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ment. We study the dual representation of a monotone convex operator when its domain is
defined on a subspace of L,, with p € [1, ], and we prove a sandwich preserving extension
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is the fact that the extensions obtained are time-consistent.
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1. Introduction

The literature on extension theorems for functionals features some fundamental
results. For all we just mention two: first is the Hahn-Banach theorem and its
various versions, that provides e.g. a majorant preserving extension and then
the Konig theorem that provides a sandwich preserving one (see e.g. [19]). Both
cases give results for linear functionals with values in R. This paper presents
sandwich preserving extension theorems for conver monotone operators defined
in a subspace L in L,(B) with values in L,(A) (A C B), for p € [1, o0].

Other results of this type are studied in the case of linear operators, see [2]
for p € [1,00) and [9] for p = co. Indeed the need for working in an operator
setting taking values in L,(.A) is motivated by pricing and risk measurement in
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mathematical finance. To explain for any two fixed points in time, say s < ¢,
a financial asset with payofft X € L, C L,(F;) has a price x5;(X) evaluated at
s. This value is z4(X) € L,(Fs), where F, C Fi.

These price operators are linear if the market model benefits of assumptions
of smoothness, such as no transaction costs, no liquidity risk, perfect clearing
of the market, no constrains in trading, etc. However, they are convex (when
considered from the seller’s perspective, the so-called ask-prices) when such
market model assumptions are not fulfilled. Convex operators of such form
also appear as value processes in the case of dynamic stochastic optimisation
and often this is in fact a way to obtain such price processes.

It is reasonable to have the domain of these operators defined on a subspace L
of the corresponding L, space. In fact, in general, not all positions are actually
available for purchase in the market. It is only in the idealistic assumption
of a complete market that we find that all positions are always feasible, i.e.
the subspace is actually the whole L, space. Strictly speaking, though less
discussed in the literature, also the risk measurement is usually performed more
reasonably on a subspace L C L,,. In this case L represents those risks for which
there is grounded measurement in terms of e.g. statistical knowledge, time
series analysis, and general good information. For risks outside this set, one
can always resolve with a conservative risk evaluation which corresponds to high
(even too high to be competitive) hedging prices. The reasonable evaluation of
risk and corresponding prices is relevant from an insurance perspective.

When dealing with a dynamic approach to pricing, we consider an information
flow represented by a filtration (F;)icjo,r) (1" < 0o) and then a system of price
operators is naturally appearing: (zs;)ste7, where 7 C [0,7]. For the fixed
times s,t : s < t the price operator is x4, : Ly — L,(Fs) where the domain
is the subspace L; C L,(F:). An important necessary property of these sys-
tem of operators is time-consistency, which models the consistency of prices or
measures of risk over time. Namely, for s < ¢t < v and X € L,, the evalu-
ation x,,(X) at time s is required to coincide with the two steps evaluation

T (T (X)).

The question we address is how to extend the whole family of operators, so that
the domains reach the whole L,(F;) in such a manner that time-consistency is
preserved together with some sandwich property. The sandwich property itself
is a control from above and below reasonably given on such operators, as it
happens, in their own context, for the Hahn-Banach and Konig theorems. In
applications this may assume various meanings. In [3], [2], [16] there are differ-
ent studies on some aspects of the fundamental theorem of asset pricing with
controls on tail events, first in a multiperiod market and then in a continuous
time market. In [9] the majorant and minorant operators are linked to no-
good-deal dynamic bounds and the corresponding pricing measures. From the
application perspective, the feasibility of these pricing rules is directly linked
to the existence of the corresponding time-consistent sandwich preserving ex-
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tension of the system of price operators. So far this link has been explored only
for linear pricing. The present paper provides fundamental results to address
some questions related to convex pricing, e.g. no-good-deal bounds for convex
pricing and its connections with indifferent pricing.

We stress that to obtain a time-consistent extension it is not enough to collect
all the extensions of the single operators in one family. It is only via some
careful procedure of extension that we can obtain such result.

Also it is important to mention that the representation result we obtain for
convex operators defined on a subspace L of L,(B) taking values in L,(A) (A C
B) is crucial for the development of the extensions. Representation theorems
for convex operators have been studied in the context of risk-measures in the
recent years. The first results were obtained for the static case, corresponding
to operators with real values (A trivial). Here we have to mention [18] (for
p € [1,00]) and [17] (for p = 00), where the domain of the operators is the whole
L,(B) space, and the paper [4], where a very general framework is proposed,
which also includes the case of a subspace L of L,(B) (for p € [1,00]) with
lattice property on L. In both cases the mappings take real values. We also
mention [5] and [14] for a representation in the case of operators defined on the
whole Lo (B) with values in L. (A) studied in the context of conditional risk
measures. Our contribution in this area provides a representation theorem for
convex operators defined on L C L,(B) (for p € [1,00]) without requiring the
lattice property of L.

In a summary our contribution provides various elements of novelty:

1. A representation theorem for a convex operator defined on a subspace
L C L,(B) with values in L,(A) with A C B not trivial and without
requiring the lattice property on L.
2. A sandwich preserving extension theorem for such convex operators, where
the sandwich bounds are sublinear and superlinear operators defined on
the whole L,(B).
3. Various time-consistent sandwich preserving extensions theorems dealing
with a family of convex operators z,; defined on L; C L(F;) with values
in L,(Fs), for s <t. We have to stress that
o Time-consistency is a crucial property necessary in many applications
such as in financial price evolution.

o Time-consistency is not preserved by independent extensions of the
single operators ;.

e Time-consistent extensions require careful procedures in order to main-
tain the delicate relationships of the operators z, over time.

The paper is organised as follows. In Section 2 we give a precise presentation
of the operators, the spaces, and the topology we consider. Then the repre-
sentation theorem is proved. Section 3 is dedicated to the sandwich extension
of such convex operators. The sequel of the paper deals with time-consistent
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systems of operators. In Section 4 the sandwich extension is studied in the case
of discrete time. In Section 5 we reach out to obtain the sandwich extension
for continuous time systems of operators.

2. Convex operators in L, and their representation

Let (2,8, P) be a complete probability space. Here we consider B to be the
P-completed o-algebra generated by a countable family of sets in €. Also let
A C B be a P-augmented countably generated o-algebra'. For example, any
Borel o-algebra of a metrisable separable space completed by the P-null events
satisfies this assumption.

For any p € [1, 00| we consider the L,(B) := L,(2, B, P) of real valued random
variables with the finite norms:

||X|| - (E[|X|P])1/p’ pE [17 OO),
P esssup| X|, P = 00.

We equip these spaces with a topology. In the cases p € [1,00), we consider the
usual topology derived from the norm. In the case p = oo, we fix the weak™
topology ¢(Lwo, L1). We will denote by the superscript “+”, e.g. L,(B)", the
cones of the non-negative random variables with the corresponding induced
topology.

In the sequel we deal with a linear sub-space L C L,(B). We always con-
sider L equipped with the topology induced by the corresponding L,(B) space.
Motivated by the applications we assume that:

i) 1lelL,

ii) for the o-algebra A C B we have the property that 14X € L for every
A€ Aand every X € L.

iii) For all X € L,(B) and every sequence X,, € L such that sup,, || X,||, < oo
which converges P-a.s. to X, X belongs to L.

Fix p € [1, o0] and the sub-space L C L,(B) as above. We consider an operator
r:L— Ly(A) (1)

that is

e monotone, i.e. for any X', X" € L,
(X)) > z(X") if X' >X"
e conver, i.e. for any X', X" € L and X € [0, 1],
s(AX"+ (1= X)X") < Az(X) + (1= Nz(X");

IThis assumption will be implicitly used in the sandwich extension theorems. It is not
necessary for the upcoming representation theorem.
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«  Fatou property, for all sequence X, in L such that sup,, ||X,||z, < oo which
converges P.a.s. to X,

liminf x(X,,) > z(X); (2)

n—o0

. weak A-homogeneous, i.e. for all X € L
(E(lAX):lAQL’(X), AEA;
e projection property

x(f)=f, feL,(ANL.
In particular we have x(0) = 0 and x(1) = 1.
Note that, if p € [1,00) and the operator x is monotone and linear (as in [2])

the assumption of weak A-homogeneity is equivalent to A-homogeneity, i.e. for
all X € L, we have

2(6X) = € (X)
for all £ € L,(A) such that £X € L. If p = oo and the operator is linear and
semi-continuous, then the same result holds (see [9]).

