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1. Introduction

Order continuous Banach function lattices with weak order unit can always be
represented as spaces of vector measure integrable functions. Indeed, a Banach
lattice with these properties is always isometrically order isomorphic to such a
space of integrable functions (see for example Proposition 3.9 in [23]). This is
the reason why interpolation of spaces of vector measure integrable functions
constructed by using classical interpolation methods have been recently studied
by several authors; see [4, 10, 12, 13, 14, 17, 18] for the theoretical results
and [9, 11] for applications to operator theory.
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In [15] an explicit construction of an interpolated vector measure starting with
two positive vector measures is given. The ideas used there — together with
some tools coming from [22] — are the starting point of the technique that we
show here. However, the vector measures with values in order continuous Ba-
nach function lattices appearing in [15] are substituted by a new construction
in the present paper. This new definition associates an ¢*°(A, L(u))-valued
vector measure to any Banach-space-valued vector measure in such a way that
the corresponding spaces of integrable functions coincide. This provides a pro-
cedure that allows to write a representation of real and complex interpolation
spaces as spaces of integrable functions with respect to an interpolated vector
measure. Concretely, we will develop the cases of the Calderén interpolation
method and the K-method for real interpolation due to Peetre.

2. Definitions and preliminary results

In this section we sketch some background from the areas of vector measures
and interpolation theory. We will also take the opportunity to establish some
notation. For more details we refer to [2, 3, 16, 19, 20, 21, 23].

Throughout this section, let X, Y, Z be complex Banach spaces; it must be noted
that we can also assume that they are real, but we write only the complex case
for simplicity of presentation. By By we denote the unit ball of X. As usual
X* denotes the dual Banach space of X. If Y and Z are isometric then we write
Y = 7. Let (9,%, 1) be a o-finite measure space, and let L°(u) be the space
of (equivalence classes of p-a.e. equal) complex valued measurable functions
on ) equipped with the topology of convergence in measure on sets of finite
measure. We write sim> for the collection of all ¥-simple functions.

An ideal (Y (i), |- |ly) of the vector lattice LO(u) (i.e., Y := Y (u) is a vector
subspace such that f € Y whenever f € L°(u) satisfies |f| < |g| p-a.e. for
some g € Y) is called a Banach function lattice (for short a Banach lattice) on
(Q,%, p) if sim¥ C Y and || - ||y is a lattice norm (i.e., whenever f,g € Y and
|f] < |g| p-a.e., then ||f|ly < ||g|ly) for which it is complete.

The positive cone of L°(u) is denoted by L°(u)™; the positive cone of Y is
then denoted by Y+ := Y N L%u)*. We say that a positive function e € Y
is a weak order unit of Y if it is a weak order unit of the real part Yg (i.e., if
f A (ne)t f for every f € YT or equivalently = A e = 0 implies that = = 0),
which is a real Banach lattice (i.e., Yz := Y N L% (1) where L(u) := {f €
LO%(p) : fis R-valued p-a.e.}).

The constant function xq is a weak order unit of (the Banach lattice) Y. The
Banach lattice Y is a complexification of the real Banach lattice Y equipped
with its given norm || - [|;. and that || - ||y, coincides with the restriction of || - |y

to Yr (i.e, |[flly = || |f|||xg for every f € Y).
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Given a Banach lattice (Y, || - ||y), the order continuous (absolutely continuous)
part Y, of Y is defined by

Yo ={feY :|f| > |fu] L 0 with f, €Y implies ||f.|ly | 0}.

Y, is a closed order ideal of Y; it is the largest order ideal of Y to which
the restriction of the norm || - ||y is order continuous. Let us also note that
f €Y, if and only if lim,, o || fyp, [[y = O for any sequence {B,};2; C ¥ such
that B, N\, 0 (i.e., {B,} is a decreasing sequence such that u(B, N B) — 0
for every set B of finite measure). The Banach lattice Y is said to be order
continuous if Y =Y,. Let us also recall that every ideal Z with the support €2
(or equivalently xo € Z) of an order continuous Banach lattice Y is dense in

Y.

