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Let f be a continuous real function on a convex subset of a Banach space. We study what
can be said about the semiconcavity (with a general modulus) of f, if we know that the
estimate AZ(f,z) < w(||h]]) holds, where AZ(f,z) = f(x + 2h) — 2f(x + h) + f(z) and
w: [0,00) — [0, 00) is a nondecreasing function right continuous at 0 with w(0) = 0. A partial
answer to this question was given by P. Cannarsa and C. Sinestrari (2004); we prove versions
of their result, which are in a sense best possible. We essentially use methods of A. Marchaud,
S.B. Stechkin and others, whose results clarify when the inequality |A%(f,z)| < w(||h]])
implies that f is a C* function (and f’ is uniformly continuous with a corresponding modulus
of continuity).
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1. Introduction

For a real function f on [a,b], we consider the second difference A? f(x) =
f(z+2h)—2f(x+h)+ f(x). The second modulus of continuity of f is defined
as wy(f,t) :=sup{|AZ(f,2)] : 0 < h < t,z,x +2h € [a,b]}, t > 0.

The following result is a special case of the classical Marchaud theorem (see [10]
or, e.g., [4]) which deals with w,(f,t),n > 2. (For a generalization to Banach
spaces see [9].)

Theorem M. Let f be a continuous function on |a,b] and
1
/ m dt < oo.
t2
0
Then f € C'a,b] and [ is uniformly continuous with modulus of continuity
5
t
n(d) ::C’/ %dt, 6 >0,
0

where C > 0 is an absolute constant.
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Theorem M™ below is a “semi-analogon” of Theorem M. Indeed, it works with
the second “semi-modulus” of continuity wy (f,t) := sup{A2(f,z):0<h <t,
z,x + 2h € [a,b]}, t > 0, instead of wy(f,t), and with the class of functions
which are semiconcave with modulus w instead of the class of C* functions
having f’ uniformly continuous with modulus w.

Because the notion of a semiconcave function is basic for the present article,
we give the definition just now. (For the theory of semiconcave functions in R”

see [3].)

Definition 1.1. (i) We denote by M the set of all functions w: [0,00) —
[0, 00) with w(0) = 0 which are nondecreasing on [0, 00) and right contin-
uous at 0.

(ii) Let X be a real Banach space. We say that a real continuous function u
on a convex set D C X is semiconcave with modulus w € M (or briefly
w-semiconcave) if

Au(z) + (1= ANu(y) —u(Az + (1= A)y) <A1 = Nw(llz —yl)lz—yll, (1)
whenever A € [0,1] and z,y € D.

(iii) A function is called semiconcave on D if it is semiconcave on D with some
modulus w € M.

Theorem MT™. Let f be a continuous function on [a,b] and

/1 —wj(fi) dt < oo
0

t2

Then f is semiconcave on [a,b] with modulus

5+
3(8) ::C/ “27(5’75) dt, §>0,
0

where C > 0 is an absolute constant.

It seems that Theorem M is new. However, it is closely related to the following
slight reformulation of a result of P. Cannarsa and C. Sinestrari (see [3, Theorem
2.1.10]).

Theorem CS. Let @: [0,00) — [0,00) be a nondecreasing upper semicontin-
uous function such that lim, .oy @(p) = 0. Let S C R™ be a convexr set and
u: S — R a continuous function such that

r+y T — Y| -
) +uty) — 20 (50) < Mo ), syes @
Then u is semiconcave on S with modulus
o~ _ (P
Blo) =Y 5 (5)s p20. (3)
k=0

provided the right-hand side is finite.
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Observe that condition (2) coincides with condition (1) with A = 1/2 and
w = @. Therefore the following terminology from [14] is natural.

Definition 1.2. Let © € M. We say that a real function f on a convex subset
D of a Banach space is Jensen @-semiconcave, if condition (2) holds.

Following this terminology, the above observation means that

w-semiconcavity implies Jensen w-semiconcavity. (4)

Further, condition (2) can be reformulated using the “semi-modulus” wy (u, -).
Namely, it is equivalent to the inequality wy (u,t) < t@(2t), t > 0 (see Lemma
4.1).

In Section 4, we will derive Theorem M™ from Theorem CS. In fact, we prove
Theorem 4.8, which generalizes Theorem M™ to Banach spaces. In the proof,
we use the following basic observations.

(O1) In the proof of Theorem CS, the assumption that @ is nondecreasing and
upper semicontinuous is not used. Moreover, the proof works without
any change also for functions on Banach spaces, cf. Theorem CS2 in
Section 4.

(O2) The “semi-modulus” wy (f,t) has the property that the function given by
t~2w (f,t) is 4-almost decreasing on (0, 00) (see (14) for the definition).

To show that wy (f,t) has the above property, it is sufficient (see Lemma 3.1)
to modify in an obvious way the well-known proof (from [10] or [11]) which
shows that wsy(f,t) has this property.

It is natural to ask (cf. [3, Remark 2.1.11]) the following questions:

(Q1) Is the result of Theorem CS sharp 7
(Q2) For which n € M Jensen n-semiconcavity and continuity of a function
implies its C'np-semiconcavity for some C' = C(n)?

For the most interesting moduli w,(t) = t? (0 < p < 1), Theorem CS gives that
each continuous Jensen wy-semiconcave function is (2/(2 — 2'?)) w,-semicon-
cave. This fact with (4) shows that, for these moduli, Theorem CS is “sharp
up to a multiplicative constant” and the implication from (Q2) holds.

However, [14, Theorem 4] tells us that we can write above 1/(2—2!7?) instead of
2/(2—2'"?) (and this constant is optimal). Thus Theorem CS is not “absolutely
sharp”.

We will show that, for some w, Theorem CS is not sharp in any sense.

The reason is that observation (O2) rather easily implies (see Proposition 4.2)
that each Jensen w-semiconcave function is Jensen 4w,-semiconcave, where @,
is the “Stechkin regularization of &” defined by

@e(h) ;== hinf{&(u)/u: 0 <u<h}for h>0 and @w.(0):=0. (H)
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So, applying Theorem CS to 4w,, we obtain that u is semiconcave with modulus
. - (P
Bl =4Y . (%) r20. (6)
k=0

provided the right-hand side is finite. Thus, since 8*(p) can be essentially
smaller than 3(p) (it can even happen that 3(p) is infinite and 5*(p) is identi-
cally 0, see Example 5.1), for some @ the result of Theorem CS is not sharp in
any sense.

Further, we show (see Theorem 5.13 for a precise formulation) that Theorem 4.4
(i.e., the result with modulus 5*(p)) is “sharp up to a multiplicative constant”
for many D. Consequently, since w, = @ for concave @, the result of Theorem
CS is “sharp up to a multiplicative constant” for many D if © is concave.

The proofs of sharpness results are based on well-known properties of so called
“extremal function”, which is important in the classical “smooth case”.

For bounded D and all D C R", we give a complete answer to question (Q2)
in Theorems 6.1 and 6.2. In particular, we prove (see Remark 6.4(i)) that if D
is bounded and a nonzero 7 is concave, then the implication of (Q2) holds if
and only if there exists K > 1 such that liminf, o, n(Kt)/n(t) > 1.

2. Preliminaries

In the following X will always be a real Banach space. By B(z,r) we denote
the open ball with center x and radius r. By (z*,z) we will denote the usual
dual pairing between z* € X* and x € X. For t € R, we set t* := max(¢,0).
The integer part of x € R is denoted by [z]. The integral is always the Lebesgue
integral.