Representation of a convex operator

Our first result is a representation theorem for L,-valued convex operators of
the type above. This can be regarded as a non-trivial extension of [21, Theorem
5]. The result by Rockafellar is written for functionals and can be retrieved
setting A to be the trivial o-algebra up to P-null events.

Theorem 2.1. Let x be an operator of the type (1). Then the following rep-
resentation holds:

x(X) = esssupVev{V(X) — :c*(V)}, X e L, (3)

where

(V) = esssupXeL{V(X) - x(X)}, Ve,

and V is the space of the linear, non-negative, continuous, A-homogeneous
operators V : L,(B) — L,(A) such that E[z*(V)] < oo.

Moreover, the operator x also admits representation in the form:

2(X) = esssupVEV{V(X) - x*(V)}, X el (4)

where
(V)= esssupXEL{V(X) - ;L’(X)}, Vev, (5)

and V is the space of the linear, mon-negative, continuous, A-homogeneous
operators V : L,(B) — L,(A).
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For future reference we borrow the terminology proper of the literature on risk
measures and we call the operator x* minimal penalty.

Before the proof of the theorem we present a couple of technical lemmas.

Lemma 2.2. IfV = 1,V] + 1acVs, for Vi, Vo € V, A€ A, and A°:=Q\ A,
then
(V) = 1az" (V1) + Lacx™ (V2). (6)

Moreover the set {V(X) —z*(V): V € V} is a lattice upward directed.

Proof. For any X,Y € L we have
1A(‘/1(X) — .CL’(X)) + 1 4c (‘/Q(Y) — x(Y)) = V(lAX + 1AcY) — l‘(lAX -+ 1AcY)
< esssup {V(2) —2(2)}.
Hence,
Lyesssupxep { Vi(X) — 2(X)} + Lacesssupy e, {Va(Y) — z(Y)}
< esssupye {V(Z2) —x(Z)}.

Namely, we have 142*(V7) + 14c2*(Va) < 2*(V). On the other hand, for any
Z € L, we have

V(Z2) = 2(2) =1a(Vi(Z) — 2(2)) + 14:(Va(Z) — 2(Z))
< Laesssup e {Vi(Z2) — 2(2)} + Lacesssupy {Va(Z) — x(Z) }.

Therefore, 2*(V) < 142*(V1) + 14e2*(V2). So (6) holds.
To prove the lattice property, it is enough to consider for any Vi, V5 € V, the
set A 1= {Vl(X)—m*(Vl) > VQ(X)—x*(VQ)} c Aand V =1,V 4+14V5. From
(6) we have that:
V(X) = 27(V) = 1a(Vi(X) = 27 (V1)) + Lae (Va(X) — 27 (12))
= sup {Vi(X) — 2"(V1), Va(X) — 2"(V2) }.

By this we end the proof. ]
Lemma 2.3. For any V € V, the set {V(X) —z(X): X € L} is a lattice

upward directed.

Proof. We consider X1, X, € L and we set A := {V(X;) — 2(X;) > V(X,) —
x(X2)} € A. Consider X = 14X, + 14X5. Then

V(X) = 2(X) = 1a(V(X1) = 2(X1)) + Lae (V(X2) — 2(X2))
= sup {V(X1> —(X1), V(X2) - x(XQ)}'

By this we end the proof. [
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Lemma 2.4. Let x be an operator of type (1) and consider h(X) := E[z(X)],
X € L. Then h is a convex form lower semi-continuous on L.

Proof. Let cin R, let C ={X € L, h(X) < c}.

For p < 0o, we have to prove that C is closed in L,. L, is a Banach space, thus
it is enough to consider a sequence X,, in C with limit X in L,. We can assume
that sup,, || X,||, < co. There is a subsequence converging to X P-a.s. From
assumption iii) on L and the Fatou property we can see that X € C.

In case p = oo, we have to prove that C is closed for the weak*® topology
0(Lso, L1). The proof is inspired by the proof of Theorem 4.31 in [17]. The set
C being convex it is enough from the Krein Smulian Theorem ([15] Theorem
V 5 7) to prove that for all r C, = C N {||X|| < 7} is closed for the weak*
topology. From Lemma A 64 in [17] it is enough to prove that C, is closed in
L,y for the norm topology. Let X, be a sequence in C, with limit X for the
L, norm. There is a subsequence of X, converging P a.s. to X. Necessarily
|| X||oo < 7. From assumption iii) on L we can see that X belongs to L. From
the Fatou property it follows that X belongs to C,. [

We are now ready to prove Theorem 2.1.

Proof. Set
hX) = E[x(X)], X e L.

Clearly h is a non-negative, monotone, convex, and proper (i.e., h(X) > —oo
and finite for some X, see [21, p. 1]) functional. By Lemma 2.4 it is also lower
semi-continuous. Thus, by application of [21, Theorem 4 and Theorem 5], we
have the representation

P(X) = sup {o(X) = 1*(v) | (7)

veL*

where
h*(v) := sup {U(X) - h(X)}
XeL

is the Fenchel transform of h and L* is the set of continuous linear forms on L.
Note that we can restrict to v € L* such that h*(v) < oo, and in this case v is
a non-negative linear form. Recall that we always consider the usual L,-norm
topology in the case p € [1,00) and the weak™® topology in the case p = oo.
Then we distinguish the two cases.

If p € [1,00), the classical Hahn-Banach theorem guarantees that v(X), X € L,
can be extended to a non negative continuous linear form v(X), X € L,(B),
and the extension admits the representation

v(X) = E[fX], X € L,(B),

for some f € L,(B) with ¢ =p(p—1)"" and f > 0.
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If p = oo, then we refer to a version of the Hahn-Banach theorem for locally
convex topological spaces as in [10, Chapter II] and we proceed as follows.
Recall that the weak* topology on L (B), defined by the family of semi-norms

py(°) = E[g : }, for every g € Li(B): g >0,

is locally convex. For every non-negative linear form v on L, continuous for the
weak™® topology, there is a semi-norm p, such that

[0(X)] < pg(X).

Hence, applying the above mentioned corollary, we can extend v to a non-
negative weak® continuous linear form on L. (B). The extension admits the
representation

v(X) = E[fx], X € Loo(B),

for some f € Li(B) such that f > 0. Therefore for p € [1,00], the convex
functional h(X), X € L, in (7) can be rewritten as:

h(X) = L {E[fX]-h*(E[f]}
= ;gg{E[fX] — " (E[f])}

where

W = {feLq(B): sz,h*(E[f-])<oo}. 9)
Note that W # (), because h is real valued.

We remark immediately that E[f|A] = 1, for every f € W. Indeed, consider
any A € Aand X = 14. For any a € R we have

E[f ala] — h*(E[f]) < h(als) = Elz(als)] = aE[14].
Hence,
a(ELf14] - P(4)) < h*(E[f) < oo.
Thus taking o — +00, we see that E[f14] = P(A), A € A. Namely E[f|A] =
1. For every f € W, denote
V(X) = E[fX|A]l, X e L,(B). (10)

Hereafter we show that V' € V. First of all note that the operator V' is naturally
non-negative, linear, and A-homogeneous. It is also continuous. Indeed for the
case p € [1,00) it is immediate from the conditional Holder inequality.

For the case p = oo, we consider a neighbourhood of E[fX|A] for the weak™*
topology:

U:={Y € Lo(A) : Vg € Li(A), i = 1,...,h, |E[g:E[fX|A]] — E[g:Y]] <€}



J. Bion-Nadal, G. Di Nunno / Representation of Convex Operators ... 1383
Since f > 0 and E[f|A] =1, then g;f € L(B), i =1, ..., h, and the set
U= {Z € Loo(B): Vg € Li(A), i =1,....h, |E[ngX] — E[gle]\ < e}

is a neighbourhood of X in L. (B) in the weak* topology and for all Z € U,
E[fZ|A] € U. This proves the continuity of V' for the weak* topology. Thus
V belongs to V.