Let (€2,%) be a measurable space, and let m: ¥ — X be a vector measure
(i.e., m is a o-additive set function). The variation measure of m is denoted
by |m| and corresponds to the set function |m|: ¥ — [0, oo] given by |m|(A) =
SUp,; Y per |lMm(B)||x for all A € 3, where the supremum is taken over all the
finite (disjoint) partitions m of A; |m| is the smallest [0, co]-valued measure
dominating m (i.e., |m(A)||g < |m|(A) for every A € ¥). For each z* € X*,
let (m,z*): ¥ — C denote the scalar measure

(m,z*)(A) := (m(A),z*), AeX.
The semivariation ||m|| of m is the set function defined by

lm[|(A) = sup [(m,z")[(A), A€,

T*EBx*

where By« is the unit ball of X*. The Orlicz-Pettis Theorem says that a
Banach-space-valued, finitely additive set function m: ¥ — X is o-additive if
and only if it is scalarly o-additive (i.e, that is, (m,z*) is o-additive for every
z* e X¥).

Let £°(X) denote the space of all C-valued, 3-measurable functions on (2.
According to [20, Definition 2.1], a function f € £°(X) is called m-integrable if

(1) it is (m, z*)-integrable for every z* € X*, and
(2) for every A € X there exists a unique element m(A) € X satisfying

(mf(A),x*>:/Afd(m,x*), e X"

By the Orlicz-Pettis Theorem, [16, Ch. I, Corollary 2.4], the X-valued set
function my: A+ my(A) on X is a vector measure; my is called the indefinite
integral of f relative to m and we will use a classical notation

/fdm =mys(A), Ael.
A
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Let L'(m) denote the space of all m-integrable functions on 2, equipped with
the seminorm || - [, defined by

1l == sup / Fldlm 2™, f € Li(m);

T*EBx*

it also satisfies the equality ||f||z1om) = |ms[|(€2). Each X-simple function
s:Q— C (le, s=>7_ ajxa,, for some a; € Cand A; € ¥ for j=1,...,n,
and n € N) is m-integrable.

Every function f € L'(m) satisfying || f||11(m) = 0 is called m-null. Let N'(m)
denote the subspace of L'(m) consisting of all m-null functions. A set A € ¥
is called m-null if x4 € N(m) (i.e., ||m|/(A) = 0). We denote the family of all
m-null sets by Ny(m); the m-null and ||m||-null sets coincide (i.e., No(m) =

No(llml[))-

We identify L'(m) with its quotient space L'(m)/AN(m) and the seminorm
| |1y Will be identified with its associated quotient norm; L'(m) is a vector
lattice with respect to the m-a.e. pointwise order and || - || L1(m) 1s then a lattice

norm on L'(m). As usual, we will write I,, for the integration operator I,
¥ = X, I.(f) == [, fdm, where f € L'(m). If only (1) in the definition
above is required, the same construction provides the Banach function lattice
L! (m) of weakly integrable functions with respect to m with the same norm
and order.

Let us recall the following result due to Lewis [20]; a function f € L°%(X)
is m-integrable if and only if there exists a sequence {s,}°°, C sim¥ (resp.,
{fa}>2, C L*(m)) such that s, — f (resp., f, — f) pointwise as n — oo and
such that the sequence { [, s, dm};>, (resp., {[, fn dm}32,) converges in X
for every A € ¥ with

/fdm = lim sn dm (resp., / fdm= lim [ f, dm).
A

n—oo n—o0 A

A finite measure p: ¥ — [0, 00) is called a control measure for a vector measure
m: 3 — X if p and m are mutually absolutely continuous (i.e., u(A) — 0 if and
only if m(A) — 0); by a theorem of B. J. Pettis, this is equivalent to Ny(u) =
No(m). By the Rybakov Theorem, [16, Ch. IX, Theorem 2.2], there exists a
linear functional z* € X* such that the scalar measure |[(m,z*)|: ¥ — [0, 00)
is a control measure for m; such an x* is called a Rybakov functional.