We write f(t) = O(g(t)), t — 0+, provided there exist C' > 0 and § > 0 such
that |f(t)] < C|g(t)| for t € (0,5). We write f(t) < g(t), t — 0+, provided
f(t) =0(g(t), t = 0+, and g(t) = O(f(?)), t — 0+.

If f is a function on on open subset G of a Banach space, then f’(x) denotes
the Fréchet derivative of f at x € G.

If X is a Banach space, A # () is a convex subset of X, h € X and f is a
function on A, then we denote by Apf the function defined on AN (A — h)
by Apf(z) == f(z +h) — f(x). We set A2f = Ap(Anf). So A%f(z) =
flz 4+ 2h) = 2f(x + h) + f(z) for x € AN (A —2h). We define the second
modulus of continuity of f by

wa(f.t) = sup{|AG(f, )| : [|hl| <tz € AN (A—2h)}.
Further we define the second “semi-modulus of continuity” by

wy (f.1) : = sup{(Aj(f,2)" : ] <t, 2 € AN (A—2h)}

= sup{Aj(f.x) : [|hl] < t, v € AN (A—2R)}. )



L. Zajicek / On Semiconcavity via the Second Difference 245

Obviously,
wy (ef,t) = cws (f,t), t >0, for each ¢ > 0. (8)
Further, if v € X and f,(z) := f(z —v), x € A+ v, then clearly
() = wF (1), 12 0. o)

The set M and the notion of a semiconcave function (with modulus w € M)
were defined in Definition 1.1 above. A function is called semiconvexr (with
modulus w € M) if —f is a semiconcave function (with modulus w € M). We
will need the following well-known properties of semiconcave functions.

Lemma 2.1. Let f be a continuous function on [a,b] C R and w € M. Then

the following assertions hold.

(i) [ is w-semiconcave on [a,b] if and only if f is w-semiconcave on (a,b).

(ii) If f" is uniformly continuous with modulus w on (a,b), then f is semicon-
cave with modulus w.

(iii) If f is semiconcave on (a,b) with modulus w, then f has a finite right
derivative f'(x) at each x € (a,b), and

fi(z+0) — fi(z) <2w(d) whenever x,x+ 6 € (a,b) and 6 >0. (10)
Proof. Assertion (i) easily follows from (1), continuity of f and monotonicity
of w. To prove (ii), we can use [3, Proposition 2.1.2] and (i). For assertion

(iii) see [7, Proposition 2.8] (it also easily follows from [3, Theorem 3.2.1 and
Proposition 3.3.10]). O

Definition 2.2. Let f be a continuous real valued function on a convex subset
D of a Banach space X. Put 1;(0) := 0 and, for ¢ > 0, set

0= sup (MDH NI S0 0200

1=z —
Y P -
z,y€D, 0<|lz—y| <t A€ (0,1)}.
It is easy to see that 7y : [0, 00) — [0, 00] is nondecreasing and f is semiconcave

if and only if n; € M. Then clearly 7y is the minimal modulus of semiconcavity
of f. Obviously,

nef(t) = ens(t), t >0, for each ¢ > 0. (12)
Further, if v € X and f,(z) := f(z —v), x € D + v, then clearly
7, () =1y (1), =0 (13)

We will need also the following obvious corollary of [6, Corollary 3.6].

Lemma 2.3. Let f be a semiconcave function with modulus n € M on an open
convex subset  of a Banach space X. Then f is semiconcave with a concave
modulus 11 € M for which 1 < 4n.
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3. Moduli

We will say (following S. N. Bernstein, see [1, p.493]) that a function g: (0, 00) —
[0, 00] is almost decreasing, if there exists C' > 0 such that

g(t) < Cg(u) whenever 0<u<t. (14)

If (14) holds, we say that g is C'-almost decreasing.

The proof of statement (ii) of the following lemma is an obvious modification
of the corresponding proof ([10], [11]) concerning wo(f,t).

Lemma 3.1. Let f be a function defined on a nonempty convex subset D of a
Banach space X. Then:

(i) wy(f,0)=0 and wy(f,-): [0,00) — [0, 00] is nondecreasing.

(i) The function t — t=2wy (f,t) is 4-almost decreasing on (0, 00).
(iii) If wi (f,to) € R for some ty € (0,00), then wy (f,-) is finite.
(iv) [ffo1 w1 gt < oo, then wy (f,") € M.

t2

Proof. Property (i) is obvious.

(ii) First consider arbitrary p € N, h € X and observe that

p—1
Appf(x) = ZAhf(m+ih) for x € DN (D — ph)

1=0

and so, for x € DN (D — 2ph),

p—1 p—1
Apnf () = Ay f(@ +ih + jh) < p'wy (f, [2])-
i=0 j=0
Therefore,
wy (f,pt) < p*wy (f,t) foreach peN and t>0. (15)

To prove our assertion, we must show that

t72wi (f,t) < 4u2wy (f,u) whenever 0 < u < t. (16)

For this purpose fix 0 < u < t. For p := [tu~! + 1] we have the inequality
tu! < p < tut +1 < 2tu”!. Therefore t < pu, and so monotonicity of
wy (f,-) and (15) imply

wy (f,t) < wi (f,pu) < pPwy (f,u) < 420wy (f, u)

and (16) follows.
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Property (iii) easily follows from (i) and (ii).

V) I 120D gt < oo, then wi (f,-) is finite by (iif). By (i), wi (f,-) is non-

decreasmg and also L := limy oy wy (f,t) = 0, since otherwise f = (f D dt >
L[t dt = oo. O

Definition 3.2. (i) For £ = 1,2, we will denote by M, the set of w € M,
for which ¢t=%w(t) is nonincreasing on (0, 00).

(ii) For w € M, we define (Stechkin’s regularizations) w, = wi. and W, = was
by w.(0) = w..(0) =0,
Wi(t) = wis(t) ==t - inf{w(u)/u: 0 <u<t}, te(0,00), and
Wir (1) = wou(t) := 2 - inf {w(u)/u?: 0 <u<t}, te(0,00).

Remark 3.3. (i) Functions from My, are called k-majorants (see e.g. [4, p. 203,
Definition 4.4’], where also k > 2 is considered).

(ii) Stechkin’s regularizations were introduced (and denoted by w;*) in [12, p.
232] for any k € N and for (not necessarily nondecreasing) w : (0, 7] — (0, 00).
Roughly speaking, for w € M, our wy, coincides with w;* from [12] and our
w1« = wy is denoted by wy in [1, p. 519].

We will use many times some properties of M} and Stechkin’s regularizations.
The following properties follow quite easily from the definitions and will be
repeatedly used without a reference:

1. fwe M, (k=1,2)and A > 0, then the functions Aw and w(At) belong
to Mk
D 0<w, <wand 0 <w,, <w.
3. Ifk e {1,2}, v € M, wy € M and w; < wy, then (w1)r < (Wo)ps-
Further, (cw)g« = ¢(w)+ whenever w € M and ¢ > 0.

In the following lemma we recall some known (deeper) properties.

We will frequently use the classical notation, denoting, e.g., the function ¢ —
w(ct) by w(ct).

Lemma 3.4.

(i) Ifwe M is concave, then w € M.

(ii) Ifw e My, then w is subadditive.

(i) Ifwe M and k =1,2, then wg, € Mj,.

(iv) Ifwe M and k= 1,2, then w € My, if and only if w = wy..

