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This article characterizes conjugates and subdifferentials of convex integral functionals over
the linear space of stochastic processes of essentially bounded variation (BV) when the space
is identified with the Banach dual of the space of regular processes. Our proofs are based on
new results on the interchange of integration and minimization of integral functionals over
BV processes. Under mild conditions, the domain of the conjugate is shown to be contained
in the space of semimartingales which leads to several applications in the duality theory in
stochastic control and mathematical finance.
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1. Introduction

This article studies convex integral functionals of the form

B0 ~E| /[ i+ o) + ke

defined on the linear space N of adapted left-continuous processes of essen-
tially bounded variation in a filtered probability space (2, F, (F;)i>0, P). Here
@ is a positive atomless optional random measure on [0, 7], h is a convex nor-
mal integrand on 2 x [0, 7] x R? and kg and kp are convex normal integrands
on  x R% The main result of this paper gives an explicit expression for the
conjugate of Ef when the space N> is identified with the Banach dual of reg-
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ular processes, the optional projections of continuous processes with integrable
supremum norm.

Under fairly general conditions, the domain of the conjugate of E'f is contained
in the space of regular quasimartingales which are semimartingales given by op-
tional projections of continuous processes of integrable variation. This opens
up the possibility of treating various problems in stochastic optimal control and
mathematical finance with the theory of convex duality and integral function-
als. Integral functionals of processes of bounded variation arise, for example,
in problems of optimal investment under transaction costs and portfolio con-
straints. Such problems involve integral functionals of both the investment
strategy as well as its derivative which is a random measure. The basic theory
of convex integral functionals of random measures have been developed in a
companion paper [9]. Combining this with the main result of the present pa-
per, allows for a unified treatment not only of optimal investment problems but
also of more general problems in singular stochastic control much like [1] uni-
fied convex stochastic control problems without singularities. A general class
of singular stochastic control problems will be treated in a followup paper.

Our proofs are based on a version of the “interchange rule” that allows for re-
versing the order of minimization and integration in the optimization of integral
functionals. In the case of decomposable spaces of measurable functions, such
results go back to the works of [14] and [19]. [15] treated the nondecompos-
able space of continuous functions by embedding it in the space of essentially
bounded measurable functions. [3, Theorem 1] gives a general interchange rule
on spaces that are stable under continuous partitions of unity. This approach
was used in [10] to study integral functionals of BV functions. In this paper
we extend these arguments to the stochastic setting by combining them with
interchange rules for Suslin space-valued functions from [19].

The rest of this paper is organized as follows. Section 2 studies integral func-
tionals in the deterministic setting over the space X of left-continuous functions
of bounded variation. The section is split in two subsections, the first one giv-
ing an interchange rule for minimization and integration and the second on
conjugates and subdifferentials when X is regarded as the Banach dual of the
space of continuous functions. Our main results are given in Section 3 which
follows a similar structure in the study of integral functionals over N'*°.

2. Integral functionals of BV functions

Given a positive Radon measure p on [0,7] and h a convex normal integrand
on R? (see Appendix 4.2), the associated integral functional on the space of
measurable R%valued functions is defined by

In(z) = / h(x)dp = /[O |
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This section studies I;, on the space X of left-continuous functions z : R — R¢
of bounded variation such that x is constant outside of a fixed time interval
[0, T]. Throughout this section, we assume that p is atomless and has support
[0, 7. Section 2.1 gives sufficient conditions for the interchange of the order of
integration and minimization over X. Section 2.2 uses the interchange rule to
give an explicit expression for the conjugate of I;, with respect to the pairing
of X with the space of R%valued continuous functions.

2.1. Interchange rule

Recall that in a decomposable space X of measurable R%valued functions on
[0, 77, one has the interchange rule

inf / h(z)du = / inf h(z)dpy

z€R4

as soon as the infimum on the left is finite; see [18, Theorem 14.60]. For this
to hold when, instead of a decomposable space, one minimizes over X, we will
need to control the behavior of the set

domh, = {zx € R | hy(z) < o0}

as a function of ¢. Recall that a function is left-continuous in the usual sense
if and only if it is continuous with respect to the topology 7 generated by
the left-open intervals {(s,f] | s < t}. Accordingly, a set-valued mapping
S:[0,T] = R%is said to be left-inner semicontinuous (left-isc) if {¢ | S;NA # 0}
is 7-open for any open A C R¢.

