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Let n > 2 and let ®: R®™ — [0,00) be a positively 1-homogeneous and convex function.
Given two convex bodies A C B in R"™, the monotonicity of anisotropic ®-perimeters holds,
i.e. Pp(A) < Pgp(B). In this note, we prove a quantitative lower bound on the difference of
the ®-perimeters of A and B in terms of their Hausdorff distance.
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1. Introduction

Let n > 2 and let A, B C R" be two convex bodies (i.e., compact convex sets
with non-empty interior). If A C B, then the monotonicity of perimeters holds,
i.e.

H'H(DA) < H" N (OB). (1)

Here and in the following, for all s > 0 we let H*® be the s-dimensional Hausdorff
measure (in particular, H° is the counting measure). Moreover, if £ C R" is a
k-dimensional convex body, with 1 < k < n, we let OF be its boundary, which
is a set of Hausdorff dimension k& — 1.

Inequality (1) is well-known and dates back to the ancient Greek (Archimedes
himself took it as a postulate in his work on the sphere and the cylinder, see
[1, p.36]). Various proofs of (1) are possible: via the Cauchy formula for the
area surface of convex bodies or by the monotonicity property of mixed volumes,
[3, §7], by the Lipschitz property of the projection on a convex closed set,
[4, Lemma 2.4], or by the fact that the perimeter is decreased under intersec-
tion with half-spaces, [9, Exercise 15.13].

Lower bounds for the deficit (B, A) = H" 1 (0B) — H" ' (0A) with respect to
the Hausdorff distance h(A, B) of A and B have been recently established for

ISSN 0944-6532 / $ 2.50 © Heldermann Verlag



94 G. Stefani / On the Monotonicity of Perimeter ...

n = 2,3 in [5, 6, 8. The case n = 2 was treated for the first time in [8], and
was subsequently improved in [5] to the following inequality

2h(A, B)?

H'(OA) + -
\/(Hl(gmL)) 1 h(A, B)2 X Hl(JQBOL)

< H'(0B), (2)

where L = {x € R? : (b —a,z —a) = 0}, with a € A and b € B such that
la —b] = h(A, B). The case n = 3 was studied in [6], where the authors proved
the following inequality

mdh(A, B)?
VA& +h(A, B)?+d

with h(A,B), a € A and b € B as above and d = dist(a,0B N JH), where
H={reR¥: (b—a,xz—a) <0}. Inequalities (2) and (3) are sharp, in the
sense that they are equalities at least in one case, see [5, 6]. Inequality (3),
however, does not seem to be the correct generalization of inequality (2) to the

case n = 3, because of the distance d = dist(a, 0B N 0H) replacing the bigger
radius r = \/H2(BNOH)/.

Inequality (1) naturally generalizes to the anisotropic (Wulff) perimeter. Pre-
cisely, given a positively 1-homogeneous convex function ®: R" — [0, 00), if
A C B are two convex bodies in R", then

H?(OA) + < H*(0B), (3)

Fo(A) < Po(B). (4)

Here Py(FE) denotes the anisotropic ®-perimeter of a convex body F C R"™ and
is defined as

PoE) = [ @) ar

where vg: OF — R" is the inner unit normal of E (defined H" !-a.e. on JF).
Clearly, when ®(z) = |z| for all z € R", then Py(E) = H" ' (OF), the Eu-
clidean perimeter of E. The ®-perimeter obeys the scaling law Pp(AE) =
APy (E), X > 0, and it is invariant under translations. However, at variance
with the Euclidean perimeter, Py is not invariant by the action of O(n), or even
of SO(n), and in fact it may even happen that Pp(E) # Pp(R"™\ E), provided
that ® is not symmetric with respect to the origin.

Similarly to inequality (1), inequality (4) is a consequence of the Cauchy for-
mula for the anisotropic perimeter or of the monotonicity property of mixed
volumes, [3, §7, §8], or of the fact that the anisotropic perimeter is decreased
under intersection with half-spaces, [9, Remark 20.3].

The aim of this note is to establish a lower bound for the anisotropic deficit
do(B, A) = Py(B) — Pp(A) with respect to the Hausdorff distance h(A, B) of
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A and B. Before stating our main result, we need some preliminaries. Here
and in the rest of the paper, we let
S"!={reR":|z|=1}, vi={reR":z-v=0} WweS".

