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The paper is concerned with radial solutions to the elastic-plastic torsion problem, assuming
the free term to belong to LP(2). In particular, we obtain a necessary and sufficient condition
in order that the plastic region exists and we characterize the free boundary. Moreover, we
find the explicit radial solution u € W2P(Q) and the Lagrange multiplier 7z € LP(£2).
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1. Introduction

In this paper we are concerned with radial solutions to the elastic-plastic torsion
problem.

According to Von Mises (see [15]): the elastic-plastic torsion problem of a
cylindrical bar with cross section §) is to find a function u(x) which vanishes
on the boundary 0S) and, together with its first derivatives, is continuous on
Q; nowhere on Q) the gradient of u must have an absolute value (modulus) less
than or equal to a given positive constant T; whenever in € the strict inequality
holds, the function u must satisfy the differential equation Au = —2uf, where
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the positive constants p and 6 denote the shearing modulus and the angle of
twist per unit length, respectively.

This problem is a free boundary one and a suitable tool for studying this kind
of problems is the variational inequality theory. To this end, let us consider
the following variational inequality:

n 2
Find ve K = {v € Hy™(Q) : |Dv| = Z (gv) < 1la.e. on Q},
: x

=1 g

(1)
such that /28 (gv—gu>dx2/F(v—u)dx Yv e K,
i i i Q

with Q C R™ open bounded convex set with Lipschitz boundary 092, F' € LP({2),
p > 1. As it is well known, the variational inequality (1) admits a unique
solution u € W*P(Q) N K (see [2], [3]).

Moreover in [8, 9] the authors prove that a Lagrange multiplier, as a positive
Radon measure, always exists for the variational inequality (1), namely, if u is
the solution to variational inequality (1), there exists @ € (L*°(€2))*, such that

(((T,y) >0 YyeL®(Q), y>0 ae. in

. "/ ou\?
i=1
"L Ou Oy ou &p 100
/Q {; ox; 0r; } (. =2 Z 0x; (%Z Vip € Hy™(8).

Conversely, if u € K and there exists u satisfying (2), it is easily proved that
u is the solution to (1).

In virtue of this equivalence the variational inequality (1) is the elastic-plastic
torsion problem formulated by Von Mises.

In the papers [4, 5, 6] the authors introduced a necessary and sufficient condi-
tion, called Assumption S (from Separation), for strong duality. Assumption
S has revealed to be very effective in applications, for example in the study of
the existence of the Lagrange multipliers in infinite dimensional case, when the
classical theory cannot be applied, since it requires in general that the interior
of the ordering cone, which defines the sign constraints, is nonempty.

If Assumption S is verified, the previous existence result of a Lagrange mul-
tiplier may be regularized (see [7]), namely, if u is the solution of variational
inequality (1), then there exists 7 € LP(€2), such that
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20 el
ﬁ<1—;<(§;)>:0 a.e. in O; "

"0 0
—Au — ; (ﬁ 3;) = F' in the sense of distributions.

In this paper we are aiming at the investigation of radial solutions of (3) and
finding the free boundary.

From the Von Mises formulation it follows that the cross section €2 is divided
into two regions: an elastic region £ = {z € Q : |Du(z)| < 1} and a plastic
region P = {z € Q: |Du(x)| = 1}.

Studying the radial solutions to (3), assuming F' € LP(2), p > n, of radial type,
namely F(z) = f(|z|) = f(p), with |z| = p, we prove that an elastic region
[0,7) and a plastic region (p, 1] are determined, under the assumption

Jooo F@)dz
there exists p € (0,1) : ————— =1, 4
p e (0,1) 0G5 0) (4)

where C5(0) is the closed ball of radius p centered at the origin. Moreover,
we find the explicit radial solution of the elastic-plastic problem and the free

boundary 0C5(0).

The problem is studied for n = 2; the case n > 2 will be studied in following
papers.

In the literature, in the planar case the existence and the properties of a smooth
solution of the elastic-plastic torsion problem have been studied by Ting ([12],
[13], [14]), whereas multidimensional case has been studied by Brezis in [1],
who proved the existence of a Lagrange multiplier for variational inequality (1),
assuming F' = const > 0. In this case, the solution to elastic-plastic torsion
problem coincides with the solution to obstacle problem and is nonnegative.

