with some (may be
another) constant r > 0.

In the previous statements, we use px(+) and dx (+) to denote modulus of smooth-
ness and modulus of convexity of X, respectively (see definitions below).

In this paper, using the geometrical properties of the sets from the class Qpg(R),
the connection between the smoothness of a set and the properties of its normal
cone is studied.

2. Main results
In the sequel we shall need some additional notation.

We will use the notation xy for the segment with the (distinct) endpoints x
and y, for the line passing through these points, as well as for the vector from
x to y (the respective meaning will always be clear by the context).

Define the set Jy(z) = {p € 0B;(0) : (p,x) = ||z||} for = # o. Let

sx@) =t {1 - Ly e o), -y 2 )

and

r+y r—vy
o) =sup LA B2 =y =1}

The functions dx(-) : [0,2] — [0,1] and px(-) : RT — RT are referred to as the
moduli of converity and smoothness of X, respectively. A normed space X is
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called uniformly convex, if 6x(e) > 0 for all € € (0,2]. A normed space X is

said to be uniformly smooth, if 11120 pXT(T) =0.
T—

First we generalize condition (2) of Theorem I.

Definition 2.1. Let a function ¢ : [0, +00) — [0, +00) be given. A set A C X
satisfies the y-hypomonotonicity condition of the normal cone with constant
R > 0 if for some € > 0 and for any x1, 25 € A, p; € N(x1, A), pa € N(z3, A),
Ilp1]| = [[p2|l = 1 such that ||x; — x2|| < €, the inequality

To— T
(P2 = p1, 02 — 1) 2 —R?ﬂ(%) (2)
holds. We denote by Q%(R) the class of all closed sets A C X that satisfy the
1-hypomonotonicity condition with constant R > 0.

Naturally, when studying the classes of sets that satisfy the ¢-hypomono-
tonicity condition, we suppose some restrictions on the function .

Definition 2.2. We denote by 9 the class of convex and Lipschitz functions
¢ RY — RT such that ¢(0) = 0.

We say that a function N : [0, +00) — [0, +00) such that N(0) = 0, satisfies
the Figiel condition if there exists a constant K such that the function N(-) on
some interval (0, ) satisfies the condition

Ns) o (N

52 12

<K Vo<t<s<e. (3)

Remark 2.3. The modulus of smoothness of an arbitrary Banach space sat-
isfies the Figiel condition (see[13], Proposition 1.e.5).)

Definition 2.4. We denote by M, the class of functions from 9N that satisfy
the Figiel condition.

It is easy to see that an arbitrary function f(-) € 91, that is not identically
zero satisfies the condition t? = O(f(¢)) as t — 0.

Obviously, for the function ¢ (t) = ¢? the assertion of Theorem I is equivalent
to the equality Q% (R) = Qpg(R) in the case of a Hilbert space H.

In the author’s opinion, the condition 1 € 91, is rather natural. Moreover, it
would be interesting to prove or contradict the following hypothesis.

Conjecture 2.5. If in a uniformly conver and uniformly smooth Banach space
X a set A C X belongs to the class Qpg(R) and to the class Q%(r) for some
function 1 € M\ My and constants R > 0,7 > 0, then it belongs to the class
QU (r), where Yy (t) = ct? for some ¢ > 0.

The following two theorems provide a complete description of the connection
between the classes Q% (R) and Qpg(R).
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Theorem 2.6. In a uniformly convex and uniformly smooth Banach space X
the following statements are equivalent for the function ¢ € IM:

(1) there exists ky > 0 such that Qps(R) € Q%Y (R) for any R > 0;
(2) px(7) =O(¥(7)) as T — 0.

Theorem 2.7. In a uniformly conver and uniformly smooth Banach space X
the following statements are equivalent for the function v € My:

(1) there exists ky > 0 such that QY (R) € Qpg(R) for any R > 0;
(2) ¥(e) =0(dx(g)) ase — 0.

Clearly, A € Qpg(1) iff RA € Qpg(R) for some R > 0. A similar property holds
for the class of y-hypomonotonous sets. Therefore, Theorems 2.6, 2.7 can be
proved assuming that R is a fixed positive number. Using Theorems 2.7, 2.6 we
will show that the following statement, which gives a complete answer to the
question about the possibility of the inclusion Q%Y (R) € Qpgs(R) € Q2Y(R),
holds.

Theorem 2.8. If in a uniformly smooth and uniformly convex Banach space
X for some function b € M there exist ky > 0, ky > 0 such that the inclusions
QNY(R) C Qps(R) € Q2Y(R) hold, then dx(c) = px (¢) < €2 as e — 0, and,
therefore, the space X 1is isomorphic to a Hilbert space.

Conjecture 2.9. The equality Qps(R) = Qy(R) holds only in a Hilbert space
provided that 1 (t) = t2.

3. Preliminaries

Geometrical properties of the class Qpg(R) are hidden in its definition. To
clarify the geometrical properties of Qpg(R), which are very useful in this
paper, we introduce two equivalent (in certain spaces!) definitions of the class
Qps(R).

Definition 3.1. We say that a closed set A in a Banach space X satisfies the
P-supporting condition of weak convexity with constant R > 0 if u € U(R, A)
and x € Py(u) imply the inequality

p(:c—l— o (u—x),A) > R.

lu — |

We denote by Qp(R) the set of all such sets.

Definition 3.2. We say that a closed set A in a Banach space X satisfies
the N-supporting condition of weak convexity with constant R > 0 if x € A,
p € N(z,A) N 0B;(0), and u € IB;(0) such that p € J;(u), imply the inequa-
lity p(z + Ru, A) > R. The set of all such sets we denote by Qn(R).



1318 G. M. Ivanov / Hypomonotonicity of the Normal Cone ...

The equality Qpg(R) = Qp(R) was proved in [10] in case of a uniformly convex
and uniformly smooth Banach space. The equality Qp(R) = Qy(R) was proved
in [9] in case of a uniformly convex Banach space. So we can formulate the
following theorem.