(

v) IfweM,C >0 andk = 1,2, then t *w(t) is C-almost decreasing on
(0,00) if and only if Cwy, > w.
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Proof. Assertion (i) is easy to see. For (ii) see [4, p. 173, Remark 1.4].

Concerning (iii), observe that the proofs of [12, 2) and 3), p.233] (on (0,7])
work also for w € M and give that wy.(t)/t* is nonincreasing on (0,00) and
W 1s nondecreasing. Since wy, < w, we obtain (iii).

To prove (iv), observe that if w € My, and 0 < u < ¢, then t*- (w(u) /u*) > w(t),
and 80 wi(t) = w(t) by the definition of wg.. The converse implication follows
from (iii).

The important property (v) is implicitly contained in the proof of [12, 4),
p. 233|. For completeness, we present a proof:

First suppose that Cwg, > w. Since wg, € My and wi, < w, we obtain that,
for 0 < u <t,

w(t) = Cuwgl(t)
tk = tk

Wi (1) w(u)

<C

<C

uk -

So t~*w(t) is C-almost decreasing on (0, c0). To prove the converse implication,
suppose that t*w(t) < Cu~*w(u) whenever 0 < u < t. Then, if 0 < u < t, we
have w(t) < Ctfu=*w(u). Consequently w(t) < Cwy.(t). O

Remark 3.5. (i) It is easy to show that wg, is the maximal k-majorant (i.e.,
an element of My) majorized by w.

(ii) Each k-majorant is continuous (see [4, the note before Definition 4.4°]). [

However, we will not use these facts. On the other hand, we will need also the
following facts.

Lemma 3.6. (i) Ifw e M, then (tw(t)). = tw.(t).
(i) Ifwe M, k=1,2 and c> 0, then (w(ct))r = wi«(ct).
(iii) If w € My, then the function tw(t) belongs to M.

Proof. To prove (i), denote pu(t) := tw(t). Then, for each t > 0,
s (1) = P inf{uw(u) /u® 1 0 <u <t} =t-tinf{wu)/u: 0<u <t} = tw,(t).
To prove (ii), denote a(t) = w(ct). Then, for each t > 0,

(1) =t inf{w(cu) /uf 1 0 < u < t}
=t inf{w(cu)/(cu)* 10 <u <t}
= (ct)Finf{w(2)/2" : 0 < 2 < et} = wp(ct).

Property (iii) immediately follows from the definitions. O
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Now we can formulate the following important easy consequence of Lemma 3.1.

Lemma 3.7. Let f be a function defined on a nonempty convex subset D of a
Banach space X.

(i) For everyw € M: wi(f,t) <w(t), t>0 = wi(f t) <4dw.(t), t>0.
(i) Ifwy (f,-) € M, then there exists @ € My such that

wy (f,1) S @(t) < 4wy (f.t), > 0.

Proof. To prove (i), suppose wy (f,t) < w(t), ¢ > 0. Since the function
t~2wy (f,t) is 4-almost decreasing by Lemma 3.1, we obtain the inequalities
wy (f,+) < 4(ws (f,)ex < 4w,y by Lemma 3.4(v).

To prove (ii), apply (i) with w = w5 (f,), set @ = 4(ws (f,"))ss and apply
Lemma 3.4(iii). O

Proposition 3.8. Let f be a function defined on a nonempty convex subset
D of a Banach space X. If [ is semiconcave with modulus n € M, then f is
semiconcave with modulus 4n,.

Proof. By Lemma 2.3 f is semiconcave with a concave modulus 7 for which
n < 4n. Since 7 € M; by Lemma 3.4(i), we obtain 7 = 7, < 47, by Lemma
3.4(iv), and our assertion follows. O

Lemma 3.9. For eachw € M there exists a concave w € M with the property
w<w < 2w.

Proof. By Lemma 3.4(ii), w is subadditive, and therefore w < @ < 2w, where
@ is the least concave majorant of w. This inequality was at first observed by
S.B. Stechkin (cf. [6, p. 241]). Stechkin’s lemma is usually formulated for
a continuous subadditive w € M. However, a subadditive w € M is clearly
continuous. Moreover, the standard proof (see e.g. [5, p. 43]) does not use the
continuity of w. O

Now we can prove the following version of Lemma 2.3 which can be of some
independent interest.

Proposition 3.10. Let n € M. Then there exists a concave n. € M with
n. < n and the following property:

If f is a function defined on a nonempty convex subset D of a Banach space X
which is semiconcave with modulus n, then f is semiconcave with modulus 8.

Proof. By Lemma 3.4(iii) and Lemma 3.9 there exists a concave 7 such that
e < 1 < 2n,. Set n. := 7/2; then n. < n, < n. If fis as above (semicon-
cave with modulus 77), then Proposition 3.8 implies that f is semiconcave with
modulus 47,. Since 4n, < 41 = 8., the assertion follows. ]
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We will use also the following result (see [1, Lemma 2, p. 494, and the footnote,
p.493]).

Lemma 3.11. ([1]) Let n € M and n(t) > 0 for t > 0. Then the following
conditions are equivalent.
t
Q) / M) 4y = O, £ — 0+
0

u

K
(i) 3K >1: it 25D S
t—0+  1(t)

4. Sufficient conditions for semiconcavity

In this section we prove a more general and (for some @) sharper version (The-
orem 4.4) of Theorem CS and a generalization (Theorem 4.8) of Theorem M
from the introduction.

First we present the generalization of Theorem CS which was mentioned in
observation (O1) in the introduction.

Theorem CS2. Let u be a continuous function defined on a nonempty convex
subset D of a Banach space X. Let, for @: [0,00) — [0, 00),

ate) +uty) — 20 (T3 ) < B - ) (17)

whenever x,y € D. Letn € M and

i@ <2—i> <n(p), p=0. (18)

Then u is semiconcave on D with modulus 7.

Proof. It is sufficient to repeat word by word the proof of [3, Theorem 2.1.10],
writing only D instead of S and changing in an obvious way the final argument
(the only formal problem is that the function ) ;- @ (-2%) need not belong to
M). O

The following easy lemma shows how the condition (17) of Theorem CS2 is

related to an estimate of the “semi-modulus” w; .

Lemma 4.1. Let u be a function defined on a nonempty convex subset D of a

Banach space.

(i) Letw € M and wy (u,t) < w(t), t > 0. Set &(t) := (2/t)w(t/2), t > 0,
and ©(0) := 0. Then, whenever x,y € D,

o) +uty) -2 (1) < B2 oy o
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(ii) Letw € M. Setw(t) :=tw(2t), t > 0. Then the condition (19) holds (i.e.,
u is Jensen w-semiconcave) if and only if

wy (u,t) <w(t), t>0. (20)
Proof. (i) Observe that
u(z) +u(y) — 2u((z +y)/2) = A%y_x)/Q(u, x), whenever z,y € D.

Consequently, for each x,y € D,

u(w) + uly) — 2u(( +)/2) < wi <u H%H) “w (Hy;_!l)

Iy — 2] .
= sy - I,

so (19) holds.

(ii) First suppose that (20) holds. Since clearly w € M and &(t) = (2/t)w(t/2),
t > 0, (19) follows by (i). Now suppose that (19) holds. Consider arbitrary
t >0,z € Dandh e X with ||h]] <t such that

A? (u, ) = u(x) +u(x + 2h) — 2u(z + h)
is defined. Setting y := = 4 2h, we have h := (y — z)/2 and
Aj(u, ) = u() + uly) — 2u((z +y)/2) < [h]o2]A]).

