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1. Introduction

Let H be a real Hilbert space, let C' be a nonempty, closed and convex subset
of H and let T' be a mapping of C' into H. We denote by F(T') the set of fixed
points of T'. Let k be a real number with 0 < k < 1. A mapping T : C — H is
called a k-strict pseudo-contraction [7] if

Tz = Ty|* < ||z —y|* + Kz =Tz — (y = Ty)|?, Ve,yelC. (1)

If K =0in (1), T is nonexpansive. The following strong convergence theorem
of Halpern iteration for nonexpansive mappings was proved by Wittmann [34];
see also [11, 25].
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Theorem 1.1 ([34]). Let C be a nonempty, closed and convezr subset of H
and let T be a nonexpansive mapping of C into itself with F(T) # 0. For
any x1 = x € C, define a sequence {x,} in C by 1 = ape + (1 — o) Tz,
for n = 1,2,..., where {a,} C [0,1] satisfies oy, — 0, > 0”@, = 00 and
Yo lan — any1| < oo. Then {x,} converges strongly to a fixed point of T

An important example of nonexpansive mappings in a Hilbert space is a firmly
nonexpansive mapping. A mapping F': C' — H is said to be firmly nonexpan-
sive if
[Fa — Fy||* < (z —y, Fx — Fy)

for all z,y € C; see, for instance, Browder [5] and Goebel and Kirk [10].
It is also known that a firmly nonexpansive mapping F' is deduced from an
equilibrium problem in a Hilbert space; see [9]. Kohsaka and Takahashi [19]
introduced the following nonlinear mapping: A mapping S : C' — H is called
nonspreading if

2|z — Syl* < 1Sz —ylI* + ll= — Syl*

for all z,y € C. A nonspreading mapping was first defined in a Banach space;
see [18]. A nonspreading mapping in a Hilbert space is also deduced from a
firmly nonexpansive mapping; see [13]. Kurokawa and Takahashi [20] proved
the following strong convergence theorem of Halpern’s type iteration for non-
spreading mappings in a Hilbert space. They also posed a problem whether
Theorem 1.1 holds or not for nonspreading mappings.

Theorem 1.2 ([20]). Let C' be a nonempty, closed and conver subset of a
Hilbert space H. Let T be a nonspreading mapping of C into itself. Let u € C
and define two sequences {x,} and {z,} in C as follows: v, = x € C and

Tpt1 = apu+ (1 — ay)zp,
~1
1 n
Zn = — g Tk,
n
k=0

foralln =1,2, ..., where 0 < o, <1, a, = 0 and > " oy, = c0. If F(T) is
nonempty, then {x,} and {z,} converge strongly to Pu, where P is the metric
projection of H onto F(T).

Motivated by nonexpansive mappings and nonspreading mappings, Aoyama,
Iemoto, Kohsaka and Takahashi [3] introduced a class of mappings called \-
hybrid. Let A € R be given. A mapping T : C — H is called \-hybrid [3]
if

T2 —Ty|> < ||z —y|* +2(1 = A\)(z — T,y — Ty), Vaz,yecC.

Kocourek, Takahashi and Yao [16] introduced a wider class of nonlinear map-
pings containing A-hybrid mappings. A mapping U : C' — H is called general-
ized hybrid [16] if there exist a, f € R such that

a|lUz = Uyl* + (1 = a)|lz = Uy|* < BllUz —ylI> + (1 = B)ll= —ylI*  (2)
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for all z,y € C. Such a mapping U is called («, (3 )-generalized hybrid. Aoyama
[2] and Hojo and Takahashi [12] extended Theorem 1.2 to A-hybrid mappings
and («, 5)-generalized hybrid mappings, respectively. Kohsaka [17] proved the
following nonlinear ergodic theorem for two A-hybrid mappings in a Hilbert
space. This result is a generalization of Aoyama [2].