The following theorem is basically a reformulation of [10, Theorem 4. Given
a measurable set-valued mapping S, we will use the notation
L=(S) :={z e L*|z e S pae}
and equip L* with the usual norm topology. We denote the interior of a set A
by int A.
Theorem 2.1. Assume that dom h is left-isc, and that for every x € X,
x € int L*(domh) = x € dom [, = z; € cldom h; Vt.

If Iy, is proper on X and X Nint L>(dom h) # (), then

;g)f(/h(x)d,u = /xlélRfd h(x)du.
Proof. By Theorems 4 and 2 of [10], it suffices to show that every left-
continuous w with w; € cldom h; p-a.e. satisfies w; € cldom h; for all t. To
have this, we can follow the arguments in the proof of [10, Theorem 4] to get
that, for every € > 0 and ¢, there exists x € dom I, such that |z, — w;| < e. By
assumption, such z satisfies x; € cldom h;, and since € > 0 was arbitrary, we
have that w; € cldom h; as well. ]
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When I}, is Isc in L*°, the first condition
x € int L*(domh) = x € dom I,

in Theorem 2.1 is equivalent to I; being continuous at every z € int L>°(dom h);
see [16, Corollary 8B]. The second condition

r € doml;, — x; € cldom h; Vt

in Theorem 2.1 holds in particular if ¢ — cldom h; is left-continuous in the
sense that it is left-isc and its graph {(¢,x) | € cldomh;} is closed in the
product of T7-topology on [0, 7] and the Euclidean topology on R<.

2.2. Duality

The space X may be identified with R? x M where M is the space of R%valued
Radon measures on [0,7]. Indeed, given z € X there is a unique R%valued
Radon measure Dz on [0, T] such that x; = o+ Dz([0,)) for all t € [0, 7] and
x; = xo + Dx([0,T]) for t > T'; see e.g. [5, Theorem 3.29]. The value of x € X
on (T, 00) will be denoted by zr, .

By the Riesz representation theorem, M may be identified with the Banach
dual of the space C of continuous functions on [0, 7] when C' is equipped with
the supremum norm. Indeed, C' and M are in separating duality under the

bilinear form
(u,0) = /ud@.

Similarly, X and V := R? x C' are in separating duality under the bilinear form

(0,2) == V_no - To + /vd:c.

Here, the notation corresponds to our convention of identifying elements of V'
with continuous functions on {—oo} U [0, 7] (Analogously, we may identify X
with the space of Radon measures on {—oco} U [0, T7).

Rockafellar [15] and more recently the second author [10, 11] gave conditions
under which the conjugate of an integral functional I, on C' can be expressed
as

(In)" = I,
where, for a normal integrand f, the functional J;: M — R is defined by

J7(0) =/f(dQ“/dM)duvL/fm(dQS/dIQSI)dIQSI,

where 6% and 6° are the absolutely continuous and the singular part, respec-
tively, of 6 with respect to u, |0°| is the total variation of 6°, and f* is the
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normal integrand defined pointwise as the recession function of f;; see the ap-
pendix.

Theorem 2.2 below gives an expression for the conjugate and subdifferential of
I;, with respect to the pairing of X with V. Given x € X, we denote by 0h(z)
the set-valued mapping ¢ — 0h(x;). We also use the notation 9°h := ¢ dom n-
We will denote by Vpy the linear subspace of V' consisting of v € V' that have
bounded variation on [0,T]. Given v € Vpy, we set dv/du := d(Dv)*/du and
dv/d|Dv?| := d(Dv)*/d|(Dwv)?|.

Theorem 2.2. Let f(z) = I(z)+ko(xo)+kr(zry), where kg and kr are closed
proper convex functions on R? and h is a convex normal integrand satisfying
the assumptions of Theorem 2.1. Then f is closed and

i} Jpe (—Dv) + ki (v_oo — v0) + ki(vr)  if v € Vpy,
fr(v) = :
+o00 otherwise.

Moreover, v € Of(x) if and only if

—dv/dp € Oh(x) p-a.e.,
—dv/d|Dv®| € O°h(x) |(Dv)’|-a.e.,
Voo — Vg € 8k‘0(:c0),

vy € Ok QZ‘T+).

Proof. This is a special case of Theorem 3.2 below. The conjugate formula
also follows as in the proof of [8, Theorem 2.2]. O

3. Integral functionals of BV processes

Let (2, F, P) be a probability space and let (F;);>o be an increasing sequence
of o-algebras on € such that F, = (., Fy and Fy contains all the P-null
sets. We will denote the linear space of left-continuous adapted processes of
essentially bounded variation by N°°. That is, z € N if z € X almost surely,
the pathwise total variation of z is essentially bounded and x; is F;-measurable
for all t € [0, 7.