Since @ is nondecreasing, we have A?(u, r) < tw(2t) = w(t), and consequently
wy (u,t) < wl(t). O

Let us note that the function @ from (i) need not be nondecreasing. From this
reason, observation (O1) from the introduction is important.

Now we can prove a precise analogon of Proposition 3.8.

Proposition 4.2. Let & € M and let D be a nonempty convex subset of a
Banach space. Then each Jensen w-semiconcave function on D is Jensen 4, -
semiconcave.

Proof. Set w(t) :=tw(2t), t > 0. By Lemma 4.1(ii) we obtain wy (u,t) < w(t),
t > 0. So, using Lemma 3.7(i) and Lemma 3.6(i),(ii), we obtain

Wy (U, 1) < 4w, (t) = 4tw,(2).

Consequently, using Lemma 4.1(ii) (with 4@, instead of @) we obtain that f is
Jensen 40,-semiconcave. L]
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We will use also the following consequence of Lemma 4.1 and Proposition 4.2.

Corollary 4.3. Let n € M and let u be a function defined on a nonempty
convex subset D of a Banach space.

(i) Ifwy(u,t) <tn(t), t >0, then u is Jensen n-semiconcave.
(ii) If u is Jensen n-semiconcave, then wy (u,t) < 8tn.(t), t > 0.

Proof. (i) By Lemma 4.1(i) (with w(t) = tn(t)), we obtain that (19) holds
with

w(t) = (2/t) - (¢/2) - n(t/2) <n(t), t=0,
and so u is Jensen n-semiconcave.

(ii) By Proposition 4.2, u is Jensen 47n,-semiconcave. Using Lemma 4.1(ii) (with
@ = 4n,) and subadditivity of n, (see Lemma 3.4(ii),(iii)), we obtain

wy (u,t) < t4n,(2t) < 8tn.(t), t > 0. O

Now we are ready to prove the following theorem, which is more general and
(for some @) sharper than Theorem CS.

Theorem 4.4. Letw € M and let D be a convex subset of a Banach space. Let
u be a continuous Jensen w-semiconcave function on D. Then u is semiconcave

with the modulus
. - (P
Bl =4Y e (%) 20
k=0
provided the right-hand side is finite.
Proof. Set w := 4@,. Then, by Proposition 4.2, the condition (17) of Theorem
(CS2 holds with @ instead of @. It is easy to see that if 5* is finite, then * € M.

Thus the assertion of the theorem follows from Theorem CS2. ]

We will need the following easy and well-known estimates.

Lemma 4.5. Let h > 0 be a nonincreasing function on (0,00) and § > 0.
Then

1 — 1) 1) > 1) 1) 0
5217’ (2k+1> ok+1 < Zh (?) ok+1 S/0 h(u) du
k=0 =0
> 1) 1)
<> h (g g 1)
=0

Proof. Clearly

S\ 6 s27F B B
h (2_k> 2k+1 S /52<k+1) h(u) du S h (2k+1> 2k:+1‘
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Summing these inequalities, we obtain

= ) ) b = ) )
Dk (ﬁ) Okt S/0 h(u) du <y h (2k+1) k1"
k=0

k=0

So (21) follows, since
1 & ) ) = ) ) o
520 () 3 = o0 () o 003 .
k=0 k=0

As a consequence, we easily obtain the following facts.

Lemma 4.6. Let w € My. Set @(t) := (2/t)w(t/2), t > 0 and @(0) := 0.
Then, for each § > 0,

5 o0 5
w(t) ) w(t)
Proof. Set h(t) :=t2w(t), t > 0, and fix an arbitrary 6 > 0. Then

N AN e I < /5 0
Zw(ﬁ)=2 3 W(W)Zzh(w>ﬁ'
k=0

k=0

Since h is nonincreasing, (21) implies (22). O

Lemma 4.7. Let o € My and 6 > 0. Then
1 & ) S o(t) = §
Z _ )\ < 2N < ~
2; (Qk) _/0 - dt < Zw(%) (23)

Proof. For the nonnegative nonincreasing function h(t) := @&(t)/t, we have

&

and so (21) implies (23). O

Now we infer from Theorem CS2 the following generalization of Theorem M™,
which was mentioned in the introduction.
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Theorem 4.8. Let u be a continuous function defined on a nonempty convex
subset D of a Banach space X and

1, +
w2 (U,t)
/ 2 dt < oo.
0

Then u is semiconcave on D with modulus
5+
t
1(6) =8 / % dt.
0

Proof. By Lemma 3.1(iv) and Lemma 3.7(ii) we can choose w € M,y such
that wy (u,t) < w(t) < 4wy (u,t), t > 0. Set w(t) := (2/t)w(t/2), t > 0 and
@(0) := 0. By Lemma 4.1 we obtain that, for every =,y € D,

ate) +uls) — 20 (25 ) < 2 oo -y

By Lemma 4.6, we obtain, for § > 0,

fp(%) 32/0(;%&38/06@@:7(5).

n=0

So, using Theorem CS2, we obtain our assertion. [

Theorem 4.8 easily implies the following analogon of Theorem 4.4.

Theorem 4.9. Let w € M with fol w*t*g(t) dt < oo. Letu be a continuous

function defined on a nonempty convex subset D of a Banach space X such
that

wy (u,t) <wl(t), t > 0.

Then u is semiconcave on D with modulus

1(8) = 32 /0 ’ w*;(t) dt.

Proof. Since Lemma 3.7(i) implies wy (u,t) < 4w,.(t),t > 0, we have

o, + é
8/ wp (h) oy o 32/ werlt) o),
0 0

12 t2

Using Theorem 4.8 we obtain our assertion. Il
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5. Sharpness

First we present an example of © € M for which Theorem CS is not sharp in
any sense.

Example 5.1. There exists a continuous w € M such that any continuous
Jensen w-semiconcave function on a convex subset of a Banach space is concave

and
o0

Blp) = @(p27") =00, p>0. (24)

k=0

Proof. First observe that we can inductively define an increasing sequence
(kn)22; of natural numbers and a decreasing sequence (y,)5°; of positive real
numbers such that £y = 1, y; = 1 and, for each n € N,

1
kny < — and  (Kpy1 — kn)Yngs > 1. (25)
n
Further we can clearly choose a continuous w € M such that
0(27") = yny1, whenever i€ N and k, <i< knyi.

Using the second part of (25), we obtain

IS oo kpn+1—1 0o
Z‘D(Q_i) = Z @(2_i> = Z(kn—l-l - kn)yn—i-l = 00,
i=1 n=1 i=ky n=1

and (24) easily follows.

Fix ¢ > 0. For each n such that 27%» < ¢, the definition of @, and the first part
of (25) give

- b o
Bu1) < G2 = 2y < t/n (26)
Therefore @, (t) = 0 and so Theorem 4.4 implies the concavity of . O]

Remark 5.2. We note that, for the above example, it is not necessary to use
Theorem 4.4, since it would be possible to use a result of [13] (see Theorem
TT in Section 9 below). In fact, that result easily implies that u is concave
whenever u is continuous Jensen w-semiconcave and liminf, .o, @(t)/t = 0,
and the latter condition for our @ holds by (26). O

Now we will consider sharpness of theorems from the preceding section. Our
results are based on the use of so called “extremal functions” (see [4, p.203]),
which were applied in several articles which (essentially) concern the sharpness
of Marchaud-type theorems (cf. Section 8).