Theorem 1.3 ([17]). Let H be a Hilbert space and let C' be a nonempty, closed
and convex subset of H. Let S : C' — C' be a \-hybrid mapping for some A € R
and let T : C — C be a p-hybrid mapping for some p € R. Suppose that
ST =TS and F(S)N F(T) is nonempty. Let u,x € C and let {x,} be a
sequence defined by

1 n n
Tpi1 = o+ (1 — an)m ZZSle:U, Vn € OUN,

k=0 1=0

where {a,,} is a sequence of [0,1] such that o, — 0 and . a,, = co. Then
{z,} converges strongly to a point of F(S)N F(T).

Recently, Takahashi [28] introduced the notion of new nonlinear mappings. Let
E be a smooth, strictly convex and reflexive Banach space, let C' be a nonempty,
closed and convex subset of E and let 7 be a real number with n € (—o0,1).
Then a mapping U : C — E with F(U) # 0 is called n-demimetric [28] if, for
any z € C' and g € F(U),

L—n

(r—q,J(z - Ur)) = lo — Uz|?,

where J is the duality mapping on £. In a Hilbert space H, this notion is as
follows: A mapping U : C' — H with F(U) # ) is called n-demimetric if, for
any z € C' and ¢ € F(U),

n 2
—Ux||“.
- U]

We have that the class of n-demimetric mappings covers strict pseudo-contrac-
tions and generalized hybrid mappings.

In this paper, using the idea of Halpern iteration, we prove a strong convergence
theorem for finding a common fixed point of an infinite family of demimetric
mappings in a Hilbert space. This theorem is proved without assuming that
demimetric mappings are commutative. Using this result, we obtain well-known
and new strong convergence theorems in a Hilbert space. In particular, we solve
a problem which was posed by Kurokawa and Takahashi [20].

2. Preliminaries

Throughout this paper, let N be the set of positive integers and let H be a real
Hilbert space with inner product (-, -) and norm || - ||. When {z,} is a sequence



1360 H. Komiya, W. Takahashi / Strong Convergence Theorems ...

in H, we denote the strong convergence of {x,} to x € H by x, — x and the
weak convergence by x,, — x. We have from [26] that, for any =,y € H and
AER,

lz +ylI* < llel* + 2{y, = +y), (3)

Az + (1= Nyll* = Mzl + @ = Vllyl* = A1 =Nz —yl*. ()

Furthermore, we have that, for z,y,u,v € H,
20z —y,u—v) =z —ol* +lly —ull* =z —ull* =y o> (5)

Let C' be a nonempty, closed and convex subset of a Hilbert space H. A
mapping T : C' — H is called quasi-nonexpansive if ||Tz — y|| < ||l — y|| for
all z € Candy € F(T). If T : C — H is quasi-nonexpansive, then F(T')
is closed and convex; see [15, 26]. For a nonempty, closed and convex subset
D of H, the nearest point projection of H onto D is denoted by Pp, that is,
|lx — Ppz|| < ||z —y|| for all z € H and y € D. Such a mapping Pp is called
the metric projection of H onto D. We know that the metric projection Pp is
firmly nonexpansive;

|| Ppx — PDyH2 < (Ppr — Ppy,x —y)

for all x,y € H. Furthermore, (x — Ppz,y — Ppz) < 0 holds for all z € H and
y € D; see [24, 26]. Using this inequality and (5), we have that

1Ppx —y||* + | Pp — 2|* < |lz —y|?, Vo€ H, yeD. (6)

Let H be a Hilbert space and let C' be a nonempty, closed and convex subset
of H. A mapping A : C — H is called inverse strongly monotone if there exists
a > 0 such that

<$ - y,AZL’ - Ay> > OzHAQT - Ay||27 VZE,y eC.

Such a mapping A is called a-inverse strongly monotone. If A : C — H
is a-inverse-strongly monotone and 0 < A < 2«, then I — XA : C — H is
nonexpansive. In fact, we have that for all z,y € C,|

I(I = AA)z — (I = MA)y|]? = llz — y — M(Az — Ay)|]?
= ||z —y|* = 2Mz — y, Az — Ay) + N[ Az — Ay||?
< |lz = y|* — 2Xal| Az — Ay|]> + N?|| Az — Ay|?
= [z — yl* + A(A — 2a) || Az — Ay|)?
< |z =yl

Thus I — \A is nonexpansive; see [1, 23, 26] for more results of inverse strongly
monotone mappings.