Theorem IV. Let X be a uniformly smooth and uniformly convexr Banach
space. Then st(R) = QP(R) = QN(R)

Further we will use the class Qy(R) instead of Qpg(R); as mentioned above,
these classes coincide under the conditions of Theorems 2.6, 2.7, and 2.8.

Theorem 3.3. Let X be a reflexive Banach space, R > 0, A € Qn(R), ap € A,
p € N(ag, A) NIB5(0), 6 >0, e = 2Epy (). Then

(p,a—ap) <ella—ap|| Yae ANDBs(ap).
Proof. Fix a vector a € AN Bs(ag). By reflexivity of X, there exists a vector
u € 0B (o) such that p € J;(u). Since A € Qn(R), we have that p(ag+Ru, A) >
R. Therefore, ||ag + Ru — a|| > R. Denote w = “Z2. Then |[u —w| > 1. By

the definition of the modulus of smoothness we get that 2px(||w]]) = ||u + w||+
|lu — wl| — 2. Consequently,

2px ([[w]]) = [lu+wl| =1 = (pu+w) =1 = (p,w).

And now we have

(0= a0) = Rlpw) < 2R (ol = 2o (L7 0).

Since the function 7 — is increasing and ||la — ag|| < 0, we get

la — ao la — ao 6
< — .
X(R STy MR

Consequently, (p,a —ag) < ¢ |la — ag]| . O

px(7)

We need to formulate some properties of the moduli of smoothness and con-
vexity. It is well known ([21] Ch.3, §4, Lemma 1) that in a Banach space the
following inequalities hold

2
2 < limsup 22T < 4. (4)
=0  PX (7')

The following two lemmas are technical and obvious. The first one can be
found in [22].

Lemma 3.4. Letx,y € X, © #0, p € Ji(x). Then

Y
2+ yll < llell + (p,y) + 2 llll px (H) ' "
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Lemma 3.5. Let X be a uniformly conver Banach space, xy € 0Bg(o) and
po € 0B5(0) be a functional dual to the vector —xy. Then for any vector z €
int Br(o) we have

(po, 2 — x0) > 2R0x (@) . (6)

The proof of the next proposition can be found in [9].

Theorem V. Assume A C X, 1 € X \ A, g € Pa(x1), and that the norm is
Fréchet differentiable at the point x1 — xo. Then Ji(x1 — x¢) C N(xp, A).

We will denote by BY(0) the intersection of the unit ball and the hyperplane
Hy, ={x € X| (p,x) = 0},
i.e. the set B1(0) N H,. Let BY(a) = BY(0) + oa.

Lemma 3.6. Letx € 0%B4(0), p € J1(ox), z € BY(x). Take a point y such that
the segment yz is parallel to ox and intersects the unit sphere at the unique
point y. Then 2 ||zz|| = ||zy]| .

Proof. By the triangle inequality, it suffices to show that ||zz|| > ||zy| . By d
denote a point on unit sphere such that vector od is collinear to the vector xz.
Let line [ be parallel to ox and d € [. By constructions, we have that points
x,y, 2,0,d and line [ lies at the same plane — linear span of the vectors ox and
xz. So lines | and xz intersect, by ¢ we denote their intersection point. Note
that odcx is a parallelogram and ||dc|| = 1; the segment dz belongs to the unit
ball and does not intersect the interior of the segment zy. Let v’ = zy Ndx. By
similarity, we have

=]

lzyll < ll=y/ll = ldell = [l=[]. O

[l zc|
It is worth noticing, that in the conditions of Lemma 3.6 we have that z is a
projection along vector ox of the point y on some supporting hyperplane to the
unit ball at . Moreover, z belongs to the metric projection of the point y on
this hyperplane. That is to say, Lemma 3.6 shows us that if one projects along
vector ox segment xy on the hyperplane, which is supporting to the unit ball
at point z, then the length of the segment decrease no more than a factor of 2.

In this paper we will use the notion of the moduli of supporting convexity
and smoothness, which were introduced and studied in [22]. This technique is
very convenient in questions concerning the geometry of the unit ball and its
supporting hyperplanes. Let us introduce the following definitions.

We say that y is quasiorthogonal to a vector x € X \ {o}, and write y 'z, if
there exists a functional p € J;(z) such that (p,y) = 0. Note that the following
conditions are equivalent:
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Figure 3.1: Under the conditions of Lemma 3.6 we have 2 ||zz|| > ||zy]|.

(i)  y is quasiorthogonal to z;

(ii) for any A € R the vector = + Ay lies in the supporting hyperplane to the
ball %”m”(o) at x;

(iii) for any A € R the following inequality holds: ||z + Ay|| = ||z ;

(iv) « is orthogonal to y in Birkhoff-James’ sense ([21], Ch. 2, §1).

Let z,y € 0%B1(0) be such that y'z. By definition, put
Ax(z,y,r) =min{A e R: ||z +ry — \z|| = 1}
for any r € [0, 1]. Define the modulus of supporting convexity as
Ax(r) = inf{Ax (z,y,7) : [lzf| = [lyll = 1, y 7}
Define the modulus of supporting smoothness as
Ax(r) = sup{Ax(z,y,7) ¢ [lz] = Iyl = 1, y"x}.

In [22] the inequalities (7)—(9) are proved for any r € [0, 1]:

px (5) <Ak < px(@r). (7)

The last inequality was proved for r € [0, %]

A(r) <ox(2r) <1—+vV1-—r2 (8)
0 < Ax(r) < AR < 9

4. Proof of Theorem 2.6

For a set A C X we introduce the following function

['(A e, X) = —inf(p; — p2, 21 — 22),
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where the infimum is considered for all z1, x5 in X and pq, po in X* that satisfy
the following condition

x; € A, pi € N(A,z;) NOB](0), i =1,2, (10)

and such that ||z, — xs]| = €.