The Lebesgue Dominated Convergence Theorem holds for the space L'(m);
given g € L'(m)™ (the positive cone of L'(m)), if {f,}°, C LY(X) converges
m-a.e. to a function f € £L%(X) and if |f,| < g m-a.e. for all n € N, then f
is m-integrable and lim, . f, = f in the norm |-, The space L'(m)
is a weakly compactly generated Banach space in which simY is dense. Given
any control measure p for m, the space L*(m) C L°(u) is a Banach function
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space based on the measure space (€2, %, ), its norm |- ||, is an order
continuous lattice norm and the constant function ygq is a weak order unit of
L*(m). Since the space L'(m) is order continuous, we have a representation of
its dual space L'(m)* as L'(m)’ — the so called Kéthe dual —, that is defined by
measurable functions that allow to write the elements of the dual as integrals.
Given any Rybakov functional z*, L'(m) C L'(|(m,x*)|) as vector sublattices
of L°(|(m,x*)|) and the natural inclusion map is continuous.

Let E be an order continuous Banach lattice with a weak order unit. Then
there exists an E-valued, positive vector measure m such that £ and L'(m)
are lattice isometric (see [7, Theorem 8] or [23, Proposition 3.9]). If E is a
Banach lattice and m: ¥ — FE is a positive vector measure, then the norm
I I £1(ny admits a simpler form

Ly = d H
o = | [ 1#1dm],

Let A = (Ag, A1) be a Banach couple. The K -functional of the couple A is the
map from the sum Ay + A; into the cone of the nonnegative concave functions
defined on (0, 00), given by the formula

-,

K(t,a) = K(t,a; A) := azﬂﬂial{”a(’““o +tllaglly,}, t>0
For given t > 0, the K-functional is an equivalent norm on the sum Ay + A;.

In particular, K(1,a) = [la|[4,, 4,- A Banach couple (A, A,), is called regular
if A;? = A;, where A;? denotes the closure of AyN A; in A; for 7 =0, 1.

Let us recall definitions of continuous variants of abstract real interpolation
methods. Let F be a lattice over a measurable space (R, dt/t), satisfying the

condition 1 At € E. The K-method space fTE;K = (Ao, A1) p.ic consists of all

-

elements a € Ay + A; such that K(-,a; A) € E, and equipped with the norm

-,

lall == [1K(- a; Al

The closure of AgNA; in A g:x Which will be denoted by /Y‘jE; - 1t is well-known
that in case where £ = Li(t~% dt/t) for 1 < ¢ < oo and § € (0,1) or ¢ = oo

and 0 € [0, 1], we obtain the classical real interpolation spaces f_fqu (see, e.g.,
2, 3])

(A(); AI)E;K - (A07 Al)@,q .
Let us also recall (see [2, Theorem 3.4.2]) that in the case of 1 < ¢ < oo, AgNA;

is dense in /Tg,q. The closure of Ay N A; in Ay, is the space /T;m of all @ such
that

t°K(t,a;A) >0 as t—0 or t— .
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Let us remark here that in case where A is a non-trivial couple (ie, AgN A
is not closed in the norm of Ay + A;) the intersection Ag N A; in not dense in

Ap oo (see [8]).

Let us briefly recall the definition of the (lower) complex interpolation method
given by Calderén [5]. Let S = {z € C: 0 < Rz < 1}. Then F(Ag, A;) is the
space of all bounded continuous functions f: S — Ag+ A; which are analytic in
the interior of S and such that, for j = 0,1, the map ¢ — f(j+1it) is continuous
and bounded from R into A; and satisfies lim o || f(j + z't)||Aj =0 for j =

0, 1. The space F (Ao, A1) equipped with the norm

T {sup LGOI, » sup [l£(1+ z't>||A1}
teR teR

is a Banach space, and for each § € (0,1) the lower complex interpolation

space Ay = [Ag, Ay consists of all a € Ag + A of the form a = f(6) for some
f € F(Ao, Ay). Furthermore

lolltgoagy = 08 {1 ragany © S € F(Ao, A), £(6) = af.

Given any pair of Banach lattices Ey, Ey on (2, %, 1), Calderén [5] constructs
the Banach lattice By = Ej °EY to consists of all f € L°(u) satisfying |f| <
|fol=0 f11° p-a.e. for some fy € Ey, fi € By, and equipped with the norm

— : 1-6 0
7, = g, ol A

where the infimum runs over all possible representations of f. If either Ej
or F; is order continuous then FEjy is also order continuous and the equality
EYPE? = [Ey, E1]p holds with equality of norms (see, e.g. [5] or [19, Theorem
4.1.14]) where [Ey, E1]g is the lower complex interpolation space (see, e.g. [2, 5]).