We give the following examples of demimetric mappings.



H. Komiya, W. Takahashi / Strong Convergence Theorems ... 1361

Examples

(1) Let H be a Hilbert space, let C' be a nonempty, closed and convex subset
of H and let k be a real number with 0 < k < 1. If U is a k-strict pseudo-
contraction and F'(U) # (), then U is k-demimetric; see [28].

(2) Let H be a Hilbert space and let C' be a nonempty, closed and convex

subset of H. If U is generalized hybrid and F(U) # 0, then U is 0-demimetric.
In fact, setting v =u € F(U) and y = z € C in (2), we have that

alu = Uz|* + (1 = a)llu = Uz|* < Bllu—2|* + (1 - B)|Ju — =||”
and hence ||[Uz — u|]* < ||z — ul|*. From
Uz — 2+ —ul]* = Uz — 2| + 2(Uz — 2,2 — u) + [Jo — u]*,

we have that
2(r —u,x — Uz) > ||z — Uz|]?

for all z € C and w € F(U). This means that U is 0-demimetric. Notice that
the class of generalized hybrid mappings covers several well-known mappings.
For example, a (1,0)-generalized hybrid mapping is nonexpansive, i.e.,

[Tz = Ty|| < lz—yl, Va,yel.
It is nonspreading [18, 19] for « =2 and 5 =1, i.e.,
2|Te — Ty|* < [Tz -yl + [Ty — z|*, Vz,yeC.
It is also hybrid [27] for « = 2 and 8 = 3, i.e.,
3|Tx — Ty|* <llz — y|* + ||Tz — y||* + | Ty — z||*, Vaz,yeC.

In general, nonspreading and hybrid mappings are not continuous; see [14]. We
also know that the notion of generalized hybrid mappings is a generalization
of the notion of A-hybrid mappings. In fact, if 7" is A-hybrid, then

1T = Ty|* < llz —ylI* + 201 = \){w = T2,y = Ty), Va,yeC.
We have from (5) that

| Tz — Ty||* <
<lz —ylI* + (1 = N (||la = Ty|]* + [| Tz — y||* — ||z — y||* = |Tz — Tyl]*)

and hence
2= M|Tz —Ty|* = (1= Nz = Tyl* < (1 =N Tz — y|]> + Az — y|>.

This means that 7" is (2 — A\, 1 — \)-generalized hybrid.



1362 H. Komiya, W. Takahashi / Strong Convergence Theorems ...

(3) Let H be a Hilbert space and let C' be a nonempty, closed and convex
subset of H. Let « > 0 and let A: C — H be an a-inverse strongly monotone
mapping with A710 # (). Then 1 —2a € (—00,0) and I — A : C — H is a
(1 — 2cr)-demimetric mapping. In fact, since A : C' — H is a-inverse strongly
monotone, we have that

(x —y, Av — Ay) > o|Az — Ay|*>, Vax,y € C. (7)
Setting U = I — A and taking y = z € F(U) = A7'0 in (7), we have that
(x —z,x —Ux) > allz - Uz||?, VoeC, ze€ F(U).
This implies that
20w — z,x —Ux) > (1 — (1 - 2a))||lz — Uz|]?, VzeC, z€ F(U)
and hence U = I — A is (1 — 2a)-demimetric.

(4) Let E be a strictly convex, reflexive and smooth Banach space and let C'
be a nonempty, closed and convex subset of E. Let Po be the metric projection
of E onto C. Then Pg is (—1)-demimetric; see [28].

(5) Let E be a uniformly convex and smooth Banach space and let B be a
maximal monotone operator with B7'0 # (). Let A\ > 0. Then the metric
resolvent J is (—1)-demimetric; see [28].

The following lemma which was proved in [28] is important and crucial in the
proof of our main result.