For V in V, define
(V) :=esssupy {V(X) —z(X)}.

We show that E[z*(V')] < oo for V' in (10). From the lattice property of Lemma
2.3, from [20, Prop VI 1.1.], and the monotone convergence theorem, we have:

Elz"(V)] = sup { E[V(X)] — E[z(X)]}

= sup { E[fX] - h(X)}
= sup {v(X) = h(X)} = h*(v) < cc.

Then we can conclude that V' as in (10) is an element of V.

We are now ready to prove the representation (3). Note that from x(0) = 0,
we have that 2*(V') > 0 for every V € V. For every V € V and X € L, we have

(V) 2 V(X) — x(X)

or, equivalently,

2(X) > V(X) — 2*(V).

Thus
z(X) > esssupVEV{V(X) - ZL‘*(V)} (11)

To conclude we need to show the reverse inequality. To this aim it is enough
to show that

E[m(X)} < E[esssupVGV{V(X) - x*(V)H, XelL. (12)

Indeed we have:

E[z(X)] = h(X) = sup { E[fX] — h*(E[f])}

few
= sup { B[E[fX|A]] — h*(E[f))}
few

= E[esssupVEV{V(X) - x*(V)}]
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where the last equality is due to the lattice property of Lemma 2.2 and [20,
Proposition VI.1.1]. We have then proved the representation (3).

To prove the representation (4), we note that ¥V C V. From equation (3) we
have

z(X) = esssupVGV{V(X) - x*(V)}
< esssupVGV{V(X) - x*(V)}

From the definition of z* in (5) we have that z*(V) > V(X)) — z(X), that is
z(X) > V(X)—a*(V), for every V € Vand X € L. So, we conclude that

2(X) > esssupy ey {V(X) — 2*(V)}.

By this we end the proof. [
Corollary 2.5. Let x be of type (1). Then the following representation holds:

2(X) = esssupfem{E[wa —2(E[f - |A})}, Xel, (13)

where

D:={f€Ly(B): f>0, E[f|[A] =1} (14)
with ¢ = p(p —1)~! and

(E[f-|A]) = esssupXeL{E[fX|A] — ZB(X)}, feD.

Proof. From [2, Theorem 1.1], for the case p € [1,00), and [9, Theorem 3.3 and
Proposition 3.14], for p = oo, we know that there is a one-to-one relationship

between V and ID. Then the results follow directly from the representation
(4). O

We remark that the translation invariance of x by elements in LN L,(.A) follows
from the above representation (13).

The representations of convex functionals were studied in the recent literature
of risk measures in the case when the g-algebra A is trivial. In [18] the rep-
resentation is studied for convex risk measures (i.e. convex, monotone, lower
semicontinuous, and translation invariant functionals) defined on the whole
L,(B) with p € [1, 00] with values in (—o00,00). In [17] the study is carried on
for p = co. In both cases it is crucial that the functionals are defined on the
whole space.

In [4], the representation is studied for convex, monotone, order continuous
functionals defined on Fréchet lattices and taking values in (—o00,00]. This
allows for a general setup, however the vector space L on which the map is
defined needs to be a vector lattice. This is not the case in the present paper.
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The lattice property in Lemma 2.1 and Lemma 2.2 is a lattice property in the
arrival space L,(A), not in L. Another important difference is that in [4] the
o-algebra A is trivial.

If A is non-trivial, then we can refer to [5] and [14] for studies on the repre-
sentation of convex operators in the context of conditional risk measures (i.e.
convex, monotone, lower semicontinuous, translation invariant operators) de-
fined on the whole Lo (B).

In conclusion, our contribution to this area provides a representation of convex
operators defined on a subspace L C L,(B) with values in L,(A), p € [1, 0],
with very mild hypothesis on L.

3. Sandwich extension of a convex operator

In the sequel we consider a criterion for the existence of an extension z of the
convex operator x to the whole L,(B). The given x lies within two operators
m and M. This extension is sandwich preserving. There is no uniqueness of
such sandwich preserving extension, but our approach allows for an explicit
representation of at least one of them, denoted z, which turns out to be the
maximal.

First of all we introduce the minorant as a superlinear operator m : L,(B)" —
L,(A)", ie.,
m(X+Y)>m(X)+m(Y), XY € L,(B)*,

m(AX) = dm(X), XeL,B)", x>0,

and the majorant as a sublinear operator: M : L,(B)" — L,(A)7, i.e.,
MX+Y)<M(X)+M(Y), X, Y € L,(B)*,

MOX)=AM(X), X €L,B), \>0.

We remark that sublinearity (resp. superlinearity) implies M (0) = 0 (resp.
m(0) = 0).

Moreover, in the case p = 0o, we say that the map M : Lo (B)" — Lo(A)"
is regular if for every decreasing sequence (X,,), in Lo (B) with X,, | 0, n — oo
P-a.s, we have

M(X,)—0, n—oo Pa.s. (15)

Theorem 3.1. Fizxp € [1,00|. Let x : L — L,(.A) be of type (1). Consider
the weak A-homogeneous operators m, M : L,(B)* — L,(A)" such that m is
superlinear and M is sublinear and, if p = oo, M is also reqular. Assume the
sandwich condition:

m(Z) +z(X) < M(Y) (16)
VXeL VY, ZeL(B)": Z+X<Y.
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Then x admits an extension T (to the whole L,(B)), which is convex, mono-
tone, lower-semicontinuous, weak A-homogeneous and satisfying the projection
property such that (16) is preserved, i.e.

m(Z) +#(X) < M(Y) (17)

VX €eL,B) VY, Ze€L(B)": Z+X<Y.

In particular the operator
Z(X) == esssupyps {V(X) —2*(V)}, X € L,(B), (18)

with
(V)= esssupXeL{V(X) — :C(X)}, VeV, (19)

is a sandwich preserving extension of x. Here above VS is the set of linear,
continuous, non-negative, A-homogeneous operators on L,(B) with values in
L,(A) such that E[z*(V)] < oo, and satisfying the sandwich condition:

m(X) < V(X) < M(X), X e L,(B)*.
Moreover, for any other such extension X, we have that
#(X) > z(X), X € L,(B).

We call © the mazimal extension.
Proof. From Theorem 2.1, for all X € L,

2(X) = esssupy e, { V(X) — 2*(V)}.
Thus VYV € V), the restriction of V' to L satisfies:

m(Z)+V(X)—2*(V)<MY),VXeLVY,ZeL,B)": Z+X <Y.

Then, for all o > 0,

am(Z) +aV(X) —a2*(V) <aM(Y).
Let A={m(Z)+V(X)— M) >0},

0 < E(La(m(2) + V(X) - M(Y)) < éE(le*(V)) < .

Let @ — o0, it follows that 14(m(Z) + V(X) — M(Y)) =0 P a.s.. Thus
m(Z)+ V(X)) < M(Y) (20)

forall V€ Vand VX € L,VY,Z € L,(B)" : Z+ X <Y. From the sandwich
extension theorem for linear operators, [9, Proposition 3.11] in case of L, spaces
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1 < p < oo, and [9, Theorem 3.9] in case of L, spaces (see also [2, Theorem
5.1]), every V' € V restricted to L admits a sandwich preserving linear extension
to the whole L, (B) denoted V* which is monotone, lower semi continuous, weak
A-homogeneous, and satisfying the sandwich condition:

m(Z)+VI(X)<M(Y), VX e L,B)VY,ZeL,B)*":Z+X<Y.