The function —I'(A4, e, X) is the maximum value that the right hand side can
take in the hypomonotonicity inequality (2), meaning that if A € Q% (R), then

I(Ae, X) > —R¢(%) . (11)

Lemma 4.1. Let X be a Banach space with a Fréchet differentiable norm. Let
A=X\intBy(o). Then

[(Ae, X) < Ai(e) < px(e), e—0. (12)
Moreover, if € € [0, %] then the inequality

P(4,,X) > px(5) (13)

holds.

Proof. (1) The equivalence of A% (g) < px () as € — 0 is the consequence of

(7).
(2) Fix any € € (0, 3]. As A = 0% (0), we have for any = € 9A

N(A,z)NoB7(0o) = —Ji (). (14)
Fix any 1,2, p1, s, satisfying the inclusions (10) and |21 — 2sf] < € < 3.
Clearly, we can assume that x; and x5 are not collinear. Let ¢, be a line in the
plane Lin{zy, x2}, supporting to the ball B;(0) at the point z; (its uniqueness
follows from the differentiability of the norm). Let z be the projection of point
x9 on this line. Then —(py,x; — x3) = ||z — 22| . From the triangle inequality
it follows that ||z — 21| < ||z — 22| + [|z2 — 21| < 2||z2 — || . Therefore,

Iz = 22l < Ax (Il = 21) < AX 2 fl21 — 22)) -

From the last inequality in this series we get (p1, 1 —z2) = —A% (2 ||z — z2]]) .

Similarly, (pa, 22 —x1) = =A% (2 ||z1 — 22||) . Summing the last two inequalities,
we obtain
(p1— P2, w1 — 22) = =225 (2 ||z — 22])

1] we have

and, so, for any ¢ € (0, 5

(A e, X) < 2X\%(2e). (15)
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The equality (14) implies that for any w1, xs, p1, pe, that satisfy the condition
(10) the inequality

<p1 — P2, L1 — 952> < <p1axl - 952> (16)

holds. According to the definition of the convexity modulus, for any v > 0
there exist x1, 29 € 0A, p1 € N(x1,A1), and z € H,, = {z € X| (p1,2) =1}
such that

(i) =z 1is the projection of x5 on the hyperplane H, ;

(i) fler — 2] = 35;
(iit) [lz = zall = Ax ([l = 2[)) =7 = A% (5) — -
This implies that

g
~(pra1—3a) = |1z —wall 2 A% (5) — - (17)

On a unit sphere in the plane zj0xy we fix a point x. such that ||z; — z.|| =€
and in the plane xj0xs the triangle xyxoz. lies on one side of line ox;. Lemma
3.6 implies that ¢ = 2||z1 — z|| > ||#1 — x2||. Using the inequality (16), we
obtain

(A, X) > —(p1, 21 —x) = —(p1, 21 — T2).

This and inequality (17) imply that

['(Ae X) > A}(%) — 7.

Passing to the limit in the last inequality as v — 0, we obtain that

T(A e X) > A}(%) . (18)

The inequalities (15) and (18) imply that

2% (2) > T(A e, X) > A}(%) (19)

Using this and (7) we obtain inequality (13). O
Proof (2)=(1) in Theorem 2.6

Fix a set A € Qn(R). Theorem 3.3 implies that for any z1,25 € A and p; €
N(z;, A), i = 1,2, the inequality

Ty —x

holds. Condition 2 implies that for some ¢ > 0 exists a positive constant k
such that for any 7 € [0, €] the inequality

px (1) < k() (21)
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holds. The inequalities (21), (20) imply that A € Q%Y(R), where ky = 4k. O
Proof (1)=(2) in Theorem 2.6

Let the constant k; be such that Qx(1) C Q’fvlw(l). Let us show that assertion
2 holds. Consider the set A} = {x € X| ||z|| = 1}. Clearly, A; € Qp(1), and by
Theorem IV the inclusion A4; € Qx (1) holds. From the definition of I'(A4, e, X),
inequalities (13), (11) and the relations (4) we obtain for some constant v > 0
the following series of inequalities

€ 1

ki(e) 2 T(A, 2, X) 2 px (5) 2 5rx(9),

where € € [0,7]. O
Particularly, we have shown the following statement.
Corollary 4.2. In a uniformly smooth and uniformly conver Banach space X

the inclusion (X \ int B1(0)) € Q}LJPX(')(I) holds.

Remark 4.3. The implication 2 = 1 in Theorem 2.6 is an elementary corol-
lary of the smoothness modulus definition (see Theorem 3.3). But to prove
the reverse implication we had to show the equivalence of smoothness and
supporting smoothness moduli at zero.

5. Proof (2)=(1) in Theorem 2.7

Define the function wy : [0, +00) — [0, +00) in the following way

PX(T).

(.UX(’T) =

As wx(+) is an increasing monotone function, the inverse function wi'(+) is also
increasing. Note that wx(1) = px (1) = pg (1) = V2 — 1, and, therefore, for
any t € [0, 1] the inequality

w;(1<(\/§ . 1)t> <1, (22)

holds.

The next Lemma is a generalization of Lemma 1.9.1 from G. E. Ivanov’s mono-
graph [5], in which an analogous result was obtained for Hilbert spaces.

For a set A C X denote by T(A) the set of points x € X such that Ps(x) is a
single point. It is well known, that in a uniformly convex Banach space X for
any closed set A the set T'(A) is dense in X (see [23]).

Lemma 5.1. Let X be a uniformly smooth Banach space, A be a closed set
such that the set T(A) is dense in X. Let there be given zo ¢ A, 2, € A and
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€ (0,1). Then there exist A € [0, 1], a point y € OA and p € N(y, A),||p|| =1
such that
1(1 = Nzo + Az =yl < ellz1 — 2ol (23)

(p,z1 — 20) < €l|z1 — 20| - (24)
Proof. Define § = i min{e ||z; — 2|, p(20, A)}. As the set A is closed and

2o ¢ A, we have that p(z9, A) > 0, and, therefore § > 0. Since 2§ < p(zo, A),
we obtain that int Bos(29) C X \ A.