In [11] the author considers the same problem as Brezis, but in the case of
radial symmetry, and finds the formal explicit solution of the elastic-plastic
problem. This result is generalized in the present paper to the case F' € LP(),
p > n.

In [8, 9, 10] the result by Brezis has been improved to linear operators and
nonlinear monotone operators.

The paper is organized in the following way: in Section 2 we state the as-
sumptions and the main results of the paper, in Section 3 we determine, under
condition (4), an elastic region [0,7] and a plastic region [p, 1] and we verify
that the solutions u(x) of (3) belong to W?%?(£2). Moreover, we show that con-
dition (4) is a necessary and sufficient condition in order that a plastic region
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exists. In Section 4 we study the cases in which condition (4) is not satisfied
and one has only elastic torsion. In Section 5 we provide some examples in
the different situations and the explicit solutions are determined and, finally,
in Section 6 we summarize our results and future work.

2. Assumptions and main results

Now, let us assume that 2 is the ball of R™ of radius 1 centered at the origin,
and F' € LP(Q), p > n, is of radial type, namely F(z) = f(|z]|) = f(p), with
|z| = p. Under the following assumption:

fcﬁ(ﬂ)

there exists p € (0,1) such that —————
[0C5(0)

F(x)‘dx . )

where C5(0) is the closed ball of radius p centered at the origin, namely

/0 ' pf(p)dp =D, (6)

we search for solutions to (3) such that u(z) € W2P(Q) and 7i(z) € LP(2) are
of radial type, namely zi(z) = p(|z]) = pu(p), u(z) = ¢(|z[) = ¢(p).
In this case, since u(z) = ¢(p), 2% = ¢ (p)%, Au = " + "lego’(p), and

’ 8381

|Du| = ¢'(p), bearing in mind that v € K, conditions (3) become

¥ (p)] =1; pu(p) 20 ae. in [0, 1];
u(p) (1 = l¢'(p))) =0 a.e.in [0, 1];

(o)~ " L) - Z aii (ug;) = f(p).

In what follows we assume that

pf(p) > 0 is a nondecreasing function in [0, 1]. (8)

We are able to prove the following result.

Theorem 2.1. Under the conditions (4) and (8), the region [0,p] is an elastic
region and the region [p, 1] is a plastic region. Moreover, the solution ¢ to (7)

18
] ¢

and we have ¢(p) € W?P([0,1]) and u(p) € LP([0,1]).
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If equation (6) does not admit any solution p € (0, 1), namely Vp € (0,1)

l/pof(a)al<7<1 or 1/paf(a)d<7>1,
0

P Jo P

the plastic region does not exist. In Section 4 we show that the case
1

;/Opaf(o)da >1 Vpe(0,1)

is not admissible, since it implies ¢'(p) < —1 for all p € (0, 1).
Then, we are able to prove the following result.

Theorem 2.2. Under condition (8), if

%/0 of(o)do <1 Ype(0,1),

then, [0, 1] is an elastic region. Moreover, the solution ¢ to (7) is

/ /af Ydodt Vp € [0,1],

and we have p(p) € W2P([0,1])

3. Proof of Theorem 2.1
3.1. Elastic region [0,7], plastic region [p,1]

In order to investigate the nature of the torsion and when the transition hap-
pens, let us start by studying if it is possible to have an elastic region [0, p] and
a plastic region [p, 1], namely, in [0,p], —1 < ¢'(p) < 1 and p(p) = 0, whereas,
in [ﬁ? 1]7 |90/(p)| =1

Then, in [p, 1], we may have, p(p) = p + c or p(p) = —p + ¢. We search for
solutions ¢(p) > 0 in [0, 1] (indeed, when f = const. > 0, ¢(p) is nonnegative).
Taking into account that ¢(1) = 0, then, in [p, 1], ¢(p) = 1 — p. Furthermore,
since we are searching for ¢(p) such that ¢'(p) is continuous, then ¢'(p) = —1.