Define

(X)) = esssupyps {V(X) — 2% (V) }, X € L,(B),
where V¥ is the set described in the statement of the theorem, and x*(V) =
esssupy . (V(Y) — z(Y)). It follows that Z extends x and it is lower semi
continuous, convex, monotone, weak A-homogeneous and it also satisfies the

projection property. It remains to verify that & satisfies the sandwich condition.
Let Y,Z € L,(B)" and X € L,(B): Z+ X <Y,

m(Z) +&(X) = esssupVevs{m(Z) +V(X) - :L‘*(V)}
< M(Y) + esssupyeps (—2"(V))
= M(Y)+ esssupyep(—27(V)) = M(Y). (21)

Now consider any other convex, monotone, lower-semicontinuous, weak A-
homogeneous extension Z satisfying the sandwich condition. From Theorem
2.1 we have that

T(X) = esssupy ey, {V(X) —2*(V)}, X € L,(B),

with
(V) = esssupXeLp(B){V(X) — QZ(X)}

where V; is given by the mentioned theorem with reference to the operator z.
Moreover, since Z satisfies the sandwich condition we can see that (20) holds
for V; and that

Z(X) = esssupyps {V(X) —2°(V)}, X € L,(B).

From the definition of z* and of x* with Z(X) = x(X), X € L, we can see that
z*(V) > a*(V) is valid for all V' € V. Hence E[z*(V)] > E[z*(V)], V €V,
and in particular V5 C V9. Then z(X) < esssupycps {V(X)—2*(V)}. On the
other hand for every V € V¥ and X € L,(B) we have V(X) — z(X) < z*(V),
hence V(X)—z*(X) < Z(X). Thus we conclude esssupy s {V(X)—z*(V)} <
z(X) and we have proved that:

Z(X) = esssupyeps {V(X) — z°(V)}.

Since 2*(V) > z*(V) for all V € V2, then Z(X) < #(X) for all X € L,(B). O
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Remark 3.2. The above extension & (18) satisfies the following inequality:
VX € L,(B)" m(X)<—-2(—X) <#(X) < M(X).

This inequality is in fact equivalent to (17) for every convex, monotone, lower
semi continuous, weak A-homogeneous operator defined on the whole L,(B).
The first assertion follows from equation (17) applied one time with (Z, X,Y) =
(X, —X,0) and the other time with (Z, X,Y") = (0, X, X). The second assertion

follows from the convexity of z.

Corollary 3.3. For every V € V°, the penalty (19) in the representation (18)
of the extension T of the operator x, satisfies x*(V') = &(V'), where

E(V) = esssupxep, ) {V/(X) — 2(X)}. (22)

Moreover, define V¥ as the set of elements in V satisfying the sandwich condi-
tion (20). Then the extension (18) can be rewritten as:

(X)) = esssupyeys {V(X) — 2(V)}, X € L,(B). (23)
Furthermore, we can also give the representation:
#(X) = esssupyeps { E[fX|A] — Z(E[f - |A])}, X € Ly(B), (24)

with
DS = {f eD: m(X) < E[fX|A] < M(X), VX € Lp(B>}. (25)

The penalty T is called minimal penalty following the terminology of risk mea-
sures.

Proof. Fix V € V5. From the definition we have z*(V) < Z(V). On the other
hand, from (18), we have #(X) > V(X) — 2*(V), for all X € L,(B). Hence,
(V) > V(X) — 2(X), for all X € L,(B). Thus 2*(V) > &(V). This proves
(22). For the proof of (23) we apply the same arguments as for the proof of (4)
in Theorem 2.1. And for the proof of (24) we apply the same arguments as for
the proof of (13) in Corollary 2.5. O

Definition 3.4. The operator m is non degenerate if it satisfies E(m(1g)) > 0
for all B € B such that P(B) > 0.

Lemma 3.5. Assume that m is non degenerate. Then every f € D such that
E(@(E(f-|A)) < oo belongs to

D :={feD]|f>0Pas.}.

Proof. Let B € B such that P(B) > 0. It follows from the Remark 3.2 that
for all real A > 0, Z(=Alg) < —m(Alg). From the representation (24) of
#(—=Alpg), we get &(—Alp) > E(—=Algf) — Z(E(f - |A)). It follows that for all
A>0, E(1gf) > E(m(1lg)) — E(Z(E(f.]A)))/\ . Letting A\ — oo, the result
follows from E(m(1p)) > 0, m being non degenerate. O
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We deduce the following result from Corollary 3.3 and Lemma 3.5.

Corollary 3.6. Assume that m is non degenerate, then & admits the following
representation

#(X) = esssupseps. { E[fX|A] — Z(E[f - |A])}, X € L,(B), (26)

with
D¢ := D° N D°. (27)

The following result can be regarded as an extension of [2, Theorem 5.2] to the
case of convex operators.

Corollary 3.7. If the minorant m and the majorant M in Theorem 3.1 are
linear operators:

m(X) = E[moX|A], X € L,(B)*,
M(X) = E[MyX|A], X € Ly(B)",

for some random variables mo, My € Ly(B)": ¢ = p(p — 1) such that 0 <
mo < My. The extension (18) T can be written as:

#(X) = esssupep{ E[f X|A] — 2" (E[f - |A])}, X € L(B), (28)

where

D= {feLq(B): Ogmogngo,E[f\A]zl}.

Proof. This is a direct application of Corollary 3.3. ]

We now prove that under the sandwich condition the esssup in (18) is attained.
This will be a consequence of the following compactness result.

Lemma 3.8. Let M be sublinear, monotone, weak A-homogeneous, and, if
p = o0, reqular. Let K ={feD: 0< E(f-|A) < M}. Identifying f € K
with the linear form E(f-) on L,(B), K is a compact subset of the ball of radius
E(M(l)q)% of L,,(B), 1 < p < 0o equipped with the weak* topology o(L;,, Ly,).
In case p = oo, K is furthermore contained in Li(B). (Note that if p < oo,
L) = Lg with g =p(p—1)"".)

Moreover, with the notations of Theorem 3.1, the set D° is compact for the
weak™ topology .

Proof. K isa subset of the ball of radius E(M(l)q)% of L (B). As this bounded
ball is compact for the weak™ topology (Banach Alaoglu theorem), it is enough
to prove that K is closed for the weak™ topology. Denote K the weak* closure
of K. Let ¥ € K. ¥ is a positive continuous linear form on L,(B).
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In case p € [1,00), U is represented by an element of L,(B) for ¢ = p(p — 1)~*
(Riesz representation theorem).

We discuss the case p = oo in detail. We first prove that ¥ defines a measure
on (2,B). Let (X,), be any sequence of elements of L. (B) decreasing to 0
P a.s. From the regularity of M, Ve > 0, there is ng such that Vn > ny,
E(M(X,)) < e. Denote U the neighborhood of ¥ defined as U = {¢ €
L' (B), |¥(X,,)— ¢(X,,)| <€} Since ¥ € K, there is ¢ € UNK. For such
¢, 0 < o(X,) < E(M(X,)) <e It follows that |¥(X,,)| < 2 As VU is a non
negative linear functional and the sequence (X,,), is decreasing to 0, it follows
that 0 < U(X,,) < 2¢ for every n > ng. From Daniell Stone Theorem, see e.g.
[17, Theorem A48], it follows that W defines a probability measure on (€2, 5).
This probability measure is absolutely continuous with respect to P and this
gives the existence of some g € L;(B) such that ¥ = E(g-) (Radon Nikodym
Theorem). Forall X € L, (A), the equality ¥(X) = FE(X) is obtained similarly
making use of the neighborhood of ¥: Uy = {¢ € LL_(B), |V(X)—¢(X)| <
e}. It follows that E(g|A) = 1. The inequality E(fX14) < E(M(X)1,4) for
X € L,(B) and A € A is obtained similarly and hence ¥ = F(g.) where g
belongs to K. This proves the compactness of K for the weak™* topology.