Lemma 2.1 ([28]). Let H be a Hilbert space and let C' be a nonempty, closed
and convex subset of H. Let k be a real number with k € (—oo,1) and let U be
a k-demimetric mapping of C into H. Then F(U) is closed and convez.

We also know the following lemma from [29]:

Lemma 2.2 ([29]). Let H be a Hilbert space and let C' be a nonempty, closed
and convez subset of H. Let k € (—oo, 1) and let T be a k-demimetric mapping
of C into H such that F(T) is nonempty. Let A be a real number with 0 < A <

1 —k and define S = (1 — X\)I + XT. Then S is a quasi-nonexpansive mapping
of C into H.

We also know the following lemmas from Aoyama, Kimura, Takahashi and
Toyoda [4], Xu [33] and Maingé [21].

Lemma 2.3 ([4], [33]). Let {s,} be a sequence of nonnegative real numbers,
let {a,} be a sequence in [0,1] with Y7 a, = 00, let {B,} be a sequence of
nonnegative real numbers with > - B, < oo, and let {v,} be a sequence of
real numbers with limsup,,_,. v» < 0. Suppose that

Sn+1 S (1 - an)sn + QnVn + Bn

foralln=1,2,.... Then lim,_, s, = 0.
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Lemma 2.4 ([21]). Let {I,} be a sequence of real numbers that does not
decrease at infinity in the sense that there exists a subsequence {I,,} of {I,}
which satisfies I,, < I}, 11 for all i € N. Define the sequence {7(n)}n>n, of
integers as follows:

T(n) =max{k <mn: Iy < Ik},

where ng € N satisfies {k < ng: Iy < Iyi1} # 0. Then, the following hold:
(i) 7(ng) <7(ng+1)<-- and 7(n) — oo;
(”) F‘r(n) < F‘r(n)+1 and Fn < F‘r(n)Jrla n > Ng.

3. Strong Convergence Theorem

In this section, we prove a strong convergence theorem of Halpern’s type itera-
tion for finding a common fixed point of an infinite family of demimetric map-
pings in a Hilbert space. Let H be a Hilbert space and let C' be a nonempty;,
closed and convex subset of H. A mapping U : C' — H is called demiclosed
if, for a sequence {x,} in C such that =, = w and z,, — Uz, — 0, w = Uw
holds. For example, if C' is a nonempty, closed and convex subset of H and T
is a nonexpansive mapping of C' into H, then T is demiclosed; see [6] and [26,
p. 114].

Theorem 3.1. Let H be a Hilbert space and let C' be a nonempty, closed and
conver subset of H. Let {ky, ko, ...} C (—o00,1) and let {T;}32, be an infinite
family of k;-demimetric and demiclosed mappings of C' into H. Assume that
F =N F(Ty) # 0. Let {un} be a sequence in C such that u, — u. For
ry=x € C, let {x,} C C be a sequence generated by

“n = Z;il &L= AL + ATj)zn,
Tpt1 = Opun + (1 — 6p) Pol(anz, + (1 — ay)z,), Yn €N,

where a,b,c € R, {\,} C (0,00), {&1,&,...} C (0,1) and {a,}, {0,} C (0,1)

satisfy the following conditions:
(1) 0<6L§/\nSinf{l—kl,l—kg,...};
2) XL&G=L

3) 0<b<a,<c<l;
(4) limy 000, =0 and > .2, 0, = .

Then {x,} converges strongly to zy € F, where zy = Pru.

Proof. For {\,} C (0,00) and {{,&,...} C (0,1) such that
O<)\n §1nf{1—k1,1—k2,}

and ) 77, §; = 1, respectly, define

Sp = &((L= M) + AT
j=1
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for all n € N and = € C; see Bruck [8]. Then we can prove that S, is well
defined. In fact, since (1 —\,)I + A\, 1} is quasi-nonexpansive from Lemma 2.2,
we have that, for yo € M52, F/(T;) = N2, F((1 — A) 1 + A.T5),

I = AT+ A Ty)]| < ((E = An) T+ AT5)x = yoll + (190l < llz = yoll + llyoll-

Thus Spz = 377, (1 — An)I + A.Tj)z converges absolutely for each z in C.
Furthermore, we know from Lemma 2.1 that F'(7}) is closed and convex. Then
we have that N32, F(T;) is nonempty, closed and convex. Thus we have that
Pm;.”;l F(T;) 18 well defined.