Let us finish this section by presenting some advanced results on vector mea-
sures with values in £>°(T", X (u)). Let (2, %, 1) be a finite measure space. Let
us show some properties of vector measures taking values in ¢>°(T", X (1)) and
given by families indexed by I' of functions belonging to X (u). We analyze
countable additivity in relation with I and the particular family of functions of
X (p) used in the definition. Some of the concepts that are explained and used
here and in the next section have been already studied and partially developed
in [22, Section 5]. Here we recall the two more relevant ones. Recall that a
positive norming set in the dual L* of a Banach lattice L is a subset B in this
dual such that ||z||; = sup,.c5(|z|, z*).

Lemma 2.1. ([22, Lemma 5.1]). Let N C L'(u) be a bounded set and let
my: X — (®°(N) be given by my(A) = ([, gdp)gen. The following statements
hold.
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(1) If N is a relatively weakly compact subset of L' (i), then my is a vector
measure.

(2) If N is so that my is o-additive and the space Li(my) is included in
LY (), then N is relatively weakly compact in L'(j).

Proposition 2.2. ([22, Proposition 5.2]). Let m: ¥ — E be a vector measure,
let i be a Rybakov measure for m and consider the positively norming set N
for LY(m) given by

N :={d[(m,z")|/dp : z* € Bp-}.
Take the vector measure my: > — (*°(N) defined as in Lemma 2.1. Then

L*(my) = LY(m) and L. (my) = LL(m).

It must be noted that the set N appearing above is a bounded equi-integrable
(uniformly integrable) subset of L'(x), and therefore a relatively weakly com-
pact subset.

3. Calder6n interpolation of (>°(T', L'(1))-valued vector measures

Let us provide now some technical tools for the representation of L'(m) spaces
as spaces of integrable functions with respect to £>°(T', L' (u))-valued measures.
Consider two vector measures mg: % — Xg and my: ¥ — X; taking values on
different Banach spaces. Let pp and pq be two Rybakov measures for mg and
my, respectively, and take the measure p defined as p = (po + p1)/2.

Define the sets
Ny := {hc;s = d|(mo, ®)|/dp ; ¢ € Ao == Bxg}’

Ny = {gw =d|(my, )| /du ; P € Ay = BXT}'
The proof of the following result is straightforward.

Lemma 3.1. The maps

To: (Ao, LY (1)) — 0°(Ao x Ay, L (1)

and
I 0°(Aq, LY () — £7°(Ag x Ay, LY ()
given by
Io((hg)geno) = (how)s)enoxa
and

I ((96)eens) = (9ow)@wrenoxass
where hyy = hy and gy = gy for every (¢,9) € Ay X Ay, are both isometric
embeddings.
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Counsider the set functions
mo: % — EOO(AO X Al, Ll(,u)) and my: X — KOO(AO X Al, Ll(,u))
given by

mo(A) == (hgpXa)G)eroxn,  and  Mi(A) == (96X A) (6,4)er0x A

where A € X, hg .y := hyg and gy := gy Both of them define vector measures.

Proposition 3.2. The spaces L*(mg) and L'(my) are isometrically order iso-
morphic, and the same happens with the corresponding spaces of weakly inte-
grable functions.

Proof. It is easy to prove that the spaces L'(my) and L'(my,) of Proposi-
tion 2.2 are isometrically isomorphic, and the same happens with L. () and
L! (my,). Then the result is a direct consequence of Proposition 2.2. ]

We use now the elements that have been introduced above. We show here how
they can be used for obtaining a representation of the Calderén interpolation
of L'-spaces of vector measures.

Given two function families (hg)gpen, and (gy)yea, in L' (1), we define the point-
wise f-interpolation product by

—0 0 —0 0
(he)sens = (9)ven, = (hy"9%) (sap)eroxas

Given two vector measures as mg and my, we define the #-interpolated vector
measure
me: 2 — EOO(AQ X Al, Ll(u))

by
mg(A) = (hy gl xA) w)eroxn, A E L.