In [0,7] u(p) = 0, then, from (7) we get

n—1

and by integration between p and p,

o) =+ / ofodr -2 Wpe (07 (9)
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Let us observe that, from the assumption F(z) € LP()), p > 2, namely

/Q IF(x)Pde = 2 / FOP pdp < oo,

it follows that pf(p) < 1 in a right neighborhood of 0 and

I 10
Jim pf(p) = (10)
In consequence we obtain
_ Jloflo)do—p
Jim "(p) = Jim, p : (11)

Let us also show that, from condition (6), the limit in (11) is equal to 0 and
¢'(p) € LP(0,p). Indeed, we have, in virtue of (6),

fpﬁaf o)do —p _ foﬁaf(a)da—fopaf(a)da—ﬁ
p p

__Jooflo)do (12)

p

¢'(p) =

Then, since ¢'(p) is continuous in (0,5], ¢'(p) < 0in (0,p], and from (8) and
(10) we conclude

i _do oS of(o) = 0. (13)

p—)O+ p [O,E]

Since [0, p) is an elastic region, we have to verify that

/ 1 8 0
o (p) = _;/ of(o)do > ~1 VYpe (0,75], (14)
0
or equivalently
1 P
;/ of(o)do <1 Vpe(0,p] (15)
0

The assumption (8) implies that the function = fo of(o)do is also a nonde-

creasing function in (0,p]. In fact, it results

p(5 [(at@ua) =% (16~ [ astoras),

and, since pf(p) is a nondecreasing function in (0,1), we get

/0 o (0)do < / " pf(p)do = 0*£(p),
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D <[1) /Opaf(a)da) > 0.

and therefore

Then, in virtue of (4),

1 [7 1 ("
> [Cot@e <= [Copiorae =1 Wpe(0.p)
P Jo P Jo
and (15) is achieved. From (12) we get Vp € (0,7]
P [t
= —/ —/ of(o)dodt + c. (16)
o tJo
Since
Pl [t
gp(ﬁ)zl—ﬁ:—/ ;/ of(o)dodt + c, (17)
0 0
we have
0 1 t
c=1 —ﬁ—/ —/ of(o)dodt
7 tJo

and hence in (0, 7]

elp)=1—p+ /P %/0 of(o)dodt. (18)

Obviously, ¢(p) > 0 in (0,p], and ¢ is nonincreasing in (0,p]. We now study
the continuity of ¢ at p = 0. Since

1 t
lim — do = lim ¢
.7 ), oflo)do= b iit) =

the function

J(t) = — / o1(0) do

t

is continuous in [0, p], assuming that ¢’(0) = 0. Then, we obtain

71
lim/ /O’f Ydodt = / /af Ydodt < 400,
p—0F

and ¢(p) is continuous in [0,7]. Moreover, we have already seen that ¢'(p) is
continuous in [0,7]. Finally,

(o) = pi / "of(0)do — f(p) ac.in [0,7].

Let us observe that, in virtue of (8),

() = pi / "of(o)do — f(p) < & / " 0i(p)do — f(p) =0 ae.in [0,7].

1
P
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Let us now investigate the plastic region [p, 1]. We have already observed that,
in [p, 1], p(p) =1 — p, that is ¢(p) is the distance from the boundary 1.

In the interval [p, 1], since ¢'(p) = —1, ¢"(p) =0, g—; = gp/(p)%, we get

n—1 1
+ n—1

P P

If we assume n = 2, we get

S D(oulp) = 1) and D(pn(p) = pf(p) =1 ac.in 7, 1]

D(p" 'u(p)) = f(p) a.e.in [p,1]

Integrating, since u(p) = 0, we get

wip) = %/p (cf(c) —1)do a.e.in [p,1],
and hence
1 (7 P
w(p) = ;/p of(o)do—1 —1—5 a.e.in [p, 1]. (19)
In virtue of (4), we get from (19)
1(p) = % /0 of(o)do —1 ae.in [51] (20)

In order that u(p) > 0, we must have

l/opaf(o—) do > 1. (21)

p
Repeating the same arguments as before, we may prove that the function

% JJ o f(0) do is nondecreasing in [, 1], that is, in virtue of (4),

o »
%/ng(g)do‘Z% /0 of(o)doc=1 Ype|[p,1],

namely the desidered condition (21).