Since (1 — A,)I + A\, are quasi-nonexpansive from Lemma 2.2, we have that,
for z € N2, F(T}),

1z = 2l = 1D & (1= M) + X Ty), — 2|
j=1

<D G = AT+ ATz, — 2| (8)
j=1

<D &illza =2l = llza — 2.
j=1

Put y, = Po(anz, + (1 — ) z,). Then we have that

Yy — 2| < llanzn + (1 — an)zn — 2|
< anl|zn — 2|l + (1 — o)z — 2| 9)

Using this, we get that

[Zn1 = 2] = [[0n(un — 2) + (1 = 04)(yn — 2)|
< O [Jun — 2| + (1 = 6n) lyn — 2|
< O [Jun — 2| + (1 = 6,) || — 2] .

Since {u,} is bounded, there exists M > 0 such that sup,,cy [|u, — 2| < M.
Putting K = max{||z; — z||, M}, we have that ||z, — z|| < K for all n € N. In
fact, it is obvious that ||z; — z|| < K. Suppose that ||z — z|| < K for some
k € N. Then we have that

21 — 2| < Ok flu — 2] + (1 = 6) [k — ]|
S oK+ (1-0p)K =K.
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By induction, we obtain that ||z, —z|| < K for all n € N. Then {xz,} is bounded.
Take zy = Pm]qilp(Tj)u. Using (4), we have that

[yn — 20ll” < llanan + (1 — )z — 20|
= apl|Tn — 20”2 + (1 —an)l|zn — Z0”2 — an(1 —ap) |z, — anz
< O‘n”xn - ZO||2 + (1 - an)Hxn - Z0||2 —an(l - an)||zn - xn”Q

= ||z, — ZOH2 — (1 — )|z, — an2
and hence
201 — 20l = [|6n (un — 20) + (1 = 6n) (yn — 20)I?
< bnlltn — zol1? + (1 = 0n) [y — 20|
< Onllun — 200> + [[yn — 20l
< 571”“71 - ZO||2 + ”xn - ZO||2 - an(l - O‘n)”'zn - anQ :
Using 0 < b < o, < ¢ < 1, we have that
b(l - C)“In - ZnH2 < O‘n(l - O‘n)Hzn - anz (1())
< Gulltn — 20l + |20 — 20)1* = |1Tns1 — 20|
We also have that
”xn—i—l - l’n|| < 5n||un - xn” + (1 - 5n)||yn - xn”
< Opllun — 2|l + (Y — 24l
< Onl|tn — 20| + |lonTn + (1 — an)zn — 0| (11)

< Onllun — o || + [[(1 = an) (20 — 20) ||
< Onl|tn — 2p| + |20 — 24|

We will divide the proof into two cases.

Case 1: Put I}, = ||z, — 2||* for all n € N. Suppose that there exists a natural
number N such that I}, < I, for all n > N. In this case, lim,,_,. I, exists
and then lim, o (I,41 — I3,) = 0. Using 6, — 0, we have from (10) that

lim ||z, — z,|| = 0. (12)

n—oo

From (11) and 4,, — 0, we also have that
lim ||zp41 — x| = 0. (13)
n—oo

For zg = Pm;ilp(Tj)u, we show that

lim sup(u — 29, x, — 20) < 0.
n—oo
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Put s = limsup,,_,..(u — 29, Z, — 20). Without loss of generality, there exists
a subsequence {z;} of {x,} such that s = lim;_,(u — 29,2, — 20) and {z;}
converges weakly to some point w € €. On the other hand, since T} is k;-
demimetric for all j € {1,2,...}, we have that, for z € N2, F/(T}),