DS is equal to {f € K : E(m(X)14) < E(fX14),YX € L,(B),VA € A}. Thus
D% is a closed subset of K for the weak* topology. O

Proposition 3.9. Assume the hypothesis of Theorem 3.1. For every X € L,(B),
there is some fx in D (depending on X ) such that

#(X) = E(fxX|A) - 2(E(fx - |A)). (29)
Proof. We start from the representation (24) given in Corollary 3.3 :
#(X) = esssupjeps { E[fX|A] — Z(E[f - |A])}, X € L,(B). (30)

From the lattice property proved in Lemma 2.2, it follows that E(z(X)) =
supseps [E(fX) — E(@(E[f - |A])]). From the definition of # and the lattice
property proved in Lemma 2.3, it follows that E(Z(E|[f - |A])) is a lower semi
continuous function of f € D° for the weak* topology and thus we deduce
from the compactness of D° (see Lemma 3.8) that the upper semi continuous
function E(fX) — E(z(E[f - |A])), f € D, has a maximum attained for some
fx (which may not be unique). From equation (30) it then follows that fx
satisfies (29). O

4. Sandwich extensions of discrete time systems

We equip the probability space (2, B, P) with the right-continuous P-augmen-
ted filtration (-Ft)te[O,T}- We assume that, for all ¢, F; is generated by a countable
family of events, by which we mean that F; is the smallest o-algebra containing
the countable family and all P-null events.
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Let p € [1,00]. For any time ¢t € [0,7] (T > 0), consider the linear sub-space:
L, C L,(F), Li<CLyp. (31)

Let 7 C [0, 7] such that 0,7 € T. In the sequel we denote (s;)se7 on (Li)ieT
the system of operators x5, : Ly — Ly of the type (1), for s,t € T: s <t.

In financial applications these operators represent a time-consistent system for
ask prices in a market with friction. The time s is the price evaluation time of
an asset which has payoff at ¢ and the prices are defined on the domain L; of
purchasable assets. Note that, in general, L; C L,(F;) for some ¢ € [0, 7] and
Ly = L,(F) for all t € [0,T] in a complete market.

Definition 4.1. The system (z;)s1e7, is time-consistent (or T -time-consis-
tent) if for all s,t,u € T with s <t <w, and all X € L,

Tsu(X) = Tgy (:L‘tu(X)) ) (32)

Time-consistency is a natural assumption for such system of operators repre-
senting, e.g., price processes. This concept models the reasonable equivalence
of the price evaluation for an asset with payoff at time u, say, when the eval-
uation is performed either in one step, i.e. the straight evaluation of the asset
at time s, or in two steps, i.e. first an evaluation at time ¢, ¢ < u, and then
at time s, s < t < u. This concept is also proper of a consistent risk mea-
surement and it is studied for dynamic risk measures (where it is called strong
time-consistency in [1]), see e.g. [11], [6].

Remark 4.2. For any s <t < T, x,, is the restriction to L, of x; .

Indeed let X € L, then x;7(X) = X, by the projection property. Thus by
time-consistency we have x5 (X) = x5¢(2:7(X)) = 254(X), for all X € L.

In the sequel we discuss the extension of dynamic systems of operators which
will be sandwich preserving. We deal with systems of superlinear and sublinear
operators: each one representing the minorant and majorant of one of the
operators to be extended. Motivated by applications, a modification of the
concept of time-consistency is also necessary. Examples of studies of such
minorants and majorants are found in [2], [16], and [9]. It is in this last paper
that the general concept of weak time-consistency is introduced for the first time
in connection with no-good deal bounds. We are now considering again this
general definition in this context of convex operators also in view of upcoming
applications to the study of ask prices in the context of risk-indifference pricing.

Definition 4.3.

e The family (ms;)se7 of weak Fy-homogeneous, superlinear operators m ;
L,(F)" — L,(Fs)T is weak time-consistent if, for every X € L,(F;)",

Mys(Msi(X)) > m(X), Vr<s<t. (33)
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o The family (M) e of weak Fy-homogeneous, sublinear operators M, :
L,(F)" — L,(Fs)T is weak time-consistent if, for every X € L,(F;)",

M,s(Ms (X)) < M, (X), Vr<s<t. (34)
Note that the operators ms,, M, are not required to satisfy the projection
property.

Definition 4.4. We say that the family (ms:, Ms:)sier satisfies the mM1-
condition if they are weak time-consistent families of superlinear, respectively
sublinear, weak Fy-homogeneous operators such that mg, My, : L,(F)T —
L,(F5)*, mor is non degenerate, and Mj, is also regular if p = oo.

Definition 4.5. We say that the system of operators (z,;)se7 satisfies the
sandwich condition when

Mst(Z) + x5(X) < Mg (Y) (35)

VXeL VY, ZeL,(FR)": Z+X<Y,

for some families of operators mg;, My, : Ly(Fy)™ — L,(Fs)t, where s, t € T.

4.1. Finite discrete time systems

First of all we consider a finite set T := {s1,..., 85 : 0 =50 < ... < sk }.

For s < t, denoted Dit the set (25) corresponding to A = F;, B = F;, and

to the minorant m,; and majorant M,,. Analogously for Di’f = ]Dit N D¢, cf.
(27).

Proposition 4.6. Let us consider the time-consistent system (xs’t)stET on

(Lt)ier satisfying the sandwich condition (35) with (msy, Mst)sier fulfilling
mM1. For any i < j, consider the operators:

Tg,,6,(X) = esssupfegm{E[fX\}"si] — asi,sj(f)}, X € L,(F,;), (36)

with the penalty

I=j—1
Qs (1) = D Elag s (911) |7 (37)
1=i
where
sy 544 (Gr41) 1= eSSSUPxeL,, | {E[9l+1X|~7:sl] - wsl,s,H(X)}
and

Qi ={f€LyF,)": f= - g1, g € ijil“}

with ¢ = p(p—1)~'. Foralls <t in T, the operator T, extends xs; on Ly(F;).

This family of operators (5%37,5) is a time-consistent sandwich preserving

s,teT
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extension. Moreover (i:sﬂg) is maximal, in the sense that, if (fs,t)

s,;teT s,teT &

another such family we have that: for all i < 7j,

jjsi,Sj (X) 2 i‘si,Sj (X)7 X E Lp(st)'

Note that from Corollary 3.3, ass,,(941) = Tasiis (Elgir - [Fy]), where

Ty, 5, is the minimal penalty, see (22).
Proof. From Theorem 3.1, for every ¢+ < K — 1, we consider the maximal
extension Iy, ., of g, . The operator mgs is non degenerate. It follows

from the weak time-consistency of (mg¢)sier that for all 0 < s < ¢t < T,

the operator m,, is also non degenerate. From Corollary 3.6, Z,, ,,,, admits a
representation
isi:5i+1 (X) = eSSSllpgeDS,e {E[gX‘FSJ — Qs 841 (g)} (38>

545841

Di,esi+1 :{g € Lq(fsi+1)+ : E[g’f.sl] = 1, g > 0P a.s.
(X) < E[gX|F.,) € My, (X), VX € Ly(Fo)'}

m5i75i+1 i38i41

and

As;,s541 (g) = ‘%Si,sz‘ﬂ (E[g ’ “Fsz])
= esssUpyer, {E[gY|Fs,) = @55, (V) }.

For any ¢ < j define

Ty (X) = esssupseq, {EIFXIF,] = aus, ()}

with the penalty

I=j—1

s, s, (f) = Z E[a$l75l+1(gl+1>|f5i]7

=i

for f = ¢i+19i+2- -+ g; and Q; ; as in the statement. Note that for any f € Q, ;
and any set A € F;, we have Q(A) := E[f14] = P(A). We remark that the

penalties (o ;)i<; satisfy the cocycle condition for the time instants in 7.

The operator z, 5,,, is weak F,,-homogeneous, then a, ,,, is local®>. Observe
that, for A € F,,, 1LAE[fiX|F,,] = LaE[fo X |Fs] VX € L,(Q, Fs,,,, P) is equal
to 14f1 = 1afs. Now we consider an argument by induction and we assume
that ag, s, is local. First of all recall that any element feo..
the form fg where f € Q,,,, and g € Q,,,

;41 can be of
sjp1- We consider 14f191 = 1afogo.
Zie. for f,g € Qs, .., and for A € F,,, the assertion 14 E[fX|F,,] = 1aE[gX|F,,] VX €
Ly(Q, Fs,,,, P) implies 140, 5., (f) = lac, s,.,(g). See [6, Definition 4.1].