Define the number \ as follows

A:inf{t>0:%5(z0+t(z1—zo))ﬂz47é®}.

As z; € A, we have that Bs(z1) N A # ), and, therefore, A < 1. Note that for
t] < ||zoéTlll the inclusions

Bs (Zo + t(Zl — Zo)) C int %25(20) cX \ A,

hold and, therefore, B (20 +t(z1 — 20)) NA =0 as |t]| < m. This and the
definition of A imply that
J

A>— 25
o= (25)
5
%5 (Z() + t(Zl - Z(])) NA= @, vVt € (—7, )\) . (26)
HZO —Z1H

Define the vector z) = (1 — A)zp 4+ Az;. Since X is a uniformly smooth Banach
space, there exists £ > 0 such that

3
(V2 + 1)m <e (27)

Define the number f§ = @5 min{¢, 1}

As the set T'(A) is dense in X, there exists yo € T'(A) such that the inequality
lzx — yol| < B holds. Let {y} = Pa(yo). Obviously,

(5o, A) — p(zx, Al < llyo — 2all < 5.
By the definition of A\ we have p(zy, A) = §. Therefore,

0 =0 <llyo —yll = plyo, A) <o+ 6. (28)
From this and the inequalities [y — z\|| < 8, 8 < $, 0 < M we get

Iz =yl < llvo = yll + [lyo — 2xll <0+ 26 <20 < ellz1 — =]
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Thus, inequality (23) holds.

Let the functional p € 997 (0) be dual to the vector yg — y. Theorem V implies
that p € N(y, A).
If (p,z1 — 20) < 0, then inequality (24) holds. So, let us consider the case

(p,z1 — 29) > 0. Let v = <ﬁ’21_;z‘|)|> € (0, 1]. We have to prove that 7 < €. Define
the number

p =it (V2 - 1)) L=l (29)
21 = o
Applying inequalities (22), (25) and (28) to (29) we obtain
- ) 20 )
0</~L<Hy ?Jo||< + - < Y
l21 = 20l llz1 = 20ll  [l21 = 20ll ~ [lz1 — 20l
Thus, —m < A — pu < A. This and equality (26) imply that

Bs(zo+ A—p)(z1—20))NA=10.

As y € A, we have that y & Bs(z0 + (A — p)(21 — 20)) = Bs(zn — (21 — 20)),
and so ||zy —y — p(z1 — 20)|| > d. This and the inequality ||yo — 25| < [ imply
that ||yo —y — u(z1 — 20)|| > 0 — 8. Applying Lemma 3.4, we obtain that

0 — L2 — % 21— 2
B <1_M(p 1 0>+2px<u|| 1 0“)
lyo — 1Yo =yl lyo =yl

Thus, considering inequalities (29), (28) we get

% <1-— %u)}l((\/? — 1)7) + 2px <w;{1<(\/§ — 1)7)) .

Note that for any £ > 0 the equalities

ywik(ky) = wy (k) -wl){f (w)} (/{:”y)) _ Py (w)—]i: (kfy))

hold, and, therefore, we get

<t (g -2 e (e (2= 1))

Modifying the last inequality and using the definition of 3, we obtain

px (wi' (V2= 1)) < RN R

and thus, considering inequality (27), we finally get
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1 /)X(P)_(l(f))_ §
il e (VDo <e O

1
<7
7 V2 -1

Proof (2)=(1) in Theorem 2.7. As the functions dx(-) and #(-) are non-
negative and monotone, condition (2) of Theorem 2.7 implies that there exists
a number £ > 0 such that

wx (P;cl (f)) =

R-w(%) < 2R by (%) Vi € [0,2R)]. (30)

Let us prove that Q%' (R) € Qn(R).

Suppose the contrary. Then there exists a closed set A such that A € Q%’D(R)
and A € Qu(R). In consequence, there exist a vector zo € A, a functional
po € N(xo, A)NOIB7(0), the unit vector uy dual to =g, and also a vector z; € A
such that the inequality

’|$0+RUO —21” <R (31)

holds. According to Lemma 3.5, we obtain that
<p0, 21 — ZL’()) > 2Rdx <@) > 0. (32)

Therefore, due to the inclusion py € N(zg, A) and according to Definition 1.2,
there exists a number p € (0, 1) such that the vector

20 = To + p(z1 — x0) (33)

satisfies the condition zg ¢ A.

Let L be the Lipschitz constant of function #(-). Denote

= m <<p0, 21— wo) — 2ROy <w)) . (34)

Inequality (32) implies that ¢ > 0.

According to Lemma 5.1 there exists a number A € [0, 1], a vector y € A and
a unit functional p € N(y, A) such that

[ox = yll <ellz1 — 2l , (35)
(p,21 — 20) <ellz1 — 20|, (36)

where
Z\N = (1 — )\)Z() + )\Zl. (37)

The definition of vector zy (equality (33)) implies

21— 20 = (1 —p)(z1 —x0), 20— o= (21 — To).
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From this and equality (37) we get
Zx—Xg = 2Z\—20+ 2 — Xy = >\(21—Zo)+ZQ—LL’0 = ()\(1—#)4—/1)(21—1’0). (38)

Therefore
Zx — Xo 21 — Xo 21 — 20

|2x — o] B |21 — @o]| B |21 — 20| '

This and inequality (36) imply that
(P, 23 — wo) < ellzn — zoll <ellzr — o

Thus, according to inequality (35), we have that (p,y — x¢) < 2¢||21 — 2ol -
Inequality (31) implies that ||z; — xo|| < 2R, and, therefore,

(p,y — xo) < 4eR. (39)

As A € Q%(R), the inequality

— X

holds. From this and the inequality (39) we get

ly — oll

(Po,y — 7o) < Rk@D( 7

) +4eR. (40)

The relations (38) imply that ||zx — zo| < |21 —x0]] < 2R. Therefore, by
inequality (35), we have

ly = @oll < llzx = 2ol + [z = 20l < [l2a = @oll + 2¢R.