(0 — 2,00 — 20) = (& Zéj (1= An) ]+ AnT5)an)
- Zgj@;n — 2,20 = (1= AT+ XT)))
=
- igjxn@:n — 2,20 — Tjtn)
> Zgj iy~ TP

>Z§]

”xn - Tanz

We have from lim,, o ||2, — 2| = 0 that

lim ||z, — Tjx,|| =0, Vje{l,2,...}.
n—o0

Since Tj are demiclosed for all j € {1,2,... }, we have w € N2, F/(T}).
Since {7} converges weakly to w € N2, F'(T}), we have that

s = lim (u — zo, 21 — 20) = (u — 2z, w — 29) < 0.
l—o0

Since 41 — 20 = Op(un — 20) + (1 — 0,)(yn — 20), we have from (3) that

2041 = 20l < (1= 80)?[1yn — 20[|” + 205 (un — 20, Tnr1 — 20)
< (1 =0 || — 20l|* + 20, (up — u, Ty — 20)
+ 26, (u — 2o, Tpi1 — 20)
(1 —8,) || — 20l]* + 20, (up — u, Tpy1 — 20)
+ 20, (u — 20, Tpa1 — Tn) + 20, (U — 20, Tp — 20)-

Since Y 7 | 0, = 00, we obtain from Lemma 2.3 that x,, — zo.

Case 2: Suppose that there exists a subsequence {I7,,} of the sequence {I,}
such that I},, < I},,+1 for all 7 € N. In this case, we define 7 : N — N by

7(n) =max{k <n: Iy <k}
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Then we have from Lemma 2.4 that I,y < I,)41. Thus we have from (10)
that for all n € N,

b(1 = )| @r(m) — zrmy[I* <

2
< ey [tirmy — 2001 + [|@rmy — 20" = @2y — 20l* (14)
< eyl tir(ny — 201

Using d,(,y — 0, we have from (14) that

7}1—{1010 ||ZT(n) - IT(n)H = 0.
As in the proof of Case 1, we have from limy, .« ||2r(n) — Z+(n)|| = 0 that
lim [|2;) — Tjz-mll =0, Vje{l,2,...}. (15)

n—o0

As in the proof of Case 1, we also have that

lim ||x7(n)+1 — $T(n)|| =0. (16)

n—oo

For zg = Pm;?;l F(T;)U, let us show that

lim sup(zy — u, T-(n) — 20) > 0.
n—oo

Put s = limsup,,_,, (20 — , T+(») — 20). Without loss of generality, there exists
a subsequence {x,} of {x;m)} such that s = lim;,o(20 — u, z-q) — 20) and
{z;q)} converges weakly to some point w € C. Since T are demiclosed for all
j €1{1,2,...}, we have from (15) that w € N3, F(T}). Since {z()} converges
weakly to w € M52, F'(Tj), we have

5= llim (0 — u, -1y — 20) = (20 — u,w — z9) > 0.
—00

As in the proof of Case 1, we also have that

||x7(n)+1 - 20”2 < (1 - 5T(n))||x7'(n) - ZO||2 + 267(n) <u7'(n) — Uy Tr(n)+1 — ZO>
+ 207(n) (U — 20, Tr(n)+1 — Tr(n)) + 207(n) (U — 20, Tr(n) — 20)-

From I% ) < I7(n)41, we have that

S o) [T 2(my — 20[|* < 207(m) (Urn) — U, Trmy 1 — 20)

+ 257‘(11) <U — 20y Tr(n)+1 — x‘r(n)> + 25T(n) <U — 20, Lr(n) — ZO)-
Since 0,(,) > 0, we have that

H‘rT('IZ) - ZOH2 S 2<U/T(n) —Uu, xT(n)—i—l — Zo>

+ 2(u — 20, Tr(n)4+1 — Tr(n)) + 2(U — 20, T7(n) — 20)-
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Thus we have that
lim sup HxT(n) — zOHZ <0
n—oo

and hence ||z-(») — 20]| = 0. From (16), we have also that z,4) — Zrm)+1 — 0.
Thus ||-(m)4+1 — 20|| = 0 as n — oco. Using Lemma 2.4 again, we obtain that

[z = zoll < l|#r(m)+1 = 20/l = 0

as n — oo. This completes the proof. O

4. Applications

In this section, we apply Theorem 3.1 to obtain well-known and new strong
convergence theorems in Hilbert spaces. We know the following lemmas ob-
tained by Marino and Xu [22] and Kocourek, Takahashi and Yao [16]; see also
(30, 32].