Si419
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Then E[14fi19:|Fs,] = E[1afag2|Fs,], which implies that 14 f1 = 14f2. This in
turns implies

1Aa8i78j (fl) - 1Aa$i78j (f2> (4())
Notice that f; > 0 P a.s.. It follows that 1,49; = 1492. Hence
1Aa8j,8j+1 (gl) = 1Aasj,8j+1 (92)' (41>

From (40) and (41) we conclude that:

1A043¢,5j+1 (flgl) = 1Aasi,3j+1 (f2g2)

by the definition of ay, ., (37). Hence ay,,., is local as well. The cocycle
condition and the local property together imply the time-consistency of the
system of operators (i’s,t)s e See [6, Theorem 4.4].

To conclude we show that the family (fs,t)s e constitute a maximal extension.

Indeed we have that, for all ¢,
(X), X € Ly(Fs.,)
We proceed then by induction on h such that j =¢+4+h. Let i <l < j

i’Si,Sj (X) :£5i13l(il3l75j (X)) Z jsi751<£sz,$j (X))
> Ts, s, (ffsmj(X)) - jsl-,sj- (X), X € LP(B)'

By this we end the proof. ]

Corollary 4.7. For each X € L,(F;,), there exists fx in Q;; such that

T, (X) = E[fxX|Fs,] — a5, (fx)
Proof. For i = j — 1 apply Proposition 3.9:
'{i.sjflysj (X) = E[fX,jX“FSj—l] = s,y (fX,j)'

From Lemma 3.5 we know that fx; belongs to D¢ . From the time-consis-
P iy9i+1

tency of (is,t) and the definition of a, s, in (37) we have

s,teT
j—1

fX = H fX,l+1-
=i

By this we end the proof. O
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4.2. Countable discrete time systems

Let us now consider a countable set 7 C [0,7], with 0,7 € T, and a sequence
of finite sets (7,)%2;: Tn C Tna1, such that 7 = U2, 7,. Let us consider the
time-consistent system (xs,t)s te 01 (L¢)ieT satisfying the sandwich condition

(35) with (mgy, Mst)s e fulfilling mM1.

Lemma 4.8. For any n, let (23,)sse7, be the mazimal time-consistent sand-
wich preserving extensions of (Tsy)ster,. Now consider s, t,€ T. Let ng € N
such that s,t € Tp,. Then, for any n > ng and X € L,(F;), the sequence
(25 (X)) n>n, is non increasing P a.s. Hence it admits a limit

Foo(X) = lim a%,(X). (42)

Moreover, for n > ng, let o, be the minimal penalty associated to xy,. This
penalty has representation

agy(Q) = esssupxer, (x,) (Bo(X|F) — 2(,(X)), (43)

.. . d
for all probability measure Q ~ P, where o ((Q) = af(f) with f = %. Then,
for all Q ~ P, the sequence (o ,;(Q))n>n, i non negative and non decreasing
P a.s.. Hence it admits a limit

1 (Q) = lim a4(Q). (44)

n—o0

Proof. The extensions (r7;)s 7, are maximal over all other sandwich pre-
serving extensions time-consistent on 7,. Then, for s,t,€ T and n > ng, we
can regard the extension :B’;fl as another sandwich preserving extension of x,,

(221")s e, is time-consistent on 7. Thus T (X) > 27 (X).

From Corollary 4.7, zi, admits a representation with equivalent probability
measures. The result for a7 ,(Q), @ ~ P, is then an immediate consequence of
equation (43). O

Theorem 4.9. Let us consider the discrete time-consistent system ($57t>ste7'

on (Li)ier satisfying the sandwich condition (35) with mM1. Then each opera-
tor in this family admits an extension to the whole L, (F;) with values in L,(F;)
satisfying the sandwich condition and such that the family of extensions is time-
consistent. In particular, the family of operators (Ts.)stet given in Lemma 4.8

is a time-consistent and sandwich preserving extension of (%,t) Moreover,

s,teT
for any s <'t, the operators Ts; (42) and Gy (44) satisfy the relationship:

Ts4(X) = esssupQ~P<EQ [(X|Fs] — as4(Q))
= esSSUP repsee (E[fX|Fs] —asi(f)), X € Ly(F). (45)

Moreover, for all X there is fx € ]fo such that
ijs,t()() :E(fXX|fS>_ds,t(fX)' (46>
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This extension is maximal, in the sense that, for any other such extension
(fs’t)s w7 we have that: for all s <t €T,

Ts1(X) > Z4(X), X € Ly(F).
Also for all s,t € T, a5, is the minimal penalty associated to Zs,.
Proof. In Lemma 4.8 we have defined, for all s,t € T,

To1(X) := lim 2% ,(X), X € L,(F),

k—o0 85t

where 2%, is the maximal extension of z,; on T and for f € ]Dssf with s,t € Ty,
we have set d,(f) 1= ds4(Q), of () = o (Q), where f = dQ/dP, with

s,t

Goy(f) = lim af,(f),  feDy.

k—o0

Step 1: Proof of the representations (45), (46) and the sandwich property.

Let s,t € T. Fix X € L,(F). For every k, from Corollary 4.7, there is
fxr € Di’f such that

2 (X) = E(fxxX|Fs) — o, (fx.r)- (47)

From Lemma 3.8 the set ]D;?:t is compact for the weak™ topology, thus there is
a subsequence of (fx)r converging to fx € ]D)it. Without loss of generality
we can assume that the sequence (fx x)x itself has the limit fyx (for the weak™
topology). Fix n > ng. From equation (43), af, is lower semi continuous for
the weak™ topology thus

oy (fx) <liminf ol (fxr).
k—o0

From Lemma 3.5 it follows that fx € ]Di’f. From Lemma 4.8, for given k, the
sequence (af ;(fxx))n is non decreasing. Therefore for every k > n, af ,(fxr) <
Oé":}t(f)gk). Thus by (47),

alty(fx) < liminf (B(fxxXIF,)) - 2k,(X)).
Passing to the limit as kK — oo, we get the inequality

ay,(fx) < E(fxX|FS)) — Zs(X).

Letting n — oo
Gsi(fx) < E(fxX|Fs)) — 24(X). (48)
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On the other hand, for every @ ~ P, and Y € L,(F;), for every n, af,(Q) >
Eq(Y|F;)) — a%,(Y). Passing to the limit this gives:

60(Q) = E(Y|F)) = 20a(Y). (49)
It follows that
T4 (X) = E(fxX|Fy)) — dsp(fx)-

Then from the above equation and (49) we have proved the representations
(45) and (46).

Notice that the sandwich condition follows from the sandwich condition for z,
passing to the limit for n — oo, see (42).

Step 2: Time-consistency.

From (45), &, is lower semi continuous. From the definition of Z; as the limit
of 2, it follows that Z; extends x, for every s,¢ € T . On the other hand for
every r < s < tin T and every n large enough such that r, s, t belong to 7,,, we
already know that (27,)se7 is T,-time-consistent. We recall that the minimal
penalty of a time-consistent family of operators satisfies the local property [6,
Lemma 2.3] and the cocycle condition [6, Theorem 2.5]. The family of penalties
(af;)se7 satisfies the cocycle condition:

a; (@) = o (Q) + Eq(ag(Q)F), Q~P.

Hence, passing to the limit for the non decreasing sequence (af,;)s e We get
the cocycle condition:

Gri(Q) = d45(Q) + Eq(asy(Q)|Fr), Q~ P.
The local property is obtained in the same way. And thus from [6, Theorem
4.4], (Zst)steT is time-consistent.
Step 3: Maximality of Z,;.

Notice that if another family 7, , satisfies all the above properties. Necessarily
for all s,t € T and n large enough such that s,t € 7,, from the maximal
property of z¢, it follows that 7, ;(X) < x7,(X). Thus passing to the limit we
get the maximality for Z,,.
Step 4: Minimality of é;,.