We can assume that Ny and Ny are subsets of B(p1(mg)) and B(pi(m,)y, respec-
tively.

Theorem 3.3. Let mg: X — Xg and mq: X — Xy be Banach space valued
measures. The following equalities hold isometrically and in the order.

(L (mo)) " (LM (m))” = (L mo)) " (L ()’ = L' (my).

Proof. We write the proof for the case that the suprema and the infima in
it are exactly attained; the “up to an €” case follows in the usual way from
this case. On one hand, consider the ¢*°(Ag x Ay, L'(11)) valued vector measure
mp defined above. Since it is a positive vector measure, if f € L'(my) and
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Ifl = |fol*°|f1]® (where each f; belongs to L'(m;), j = 0,1) we have that
there is a pair of indexes (¢, 1) such that

1 fll 2t () = H/|f|dm9H —  sup /|f\h1 6,0 4

€°(Mox A1) (pap)ehox Ay
_ 1-0 0
— / ol 1 ful? g0, dpe < / folhay )" ( / [ Filgwo dp)

Consequently, we have
LAzt my < N Foll L oy 111 E -

For the converse, take a norm one function f € (L'(mg))*~?(L'(m;))? and
consider a pair of functions fy € Li(mg) and fi € L'(m;) such that |f] =
|fol =01 £11° and || foll*=?]| f1]| = 1. Note that we can assume that f, f; and f,
are positive, since the metric computations are made over the absolute value
of the functions. Then there are functions h and g in the corresponding sets of
Radon-Nikodym derivatives Ny and N; that norm fy and fi, respectively. Let
us prove that || f]|z1m,) > 1.

Define first the functions ]/CE) = fi70f9(g/h)? and ]/”\1 = fI0f0(h/g)' . Clearly,

~1-0 0 ~ ~
fo fi = ff and foh = fig. We can assume that NPl crgmey = 1 =
HQH(Ll(rm))’ ThUS,

ol |y = [ o) ' [ i) =1

and so
_ _ -~ 1-6 -~ 0
1 o > / S / Fhdp)( / Frgdn)’ =1

This shows the equality between both norms and proves the theorem. Il

4. Direct interpolation of vector measures by the real method

Let A = (Ao, A1) be a Banach couple. It is an easy exercise to show that
AO = {a € Ag+ A lliléK(t,a,A) = 0}
Al ={a€c Ay + 4 : lim K(t,a; A)/t = 0}.
t—o00

Consequently, we can check that

Ao+Ay

Ao N Ay — A4 AC
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In the case where Yy and Y] are Banach lattices based on (€2, 3, i), they are
continuously embedded into the corresponding linear metric space of measur-
able functions L°(;1) and therefore Y form a Banach couple. If additionally Y,

and Y are order continuous, then Y is regular since the intersection Yy MY is
dense in Yy + Y] (as an ideal of the order continuous Banach lattice Yy + Y));
therefore, Yy N Y] is dense in both Yy and Y;.

Let Xy and X; be Banach function lattices. Let mg: ¥ — Xgand my: ¥ — X3
be given vector measures, and write p for the mean of two Rybakov measures as
defined in Section 3. We define mg: X — ¢ (Agx Aj) and my: X — £2°(AgxAy)
by

o(A) = ( /A hqb,wdu) ourenen,” o = hos for all (6,) € A x Au,

and

m(A) = d = [l A A
mi(A) (/A%,w u)(qs,w)erxAl’ Gop = Gy, for all (¢,7)) € Ag X Ay,

for A € ¥. Define a new set function 3(mg,mq): ¥ — £>°(Ag x A1) by

Z(mo,ml /m1n{h¢,g¢} ,u>

(p,h)eNo ><A1
It is clearly well-defined, and it is easy to prove that it is countably additive.