Definition 1.1. (Admissible ®) Let n > 2 and let ®: R" — [0,00) be a
positively 1-homogeneous convex function. We say that ® is admissible if, for
each v € S"71, there exist two functions g,: [0,00)? — [0,00) and ¢,: v+ —
[0,00) such that

(i) ¢, is non-identically zero, positively 1-homogeneous, convex and s +—
g,(s,t) is non-decreasing for each fixed t € [0, 00);

(ii) ¢, is positively 1-homogeneous, convex and coercive on v+, i.e. ¢,(z) > 0
for all z € v+, 2 # 0;

(iii) for all z € R™ with « - v > 0, it holds
®(x) > gu(du(x — (z - v)V),2 - V). (5)

If @ is positively 1-homogeneous, convex and coercive on R", i.e. ®(z) > 0 for
all z € R™, 2 # 0, then ® is admissible, since the choice ¢,(z) = |z|, z € v+,
and g,(s,t) = cVs2 + 12, s,t > 0, with ¢ = min{®(x) : |x| = 1}, is possible for

all v € S"7! (although not the best one for special directions in general).

We can now state our main result, which is contained in the following theorem.
Here and in the rest of the paper, for each v € S*~!, we let W, C v+ be the
Wulff shape associated with ¢, in v+, i.e.

W, ={zevt:¢i(2) <1}, (6)

where ¢%: vt — [0,00) is given by ¢%(z) = sup{z - w : ¢,(w) < 1} for all
z € vt. Moreover, for any a € R we let a™ = max{a, 0}.

Theorem 1.2. Let n > 2 and let &: R* — [0,00) be a positively 1-homoge-
neous convex function which is admissible in the sense of Definition 1.1. If
A C B are two convex bodies in R", then

Po(A) + H " (W, )" %G (hy7) — ®(vi)r) " < Po(B), (7)
where h = h(A, B) is the Hausdorff distance of A and B and

L HYBNOH) B 0
r= \/'H"‘l(Wl,H)’ H={zxeR":(b—a,z—a) <0}, (8)

where vy = (a — b)/|a — b, with a € A and b € B such that |a — b| = h(A, B).

When Pg reduces to the Euclidean perimeter, Theorem 1.2 provides the correct
generalization of inequality (2) to higher dimensions n > 3. Indeed, if ®(z) =
|z|, x € R", then, for all v € S"~ !, we have

gu(s,t) =Vs2+t2 s,t >0, ou(2) =z2|, z € vt
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so W, =B"Nvt =B""! and H" 1 (W,) = w,_1, where B is the k-dimensional
closed unit ball, 1 < k < n. We thus have the following result.

Corollary 1.3. Letn > 2. If A C B are two convex bodies in R™, then

Wy 17" 2R

VhZ + 7247
where h = h(A, B) is the Hausdorff distance of A and B and

n—1
o \/H (BOOH) R (b ax—a) <0},

Wp—1

H"H(OA) + < H" 1 (IB), 9)

with a € A and b € B such that |a — b| = h(A, B).

Inequality (7) is not sharp in general. On the other hand, if we assume that
(5) holds as an equality for some v € S*~! and if we impose strict convexity
and strict monotonicity to the corresponding g,, then inequality (7) becomes
sharp. In fact, this case corresponds to the setting studied in [2] and it is not
difficult to see that the convex bodies

A={zeR":0<z-v<1, z—(x-v)vreWw,}, B=AUC(-v,W,),

provide the desired configuration. Here and in the rest of the paper, C(p,S)
denotes the cone with vertex the point p € R™ and base the nonempty set
S C R”, i.e. the union of all straight line segments joining p with a point in .S.

As a consequence, inequality (9) is sharp, but the reader can easily check this
fact generalizing the examples given in [5, 6] to higher dimensions.

2. Proof of Theorem 1.2

In this section, we prove Theorem 1.2. The main ingredient of the argu-
ment is given by Lemma 2.3 below, which can be seen as a consequence of
the anisotropic symmetrization techniques developed in [2]. Here we follow a
more elementary approach modeled on the special geometry of cones. We will
make use of the (n — 1)-dimensional Wulff inequality and of the following form
of Jensen’s inequality.

Proposition 2.1. (Jensen inequality) Let (X, u, M) be a measure space with
u(X) < oo and let g: [0,00)% — [0,00) be a positively 1-homogeneous convex
function. Then, for all p-measurable functions fi, fo: X — [0,00), we have

’ </Xf1 d“’/)(f2 dﬂ) < /Xg(fl,fz) .

Moreover, if g is strictly convex in either argument, then equality holds if and
only if f1/fe is constant p-a.e. on X.
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In the proof of Lemma 2.3, we will also need to conveniently approximate
convex bodies by means of convex polytopes, i.e. convex bodies with polyhedral
boundary. This approximation is contained in Lemma 2.2 below, which we state
and prove here for the reader’s convenience. In the following, for any convex
body K C R", we set

px = v H" ' L 0K,

where vy is the inner unit normal of K.

Lemma 2.2. (Approximation by convex polytopes) Let n > 2 and let E be a
convex body in R™. There exists a sequence (Cy)ren of convez polytopes in R™
with the following properties:

1
H'(CL\ E) =0, H"10C,) = H" Y OE) ask — oo, (11)
Hey, — HE, ‘:uck’ = |/LE, as k — oo. (12>

Proof. For each k € N, let @ = [0, ﬁ]” and consider the family of cubes

fk:{Z+QkZZ€Zn}.