To see that &, is the minimal penalty associated to Z;,, we proceed as follows.
From Lemma 4.8, the sequence (77 ;(X))n>n, is non increasing P a.s..
We already know that af, is the minimal penalty associated to (z7,(X)).Thus

i, (Q) = esssupyer, () (Eq(X|Fo) — ,(X))
< esssUPxer, () (Bo(X|Fs) — &54(X)).
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Passing to the limit, we have
Gs(Q) < esssupXeLp(ft)(EQ(XLFs) — :%s,t<X))-
On the other hand, for all X we have
ag(Q) = EQ(X[Fy) — x¢,(X).
Passing to the limit, we have
G54(Q) = EQ(X|Fy) — &54(X), VX € Ly(F).

Hence
Gs4(Q) = essSUP yer, (7)) (EQ(X\}'S) — is,t(X)).

5. Sandwich extensions of continuous time systems of operators

In this section we study sandwich preserving extensions for a system of op-
erators ($S7t)s7te[07T]. These extensions are time-consistent. We stress that to
obtain a time-consistent extension it is not enough to collect all the extensions
of single operators in one family. Time-consistency is achieved with some care-
ful procedure of extension involving the representation of the operators and
an appropriate passage from discrete to continuous time. For this we first de-
fine the system of majorant and minorant operators serving as bounds in the
sandwiches.

Definition 5.1. We say that the family (mg;, My ;)scpo,r) satisfies the mM2-
condition if

(1) mM1 is satisfied (Definition 4.4);

(2) esssup,r(M,7(X)) belongs to L,(Fr)" for all X € L,(Fr)*;

(3) for every X € L,(F;)™,

Mo (X) = Tim (X (50)
(4) for every X € L,(F;)™,
Vo) = Ty M () 51)
(5) for every X € L,(F;)™,
ms+(X) <limsupmgy (X); M (X) > lim inif Mg +(X); (52)
s'>s,8']s s'>s,8']s

Let T be a countable dense subset of [0, 7] containing 0 and 7.

Definition 5.2. A system (xs,t)ste[o 71 On (Lit)teo,m is right-continuous if for
all ¢, all X € L;, and all sequences (sp)n, § < s, < t, sp | 8, x4(X) =

limy, 00 s, +(X), where the convergence is P a.s.
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Lemma 5.3. Assume the mM2-condition. Let (‘%Svt)steT and (@Svt)steT be as

in Lemma 4.8. There is a probability measure Qq equivalent to P such that for
all s,t €T,0<s<t<T, &:(Qo) =0.

Proof. From Theorem 4.9, there is a probability measure )y such that 0 =

Zor(0) = —do7(Qo). From Lemma 3.5, @y is equivalent to P. It follows from
the T-cocycle condition and the non negativity of the penalty that é;.(Qo) =0
forall s <tin T. O

Proposition 5.4. The notations are those of Lemma 5.3.
(1) For all X € L,(Fr), (‘%SVT(X))SGT

(2) For every sequence (sp), in T decreasing to s € T, Eq,(Zs, (X)) has the
limit Eg,(Zs7(X)), for all X € L,(Fr).

is a Qo-supermartingale.

Proof. (1) The assertion follows easily from Lemma 5.3, the 7-time-consis-
tency, and the representation of (X)) (45).

(2) The proof is inspired by the one of Lemma 4 in [8]. The main differences
are the facts that here 2, is only defined for s,¢ in 7 and that the operator is
defined on L C L,(F;) 1 < p < oo, while in [8] the dynamic risk measure ps,
was defined on L., (F;) and time-consistency was considered for all real indexes.
Let X € L,(Fr) and s € T. From Theorem 4.9, there is an fx € Df; such
that Z,7(X) = E(fxX|Fs) — &s7(fx). Let Rx be the probability measure
such that dRx /dP = fx. It follows from the cocycle condition that

Ts7(X) = Ery (X|Fs) — asr(Rx)
= ERX [ERX (X|]:sn) - é‘sn,T(RX)LFS] - é‘S,sn(RX) . (53)

Furthermore Eg, (X|Fs,) — &, 7(Rx) < 25, 7(X) and the penalties are non
negative. Hence, we have that

Ts7(X) < Epy (%5, 7(X)]Fs) (54)
and

Es7(X) < Epy (&5, 7(X)|Fs) = E(fx@s,r(X)|F)
= E(E(fX’fsn)i‘sn,T(X)‘fs)

Let g € Ly(Fs) be the Radon Nykodym derivative of the restriction of Qg to
F,. Taking the @)y expectation, g being F,;-measurable, we obtain

Eq,(ts0(X)) < ElgE(fx|Fs,)Es, (X)) (55)
= E(9(&s,7(X)) + Elts, r(X)(9(E(fx|Fs,) — 1))]

The density fx belongs to DiT and g belongs to ]DD&S, so gfx belongs to L,(Fr)
and g(E(fx|Fs,) — 1) has limit 0 in L,(Fr).
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For all X, |Z,,7(X)| < &5, 7(|X]) < M, 7(|X]). From property (2) in Defi-
nition 5.1, sup,, E((|Zs, 7(X)[P) < oco. It follows from Hélder inequality that
en(X) = B2, 7(X)(9(E(fx|Fs,) —1))] has limit 0. Similarly,

0n(X) = —Eq(s, (X)) + E(gis, 7(X))

— b ([BERIR) + BRI (X))

has limit 0. Observe that, from the Qy-supermartingale property (point 1.), it
follows that

Eq, (‘%Sn,T(X» < Eq, (QA:S,T(X))'
Then from (55) we obtain that

Eqy(257(X)) = en(X) = 0n(X) < Eqy (&5, 1(X)) < Eq,(Z57(X)).

This proves the result. O

Theorem 5.5. Let us consider a right-continuous time-consistent system of
operators (msi)s,temﬂ of type (1) defined on (Ly)icio,r) satisfying the sandwich
condition with mM2.

Then there is a right-continuous, time-consistent, sandwich preserving exten-

sion (ist) €07 defined on the whole (Ly(F;))icpm- One such extension can

be represented as
Ts4(X) = esssupper[Er(X|Fs) — s (R)], X € L,(F), (56)

with
R:={R~P: ayr(R) < oo} (57)

and & s the minimal penalty associated to o1 as in Theorem 4.9. Also for
any X € Ly(F;), there exists Rx € R such that

T34 (X) = Epy (X|F,) — dsy(Rx) Vs <t

Furthermore for all t > 0, and all X € L,(F;), Ts+(X)o<s<t admits a cidlag
VErsion.

Proof. Step 1: Definition of the extension i, for indices in the whole [0, T7].

Let T be a countable dense subset of [0, 7] containing 0 and 7. Let (is,t) s1eT D€

the time-consistent extension of (xsﬁt)s e constructed in Section 4.2. Let X €

L,(F:). From Proposition 5.4 and from the Modification Theorem (Chapter
VI, Section 1 in [13]) applied to the Qo-supermartingale (Z7(X))ser, it follows
that (25 7(X))se7 admits a modification which can be extended into a cadlag
process (Zs7(X))scp,r defined for all s € [0, 7.

Notice that from Remark 4.2, x5, coincides on L; with the restriction of z, 7.
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For 0 < s <t < T, we define Z,; to be the restriction of Z,7 on L,(F).
It follows that Z,, is an extension of z,; to the whole L,(F;). If s,t € T
this extension coincides also with the construction of Z given in the previous
section. To see this, consider the T-time-consistency of Z (of the previous
section) and its projection property.

Step 2: Extension of the penalty on a set R of probability measures and
right-continuity.
Consider the penalties (Gs¢)ste7 associated to (Zs¢)ste7 given in Section 4.2.

Define
R = {R ~ P: (3[07T(R) < OO}

Let X in L,(Fr). From Theorem 4.9 (see (46)), there is a probability measure
Rx ~ P such that

Zor(X) = Ery(X) — dor(Rx) . (58)

Thus R is non empty.