Thus, considering the Lipschitzness of function ¢ (-), we get

ly — o 23 — @0l
e (W20« Ry (12200 L oo kR
sz( = Rk = +2eLkR

Substituting the last inequality in (40), we obtain that

23 = 2ol

(Po,y — x0) < Rk@D( 7

) +eR(4+ 2kL).

Thus, using inequality (35), we get that

123 = ol

(po, 2x — xp) < Rk¢< R

) +eR(6 + 2kL).
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Denote t = A(1 — ) + . Then 0 < p <t < 1 and, according to equality (38),
we get that zy — xg = t(z1 — xo). Thus,

||Z1 —IOH

t(po, 21 — x0) < Rk (t 7

) +eR(6 + 2kL).

Due to the convexity of function (), we obtain

¢ llz1—=ol|

R ) eR(6 4 2kL)
+ t
|21 —x0||) eR(6 4 2kL)
+
R It

o(
(Po, 21 — o) < RE

< Rk‘w<

Considering inequality (30), we get

Y

(po, 21 — o) < 2Rox ( 21 — %H) | =R(6+2kL)

R p

which contradicts equality (34). O

6. Proof (1)=(2) in Theorem 2.7

The proof consists in constructing examples of sets in the class Q]f\?w(R) that
do not belong to the class Qy(R), and consists in number of steps. The main
idea is building in the plane L C X a set A; that belongs to the class Qﬁ}z’(R) in
space L. Then, with the help of some technical lemmas, the set A; is extended
to the set A, which already is in the class Qféw(K 1R) in X, where the constants
k, K, K; do not depend on the initial choice of the plane L and space X. Using
the fact that dx(t) < Ay (t) = o(¢(t)) at zero, we choose such vectors that their
existence contradicts the N-supporting condition.

Let us first describe the functions ¢ from the class 91, such that there exists
a normed space whose smoothness modulus is equivalent to the function . In
[14] the following theorem was proved.

Theorem VI. For a function N : [0, +00) — [0,400), that satisfies the Figiel
condition and such that N(0) = 0 there exists a two-dimensional space Xo
whose smoothness modulus px, (t) is equivalent to N(t) at zero.

The Day-Nordlander Theorem (see [21]) implies that if for function v there
exists a Banach space with the smoothness modulus, equivalent to ¢ at zero,
then t2 = O(x(t)). However, the function (-) from 9 such that t* = O(z(t))
may not satisfy the Figiel condition (see (3)), but the following Lemma holds.

Lemma 6.1. For any function ¢ € 9M such that t* = o((t)) at zero there
exists a function ¥(+) : [0,4+00) — [0, +00) that satisfies the Figiel condition
and such that t> = o(11(t)) at zero and ¥ (t) = o(1(t)) at zero.
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Proof. Clearly, it is sufficient to examine the case 1)(t) = o(t) at zero, otherwise
i) = t2.

Consider the function h(t) = ¢*/4(t) on the interval [0,1]. The function is
continuous on this interval and for some constant k& > 0 the inequality h(t) > kt
holds. The set K = {(t,y)| t € [0,1], 0 <y < h(t)} is compact, its convex hull
co K is also a compact set.

We define a continuous function v(t) = max{y € R| (¢t,y) € co K}, t € [0,1].
This function is concave on the interval [0,1], 7(0) = 0. Therefore, in some
neighborhood of zero, v(t) strictly increases.

Define the function ¢, (t) = \/t% As If;(%) = \;% < /7(t) — 0 and since

= 4/7(t) approaches zero monotonically as t — 0, the function v (-)

t2
P1(t)
satisfies the required conditions. O

Now let us prove the technical lemmas, using which we will extend the set Aq,
which lies in the class Q5 (R) on a plane, to the set A, from the class Q5 (K1 R)
in the space, which contains the plane, where the constants k, K, K; do not
depend on the choice of the initial plane and the space containing it.

If the Banach space can be represented as the direct sum of two of its closed
subspaces Z = Z16Z,, then any vector z € Z is uniquely expressible as the sum
of two vectors z; € Z; and zo € Z5, and in this case we will write z = (z1, 22).
Hereafter, when we speak about the representation of a Banach space as the
direct sum of its subspaces we will consider that the subspaces are closed.

Lemma 6.2. In the Banach space X fiz any x € 9B1(0), p € Ji(z), y €
Kerpn 0%B1(o) (i.e. y'x). Denote L = lin{z,y},l =liny. Then there exists a
projector P : X — L such that P(Kerp) =1 and || P|| < 3.

Proof. If dim X = 2, then the identity transformation satisfies the required
condition.

Let dim X > 2. According to the paper [16], in the subspace Kerp of co-
dimension 1 there exists a projector P, : Ker p — [ with unit norm. Clearly, X
is the direct sum of the subspaces Lin z and Ker p.

Define the projector P : X — L in the following way

Pz = P(z1,20) = (21, P1z2), Vz=1(z1,20) € X, z; € Linz, 2z, € Kerp.

Let us estimate its norm. Fix an arbitrary vector u = (u1, us) € 9951(0), where
ur € Linz, up € Kerp. As uy 'uy, then |Juy|| < [Jug 4 ug]| = ||lu|| = 1. From this
and the triangle inequality we get that ||us|| < ||u1 + us||+||u1|| < 2. Therefore,

[Pull = [[(ur, Prug)|| = llus + Pruall < flus]l + || Prual] < fluaf] + [Juell < 3. O
Lemma 6.3. Let X be a linear vector space with two equivalent norms ||-||,

and [|-]] :
llly < llzlly < e flfl;- (41)
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Denote X, = (X, ||-]l,), Xa = (X, ||]l,). Let A = X,\int B, (0) and A € Q% (R)
in the space Xo, then A € Qf\l,d’<§> in the space X;.

Proof. According to Remark 1.3, at every point of set A the normal cone
does not change, but the norms of the corresponding functionals may change.
Fix arbitrary xy, xs, pi, p3, which satisfy the condition (10) for the space Xj.