Then define
Cr =conv{Q € F, : ENQ # 9},

where conv S denotes the convex envelope of the set S C R™. By construction,
C is a convex polytope that satisfies (10). As a consequence, we have

H'(CL \ E) <H"((E+ MB")\ E)
and, by (1),
H"H(OF) < H" 1 (9Cy) < H" H(I(E + N\B™)).
Thus (11) follows from the Steiner formulas for outer parallel bodies, see [7,

Theorem 6.14]. Moreover, since x¢, — Xz in L' by (11), by the divergence
theorem we have

(bduck:/ngdx%/ngdx: ¢ dug
Rn Ch E R™

for all ¢ € €}(R"). By the density of €}(R") into €°(R"), we easily get
o, — pp. Finally, since Cp C E + B" for all k € N, by [9, Exercise 4.31] we
also have |uc, | = |pup| and (12) follows. O
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Lemma 2.3. Letn > 2 and let ®: R™ — [0,00) be a positively 1-homogeneous
convex function which is admissible in the sense of Definition 1.1. Fixv € S*~!
and let E C v+ be a (n — 1)-dimensional convex body with 0 € E. Let b € R"
such that b = —hv for some h > 0. We set C = C(b, E), Cjoy = C(b,0F) and

we let vo be the inner unit normal of the cone C. Then
/ B(ve) dH™ > H (W) 2g, (), (13)
Clat
where T YH Y (W,) = HH(E) and W, C vt was defined in (6).

Proof. The case n = 2 is easy and we leave it to the reader. Thus, in the
following, we directly assume that n > 3.

The inner unit normal vg of E is defined H" 2-a.e. on OF and belongs to the
tangent bundle of the hyperplane v+. Therefore, when vy € S"2 is defined,
we can naturally identify it with a unit vector in R” that we still denote by vg.

Step one. Let us assume that £ is convex polytope with faces F1,. .., Fy, for
some m > 1. Then, for each k = 1,...,m, vg is constant on Fk (the mterlor
of Fy in the relative topology) and we set Vg = U, ol Fk, for some v, € S*1.

By definition of cone, Cjy; is the union of m (n — 1)-dimensional cones Ay =
C(b, Fy). Note that Ay, is contained in a hyperplane L and that Ak = C(b, Fk)
Therefore, for each k = 1,...,m, v is constant on Ak and equals the unit
normal to L, with sign chosen so that vo-v > 0.

Note that, given any x 6 F,., F} is contained in the intersection I, of the
hyperplanes v+ and x + vi- (I} is independent of the choice of x € Fy). Thus,
for each k = 1,...,m, the height ¢, > 0 of the cone Ay is given by ¢, = d(b, Ik)
Letting dy = d(O Ik) we then have t2 = h* + d3 and tyve = hyg + dyv on A,
Moreover, given any z € Fj, we have dp = |z - l/k| |z - vg(x)]|.

In conclusion, we have

3

/ D(ve) dH" ! = Z (vela,) H' (A
Clat

_m h dy, -
_k2<1><tuk+ 1/) n—lH (Fy) t

t
! k k

m

= Z (I)(hyk + dkl/) . Hn_2(Fk)

n—1
k=1

_ ! 1 /aEq><hVE<m>+|x-uE<x>1u> dH"(z).

n —
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Step two. By (5), we have
/ C(hvp(r) + |z vp(r)ly) dH" > (2) =
OF

> /8 b6, v5(a).Jo- vp(a)) (),

Now let 7 > 0 be such that r"'H"1(W,) = H"'(F) as in the statement of
the Lemma. By the Wulff inequality in v+, we have py, (rW,) < py, (E), where
for all convex bodies K C v+ we define

po,(K) = [ ¢,(v) dH" 2.
oK

Moreover, note that

1 1 &
3 d n—2 _ d n—2 F) = n—1 E
— | eta)-al an T A ) = 1),
because, by the definitions in step one, for each £k = 1,...,m, d;, is exactly the

height of the (n — 1)-dimensional cone C(0, F) and E = U ,C(0, F},) since E
is convex and 0 € E.

Recalling that g, is increasing in the first argument and applying the Jensen
inequality given in Proposition 2.1, we find

9o (hpo, (W), (n = H (v W) < gy (hpo, (E), (n — H"H(E)) =

— 0o (0 [ outvelo) a2 [ st ol i)

E

< /6 00ulbws(a). (o) - ) (@),

Therefore, since py, (W,) = (n — 1)H"Y(W,) and g, is positively 1-homoge-
neous,
/ B(hwp(x) + |v - vi(@)v) dH(2) > g, (hpa, (FTV,), (n — LR (rT1,))
o
=g, (hr"*Z(n — DH"T(W,), r"(n — 1)7—["71(Wy))
= (n—DH"*(W,)r"2g,(h,r).
In conclusion, we get

1
n_

| ey aw = — | athwsto) o vsl) ana)
> H" (W, )" 2g, (h, 7).