Let s € [0,7] and consider (s,), C T, s, | s. For every probability measure
R € R, the sequence Eg(as, r(R)|Fs) is increasing. Thus it admits a limit.
From Section 4.2 we can see that, if s belongs to 7, this limit is equal to
Gsr(R). Indeed it is enough to exploit the representation as minimal penalty.
Then by right-continuity of the filtration and the cadlag extension of Step 1 we
have

OAés,T(R) Z lim ER[@sn,T(RNFs]

n—oo

2ER[eSS'SHpXeL,,(]-‘T) JI_EEO(ER[X“FSTL] — &5, 7(R)|Fs] = a5 r(R) -

If s ¢ T we can define &5 r(R) as the limit of Eg(as, r(R)|Fs) < oo R a.s..
Moreover, for r,s € T, due to the T-time-consistency proved in Section 4.2,
Gy s(R) satisfies the cocycle condition on 7. Note that sup,.; Er(dsr(R)) =
Gor(R) < 0o. Then we can define for all 0 <r < s <T

dr,s(R) = dr,T<R) - ER(ds,T(R)’FT) . (59)

Thus &, s(R) is now defined for all indices in [0,7] and all R € R. Moreover
&,,s(R) satisfies the cocycle condition. It follows also from the right-continuity
of &sr(R) in s and from the cocycle condition that for all R € R, &, s(R) is
also right-continuous in s.

Step 3: Representation of Z,+(X).
Let 0 <r <t <T. Let X € L,(F;). Let Rx € R such that (58) is satisfied.

Now we prove that, for all r <,

fr,t(X) - ERX <X|fr) - dr,t(RX)' (60)
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In fact, making use of the cocycle condition and then of the 7 time-consistency,
we get that for all r € T,

To7(X) = Epy (Ery (X[F) — drr(Rx)) — dor(Rx)
< Epy(2,70(X)) — dor(Rx) < 2o, (Tr7(X)) = Zor(X).

Thus every inequality in the expression above is an equality. In particular
Z%T,T(X) = ERX (X|f7«) — OAéT,T(Rx), Rx a.s.Vr € T, (61)

and
.%077«(@7«’T(X>> = ER(JAIT’T(X» — OAéO’T(R)(), RX a.s. VT S T (62)

Consider a sequence (ry,), C T, rp | r, with r € [0,T]. Passing to the limit in
the corresponding equation to (61), we can see that

Zr.7(X) = Epy (X|F) — drr(Rx), Rx a.s.Vrel[0,T]. (63)

We have assumed that X € L,(F;) thus 2, 7(X) = X. It follows then from
(63) applied with r = ¢, that & r(Rx) = 0.

Then, again from (63) and the cocycle condition for Ry € R, it follows that,
for all X € L,(F),

T 1(X) = Zp7(X) = Ery (X|F) — Grit(Rx) Rx a.s. Vr,t € [0,T]. (64)

Step 4: Another representation of Z,, for all 0 <r <¢ <T.
Let X € L,(F:). We will prove that 2, (X)) admits the following representation:

Tt (X) =esssuppeg[Er(X|Fr) — &ri(R)]

) (65)
=Er (X|F) — O‘r,t(RX)a

where Ry satisfies equation (58). For all r,¢ in T, being &, the minimal
penalty, we have that for all R € R,

Gpt(R) > Er(X|F) — 2,4(X), VX € Ly(F). (66)
The above equation can also be written

a,4(R) > Ep(X|F,) — &,7(X), VX € L,(F). (67)

Exploiting the right-continuity of the filtration and of &,; and 2, as discussed
in Steps 1 and 2, we can see that, passing to the limit in » and then to the
limit in ¢, equation (67) and thus also (66) are satisfied for all » < ¢ in [0, 7.
Equation (65) follows then from (64) and (66).
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Step 5: Time consistency of Z ;.

Set 0 < r <s<t<T. Let X € L,(F;). Let Rx € R such that (58) is
satisfied. From (65), for all Y € L,(Fs), ,5(Y) > Er,(Y|F,) — & s(Rx).
With Y = 2,,(X), making use of equation (64) and of the cocycle condition,
it follows that

Ty s(T50(X)) > (X)), Vr<s<t (68)

On the other hand, let Ry € R such that
Zor(Y) = Er, (Y) — aor(Ry) (69)
(cf. (58)). From equation (64), it follows that for all r,s: r <'s,
z,5(Y) = Eg, (Y|F,) — & s(Ry) Ry a.s. (70)

We already know that (Zs:)s:e7 satisfies T-time-consistency, and the sand-
wich condition. From the right-continuity of (Z,:(X))sco,q for all ¢ > 0 (see
Step 1) and the hypothesis mM2, item (3), it follows that esssup,;|Z,.(X)|
belongs to L,(F;)". Let s, € T such that s, | s. From the right-continuity
and the dominated convergence theorem, it follows that Eg, (Zs:(X)|F,) =
lim,, oo Ry (Zs, +(X)|F;). The probability measure Ry belongs to R thus from
step 2, &, s(Ry) = lim,,_yo0 G5, (Ry). From equation (70), we then get that

Trs(Ts4(X)) = 25(Y) = lim [Eg, (Zs, +(X)|Fr) — s, (Ry)]. (71)

n—oo

From equation (65), for all n:

ERY (‘%sn,t(X)LFT) - dnsn(RY) < :%T757L('i‘5n7t(X>)'

In the case of r belonging to T, applying the T-time-consistency, we have that
the right-hand side of the above equation is equal to #,;(X). Thus

ERY (isn,t(X”‘Fr) - OA‘r,sn (RY) § ir,t(X)- (72)

For a general r € [0,7], the corresponding equation to (72) is obtained by
right-continuity. Then from these equations together with (71), we deduce that
Ty s(254(X)) < &(X). This, together with (68) gives the time-consistency.

Step 6: Sandwich and projection property.

When r,t € T, it follows from Theorem 4.9 that Z,; extends z,, and satisfies
the sandwich condition. These properties extend to all » € [0,7] making use
of the right-continuity and condition mM2 in z,,, m,; and M, ;. They extend
then to every ¢ € [0,7] using the right-continuity of m,; and M., in ¢ (see
mM?2), and the fact that z,, is the restriction of z, 1 .

For all » <t < T, the projection property for z,, follows from equation (64) [



1404 J. Bion-Nadal, G. Di Nunno / Representation of Convex Operators ...

Corollary 5.6. The extension (Zsy)scpr s mazimal, in the sense that, for

any other such extension (fs,t) we have that: for all s < t,

s,t€[0,T7]
To1(X) > Zs4(X), X € Ly(F).

Furthermore, for all s,t € [0,T], and all R € R, &s.(R) is the minimal penalty
associated to Tsy, i.e.

s 1(R) = esssubyep, (7)) [ER(X|Fs) — Z54(X)]. (73)

Define for all R ~ P &,4(R) by the formula (73). Then (Z44)scpo,m admils the
following representation where G5y is the minimal penalty:

Ts4(X) = esssupg.p|Eo(X|Fs) — d(Q)]. (74)

Proof. The maximality of (Z¢)stc0,7] among all the extensions satisfying the
required properties follows from Theorem 4.9 for s,t € 7. For s € [0,T], we
apply right-continuity. For ¢ € [0, 7] we apply the fact that &5, = &, 7 and also
Tst = Zsr. (see Remark 4.1 and step 1 in the proof of the Theorem).

Note that Z,4(X +Y) = 25(X)+ Y forall X € L,(F;) and Y € L,(F,). This
property is known as Ly, (F)-translation invariance. Thus (Zs¢)sejo,r) is up to
a minus sign a time-consistent dynamic risk measure. Denote (3;; the minimal
penalty associated to Zs;:

P5,(Q) = esssupxer, () [EQ(X|Fs) = 5,4(X)].

It follows from Delbaen et al [12] appendix, that the minimal penalty 5 :(Q) is
right-continuous both in s and ¢, for all () ~ P. Note that for all R € R, &;(R)
is also right continuous both in s and ¢ (Theorem 5.5). Furthermore we know
from Section 4.2 that &,;(R) is the minimal penalty for Z,; for all s,t € T.
This implies that for all s,¢ € [0,7], and all R € R, ds:(R) = fs+(R). O
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