Recall that the predictable and optional o-algebras on Q x [0,7] are the ones
generated by left- and right-continuous, respectively, adapted processes. In par-
ticular, the elements of N> are predictable. We denote by 7T the set of stopping
times, that is, functions 7 :  — [0, 7] U {+o00} such that {(w,t)|7(w) <t} is
optional. If a (not necessarily adapted) stochastic process v is T -integrable in
the sense that v, is integrable for every 7 € T, then, e.g., by [6, Theorem 5.1],
there exists an optional process °v such that

Elvlgcony | Fr] = 0rlireey P-as forall e T,
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where F, :={A e F| An{r <t} € F; vVt € R;}. The process °v is called
the optional projection of v and it is unique a.s.e.l.

Recall that (see e.g. [6, Theorem 3.16]) if 7 is a stopping time then [7,00) C
Q1 x F is optional. A stopping time is said to be predictable if [T, 00) predictable.
If a (not necessarily adapted) stochastic process v is such that v, is integrable
for every predictable time 7 € T, then, e.g., by [6, Theorem 5.2], there exists
a predictable process Pv such that

Elv:1ircoy | Fro] = Pv;1qrco0y  P-aus. for all predictable 7 € T,

where F._ == FyVo{ANn{t <7} | Ae F,teR,} The process Pv is called
the predictable projection of v and it is unique a.s.e.

Let p be a random positive measure on [0, 7] and let
L? .= L'(Q x [0, T], F @ B((0, T]), n; RY),

where the measure 7 is defined by n(A4) := E [ 1 4du. We will assume through-
out that p is atomless, has full support almost surely and that it is optional in

the sense that
E/vdu:E/ovdu

for all bounded v. Let h be a normal F ® B([0, T)-integrand on R? and define
]h X xOQ—=>R by

I (2, w) = Inw)(2),

where the right side is defined as in Section 2. We assume throughout that
there exist v € L!(R?) and nonnegative o € L' such that

h(z) > z-v—a. (1)

The following is proved in the appendix.

Lemma 3.1. The function I, is a normal integrand on X.

By Lemma 3.1, the integral functional

EI,(x) ::/Q]h(x(w),w)dP(w)

is a well-defined convex function on N'*°. Section 3.1 below gives an interchange
rule for E1;, and Section 3.3 gives an expression for the conjugate of E I, with
respect to the pairing of N'*° with regular processes to be defined in Section 3.2.

!The abbreviation a.s.e. stands for “P-almost surely everywhere on [0,T]”, that is, outside
an evanescent set.
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3.1. Interchange rule

The following result extends Theorem 2.1 to the stochastic setting. Given a
measurable set-valued mapping S from Q x [0, T] to R?, we will use the notation

L*(S) :={x € L |z € S n-ae.}

and equip L* with the usual norm topology. We denote the closed unit ball
with radius r by B,. We say that a normal integrand is predictable if its
epigraphical mapping is predictable.

Theorem 3.2. Let h be a predictable normal integrand that satisfies the as-
sumptions of Theorem 2.1 almost surely and assume that there exists an T € N>
with T € int L>°(dom h) and that for every x € int L>°(dom h) there is an r > 0
and 3 € Lt with

h(xy +2') < By Vi’ €B,.

Then,

inf E / h(z)dy = E / inf h(z)dp.

zEN zER4

Proof. By Lemma 3.1, I}, is a convex normal integrand on X x ). Applying
first the interchange rule for expectation and minimization [9, Theorem 1] and
then the interchange rule Theorem 2.1, we get

inf E [ h(x)duy=E inf [ h(x)dp=FE [ inf h(x)d
it B [n@ydp =B int [ he)dn = [ inf )
where L>°(X) is the space of (possibly nonadapted) left continuous processes
of essentially bounded variation. Since N*° C L>*(X),

TEN>® rEL>(X) zEL>(X

inf El,(x)> inf FEl,(x)> inf )th(px),

where the second inequality follows from Jensen’s inequality for predictable
normal integrands; see Lemma 4.2 in the appendix. By [4, Theorem VI1.43|, Pz
is left continuous with right limits.