Lemma 4.1 ([22, 30]). Let H be a Hilbert space and let C be a nonempty,
closed and convex subset of H. Let k be a real number with 0 < k < 1 and

U:C — H be a k-strict pseudo-contraction. If v, — z and z, — Uz, — 0,
then z € F(U).

Lemma 4.2 ([16, 32]). Let H be a Hilbert space, let C' be a nonempty, closed
and convex subset of H and and let U : C' — H be generalized hybrid. If x, — z
and x, — Ux, — 0, then z € F(U).

The following is a strong convergence theorem for an infinite family of strict
pseudo-contractions in a Hilbert space.

Theorem 4.3. Let H be a Hilbert space and let C' be a nonempty, closed and
convex subset of H. Let {ki,ky,...} C [0,1) and let {T;}32, be an infinite
family of k;-strict pseudo-contractions of C into H. Let {u,} be a sequence in

C such that u, — u. Assume that F':= 052, F(T}) # 0. For any v1 = x € C,
define {x,} as follows:

20 = D500 §5 (1= AL + AN Ty)xy,
Tnp+1 = Opln + (1 - 5n)PC(anxn + 6nzn)7

where a,b,c S R: {/\n} - (07 00)7 {517527 - } - (07 1) and {an}7 {6n} - (Ou 1)
satisfy the following conditions:

(].) 0<a§)\n§mf{1—k’1,1—k¢2,},

2) >X&G=1

3) 0<b<a,<c<l;
(4) limy 0o, =0 and > .2, 0, = .

Then {x,} converges strongly to zy € F', where zyp = Pru.
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Proof. Since 7} is a k;-strict pseudo-contraction of C' into H such that F(7}) #
(0, from (1) in Examples, T} is k;-demimetric. Furthermore, from Lemma 4.1,
T; is demiclosed. Thus, we have the desired result from Theorem 3.1. Il

We also know the following result from [31].

Lemma 4.4 ([31]). Let H be a Hilbert space and let C' be a nonempty, closed
and convex subset of H. Let o > 0 and let A,U and T be mappings of C' into
H such that U =1 — A and T = 2a U + (1 — 2a)I. Then, the following are
equivalent:

(1) A is an a-inverse strongly monotone mapping, i.e.,
al|Az — Ayl < (z —y, Az — Ay), Va,y e C;
(2) U is a widely (1 — 2«a)-strict pseudo-contraction, i.e.,
[Uz = Uyl* < llz = yl* + (1 = 20)|(1 = V) — (I = U)yll*, Va,y € C;
(3) T is a nonexpansive mapping.

Using Lemma 4.4, we can prove the following weak convergence theorem for an
infinite family of inverse strongly monotone mappings in a Hilbert space.

Theorem 4.5. Let H be a Hilbert space and let C' be a nonempty, closed and
convex subset of H. Let {1, jiz,...} C (0,00) and let {B;}52, be an infinite
family of pj-inverse strongly monotone mappings of C' into H. Let {u,} be a
sequence in C such that u,, — u. Assume that B := ﬂ‘j?‘;lBj_lO # (. For any
ry =x € C, define {x,} as follows:

Zn = Zjil fj([ — )\nBj)xn;
Tpi1 = Optn + (1 — 0,) Pol(anz, + (1 — ay)zn),

where a,b,c S R: {/\n} - (07 00)7 {517§27 - } - (07 1) and {an}7 {6n} - (Ou 1)
satisfy the following conditions:

(1) 0<a<A, <2inf{uy, po,...};

2) >X&=1

3) 0<b<a,<c<l;
(4) limy 0o, =0 and > .2, 0, = .