We need and define the extremal function ¢ for k£ = 2 only:
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Definition 5.3. Let w € M,. Then we denote by ¢ = ¢, the odd function

on R for which
T wl(t
o(z) = :r/l _t(2) dt, = >0.

It is easy to show (see [4, Lemma 4.2(i), p. 204]) that ¢ is continuous on R.
More difficult are the following inequalities:

The first inequality of (27) follows from [4, Theorem 4.2, p.206] and the sec-
ond one then from [4, Theorem 1.1, p.300] (cf. also [8], where slightly weaker
inequalities were proved and applied). We will use also the following “semicon-
cavity properties” of .

Lemma 5.4. Let w € My and ¢ be as in Definition 5.3. Then the following
hold.

(i) If fo (t)/t* dt = 00 and 0 < a < oo, then the function ) == ¢ [(_aq) is

not semiconcave.

(ii) ]ffo (t)/t? dt < 0o and 0 < a < oo, then

1 [P wl(t)
77¢f(o,a)(6) > 5/0 R dt, 0<6<a. (28)

Proof. To prove (i), observe that

$.0) = ¢, (0) = lim 29 = piy /@ di = —

Therefore Lemma 2.1(iii) implies that 1 is not semiconcave.
To prove (ii), first observe that
lim w(0)/d =0. (29)

6—0+

Indeed, since w € My, we easily obtain fo (t)/t? dt > § - (w(d)/6%), & > 0,
which implies (29).

Now ﬁx an arbitrary d € (0,a] and consider 0 < h < §/2. For x > 0, we clearly
have ¢'(z) = [, w(t)/t* dt + w(z)/z, and consequently

5—h wl(§ — h w
(6 —h) —'(h) = /1 w(t)/t* dt + % - /1 w(t)/t* dt — %

Therefore (10) gives

[V
—
~
=
VRS
~
T
>
=
~
~~
[N}
oW
~
|
£
=
~_

Moloa (0) 2 (1/2)(¢'(6 = h) — ¢ (h))

and so (29) easily implies (28). O
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To prove sharpness results in multidimensional spaces, we will use a standard
construction via the following lemma.

Lemma 5.5. Let D be a convex subset of a Banach space X, a € D andv € X
with ||v|| = 1. Let * € X* be a functional such that ||z*|| = x*(v) = 1. Assume
S:={a+tv: t€[0,d NR} C D for somed e (0,00]. Let f be a continuous
function on R and f(z) := f(z*(x)), x € D.

Then the following assertions hold.
(i) wi(f.t) Sws(fit), t20.
(ii) Denoting I := x*(5), then ng(t) > ny, (1), t > 0.

Proof. To prove (i), fix an arbitrary ¢ > 0 and consider x € X and h € X
with ||h|| <t and 2 € DN (D — 2h). Then

fla+2h)=2f(z+h)+ f(x) = f(2" (@) +22" () =2 (&" () +27 (b)) + f (2" (x)),
ie. A2f(x) = A2, g f(@*(2)). Since [z*(h)| < [|h]| <, (i) follows.

To prove (ii), observe that I = z*(S) = [z*(a),2*(a) + d] if d € R and [ =
z*(S) = [x*(a), 00) if d = co. Now fix an arbitrary ¢ > 0 and consider =,y € [
with 0 < |z —y| < t. Let X,Y € S be the points with 2*(X) =z, 2*(Y) = v.
Since z*(v) = 1, clearly || X — Y| = |z — y| <t and, for each X\ € (0, 1),
M)+ A = NY) = fFOX + (1 = DY)
AL =[x =Y
@)+ (1= V() — fOa+ (1= A)y)
1 — Vs —y |

Hence (ii) easily follows. O

Theorem 5.6. Assume w € M and let D be an infinite convexr subset of a

Banach space. Then the following assertions are equivalent.

(i) If f is a continuous function on D with wy (f,t) < w(t), t >0, then f is
semiconcave on 1.

(ii) /01 werlt) 1 < oo

t2

Proof. The implication (ii) = (i) holds by Theorem 4.9.

Now suppose that (ii) does not hold. Choose a € D, v € X with ||v|]| = 1 and
0 < d < oo such that S := {a+tv: t € [0,d]} C D. By the Hahn-Banach
theorem we can choose z* € X* with ||z*|| = 2*(v) = 1. Let I := 2*(S) and
a = x*(a); clearly I = [a,a + d]. Set f(t) := ¢(t — (a + d/2)), t € R, where
© = ., is the (extremal) function from Definition 5.3.
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Further set f(x) := f(z*(z)),

wi (f1) <wi (f,t) = wi (9, 1) < bwa(t), t>0. (30)
Lemma 5.5(ii), (13) imply

nf(t) = Nl (t) = Moli—as2,a/2 (t) = Nl (—as2,a/2) (t)a t=>0. (31)

x € D. By Lemma 5.5(i), (9) and (27) we obtain

Therefore Lemma 5.4(i) (recall that w,. € My) implies that f is not semicon-
cave and so (12) implies that g := (1/6)f is not semiconcave as well. Further
(8) and (30) imply wy (g,t) < we(t) < w(t), t > 0. Consequently (i) does not
hold and we are done. [

Theorem 5.7. Let w € M, n € M and let D be an infinite convex subset
of a Banach space. Suppose that, for every continuous f on D, the condition
wy (f, 1) <w(t), t >0, implies that f is semiconcave with modulus . Denote

v*(9) = 05 ”*t*Q(t dt. Then the following assertions hold.

(i) 77(6) =0Mm()), 6 =0+.
(ii) If D contains a ray, then n(8) > 57*(6), 0<d < oo,
(iii) If D is compact, then n(8) > 57*(6),

Proof. We can clearly choose a € D, v € X with |[v| = 1 and 0 < d < oo such
that S :={a+tv: t € [0,d/NR} C D. Moreover, we can suppose that d = co
if D contains a ray and d = diam D if D is compact. By the Hahn-Banach
theorem we can choose z* € X* with ||z*|| = 2*(v) = 1. Let I := 2*(S) and
a = z*(a). Set f(t) == ¢(t —a), t € R, where ¢ = ¢, , is the (extremal)
function from Definition 5.3.

Further set f(z) := f(z*(x)), € D. By Lemma 5.5(i), (9) and (27) we obtain

Lemma 5.5(ii), (13) and Lemma 5.4(ii) (recall that w., € M) easily imply
L.
77f(5) 2 N1y (5) = nﬁp([o,d]nm{(d) > 57 (6)7 0 € [07 d] nR. (33)

), 0 €]0,dNR.

Set g := (1/6)f. Using (33) and (12), we obtain 7,() > L0
t > 0, the assumptions of

Since (32) and (8) imply wy (g,t) < we(t) < w(t),
the theorem imply that g is n-semiconcave, and so

106) > ,(0) > 57°(0), b€ 0.4

Consequently the assertions (i), (ii), (iii) hold. O

We will need below the following easy lemma.
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Lemma 5.8. Let a,f € M, B(t) > 0 fort > 0, and a(t) = O(5(t)) for
t — 0+. Then

for each d > 0 there exists Cy > 0 such that a(t) < CyfB(t), 0 <t <d. (34)

Further, if D is a bounded convexr subset of a Banach space, then there exists
C > 0 such that, for each function f on D, the following implications hold:

(i) f is a-semiconcave = f is C[-semiconcave.
(i) wi(f)Sal), t20 = wi(f1)<CBE), t>0.