We show next that the last infimum above can be restricted to those z € L>(X)
for which B(x,7) C dom h; for some 7 > 0. If # € dom E1},, then z € dom I),(x)
a.s., so r; € cldomh; a.s.e. We may assume that T satisfies £ € domh,
and we may redefine x as T on a P-null set so that x € cldomh. Defining

¥ = %E + (1 — %)x, we have z¥ € intdomh for all ¥ and, by convexity,

El(z") < 1EIL,(z) + (1 — £)EI,(x). Moreover, since B(z;, ) C dom k, and
x; € cldom hy, we have B(x},r/v) C dom h; by convexity.

Thus, it suffices to show that, for every ¢ > 0 and & € L>(X) with B(z;,7) C
dom h; for some 7 > 0, there exists x € N> such that

E[h(pf) > Elh(.l?) — €.
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Since dom A is predictable, it follows from Jensen’s inequality for set-valued
mappings [7, Corollary 20| that B(?Z;,7) C dom h;. By [15, Theorem 2|, there
exists r' € (0,7) such that

th(pi’) > th<x> — 6/2

for every z such that |x; — %] < r’ a.s.e. For positive integers v, we define
recursively 7° = 0 and 7 = inf{t > 77! | |PZ; — PZ,»—1| > 7//2} so that the
process & =y >° o PZ v 1 (v rv41y is predictable with |&, — P2, <1

For every n, we define a stopping time ¢" = inf{t | |Dz|([0,t]) > n} and a
process z" = ljg,nZ + L(on7Z. By construction, z" € N> and 2" — % a.s.e.
Moreover,

h(z") < max{B, 5},

for some positive 3 and 3 with F J maX{B, BYdu < oo. Therefore, we may
apply Fatou’s lemma on [0, 7] x € to obtain

EI,(2) > EL(z") — ¢/2

for n large enough. [

3.2. N as a Banach dual

This section presents the basic functional analytic framework for our main
result to be given in Section 3.3. In particular, we identify N'*° as the topolog-
ical dual of the Banach space of regular processes. We also recall some basic
properties of quasimartingales that feature in the main result.

Let L>=(M) be the linear space of random R¥-valued Radon measures with
essentially bounded variation and let M> C L*(M) be the space of essentially
bounded optional Radon measures on R?, i.e. those § € L°°(M) such that

E/vdG:E/ %vdf Vv € L'(C).

Here L'(C) denotes the Banach space of random continuous functions v with
the norm

o]y == E sup |vy].
t€[0,T]

The linear mapping z — (z, D) defines an isomorphism from N> to R x
M. By Theorem 3.3 below, M* may be identified with the dual of the
Banach space of regular processes, so N'*° is a Banach dual as well.

Recall that a process is reqular if it is the optional projection of a process from
LY(C); see [2]. We will denote the space of regular processes by R'. The
following result, essentially proved already in Bismut [2], is from [9)].
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Theorem 3.3. The space R! is a Banach space under the norm

ol <= sup Elo]
TET

and its dual may be identified with M> through the bilinear form

(v,0)R1 = E/vd@.

The dual norm can be expressed as

[0]|pmee = ess sup [|0]| 7y

Our main result, Theorem 3.6 below, involves regular processes which are also
quasimartingales. Recall that a process v is a quasimartingale if it is adapted,
right continuous, has F|v;| < oo for all ¢ and

Z |E [vtm — vy, .7-}} ] } < 00,
1ET

where the supremum is taken over all finite partitions 7 of [0,7]. The num-
ber Var(v) is known as the mean variation of v. Theorem 3.4 below says in
particular that quasimartingales are the optional projections of IV processes,
i.e. (not necessarily) adapted processes whose initial value as well as pathwise
total variation are integrable.

Var(v) := sup {E

A process is said to be of class (D) if the set {v, |7 € T} is uniformly in-
tegrable. Regular processes are of class (D). The following theorem, where
RL C R! denotes the linear space of cadlag martingales, summarizes some
basic properties of quasimartingales.

Theorem 3.4. A cddldg process v is a quasimartingale of class (D) if and only
if v=m-+a for an m € R and a predictable process a of integrable variation
with ag = 0. The decomposition is unique. One then has Var(v) = E||Da||lrv

and
E[/ vdxle{vT-xTJr—vo-xo—/ xda}
(0,7 [0,

for every x € N'*°. Quasimartingales of class (D) are the optional projections
of IV processes.