Lemma 4.1. For all functions f € L'(mg) + L'(my) and t > 0, the following
equality holds

K(t, f; (L' (mo), L' (m1))) = sup  K(t, f;(L'(hg), L' (g0)))-

(¢7¢)6A0 X Al

In particular, the space L'(X (g, m1)) is an ideal of L°(u), and L'(X(mg, my))
coincides up to equivalence of norms with L*(mg) + L'(M4), and so with

Ll (mo) + Ll (ml)

Proof. Let us first remark that for ¢ > 0 and a compatible couple E = (Eo, E1)
of Banach function lattices based on some (Q, X, u), for every x € Ey + Ej,

K(t,w;B) = _inf {faollg, +tllaall} = inf {H:CoHEothHleEl}

=0 |z|<|zo|+|x1

-l el

|lz|=z0

= 1nf$ {HxOHEO_I_tH 1HE1}_

|z[<z0+
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We will give the proof in several steps.

(a) Observe first that for all (¢,¢) € Ag X Ay, the couple (L'(hy), L*(gy)) is
a Banach couple of weighted L' spaces. Note also that for each f € L*(mg) +
L*(my) we have (see, e.g. p.116 (3) for p =1 in [2])

K(t, f: (L (hg). L} (g0))) = / |l min{h, ¢ gy }dpi

in particular, we get || f||L1(h,)+11(g,) = [ 1f| min{hy, g4 }dp.
(b) Since L'(mg) C L*(hydu) and L*(mq) C L*(gydp) and the norms of the
inclusions are less or equal to 1, we obtain

sup  K(t, f; (L' (he), L'(90))) < K(t, f; (L (mo), L' (m1))) = K (¢, f).
() €A A1

(¢) Let us show now the converse inequality. We assume that the set of the
Radon-Nikodym derivatives R(mo) N Bri(mg)ys (resp., R(m1) N Bri(my)y) is
weak* compact and convex; this simplifies the argument and causes no loss
of generality. Indeed, if this is not the case, notice that both sets are norm
bounded. Take the weak™ closure of each one in a multiple of the corresponding
unit ball. Then the weak® closed convex hull of the weak™® closure of the
resulting set of L'(myg)" (resp., L'(my)), is weak* compact too. This can be
proved using for example Theorem 2.2 in [6]; see also the references therein,
taking into account that the spaces L' of a vector measure are weakly compactly
generated (see Theorem 2.2 in [7]). Obviously these sets are also positively
norming for L'(my) (resp., L'(m,)).

Under these assumptions, we can use a classical Ky Fan’s Lemma argument.
Fix f and take all the representation of |f| as sums of fo and fi, 0 < fo <|f|;
write r = rep | f| for a couple (fy, f1) and consider the family Rep of all such
representations. Let Cy € Bri(m,y and C1 C Bri,,) be the convex weak*
closures of the set of Radon-Nikodym derivatives of the functions in these pairs
with respect to the vector measures mgy and my, respectively. Fix e > 0. Define
for each r € Rep a function 7,: Cy x C; — Rep by

To(horgy) = C — 6 — / fohsdp — t / Frgudn

where C' = inf{|| follo + tl|filli : (fo, f1) € Rep}. It is a (convex and) con-
cave family of convex (and concave) weak™ continuous functions, since for each

iy = 1, a; > 0, we have that Y- o, fj = fo and > fi = f, obviously
satisfies that (f,, f1) € Rep. Therefore,

ZQZC — Zais — Zai/féhd)du — tZai/ffgq/,d,u =
i=1 i=1 i=1 i=1

=C—-¢e— /7oh¢du - t/?lgwdu-
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Note also that for each such function 7, given by r = (fo, f1), we have that
there are hy and gy in Cy and C) such that 7,(hg, g») < 0. Indeed, there are
such functions that satisfy

C < ol + Elfi s < & + / Johadp + 1 / Frgudi,

since the sets Cy and C; are normable for the positive elements of L'(mg) and
L*(my), respectively, and both of them are weak*-compact.

Therefore, as a consequence of Ky Fan’s Lemma we have that there are iLd) and
gy such that for all fy and f; with f = fy + fi and 0 < fy < |f],

CS €+/f0i1¢d/lj+t/f1gwd,u.