Proof. We will omit a (quite easy) proof of (34). If we set d := diam D and
C := Cy, then (i) clearly holds. Since wy (f,t) = wy (f,d) for t > d, also (ii)
holds. ]

Theorem 5.9. Let w € M, n € M and let D be an infinite bounded convex

subset of a Banach space. Denote v*(0) := 05 w%z(t) dt. Then the following

assertions are equivalent.

(i)  For every continuous f on D, the condition wy(f,t) < w(t), t > 0,
implies that f is (C1n)-semiconcave for some Cy = Cy(n, f) > 0.

(ii)  There exists Cy > 0 such that, for every continuous f on D, the condition
wy (f, 1) <wl(t), t >0, implies that f is (Can)-semiconcave.

(iii) v*(6) = O(n(0)) for § — 0 +.

Proof. The implication (ii) = (i) is trivial.

To prove (iii) = (ii), suppose that (iii) holds. Consider an arbitrary continuous
f on D with wy (f,t) < w(t), t > 0. Since v* is finite by (iii), Theorem 4.9
implies that f is (327*)-semiconcave. Since the case w,, = 0 is trivial and
Wi € My, we can suppose that w,.(t) > 0 for t > 0, and so (iii) implies that
n(t) > 0 for ¢t > 0. Consequently, applying the second part of Lemma 5.8 with
a :=32~* and [ := 1, we easily obtain (ii).

To prove (i) = (iii), let a, v, d, S, z*, I, a, f, ¢, f, g be as in the proof of
Theorem 5.7. Then

C1(n, 9)n(0) = ng(0) = (1/12)7°(9), 4 € [0,d] NR, (35)

and (iii) follows. O

Quite similarly we obtain the following version.

Theorem 5.10. Letw € M, n € M and let D be a convex subset of a Banach

6 w**(t
2

space which contains a ray. Denote v*(0) := fo t—) dt. Then the following
assertions are equivalent.

V

(i)  For every continuous f on D, the condition wy (f,t) < w(t), t

), t =20,
implies that f is (Cyn)-semiconcave for some Cy = Cy(n, f) > 0.
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(ii)  There exists Cy > 0 such that, for every continuous f on D, the condition
wy (f, 1) <wl(t), t >0, implies that f is (Cyn)-semiconcave.

(iii) There exists C5 > 0 such that n(§) > C3y*(4), § > 0.

Proof. The implication (ii) = (i) is trivial and (iii) = (ii) follows clearly by
Theorem 4.9. The implication (i) = (iii) follows as in the proof of Theorem
5.9. Note that now d = oo, and so (35) implies (iii). O

Remark 5.11. It is well-known (see, e.g., [2]) that each convex unbounded
D C R™ (n € N) contains a ray. O

From the above results on the sharpness of Theorem 4.9, we easily infer anal-
ogous results on the sharpness of Theorem 4.4. In the proofs we will use the
following facts.

Observation. Let @ € M and let D be an infinite convex subset of a Banach
space. Set w(t) := tw,(t), t > 0. Then w € My by Lemma 3.4(iii) and Lemma
3.6(iii), S0 ws = w by Lemma 3.4(iv) and therefore

walt)  Gu(t)
o= >0 (36)

Further, let f be a continuous function on D. Then Corollary 4.3 implies that
if wi (f,t) <w(t), t >0, then f is Jensen w-semiconcave and (37)

if f is Jensen W-semiconcave, then wy (f,t) < 8w(t), ¢ > 0. (38)

Finally, denote 5*(8) := Y332 @, (&) and v*(8) = [0 =58 dt = [ @.(t) /¢ dt,

t > 0. Then, since @, € M; by Lemma 3.4(iii), Lemma 4.7 implies

(1/2)87(6) < v*(0) < B(9). (39)

Theorem 5.12. Assume w € M and let D be an infinite conver subset of a
Banach space. Then the following assertions are equivalent.

(i)  If w is a continuous Jensen w-semiconcave function on D, then u is
semiconcave on D.

(ii) gw* (2—1k) < o0
(iii) /01 ~*t<t) dt < oo

Proof. Since @, € M; by Lemma 3.4(iii), we have (ii) < (iii) by Lemma 4.7.
The condition (ii) clearly implies (i) by Theorem 4.4.



L. Zajicek / On Semiconcavity via the Second Difference 261

Now suppose that (i) holds. Set w(t) := t@.(t), t > 0. If u is an arbitrary
continuous function on D with wy (u,t) < w(t), t > 0, then u is Jensen
w,-semiconcave by (37), and consequently semiconcave by (i). Hence the as-
sumption (i) of Theorem 5.6 holds, so condition (ii) of Theorem 5.6 (which is
equivalent to (iii) by (36)) holds. O

Theorem 5.13. Assume @ € M, n € M and let D be an infinite convex
subset of a Banach space. Suppose that every continuous Jensen w-semiconcave
function on D is n-semiconcave. Denote [*(0) == D> ;@ (2%) Then the
following assertions hold.

(i) £7(6) = 0(0)), 6 = 0+.

(ii) If D contains a ray, then n(0) > (1/24)5*(0) for 0 < 4§ < oo.

(iii) If D is compact, then n(d) > (1/24)5*(5) for 0 < < diam D.

Proof. Set w(t) := tw.(t), t > 0. If u is an arbitrary continuous function on
D with wy (f,t) < w(t), t > 0, then w is Jensen w-semiconcave by (37), and
consequently u is semiconcave with modulus n by the assumption of the theo-
rem. Thus the assumption of Theorem 5.7 holds. Consequently, the assertion
of Theorem 5.7 holds. Using (39), we obtain (i), (ii) and (iii). O

Theorem 5.14. Assume o € M, n € M and let D be an infinite bounded
convex subset of a Banach space. Denote 3*(8) := > 32 @s (2). Then the
following assertions are equivalent.

(i)  Ewvery continuous Jensen w-semiconcave function on D is (Cyn)-semicon-
cave for some Cy = Cy(n, f) > 0.

(ii) There exists Cy > 0 such that every continuous Jensen w-semiconcave
function on D is (Can)-semiconcave.

(iii) B*(0) = O(n(d)), § = 0+.

Proof. Set w(t) := tw.(t), t > 0. Using (37), (38), (39), (8) and (12), it is
easy to see that (i) (resp. (ii), resp. (iii)) is equivalent to (i) (resp. (ii), resp.
(iii)) of Theorem 5.9. So Theorem 5.9 implies our theorem. O

By the same way Theorem 5.10 implies the following theorem.

Theorem 5.15. Assume @ € M, n € M and let D be a convex subset of a

Banach space which contains a ray. Denote 3*(8) :== Y ey @ (3). Then the

following assertions are equivalent.

(i)  Ewvery continuous Jensen w-semiconcave function on D is (Cyn)-semicon-
cave for some Cy = Cy(n, f).

(ii) There exists Cy > 0 such that every continuous Jensen w-semiconcave
function on D is (Can)-semiconcave.

(iii) There exists C3 > 0 such that n(d) > C36*(d), § > 0.
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Remark 5.16. Lemma 4.7 implies that Theorems 5. 13 5.14 and 5.15 remain
hold, if we everywhere replace 5*() by v*( fo @, (t)/t dt.

6. For which n Jensen n-semiconcavity implies C'n-semiconcavity ?

We present two theorems: the first for an unbounded D and the second for a
bounded D.
Theorem 6.1. Assume n € M and let D be a conver subset of a Banach

space which contains a ray. Denote u*( fo n«(t)/t dt. Then the following
assertions are equivalent.