Proof. The first two claims are given Sections 3 and 4 of [4, Appendix 2|. The
integration by parts formula follows from the first claim and the integration by
parts formula for semimartingales (recalling that 2z € N is left-continuous).
If v = m + a, then it is the optional projection of the IV process Lo rymy +
a. Conversely, given an IV process b, we see from the definitions of optional
projection and mean variation that °b has a finite mean variation. Moreover,
the values of an IV process b are bounded by by + || Db||7v so b as well as °b
are of class (D). O
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We will denote the linear space of regular quasimartingales by R;m.

Corollary 3.5. On R!, we have Var = op, where
D={Dre M® |z e N>~ |z| <1, zg =z7, = 0}.

We have v € R,,, if and only if v = m+a for anm € R,, and a predictable con-
tinuous process a of integrable variation with ag = 0. Reqular quasimartingales
are the optional projections of continuous IV process.

Proof. By (3.4) in [4, Appendix IT], Var < op. The opposite inequality follows
from the expression Var(v) = El[Dal|ry and the integration by parts formula
in Theorem 3.4. Given v € ’R;m and its decomposition in Theorem 3.4, we have
a=v—m e R since R, C R,,. Thus, by [4, Remark VL50(d)], Pa = a_
while Pa = a since a is predictable. Hence, a is continuous. The last claim
follows from the fact that v is the optional projection of 1m¢ + a. O

3.3. Conjugates of integral functionals on N

By Theorem 3.3, N may be identified with the Banach dual of the space
V! :=R? x R! under the bilinear form

(x,V)p0 = F |:._'['()"U_oo +/vdm} ,

where we regard elements of V! as regular processes on {—oc} U [0,7]. Our
main result, Theorem 3.2 below, gives an explicit expression for the conjugate
of an integral functional on N'* with respect to the above pairing.

Let h be a predictable convex normal integrand and define
f(z,w) = In(z,w) + ko(wo, w) + kr(zr4, W),

where kg and k7 are convex normal Fy- and Fr-integrands on R?, respectively.
Here all three terms define normal integrands, so f is a normal integrand as
well; see [9, Lemma 24]. We assume throughout that Fkq, and Ekr are proper
on L*(RY) and that Ek; and Ek} are proper on L!'(R?).

Given v € R}Im and its unique decomposition v = m + a in Corollary 3.5,
we denote Dv := Da and continue to use the notation dv/du := d(Dv)*/du
and dv/d|Dv*| := d(Dv)*/d|(Dv)®| from Section 2.2. We also define V) :=
R X R}, ..

Theorem 3.6. Let h satisfy the assumptions of Theorem 3.2. Then the func-
tion Ef: N — R is closed and its conjugate can be expressed as

E [Jye(=Dv) 4+ k§(v—oo — v0) + K(vr)]  if v €V},

+00 otherwise.

(Ef)(v) = {
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Moreover, v € OE f(x) if and only if

—dv/dp € Oh(x) p-a.e.,
—dv/d|Dv®| € O°h(z) |(Dv)’|-a.e.,
V_o0o — Vo € Oko(z0),
v € Okr(xpy)

almost surely.

Proof. By the assumptions of Theorem 3.2, there exist a and r > 0 such that
Ef(z+z) < aforall x € N with 2y = 274 = 0 and |z,(w)| < 7 a.s.e. Thus,

(Ef)"(v) = sup {(z,v) = Ef(x)}

zeN>®

> sup {(T+z,0) = Ef(Z+a)||w] <r, xo=ary =0}
zeEN>®

> sup {(7+2,0) —a||ul <7, 2= 27: =0}
zeN®

> (7,0) — a+ sup {(Dr,v) | |eo| <7, @0 = wry = 0}

zeN >

= (Z,v) — a+ r Var(v),

where the last equality follows from Corollary 3.5. When Var(v) < oo, the
integration by parts formula in Theorem 3.4 gives

(Ef)(v) = sup E[{v,z) — f()]

zeN>®

= sup F {UT 4 + (Voo — Vo) - To — /xda - f(x)}
TEN

= sup E [— /a:da — Ih(x)} + Ekj(v_oo — vo) + EkT(vr).
zeEN>

Here the last equality follows by first noting that a and p do not have atoms
at the origin and that EFky and Ekr are proper so that we may take expec-
tation separately from each term, and then by applying the interchange rule
for minimization and expectation [18, Theorem 14.60]. It thus suffices to show
that

sup {— / vda — Ih(m)] — BJy(—Dv).