For j = 1,2 denote p; = As ||p}||, = 1, then by inequalities (41)

= I
231, !
1

we have = < Hp%“z < 1. As the set A is a complement of a convex set,

then (pj,z; — zo) < 0. Therefore, (p?, z; — z2) < (pi,r1 — x2). Similarly,

(p3, 29 — 1) < (p3, T2 — x1). Summing the last two inequalities, we obtain
(Pt = Py 21— 2) < (p1 — pay 01 — T2). (42)

From the fact that A € Q% (R) in the space X, and from the inequalities (41)
we have

(P} — P31 — 32) > —Rzp(@) > _qu(ﬁﬂfﬁ—];fcﬂh) .

This and the last inequality in sequence (42) imply

R [cillx; —x
<pi _p;wxl - ZI}'2> > _Cl_qﬂ(M) .
C1 R

And, thus, A € QR}%%) in the space X. O

Let X = X; & X,, and, besides, there exists a projector P : X — X; with
the norm ||P|| < +oco and X, = Ker P. Then X* = Xi & X3, where the
spaces Xi, X5 are the right annihilators to the spaces X, C X and X; C X
accordingly. Extending any functional p € X7 with zero on the space X, we
obtain a natural isomorphism X7 = Xj3-. Similarly, X; = Xj".

Lemma 6.4. Let X = X; & Xy,. Then there exists a projector P: X — X,
with the norm ||P|| < 400 and Xy = Ker P. Let the set Ay C X,y. Define the
set A={x € X|Px € Ay}. Then, for any x € A:

N(z, A) = (N(Px, A}),0) = {(p,0)| p € N(Pz, A,)}.

Proof. Fix an arbitrary vector x = (x1,z5) € A.

(1) Let p = (p1,p2) € N(x, A). We prove that p, = 0. Suppose that p, # 0. Then
there exists a non-zero vector v = (0,vy) such that (p,v) = (pa2,v2) = k # 0.
According to the definition of set A for any A € R the vector x 4+ \v lies in
A. But then (p, \v) = Ak is a linear in A function and, therefore, p ¢ N(x, A).
Contradiction.

(2) Let p = (p1,0) € N(x, A). Let us show that p; € N(Pz, Ay) = N(x1, Ay).
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Suppose the contrary, that p; ¢ N(z1, A;). Then there exists € > 0 such that
for any 0 > 0 there exists a vector y¢ € A; such that Hy‘f — a:lH < 0 and also

(pr,y —x1) > ¢ Hyf — 21| . Define ys = (y?,22). Clearly, ys € A. Then from
the last inequality we obtain

(poys — ) = ((p1,0), (1) — x1,0)) = (p1,y) — 1) 2 e||y) — 21| =€ |lys — 2.

Therefore, p ¢ N(z, A). A contradiction.

(3) Let p; € N(x1,A;). Let us show that the inclusion p = (py,0) € N(z, A)
holds. Fix € > 0. According to the definition of the normal cone, for ¢/ || P||
there exists 6 > 0 such that for any vector d; € Bs(x1) N A; the inequality
(p1,di—a1) < 757 [|di — 21| holds. For any y = (y1,y2) € %H;}sa”(x)ﬂA we have

|P(y = 2)|| = ly1 — 21ll; <[Pl |ly — z[| < 0. This and the previous inequality
imply

g
(p,y—x>=<p1,y1—x1><mlly1—xlll<€||y—éf||- O

Lemma 6.5. If, additionally, in the assertion of Lemma 6.4 the set Ay is a

complement to a convez set in X, and A, € Q%(R) in Xy, then A € Q'}VPW(”—;E”)

in the space X.

Proof. By ||-||; denote the norm of the space X]. Clearly, for p = (p1,0) € X*
the following inequality

1]y < [l (43)

holds. Let x = (21,22), y = (v1,y2) € A, p* € N(z, A) N 9B (0), and finally
p¥ € N(y,A) NIB3(0). The inequality ||x; — y1]| < € holds, where ¢ is taken
from the definitions of the class Q%(R) Lemma 6.4 implies that p* = (p},0),
pY = (p},0), pf € N(x1,4;), and p] € N(y1, A1) in the space X;. As A; is a
complement to a convex set in the space X7, then the set A is a complement
to a convex set in X. Then (p”, x —y) < 0. From this and the inequalities (43)

we get

x z b
<p >I_y> = <p1>$1—?/1> 2 <—1

» L1 —y1>.
||p:1£H1

Similarly, (p¥,y — ) > <ﬁ, y1 — x1). Summing the last two inequalities, we
1

obtain that

T Y
b b Hxl—ylH
Cpa—y) > (A — g ) > Ry (P
W= =) > (e & ¢( R
1P] 2 =yl
> —-R _— . Ol

In the next lemma there are constructed examples of sets that belong to the
class Q72%(R) and do not belong to the class Qy(R). To prove it we will need
some additional results from the geometry of convex sets in Banach spaces.
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Definition 6.6. For a convex set K C R" the ellipsoid of maximal n-dimen-
sional volume contained within K is called the John ellipsoid.

It is known that for any convex K C R"™ such an ellipsoid exists and is unique.
Moreover, the following theorem holds (see [17]).

Theorem VII. Let Bg be the John ellipsoid of the unit ball B,, in the space
X, dim X,, = n. Then the following inclusions hold:

BE C Bn C \/EBE (44>

According to [18], the convexity modulus of an arbitrary Banach space X
satisfies the relation

VO<s<t<?2 (45)

for some constant 0 < L < 4.

Lemma 6.7. Let there be given a function 1(-) € M such that t* = O(Y(t))
ast — 0. Let the convezity modulus 0x(-) in the Banach space X satisfy the
equality 0x(t) = o(y(t)) as t — 0. Then there does not exist a constant ky > 0
such that the inclusion 2% (R) C Qn(R) holds for any R > 0.