(i)  Ewery continuous Jensen n-semiconcave function on D is (Cyn)-semicon-
cave for some Cy = Ci(n, f) > 0.

(ii)  There ezists Cy > 0 such that every continuous Jensen n-semiconcave
function on D is (Can)-semiconcave.

(iii) There exists Cs > 0 such that n(§) > Csp*(5), § >0
(iv) There exists Cy > 0 such that n.(6) > Cyp*(5), 6 >0

Proof. Applying Theorem 5.15 and Remark 5.16 with @ = 7, we obtain (i) <
(i) < (iii).

Observe that if p* is a finite function, then p* € M;. Indeed, the function

: / n.(t)/t dt

is clearly nonincreasing on (0, 00), since the function ¢t — n.(t)/t, t > 0 is
nonincreasing (as 7. € My by Lemma 3.4(iii)). Consequently (u*). = u*,
which easily implies (iii) < (iv). O

w() =" =

Theorem 6.2. Assumen € ./\/l and let D be an infinite bounded convex subset

of a Banach space. Denote p*( fo n«(t)/t dt. Then the following conditions
are equivalent.

(i)  Ewery continuous Jensen n-semiconcave function on D is (Cin)-semicon-
cave for some Cy = Cy(n, f) > 0.

(ii)  There ezists Cy > 0 such that every continuous Jensen n-semiconcave
function on D is (Cyn)-semiconcave.

(iil) p*(6) = O(m(d)), 6 = 0+.
(iv) p(0) = O:(5)), 6 = 0+.
If moreover n(t) > 0 for t > 0, then these conditons are equivalent to

n.(Kt)

7. (D) > 1.

(v)  There exists K > 1 such that liminf
t—0+
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Proof. Applying Theorem 5.14 and Remark 5.16 with @ = 7, we obtain (i) <
(ii) < (iii).

The argument from the proof of Theorem 6.1 gives (u*), = p*, which implies
(iii) < (iv). Indeed, (iv) = (iii) is trivial. Further, if (iii) holds, then there exists
dp > 0 and K > 0 such that p*(d) < Kn(d), 0 < § < &. So, by Definition
3.2(ii), p*(0) = (u*).(0) < (Kn)«(6) = Kn.(d), 0 < § < dy, and consequently
(iv) holds.

Finally, (iv) < (v) follows from Lemma 3.11. O

Remark 6.3. Both Theorem 6.1 and Theorem 6.2 remain valid if we replace
at all places 11*(8) by v*(8) := Y _p o« (& ). This follows easily from (23) (since

Remark 6.4. Theorems 6.1 and 6.2, Remark 6.3, Lemma 3.4 and Remark 5.11
imply that, if » € M is nonzero concave, then the implication from question
(Q2) in the introduction holds if and only

(i) there exists K > 1 such that liminf; .o, n(Kt)/n(t) > 1 in the case when
the domain D is an infinite bounded convex subset of a Banach space, and

(ii) there exists C' > 0 such that n(d) > Cfoén(t)/t dt (respectively n(J) >
C> 2 on(27%6)), 6 >0, if D C R™ is an unbounded convex set.

7. Which properties of w; (f,-) follow from 7-semiconcavity of f?

In the preceding sections we studied the question when a property of wy (f,-)
or the Jensen w-semiconcavity of f implies semiconcavity of f.

Now we will address the converse question. In particular, we ask whether

wy (f.t)

2 dt < oo

(when) n-semiconcavity of f implies fol

If f is p-semiconcave, then f is trivially Jensen n-semiconcave (see (4)), which
holds (by Lemma 4.1(ii)) if and only if wy (f,t) < tn(2t), t > 0. However, these
consequences are not the best possible; using Proposition 3.8 (or Proposition
4.2), we obtain consequences which are the best possible (up a multiplicative
constant).

Proposition 7.1. (i) Let D be a convex subset of a Banach space, n € M,
and f an n-semiconcave function on D. Then

wy (ft) < 8tnu(t), t>0.

(ii) If n € M and a > 0, then there exists on I = [—a,a] an n.-semiconcave
(and so also n-semiconcave) function f such that

wy (f, 1) > (1/4)tn.(t), 0<t<a. (40)

Proof. (i) follows immediately from Corollary 4.3(ii).
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(ii) By Lemma 3.4(iii) and Lemma 3.9 we can choose a concave w € M
such that 7, < w < 2n,. Let f be the even function on [—a,a] with f(x) =
(1/4) [§ w(u) du, x € [0,a]. Clearly f'(x) = (1/4)sgn(z)w(|z]), = € [—a,a].
Since w is concave, it is easy to check that f’ is uniformly continuous with the
modulus (1/4)w both on [0, a] and on [—a, 0], and consequently f is uniformly
continuous on [—a,a] with modulus (1/2)w. Consequently f is semiconcave
with modulus (1/2)w by Lemma 2.1(i),(ii). Since (1/2)w < 7., we obtain that
f is m.-semiconcave. For 0 < ¢t < a we clearly have A?(f, —t) = 2f(¢) and so,
using concavity of w, we obtain

wy (f,1) = 2f(t) = (1/2)/O w(u) du > (1/4)tw(t) = (1/4)tn.(). N

The following corollary is obvious.

Corollary 7.2. Ifn € M anda > 0, then there exists a function f semiconcave
on [—a,a] with modulus n such that

Corollary 7.3. Let n € M and a > 0. Then the following statements are
equivalent.

(i) If f is a function on I = [—a,a] which is semiconcave with modulus n,
+
then 01 w2t(2f’t) dt < 0.

(i) J; 22 dt < oo.

Proof. If (ii) holds, then (i) clearly follows by Proposition 7.1(i).

Further suppose that (ii) does not hold. Let f be a function from Proposition
7.1(ii). Then (40) clearly implies that (i) does not hold. O

+
Corollary 7.4. The condition fol 2 t(zf’t) dt < oo is not necessary for the semi-
concavity of f on [—a,a], (a > 0).

Proof. Tt is easy to check that the function ¢(t) = —(Int)~! is increasing and

concave on (0,e72). We can clearly find a concave n € M such that n = ¢ on
(0,e7?). Since n = n, by Lemma 3.4(i),(iv) and fol 1 Jt = oo, Corollary 7.3
gives our assertion. O

Proposition 7.5. (i) Let D be a convex subset of a Banach space, n € M,
and f ann-semiconcave function on D. Then f is Jensen 4n,-semiconcave.

(ii) Letn e M, © € M and a > 0. Let, for each function f on I = [—a,al,
n-semiconcavity of f implies Jensen w-semiconcavity. Then

(1/8)n.(t) < &(t), 0<t< 2a.
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Proof. Property (i) follows from (4) and Proposition 3.8 (or Proposition 4.2).
To prove (ii), we find by Proposition 7.1(ii) an n,-semiconcave function f on
I such that wy (f,t) > (1/4)tn.(t), 0 <t < a. Since f is n-semiconcave, it
is Jensen w-semiconcave, and so wy (f,t) < tw(2t), t > 0, by Lemma 4.1(ii).
Consequently (1/4)tn.(t) < tw(2t) for 0 < t < a. Since 7, is subadditive by
Lemma 3.4(ii),(iii), 7.(t) > (1/2)n.(2t). So (1/8)tn.(2t) < tw(2t) for 0 <t < a
and our assertion follows. O

Note that assertion (ii) shows that (on [—a, a]) both Proposition 3.8 and Propo-
sition 4.2 are the best possible (up a multiplicative constant).