Then {x,} converges strongly to zy € B, where zp = lim,,_, Ppxy,.

Proof. Since Bj; is pj-inverse strongly monotone, from (3) in Examples, U; =
I — Bjis (1 — 2pj)-demimetric. Furthermore, we have that

I=MBj=T-X(I—(I—-B))= 1=+ M\(I—B;)=(1=N\)I+ U
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and 0 < a < A, <inf{l — (1 —2u1),1 — (1 — 2u2), ...} =2inf{p, p2, ...}
Furthermore, U; = I — B; is demiclosed. In fact, let ,, = w and z,,—U;z,, — 0.
Putting T; = 2u,;U; + (1 — 25) 1, we have that

1

n, —Ujzy =1 —Uj)z, = — (I = T})x, — 0.
241

Since T} is nonexpansive from Lemma 4.4 and hence T} is demiclosed, we have
w e F(T;) = F(U,). Thus U; = I — B, is demiclosed. Then we have the desired
result from Theorem 3.1. [

The following is a strong convergence theorem for an infinite family of gener-
alized hybrid mappings in a Hilbert space.

Theorem 4.6. Let H be a Hilbert space and let C' be a nonempty, closed and
conver subset of H. Let {T;}32, be an infinite family of generalized hybrid
mappings of C into H. Let {u,} be a sequence in C' such that u,, — u. Assume
that F':= N3, F(T;) # 0. For any 21 = x € C, define {x,} as follows:

{Zn = Zjozl &1y,

Tpt1 = Optn + (1 — 0n) Pol(anz, + (1 — ay) zn),

where b,c € R, {&1,&,...} C (0,1) and {an}, {0,} C (0,1) satisfy the following

conditions:

() X6 =1
(2) 0<b<a,<c<l1;
(3) limp e, =0 and > .2, 0, = .

Then {x,} converges strongly to zy € F, where zy = Pru.

Proof. Since 7} is a generalized hybrid mapping of C' into H such that F/(7}) #
0, from (2) in Examples, T} is 0-demimetric. Furthermore, from Lemma 4.2,
T; is demiclosed. Therefore, we have the desired result from Theorem 3.1. [

We have not known whether Theorem 1.1 of the Halpern iteration holds or
not for nonspreading mappings. Such a problem was also posed by Hojo and
Takahashi [12] in the setting of generalized hybrid mappings. As a direct
consequence of Theorem 4.6, we solve this problem of Hojo and Takahashi.

Theorem 4.7. Let H be a Hilbert space and let C' be a nonempty, closed and
convex subset of H. Let T be a generalized hybrid mapping of C' into H. Let
{u,} be a sequence in C such that u, — u. Assume that F(T) # 0. For any
1 =x € C, define {x,} as follows:

Tnt1 = 5””” + (1 - 5n)Pc(an$n + (1 - an)Txn>7

where b,c € R and {a,},{6,} C (0,1) satisfy the following conditions:
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(1) 0<b<a,<c<l;
(2) limy 00, =0 and > .2, 0, = .

Then {x,} converges strongly to zo € F(T'), where zg = Ppyu.

The following is a strong convergence theorem for an infinite family of nonex-
pansive mappings in a Hilbert space.

Theorem 4.8. Let H be a Hilbert space and let C' be a nonempty, closed and
conver subset of H. Let {T;}32, be an infinite family of nonexpansive mappings
of C into H. Let {u,} be a sequence in C' such that u, — u. Assume that
F =02, F(T;) # 0. For any x, = x € C, define {x,} as follows:

{zn = ¥ T,

Tpi1 = Optn + (1 — 0n) Pol(anz, + (1 — ay) zn),

where b,c € R, {&1,&,...} C (0,1) and {an}, {0,} C (0,1) satisfy the following

conditions:

(2) 0<b<a,<c<l1;
(3) limyyedp, =0 and > 2, 0, = co.

Then {x,} converges strongly to zy € F, where zy = Pru.

Proof. As in the proof of Theorem 4.6, 7T} is 0-demimetric and demiclosed.
We get the desired result from Theorem 3.1. 0
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