Remark 3.1. We have already proved that ¢(p) and ¢'(p) are continuous in
[0, 1], hence also u(z) and Du(x) are continuous in €.

p

pdp

Concerning the second derivatives, we have
> D)5+ el

1
/|D2u|pd$:/ 5
Q 0 |4=1 p ij=1
7 P 1
SCU p{ls@”(p)!“r }d/ﬂr/ p”’dp},
0 P

. 2 2 2 2 2
sice Zi,j:l riwy < 2p° and Zi,j:l dijp” — wiw; < pr.

(22)

#lp)
p
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Analyzing the first two terms, in virtue of assumption (8) and since F' € LP({2),
P B » P 1 p
/ ple"(p)" dp = / p —2/ o f(o)do — f(p)
0 0 P Jo
13 1 P
SC/ P‘—Q/ of(o)do
o 1P Jo
P 1 p
Sc/ p —2/ pf(p)do
o 1P Jo

o
=2 [ li(p)Pdp < +oc,
0

p

dp

P p
dp+c/ plf(p)IPdp
0

P P
dp+c [ plf(e)Pdp
0

and, analogously,

[

p

Iy pf(p)do i

Jo of(0)do
2 2

P P P P
@Z/ﬂ @S/p
0 0

:/0 plf(p)[Pdp < +o00.

This implies u € W2P(Q).

3.2. Plastic region [0,7]

Let us investigate if it is possible to have a plastic region [0,]. As observed in
Section 3.1, we have ¢(p) = 1 — p in the plastic region. Then, from (7) we get

n; 1 N pnllD(pn_lﬂ(p)) = f(p) a.e.in (0,p].

If we assume n = 2, we get

S ~D(op(p) = (p) ac.in 0.7]

and
D(pu(p)) = pf(p) =1 ae.in (0,p]. (23)

Integrating (23) in [p, 5], p € [0,p], and assuming p(p) = 0, since u(p) = 0 in
[p, 1], we have

(24)
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w(p) does not belong to LP(0,7), because the first term

1 [P
;/0 (cf(o) —1)do

does not belong to LP(0, p), while for the second one, in virtue of (8), we have

[ ([o-ororw) o< (- 5=

In conclusion, a plastic region of type [0,7] cannot exist.

Remark 3.2. If we assume that condition (4) holds, then we obtain

1 0
o) == / (0f(0) — 1)do < 0.

In particular, the conditions of (7) are not verified and [0, 5] cannot be a plastic
region.

4. Proof of Theorem 2.2

As a consequence of the investigation of the free boundary in Section 3, we
obtain that the plastic region does not exist, if equation (4) does not admit
any solution p € (0, 1], namely Vp € (0, 1]

1 [° L[
;/0 of(oc)do <1 or ;/0 of(o)do > 1. (25)

Hence, one has only the elastic torsion, that is the solution ¢(p) to (7) verifies,
V0 <p<,
n—1

—¢"(p) — ;

©'(p) = f(p);

in particular, for n = 2,

() - “"ﬁp) — f(p) and D(pd () = —pf(p).

By integration between p and 1, we get

(o) = lcr o)do
o) = [ aftorar+

p

¢'(1)

Vp € (0,1]. (26)

This implies

Yo flo)do + /(1
lim ¢'(p) = lim fp /o) —Hp().

p—07t p—07t P
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Let us show that, if we require

lim of(o)do = /0 of(o)de =—¢'(1), (28)

+
p—0 p

the limit in (27) is equal to 0 and ¢'(p) € LP([0, 1]). Indeed, we have, in virtue
of (28),

lim (10/(/)) — lim fol O'f(O')dO’—fopo'f(U)dU_ngl(l)

p—07F p—07F 1Y

— lim M -0
p—0F p '

Then

o(p) = —% / "of(0)do Vpe (0,1] (20)

is continuous in [0, 1], assuming ¢'(0) = 0. Moreover, it is always nonnegative.