Proof. Suppose the contrary, that is, there exists a constant ky > 0 such that
Q2Y(R) € Qn(R). As the condition of Lemma 6.7 implies that dx () = o(1)(¢))
as ¢ — 0, it is sufficient to consider two cases of relations between the functions
t2,0x(t),¥(t) at zero:

(1) t* = o(z(t)) as t — 0;
(2) 0x(t) = o(t?) as t — 0.

0
(0, 400). Then the equality dx(t) = o(¥)(t)) as t — 0 implies 1i1;n ionf 5>;§“
—

Indeed, t? = O(x(t)) and t* # o(y(t)) as t — 0, imply lirtninf% =c €
0

From inequality (45) we finally obtain dx () = o(t?) as t — 0.
We now pass to the consideration of the two cases, mentioned above.
The case (1): t* = o(y(t)) as t — 0.

Lemma 6.1 and Theorem VI imply that in a two-dimensional linear space Y
there exists a norm ||-||, such that the smoothness modulus py, (-) of the space
X5 = (Y, ||']],) satisfies the conditions t* = o(px, (t)) and px, (t) = o(¢(t)) as
t — 0. Therefore, there exists a constant vy such that for any v € (0,~] the
inequality

rx. (3)
16~

> 51y (46)
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holds. Fix 0 < € < min {%, 70} . By the definition of the modulus of supporting
convexity and (8), in space X there exist vectors u,v € 981 (0) such that v 'u
and

Ax(u,v,6) < 2(1 — V1 —e2) < 26% (47)
Let p € —J;(u) be such that (p,v) = 0.

Consider the plane Xy = linu, v. Note that the restriction of the functional p on
X5 does not change its norm. Denote this restriction by p;. Through B, denote
the unit ball in this space with the norm induced by the space X. Consider
the John ellipsoid (ellipse) Bg for %. Denote the norm, generated by the set

Bpg as a unit ball through ||-||; . Inclusion (44) implies that for any € X, the
inequality 2 ||z|| > ||z|; = V2 ||z holds. There exists an affine transformation
that transforms the John ellipsoid (ellipse) of the space X into the ellipsoid
Bg. Replacing the space X, by the isometrically isomorphic to it space, which
is obtained from the affine transformation, we consider that the set Bg is the
John ellipsoid of the unit ball By in the space X;. Moreover, the inequality (46)
holds. Therefore, the norms |||z, |||, |||, in a two-dimensional linear space
are related by

]
Izl < =57 < llzll, < ll2llp < 2] (48)

V2

Denote v = 28—5 In X, according to the definition of I'( Xy \ int By, v, X;) and

the inequality (13), there exist d and f from the unit ball in X such that
|ld — f|l, =7, and for ¢ € —J;(f) the inequality

1
F(Xs \ int B37 Y Xs) 2 ZpXS (z)

1
2

N —

holds. Executing the affine transformation K, which, if necessary, consists in
the symmetry with respect to the main axis of the ellipse Bg and rotation
by some angle ¢y with respect to the ellipse Bg (i.e. K is such an affine
transformation of the plane X5 that the ellipse Bg transforms into itself), we
can achieve that

1. The line [, supporting to K (B;) at point K f, is parallel to
Kerp = {\v| A € R}.
2. The projection Kd on [ along u lies in ray {K f + Av| A > 0}.

Denote Ay = X\ int K(By), fi = K f, di = Kd. Using the fact that the linear
functional on a two-dimensional space is defined up to a multiplicative constant
by the line that is the kernel of the functional, the functional ¢; € —Ji(f1)
(unique due to the smoothness of By) is codirectional with the functional p;
(see Fig. 6.1).

Comments to Figure 6.1 in the notations of Lemma 6.7:

— the boundaries of the ellipses = %, Bpg, V/2Bg, are shown with dotted lines;
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l/

Figure 6.1: The projection K

— closed curves touching the boundaries of the ellipses /2B and are the

boundaries of the balls Bg, 2 respectively;

— closed curves touching the boundary of the Bg are the boundaries of Bj
and K Bq;

— {y is the ray {u + Av|A > 0} (part of the supporting line u + Ker p; );

— " is the preimage of line [ (the supporting line to the ball B, at point f).

Let g1 = kpi. Then, as the transformation K is affine, we obtain that

(kp1,di — f1) > PXS (%) : (49)

On the other hand, it is clear that the norm ||||; of the space X, generated
by the set K(Bs) (i.e. we consider K(Bs) to be the unit ball), satisfies the
following series of inequalities

||:L‘||
E <y < lallp < 2] (50)

This, particularly, implies that 1 < k£ < 2. As the right side of the inequality
(49) is positive, we obtain

(p1,di — f1) = —PX (Z) (51)

According to Lemma 6.2, in X there exists a projector P : X — X, with
the norm not greater than 3, that projects Kerp on Kerp;. Define the set

Lo ()
A = {x € X| Px € A;}. According to Corollary 4.2, A, € le\;pXS (1) in the

space X,. Then Lemma 6.3 and the series of inequalities (50) imply that A; €

()

2
=P
Qzlv7 = (%) in the space X,. This, according to Lemma 6.5, implies that the
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Py
inclusion A € Q” (é) in space X holds. But by construction we have

that py (t) = px, (t) = o(y(t)) as t — 0. Therefore, for sufficiently small ¢
the inequality = px' (61) < kotp(6) holds, which implies that A € Qﬁz\?d{)(é) :
According to the assumption made, we obtain that A € Qy (%)

As a consequence of the construction of f; € Xy C X the equality p = (p1,0)
holds, and, therefore, p = N(f1, A)NOB;(0). Let D = ‘Bl(fl — lu) . According

to the definition of the class €2 N( ) the following relation is satisfied
int DN A= 0. (52)