Since this holds for all ¢ > 0 we get the result, taking into account that for
each r = <f07f1)7

C= inf  {|lfollerime) + tlf1llLrgm } <5+/foh¢dﬂ+t/f19wdﬂ
(fo,f1)ERep

and so

inf  {||follLrime) + tll fillLrmy } <€+ inf {/f0h¢d#+t/f19wdﬂ}

(fo,f1)ERep (fo,f1)ERep

<e+ sup inf /fohd,du +t / frgpdp}.

(pap)EAox Ay (fo,f1)ERep
(d) In particular, for ¢ = 1 this gives
||f||L1(mo)+L1(m1) sup {”fHLl (hgdp)+L (gypdu) * (925 ¢) € Ay x A1}
= 1| [ 1= )] = £ (o, )
This finishes the proof. [

Let us define in what follows the key tool of our construction, that is an £>°-
valued version of the K-functional. Let us write

K(t, f): (0,00) x L (S(g, ) — £2°(Ag X Ay)

for the function

Rit.f) = ([ 11 mingro, g,

(6)EROX AL
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for f € L'(3(mg,my)) and t € (0,00). By the the above lemma, we have

Rets) = (ot { [ Uhadu+t [ 15lgdn})

ff+f

_ (K(t, fi (LY (hy), Lt (gw))))

() EA0X AL

(¢h)ENOX AL

and
1@ Pl pgnry = K (8 3 (2 (mo), LY (ma))
for f € L'(mg) + L'(m;) and t > 0.

Lemma 4.2. For a fizred t > 0, the function [?(t,XA) is a positive vector
measure. Moreover, if f =" \ixa, ts a simple function ({A;} disjoint), we
get that

n

i=1

Proof. Fixt > 0and (¢,%) € Ag x Ay. Take two disjoint sets A, B € 3. Then

/XAuBnlin{h¢,tg¢}du: /XAnlin{h¢,tg¢}du+/XB min{hy, t gy }dp

This proves that R R R
K(t7 XA) + K<t7 XB) = K(ta XAUB)7

and then we have that K (t, x¢) defines an additive set function. For proving
that it is countably additive, we only need to take into account that for every
sequence of disjoint measurable sets (A,), we have that

”K(t’XUZ":kAn)Hzoo(onAl) < xugz anllrome) =4 0.
Finally, let us prove that the equality in the statement is true for simple func-

tions. Let f be a simple function Y., A\;xa,, with {4;} disjoint. Then it is
clear that

/Z)‘iXAi min{hy, t gy }dp = ZAi/XAi min{hy, t gy }du,
i=1 =1

which together with |f| =", |\i[xa,, gives the required statement. O

Let us write (g, 7, )( - ) for the vector measure given by K (¢, Xg-y) for each
t > 0. The definition of K (¢, - ) makes clear that

(Mo, my) ming he, t gy tHd )
t( o / {¢ gw} g (pp)EA X A1
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for each ¢ > 0. We write L' (Zt(mo, 7/7\11)) for the corresponding space of inte-
grable functions. Since this vector measure is positive, we have that

- M) e LY (X (Mg, My)).
goo(AOXAl) HfHLl(Et( 0, 1)) f ( (mo ml))

| [ 1145 0,

Further, we can define the following vector measure. Consider the vector space
F((0,00); £°(Ag x Ay))

of all the /(A x Ay)-valued functions, and the function Z; defined on (0, co)
by

7,(0) = [ £ 40, )
for every f € L*(X(mg,my)). Clearly, the function
(7/7’\1,077/7\11)]_-7]?2 X — .F((O,OO),E()O(AO X AI))

given by (Mo, M1)z z(A) := I, is a (pointwise) countably additive, positive
set function with

(0, ) . (A)(£) = Sl 1) (A) = ( /A min{hy,t gu}dn) orenen L0

Moreover, if f =" | A\;x4, is a simple function (with {A,} disjoint), we have

Ir =Y Ao, ) 7 g (As)

i=1

because of

(QS:’[Z})EAOXAI
- A / min{ iy, t g, }d )
<; A; { ¢ gw} s (p)€A0o X A1

- Z Ai(Mo, M)z z(Ai)(t), ¢ >0.

i=1

Z(t) = </i)\ix,4i min{h¢,tg¢}du>

Consider now a lattice of (classes of measurable) real functions F over a mea-
surable space (R, dt/t) satisfying the condition 1 At € E and denote by

B(=(Agx Ay)) = {Q € F((0,00); 62(Agx A1) = [[IIGC) e moxan | < OO}
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the Kothe-Bochner space equipped with the norm
1G B (aoxan) = [[IGC- Mleeaoxan || 5

for g S E(€m<A0 X Al))
Let us write in this case (g, M1) . for the set function defined as above, and

satisfying that A — Z,,; it is countably additive on E(KOO(AO X Al)) as the
following lemma shows.