8. Semi-Zygmund classes

There exist several works which (essentially) concern the sharpness of Mar-
chaud-type theorems (in particular Theorem M from the introduction). The
corresponding theorems were formulated as relations between generalized Hol-
der (Lipschitz) classes W"H?(J) (for different r,k,p); see [4, p.247]. Closely
related results, which concern (generalized) Zygmund spaces A, ([—1,1]") were
proved in [8, pp. 30,31]. Here A,([—1,1]") (¢ € M) is the set of all bounded
functions on [—1, 1]™ for which

wa(f,h) < Cp(h), h>0, forsome C > 0.

For J := [—1,1], we have A,(J) = W°HS(J) = HY and so, for n = 1, results
of [8, pp.30,31] follow from [4, Theorem 7, p.247 and Corollary 7.2, p.251].
These results concern inclusions between spaces

Au(J), CH(T), CH(J),

where w € My, n € My, and f € CY(J) iff f € C*(J) and f is uniformly
continuous with modulus Cn for some C' > 0, .

The results of preceding sections easily imply analogous results on inclusions
between classes

AS(D), Sy(D), S(D),
where D is an infinite bounded convex subset of a Banach spaces and, if f is a
function on D, then by definition
(i) feAN(D)ifws(f,h) <Cph), h >0, for some C > 0,
(ii) f e S,(D)if fis Cn-semiconcave for some C' > 0 and
(iii) f e S(D)if f is semiconcave.
It is natural to label classes A (D) as semi-Zygmund classes.

As in [4], we will consider only the case of functions on a compact interval in
R. So we fix a > 0 and, in the rest of the section, we set A} := Af([—a,a]),
Sy = Sy([—a,a]) and S := S([—a,a]).
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Observe that Lemma 3.8 and Lemma 3.7(i) imply that, for every w,n € M,
Sy =5, and Al =A] .

Therefore (using Lemma 3.4(iv)) we can (and will, as is usual in the “smooth
results”) in the study of systems S, and A suppose that n € M; and w € M,
respectively.

Proposition 8.1. Let w € My. Then

A+CS & / du<oo

Proof. Since w,, = w by Lemma 3.4(iv), both implications easily follow from
Theorem 5.6. [

Proposition 8.2. Letn € My and w € Ms. Then

t
AfcS, < /”ﬁ?du:Om@» t—0+.
0

Proof. Since w,, = w by Lemma 3.4(iv), both implications easily follow from
Theorem 5.9. U]

Proposition 8.3. Letn € My and w € Ms. Then
Sy, CAS s tnt) =0w), t—=0+.

Proof. First note that n =, by Lemma 3.4(iv).

To prove “=", suppose S, C Af. By Proposition 7.1(ii) we can choose f € S,
such that tn(t) = O(wy (f,t)), t — 0+ . Since f € A}, we have wy (f,t) =
O(w(t)), t = 0+, and so tn(t) = O(w(t)), t — 0+, follows.

To prove “<=”, suppose that tn(t) = O(w(t)), t — 0+, and consider an arbi-
trary f € S,. By Proposition 7.1(i) there exists M > 0 such that wy (f,t) <
Mtn(t), t > 0. Applying Lemma 5.8 to a(t) = Mitn(t), t > 0, and 5 = w, we
obtain f € AZ. O

Theorem 8.4. Let n € My and w € Ms. Then the following conditions are
equivalent.

(i) S, =AF.
(ii) tn(t) = O(w(t)), t — 0+, mdf“le—O(U%t%O+.
(iii) tn(t) < w(t

(
(iv) in(t) = w(

If moreover n(t) > 0 fort > 0, then these condztwns are quivalent to

t — 0+, and fo ) du =< n(t), t — 0+.

u

);
t), t =0+, and [;98 du<“ 0+,

u2

(v) 3K >1: liminf, o 280 > 1 and in(t) < w(t), t =0+,
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Proof. Propositions 8.2 and 8.3 immediately imply (i) < (i).

To prove (ii) = (iii), suppose that (ii) holds. Since the function w(u)/u? is
nonincreasing, > (w(t)/t?) - t, and consequently w(t)/t =
O(n(t)),t — 0+, which with the first relation of (ii) clearly implies tn(t) =<
w(t),t — 0+. Consequently [ 2 duy =< [T gy = O(n(t)), t — 0+ . Since

the function n(u)/u is nonincreasing, we have

u

/t n(u) du > (n(t)/t) -t =n(t), t>0. (41)

The above estimates give the second relation of (iii), and so (iii) holds.
The proofs of (iii) < (iv) and (iii) = (ii) are obvious.
Finally, (iii) < (v) follows by Lemma 3.11 and (41). O

9. Connection to a(-)-midconvex functions

In this last short section we present some results concerning «(-)-midconvex
functions which follow from our results. The following definition is a non-
essential modification of [13, Definition 1.1].

Definition 9.1. Let « : [0,00) — [0,00) be a nondecreasing function and
D be a convex subset of a Banach space. A function f : D — R is called
a(+)-midconvex if

a(llz —yl), =z,yeD. (42)

() < Mt

The authors of [13] investigate properties of a(-)-midconvex functions. Let us
note that in [13]

(i) the condition limy_,o; a(t) = 0 is not assumed and

(ii) also discontinuous a(-)-midconvex functions are studied.

It is easy to see that (42) is equivalent to A%yfx)/Z(_f7 z) < 2a(||lx = yl]),
x,y € D, and consequently to

wy (—f,t) <2a(2t), t>0. (43)

Therefore, if @« € M, Lemma 3.7 has the following consequence.

Proposition 9.2. Let « € M and D be a convex subset of a Banach space.
Then every a(-)-midconvex function on D is a 4o, (-)-midconvez function.
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Proof. Set w(t) := 2a(2t
Then (see (43)) wy (—f,t
Adw,(t), t > 0. Smce w**(

), t > 0. Let f be an a(-)-midconvex function on D.
) < w(t), t >0, and Lemma 3.7 gives wy (—f,1) <
t) = 20u..(2t) by Lemma 3.6(ii), we have

wi (—f:t) < 2(4a).(2t), =0,
and so f is a 4au.(-)-midconvex function. O

The above result shows that, if & € M, some known results on «(-)-midconvex
functions (e.g. [13, Theorem 3.1]) have immediate consequences which can (if
a ¢ My) improve original results, since 4« can be essentially smaller than «.

As a concrete application of Proposition 9.2, we will present an alternative
proof of the following result which is essentially contained in [13, Theorem 5.1]
(the case A =0).

Theorem TT. Let a: [0,00) — [0,00) be a nondecreasing function for which

o)
hrrgéilf = = 0. (44)

Let D be a convex subset of a Banach space X and f an o(-)-midconvex function
on D such that, for each line L in X with LN D # 0, the restriction f [pnp s
locally bounded at each point of LN D. Then f is convex on D.

Proof. Condition (44) clearly implies that & € M and
au(t) =t inf {a(u)/u*: 0<u<t} =0, te(0,00).

Hence Proposition 9.2 implies that f is midconvex (= Jensen convex) on D.
Therefore each function

fow:t— f(x+tv), x+tveD, wherexe D,velX,|v||=1,

is midconvex and locally bounded on its domain D, , (which is an interval or
a singleton). Consequently the Bernstein-Doetsch theorem (see [13, p. 656] for
the formulation and references) implies that each f,, is convex on the interior
of D, ,. Since f,, is midconvex, a straightforward elementary argument gives
that f,, is convex. Consequently, f is convex. [
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