The inequality (47) implies that

>‘X+U€) < % < . By the definition of

Ax(u,v, ) and the choice of vectors u and v we get z; = f1 + v — %u €int D.
In the space X, consider the projection hy of the point d; on the line [. By the
uniform convexity and uniform smoothness of the space X, the segment h;d; is
parallel to u. On the other hand, as the vector d; € X lies in A, then from (52)
we obtain that d; ¢ int D. Therefore, the segment f;d; intersects the sphere 9D
in two points. Then, by construction, the following series of ipequalities hold
b = Al < i = dall + lldy = bl S 2| fi = dall S 2| i —dall ;=27 < § < 5.
From this, (9) and considering the segment hid; Nint D = 0, hydy || u, the
point h; lies on the supporting line to the ball D of radius % at the point f,
we get

hi—fi
[hy = full

and, thus, ||fi —di|| < 2]|h1 — fi]|. From this, the choice of fi,d; and the
inequality (50), we obtain

1
ldy = hall < Axg(fl, 61k — f1||) < by = il

v i =dally di|,
O<2 5

But di = fi + [|[hi = fillv = (p1.di — f)u = fi + ||hn = fill v = (p,di — fi)u.
The inequalities (53), (51), (46) and the choice of constant v imply

<|A—dif <2k = fol] <4 (53)

<
G

<p7d1 B f1> > PXs (%)

> > 51y > 2. (54)
1h1 = fu 16

From || f; — h1|| < £ and inequality (54) we obtain that the segments dihy; C A
and f1z; C D intersect. Denote by y; their intersection point. Clearly, y; €
int D N A (see Fig. 6.2). This contradicts relation (52).

Comments to Figure 6.2 in the notations of Lemma 6.7:

/ 1 ! 1 _ 1 _ [P
O_fl_gua b_O_I_E,Ua a’l_f1+gva gl_fl+gv7
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Figure 6.2: Proof of Lemma 6.7.

as % < |z =g < %, then z; lies inside the parallelogram o'ba; fq

and inside D;

— similarity implies that lzr=g1ll _ lyizhall - lidi=hall

ol — TA=hall < A=kl
The case (2): dx(t) = o(t?) as t — 0.

The consideration of this case does not differ much from the consideration of
the previous one. The difference consists in the specific choice of constants. All
the notations coincide with the notations in the previous case, if not mentioned
otherwise. Let k3 > 0 be such that v(t) > kst? in some neighborhood of zero.
Note that if t € [0, 1] we get the inequalities:

t2
T <) =VI+-1<1 (55)

Let Ry = %k‘gk‘g. By assumption we have that dx(t) = o(t?) as t — 0. Fix
0 € (0, 1) such that for any ¢ € (0,7) the inequality dx(¢) < 1 - 24¢2 holds.

1
3
By the definition of the modulus of supporting convexity and (8) for

< (omm{3])

there exist u,v € 9%81(0) in the space X such that v'u and

1 R

A <20x(26) < = - —=e* < 1. 56
The space X, and the functionals p,p; are defined similarly to the previous
case. We consider the unit ball in X, to be the set Bg. Fix v = %. Similarly
to the previous case, we take the points fi,d;, h;, and construct the set A.

%PX;(')

As in the previous case, A € 2 (é) . As the ball in X, is Euclidean and
considering the left inequality in series (55) we have

1

1 Y
_ > o (2) > —
(p1,dr — f1) 1P ( ) 956

1 7. (57)



G. M. Ivanov / Hypomonotonicity of the Normal Cone ... 1337

From the fact that the norm in X, is Euclidean, the right hand side of inequality
(55) and the choice of the constants k3 and R; we obtain

6
7 P (6).

t kokst?  36t2 1
R1k2¢( ) 2Rj T

R, 17

Thus, A € Q%W')(Rl) . The assumption implies that A € Qn(R;).

Let D = By, (fi — Riu). Inequality (56) and the choice of constant e imply

R?

that Ridx(u,v,e) < - +5e? < Ry. By the definition of Ax(u,v,e) and the

15u€1ntD

choice of vectors u and v we get z; = f1 + Riev — 3 - =15

The estimations for the norm h; — f; are made similarly as in the previous case:
T <k
Tl - Al <2< R (58)

Furthermore, d; = f1 + ||h1 — fi]| v — (p,d1 — f1)u. Inequalities (58), (57) and
the choice of constant v imply that
1

<p,d1 f1) 1 1
> y=2.-——Rie. 59
M=l Z 5127”3 512 (59)

By the inequality || f; — hi|| < Rie and inequality (59) we get that the segments
dihy C Aand fiz; C D intersect. Denote their intersection point by y;. Clearly,
y1 € int D N A. This contradicts relation (52). O

Proof (1)=-(2) in Theorem 2.7. The proof follows directly from Lemma 6.7.
The inequalities (45), (3) imply that if for the function ¢ € 9y the relation
Y(e) # O(0x(e)) holds as € — 0, then dx () = o(¢p(¢)) as € — 0. O

Lemma 6.8. Let X be a uniformly smooth and uniformly convex Banach space
and Y(-) € M a function such that 2 = O((t)) as t — 0. If there exists a
constant ky > 0 such that the inclusion Q52 (R) € Qn(R) holds, then we have

dx(g) < &2 at zero and lim inf % =c € (0,4+00).
t—0
Proof. Applying Lemma 6.7, we get that dx(¢) # o(¢(¢)) as € — 0. But

for the function ¢(-) € 9 such that t* = O(y(¢)) as t — 0, the relation
dx(g) # o(w(€)) as € — 0 may hold if and only if dx(c) < €2 as ¢ — 0 and

lim inf U — ¢ € (0, +00). O

Proof of Theorem 2.8. Applying Theorem 2.6, we obtain that in some
neighborhood of zero for some constant k£ > 0 the inequality

U(e) = kpx (€) (60)

holds. This and the Day-Nordlander theorem (see [21]) imply that e2 = O(z)(¢))
as ¢ — 0. Now, applying Lemma 6.8, we obtain that dx(¢) < €2 as ¢ — 0
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and lirtni&lf% = ¢ € (0,400). This, inequality (60) and the fact that the
—

smoothness modulus satisfies the Figiel condition (see Remark 2.3) imply that
px(e) < e?ase — 0. Since dx(g) < px () < ? as € — 0, X is isomorphic to a

Hilbert space (see [19],§5.5.6). O
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