Using [6, Theorem 5.15], there exists a predictable set A such that

E/lAc(dv/du)d,u:E/lAd](Dv)s| =0.
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Defining 1 = |(Dv)*| + pu and

() = he(z,w) +x - (dv/dp)t(w) if (w,t) € A,
o a 5C1dom ht(w) (l’) +x- (dv/d‘DUSDt(w) Otherwise,

we have, by the last assumption in Theorem 2.1, that
E [Ih(x) —i—/xda} = E/]_l(ft)d/].

b (v dp)(w),w) if () € 4,
xlélRfd fulw, w) = {—(hf)oo(—(dv/d|Dv5|)t(w) otherwise

We have

while it is straightforward to verify the assumptions in Theorem 3.2, so

inf E/i_z(x)du: E/ inf h(x)di = —Jp(—Dv).

TEN z€ERY

To prove the subgradient formula, let * € dom Ef and v € V;m. As a conse-
quence of Fenchel’s inequality we get

h(v) + h*(—dv/du) > —x - (dv/dp)  p-ae.,
(h*)*°(=dv/d|Dv®|) > —z - (dv/d|Dv®|) |(Dv)*|-a.e.,
ko(o) 4 kg (v—0e — v0) = 2o - (V_0e — 00),
kr(zpy) + kp(vr) > xpy - op
almost surely. By the definition of a subgradient, v € JFEf(x) if and only
it Ef(x)+ (Ef)*(v) = (v,x). Using the first part of the theorem and the
integration parts formula in Theorem 3.4, we see that this is equivalent to

having the above inequalities satisfied as equalities which in turn is equivalent
to the stated pointwise subdifferential conditions. Il

We say that a normal integrand h is integrable if h(z) € L for every constant
process z. For real-valued and integrable h, Theorem 3.2 takes a simpler form.

Corollary 3.7. If h is real-valued and integrable, then the conjugate of the
function Ef: N — R can be expressed as

i E[Jn-(=Dv) + ki(v-oo — v0) + k3 (vr)] if v €V, and Dv < p,
(Ef)"(v) = .
+00 otherwise
and v € OE f(z) if and only if Dv < p and
—dv/du € Oh(z) p-a.e.,
V—oo — Vo € 8k0(x0),
vr € 8/<:T(:cT+)

almost surely.
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Proof. Inspection of the proof of [15, Theorem 2] reveals that, integrability of
h implies that for every x € L and r > 0, there exists 8 € ! such that

h(z+a") < p Vi'eB,.
Thus, since dom h; = R? for all ¢, f satisfies the assumptions of Theorem 3.6
and 0°h, = {0} for all ¢ almost surely. O
In the opposite extreme where, instead of a real-valued function, A is the indi-
cator function of a random set, Theorem 3.6 takes the following form.

Corollary 3.8. Let h = 05, where S is a predictable closed convex-valued
mapping, and assume that there exists an ¥ € dom EfnN°® with T € int L>=°(S).
Then the conjugate of Ef: N> — R can be expressed as

(Ef)(v) = E V os(—=d(Dv)/d|Dv[)d|Dv| + kg(v—oe — v0) + kp(vr)

ifveV,, and (Ef)*(v) = 400, otherwise.
Moreover, v € OE f(x) if and only if
—d(Dv)/d|Dv| € Ng(x) |Dv|-a.e.,
V_0o — Vg € Oko(z0),
vy € Okr(xpy)

almost surely.

Note that when S is the unit ball and ko = k7 = 040y, Corollary 3.8 gives the
expression Var = op from Corollary 3.5.

Corollary 3.9. If h =0, then

E [k (v_oo —vo) + kin(vr)] ifveRL,

+o00 otherwise.

(Ef)(v) = {

Moreover, v € OE f(x) if and only if v € R}, and

V_oo — Vo € 3k0(x0),
vT € 8kT(l'T+)

almost surely.

The Mackey topology on a locally convex vector space U, is the convex topology
generated by the level sets of support functions of weakly-compact sets on the
dual space Y. It is denoted by 7(U,Y"). By the Mackey—Arens theorem, 7(U,Y')
is the strongest locally convex topology under which every continuous linear
functional can be represented as u — (u,y) for some y € Y. A version of
Alaoglu’s theorem states that if a convex function on U is Mackey continuous,
then the level sets of its conjugate are o (Y, U)-compact; see [16, Theorem 10b].
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Theorem 3.10. If h, ky and ky are real-valued and integrable, then Ef is
Mackey-continuous and (Ef)* has compact level-sets in V!,

Proof. By [16, Theorem 22|, ET}, is 7(L*°,L')-continuous on L> while Fk
and Ekr are 7(L*°, L')-continuous on L*°. By Lemma 4.1, it suffices to show
that the embedding ¢ of N'*° is weakly continuous on IL*° and that x — x, and
x + xp, are weakly continuous from N> to L.