Lemma 4.3. Let E be a Banach lattice over a measurable space (R, dt/t)
such that 1 Nt € E. Then the set function (Mg, M) .z s a positive vector

measure on E((°(Ag x Ay)).
Proof. Fix any two disjoint sets A, B € 3. Since by Lemma 4.2
Y1 (mo, m1) (AU B) = 3y(mg, m1)(A) + Xi(mo, m1)(B), t >0,
we have
(Mo, M) g,z (A) + (Mo, M) g (B) = (Mo, Ma) g,z (AU B).

Therefore, (Mg, M1) .5 is an additive set function. To see that (7, M1) .5 18
a vector measure, we only need to use the inequality

”I?(t’XA)Heoo(onAl) < min{l,t} maX{HXAHLl(mO)7 HXAHLl(ml)}7 t>0,

namely, for every sequence of disjoint measurable sets (A,,) we have

H(moaml)EK (Br) HE £2°(Agx A1) HHZ (Mo, 1) (By) ||€°° (AoxA1)

=& < cullminfL, -}z -0,

7><BIC)HZ(’°(A()><A1) E
where By, == J;", A, and ¢, := max{||xs, |1 (mo): X8| L2 (m1) }- O

Strictly speaking, the parameter E in the symbol (Mg, M), z only reflects

the target space E (EOO(AO X Al)) of our new vector measure. In fact, £ =
L> N L*>(1/t) is the smallest Banach lattice E possible in this setting (by
LAt e E).

We are now ready to show our main result.

Theorem 4.4. Suppose that both X, and X, are Banach lattices and let

: Y — Xy and my: ¥ — Xy be vector measures. If E is a Banach lat-
tzce of functions on (R, dt/t) satisfying the condition 1 Nt € E, then we
have

(L' (mo), L' (m1)) e = (L' (mo), L'(m1)) g ), = L (o, 1) 1) -
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Proof. Let us consider a simple function f =" | A\;xa,, with {4;} disjoint.
Clearly, |f| = >", |\ilxa;- Now, by definition, and taking into account that

(Mo, M) p:it 18 a positive vector measure in E(€°° (Ag % Al)), we have by Lemma
4.3 that

| eone

||f||L1(m i )ER) /|f‘ (mo ml)E’K E(£>(AoxA1))

= Z |)\z| (m())ml)E;]/(\'(Ai)
=1

E(£°°(Agx A1)
- HI\fI Heoo(onA1 5 H”f(("f)Heoo(onAl) 5
= ||K o HE = HfH(Ll(mO):Ll(ml))E;K .

Since simY. is dense in L'(mg) N L'(m,), it follows that sim¥ is also dense in

(L' (mo), L' (m1)) goge
and therefore

((LH(mo), L' (m1))pic),, = (L' (mo), L (m1)) - H

Note that by choosing £ = Li(t~% dt/t), with 1 < ¢ < co and 0 € (0,1), we
obtain the following result.

Corollary 4.5. If 1< qg< oo and 0 <60 <1, then
(L' (ma), L' (ma))e.g = L' (M0, 01) -0, arjey;ic) -
In the case where E = L>®(t~% dt/t) with 6 € [0, 1] we have
Corollary 4.6. If0 <60 < 1, then
(L' (mo), L' (m1))5 00 = L' (0, 711 )

for

oo (4—0
F=T=nL=@ 5

Proof. By [2, Theorem 3.4.2]) we directly get
(LY (mo), L' ()50 = (L' (mo), L' (m1)) p.xc-

This gives the result. [

Let us remark that in the case when A, g,k is described using discrete a variants
of real interpolation method, for a lattice E = ¢*(27") (modeled on Z) we
have

F=0=n=2")" = c(27).
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