This proves (13) when F is a convex polytope.
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Step Three. Now let E C vt be any convex body and let (Ey)ren be the
sequence of convex polytopes approximating E in v+ given by Lemma 2.2.
Letting rx,r > 0 be such that r}"H""}(W,) = H" 1(E}), we clearly have
r, — 1 as k — oo.

Let Cy = C(b, Ex) and Cy ut = C(b, OE}) for each k € N. By (13), we have
/ B(vey) dH > H (W, )rm2g, (b, 1)
Ch.lat

and thus, adding ®(—v) H" !(Ej) to both sides, we find
Py (Ci) > H" (W) 2 gu(hy i) + (=) 1" (Ey). (14)
Note that ¢, — xc¢ in L', H""Y(0C) — H"Y(0C) and |uc,| = |pc| as
k — oo. Indeed, since clearly Cy C C and h(Cy, C) < h(Ey, E), we have
H"(Ck) C H'(C) C H"(Cr + N\eB")

and, by (1),
H(DC,) C H'(OC) € HM(O(Ch, + \B")),

so that xo, — xco in L' and H""1(0C)) — H™1(0C) by the Steiner formulas
for outer parallel bodies. Moreover, for each 0 < ¢t < h, let

(Cr)e = O N {—tv + v}, Cy=Cn{~tv+v*}.

Clearly x(c,), = Xc, in L*(—tv +v+) for each 0 < ¢ < h by Lemma 2.2. Thus,
by the divergence theorem and Tonelli theorem, we have

h
¢ duc, = Vo dx = / / Vo do'dt —
Rn C, 0 (Cr)t
h
%/ Vo dx’dt_/w dr = | ¢ duc
0 Cy C Rn

for all ¢ € €1(R™), and |uc,| = |pc| follows as in Lemma 2.2. Thus, since ®
is continuous, by [9, Theorem 20.6] we get Pgp(Cy) — Pop(C).

In conclusion, since g, is continuous and r, — r, H" Y(Ey) — H" Y(E) as
k — oo, passing to the limit in (14) as k — oo, we find

Py (C) > H"(W,)r" g, (h, 1) + ©(—v) H"(E),
which immediately gives (13). The proof of Lemma 2.3 is thus complete. [

We are now ready to prove our main result.
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Proof of Theorem 1.2. Since A and B are closed sets and A C B, the dis-
tance h(A, B) is given by

h(A, B) = in |z — yl.
(4, B) = maxmin |z —y|

Let a € A and b € B be such that h(A, B) = |a—b|. It turns out that b € B\ A
and that a is the orthogonal projection of b onto the closed convex set A. By
definition of the half-space H in (8) and by minimality of the projection, the
closed hyperplane

OH={xeR": (b—a,z —a) =0}
is a supporting one for the convex set A in the point a.

Since A C BN H and BN H C B, by the monotonicity formula (4) we have
Py(A) < Po(BNH) < Pp(B),
therefore
do(B,A) =ds(B,BNH)+de(BNH,A)
> 0o(B, BN H) = Py(B) — Py(B N H) (15)

_ / B(vy) dH™" — D) H (B N OH).
OBNH¢

where H¢ = R" \ H for brevity.
Let us now set C = C(b, BNOH). Note that C C BN H¢, thus by (4) we have

Pp(C) < Py(B N He). (16)
We set Cip = C(b,0BN H). Then 0C = Cj,; U (BN OH) and

Po(C) = / B(ve) dH™ + B(—v) M (B N OH). (17)
Clat
Moreover
Pp(B N H) = / O(vg) dH" ' + ®(—vy) H" (BN OH). (18)
dBNH®
Therefore, combining (16), (17) and (18), we find

/C d(ve) dH™ g/ d(vp) dH" . (19)

dBNH®
Finally, inserting (19) in (15), we get

5o(B, A) > / B(ve) A" — D(vy) M (B N OH). (20)
Clat
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Up to a translation, we can now assume that a = 0 and apply Lemma 2.3 to
the cone C'. We thus have

/ Dve) AU > H ' (W) 20,0 (1), (21)
Clat

where h = dist(b,B N 0H) = |b —a| = h(A,B) and r > 0 is such that
r" I Y W, ) = H Y (BN AH). Inserting (21) in (20), we find

00 (B, A) = 1" Wy )1 2guy (hy 1) — ®(vp)r™ T HH(W,,,)
=H" (W, )r"? (g,,H(h, r)— @(VH)T)

and the proof of Theorem 1.2 is complete. ]
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