Let w € L! and define z € L'(C) by 2 = f[o j wdp. Integration by parts gives

(i(7), w)Le = E/xdz =F [:m 2y — /zdm]
S PR (-
—E [xo - Eyzr +/ °(2p — z)dx] = (z, 0,

where v = (Ep2r, °(27 — 2)) € V' Thus, the adjoint i*: L' — V! of ¢ has
full domain and is given by *(w) = (Fozr, °(2r — 2)). This implies the weak
continuity of both ¢ and ¢*. The continuity of  — x7 follows from

E(xT-z):E(azo-z—i—/zda:) :E(a:0~E0z+/°zdx)

and that of z +— z( from E(z - 2) = E(zq - Eyz). O

We end this section by studying asymptotic properties of integral functionals
and dense subsets of V!. The following result gives an integral representation
of the recession function of Ef; see the appendix.

Theorem 3.11. If Ef: N — R is proper, then
(Bf)>(x) = E [Ine () + k§°(0) + k7 (271)] .

Proof. Like in the proof of Theorem 3.10, we may view £ f as the sum of three
functions, each one of which is the composition of a continuous linear mapping
and an integral functional. The lower bound (1) implies that E1j is lsc on
L>°, and the properness assumptions of £k} and Ek} imply that Eky and Ekp
are Isc on L. It now suffices to apply the last part of [9, Theorem 2] to the
integral functionals and to use the general facts that the recession function of a
sum/composition is the sum/composition of the recession functions whenever
the sum/composition is proper. O

Following [18, Section 3D], we say that a normal integrand h is coercive if



T. Pennanen, A.-P. Perkkio / Convex Integral Functionals ... 175

Corollary 3.12. If h, ky and kr are coercive, then dom(E f)* is dense in V!.
In particular, {v € V,,, | Dv < p} is dense in V*.

Proof. By Theorem 3.11, Ef is coercive on N*°. By [13, Theorem 5.B], this
is equivalent to dom(E f)* being dense in V!. The last claim follows e.g. by
taking h, ko and kr quadratic. Il

The above implies, in particular, that Itd processes are dense in R!.
Remark 3.13. Our results are easily specialized to functionals of the form

Efo(x) := E[In(x) + kry (zr4)]

on the space N§° := {z € N> | zg = 0}. Indeed, we may pair N§° with R!
via

(z.0) = B / vz,

the weak topologies of N and R!' are simply the relative topologies weak
topologies when N3° and R! are viewed as subspaces of N> and V', respec-
tively. Setting kg = dp, we have

(Efo)"(v) = (Ef)"(0,0).
4. Appendix

This section recalls some basic definitions and facts from convex duality and
the theory of integral functionals.

4.1. Duality

When U is in separating duality with another linear space Y, the conjugate
of an extended real-valued convex function g on U is the extended real-valued
function g* on Y defined by

9" (y) = 31615{@, y) —g(u)}.

A y €Y is a subgradient of g at u if
g(u") > g(u) + (u' —u,y) Vu' €U.

The set dg(u) of all subgradients is known as the subdifferential of g at u. We
often use the fact y € dg(u) if and only if

g(u) + 9" (y) = (u, ).

The recession function of a closed proper convex function g is defined by

. glu+ au) —glu
9> (u) = sup ( ) (),
a>0 (07

where the supremum is independent of the choice of u € dom g; see [13, Corol-
lary 3C]. By [13, Corollary 3D], 63, ,- = 9%
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Lemma 4.1. If A: X — U is a weakly continuous linear mapping with respect
to the pairings of X with V and U with Y, then A is Mackey-continuous.

Proof. If O C 7(U,Y) is a neighborhood of the origin, there exists a weakly
compact D C Y with levyop C O so

ATHO) > {x e N® | op(Az) < 1} = {w € N® | oaep(z) < 1}

Weak continuity of A implies that it has a weakly continuous adjoint A*, so
A*D C V is weakly compact. [

4.2. Integral functionals

Given a measurable space (Z,A) and a locally convex topological vector space
U, a set-valued mapping S : = = U is measurable if the inverse image
STHO) = {¢€ € Z|S(E)NO # 0} of every open O C S is in A. An ex-
tended real-valued function f : U x = — R is said to be a normal A-integrand
on R? if the epi-graphical mapping

§rrepi f(,6) = {(w,0) € U XR| f(u,§) < a}

is closed-valued and measurable. A normal integrand f is said to be convex if
f(-,€) is a convex function for every £ € Z. When U is a Suslin space as well as
a countable union of Borel sets that are Polish in the relative topology, a normal
integrand is B(U) ® A-measurable (see [9]), so &€ — f(u(§),€) is A-measurable
whenever u : = — U is A-measurable. Given a nonnegative measure 7 on
(=, A), the measurability implies that the associated integral functional

Iy(u) = / F(ul€). €)dn(©)

is a well-defined extended real-valued function on the space L°(Z, A, n;U) of
equivalence classes of U-valued A-measurable functions. Here and in what
follows, we define the integral of a measurable function as 4+oo unless the
positive part of the function is integrable. The function I is called the integral
functional associated with the normal integrand f. If f is a convex normal
integrand, I; is convex on L°(Z, A, n; U).

Lemma 4.2 (Jensen’s inequality). Assume that h is an optional convex
normal integrand, p is an optional random measure and that

hz) >z -v—«

for some optional v and nonnegative a such that [ |v|du and [ adp are inte-
grable. Then
th(l’) Z th(ox)

for every bounded process x. If h, i and v are predictable, then
E]h<{L‘) Z E]h(pl‘)

for every bounded process x.
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Proof. We define i < p by dji/dp = 8 := °(1/(1+ [ du)) so that i defines an
optional bounded measure (A) = E [ Ladfi on 2 x [0, T]. Moreover, El},(x) =

E [ h(z)dji, where h(x) = h(x)/8 is an optional convex normal integrand. We
have

~

h*(v) = h*(Bv)/B,

so the lower bound implies that E [ B*(v /B)dp is finite. Thus we may apply
the interchange of integration and minimization on (£2 x [0,77,,7) and on (€2 x
[0,7], F ® B([0,77),7) (see [18, Theorem 14.60]) to get

Eh@@:E/ﬁw@w

= sup E/[Oxm—ﬁ*(v)]dﬂ
)

vell1(2x[0,T1,,1

= sup )E/[a: -v — h*(v)|di

veL (2x[0,T1,,1

IN

sup E /[l‘ -V — il*@))]dﬂ
veL(Qx[0,7],F@B([0,1]),7)

~

:E/M@@:Eh@.

The predictable case is proved similarly. Il

4.3. Proof of Lemma 3.1

By [9, Lemma 22], it suffices to show that Ij,(-,w) is lsc almost surely and that
I;, is F ® B(X)-measurable.

To show that I (-,w) is lsc almost surely, we denote
L = L>=([0,T1,B([0, 7)), u(w); RY).

Since p(w) is atomless, the embedding of (X,o(X,V)) to (L2, o(LX, LL) is
continuous (see the proof of [8, Theorem 2.1]) while the lower bound implies
that I,(-,w) is o(L, L})-Isc, by [17, Theorem 3C].

To prove the measurability, let S be the space of ladcédg functions (left-continuous
with right limits) from [0,7] to RY. Equipped with the Skorokhod topology

(with obvious changes of signs since we deal with left-continuous instead of

right continuous functions) S is a Polish space; see [6, Theorem 15.17]. Since

every sequence converging in S converges pointwise outside a countable set?,

S satisfies the assumptions of [9, Theorem 25|, so I is B(S) ® F-measurable.

It thus suffices to show that the injection from X to S is measurable.

2A 1ladcag function has at most a countable set of discontinuities, so this fact follows from
the remark on page 452 in [6]
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By [12, Theorem 3], B(S) coincides with the Borel-o-algebra generated by the
topology that S has when equipped with the supremum norm. By [4, Theorem
VII.65], continuous linear functionals in the weak topology are of the form

l(u) == /utdat+/ut+daz“,

where a and a™ are functions of bounded variation. When u € X, integration
by parts gives

l(u) = upy(apy + a}ﬁr) —ug(ag +ag) — /atdut — /af_dut.

Since every function of bounded variation is a pointwise limit of a sequence
of continuous functions, it is not difficult to verify that [ is measurable in
B(X). O
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