Let us now study the two cases in assumption (25). If we suppose that

%/Opaf(a) do <1 Vpe(0,1], (30)

this implies
¢'(p) > -1 Vpe(0,1]. (31)

Then, from (29) and (31), we get
&' (p)| <1 Vpel0,1],

that is, [0, 1] is an elastic region. The other case

%/Op of(o)do >1 Vpe(0,1] (32)

is not possible, since it implies

¢'(p) < -1 Vpelo,1]. (33)

Therefore, from now on, we suppose that (30) holds. From (29) and since
(1) =0, we get Vp € (0, 1]

o= [ 5 [ereasa (34)
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©(p) > 0 in (0,1] and ¢ is nonincreasing in (0,1]. We have to study the
continuity of ¢ at p = 0. Since

1 t
lim — do = lim t
A5 ), ofo)do = lm £ =

the function
1 t
0= [ ar)as

is continuous in [0, 1], assuming that ¢’(0) = 0. Then

lim/ / of(o)dodt = / / of(o)dodt < 400
p—0t

and ¢(p) is continuous in [0, 1]. Finally,

o"'(p) = %/OP of(o)do — f(p) a.e.in [0,1].

Let us observe that, in virtue of (8),

o)== [ ot@rdn = o)< [ ofto)de = ) =0 acinfo1)

p

As a conclusion, if condition (30) is verified, then the complete interval [0,1]
is an elastic region. In an analogous way as in Remark 3.1 we may also prove

that u(z) = p(p) € W*P(Q).

5. Examples

Let us consider a first example, namely f = const = k > 0. In this case we
obtain the same results as in [11], p. 15.

Obviously, the function pf(p) = kp is a nondecreasing function in [0, 1], so that
condition (8) is verified.

If we consider a first case, f = k > 2, a plastic region exists, since

k
2

lim k;ada— lim g(p —p%) = =7

p—0t p p—0t

In particular, p = 2 < 1 is the solution to (6).

Then, by (18) we get the continuous function

2
2 vl k 2
1—E+/k¥/kadadtzz{(l—pQ)—(l—E)Q in £=1[0,2)
w(p) = po0

1—p in P=[21].
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It is easily seen that u, Du € LP(Q)) and

1 2
/|D2U|p dx:/ Z "( $zx] + ZSO up xzxa
Q 0

1,j=1 1,j=1

7 1
< ¢(p) Ua k”pdp+/ pl"’dp] < 0.
P

Finally, the Lagrange multiplier u(p) exists and belongs to LP(]0, 1]):

1/p P . 2
- | of(o)do — 1=k= — 1>0 in P=[%1]
pip) =14 P Jo 2 :
0 in E=[0,2).

If we consider the other case f = const =k, 0 < k < 2, the plastic region does
not exist, since p = 2 > 1 is the solution to (6).

Therefore, the torsion is all elastic. In fact, from (29) we get for all p € [0, 1]

k
¢lp)=—5p, hence —1<¢(p)<1,

and (28) is verified. Then, by (34) we get the continuous function

k

~(1=p"). (35)

wlp) =

This function ¢(p) and p = 0 verify the conditions of (7) in [0, 1].
Moreover u € W2P(Q). In fact, it is easily seen that u, Du € L?(f2) and
1’295 0; p xl:r
Z // I 4 Z 90 Sy ety pdp

1
/|D2u|p dx:/
Q 0 |ij=1 i,5=1

1
§c/ pdp < oo.
0

k
Let us now consider problem (7) with f(p) = —, 0 < a < 1.
pa

2 p

The condition «v < 1 ensures that F(z) € LP(Q), 2 =n < p < 2. Morcover,
condition (8) is verified.

If we consider the case k > 2 — «, the plastic region exists, since

P 2 k
lim / of(o)do = lim / ko'™*do = pre,
p—0t p p—0t p 2 —«
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In particular, p = (%3:2)™* < 1 is the solution to (6). Then, by (18) we get

the continuous function

1 2—a . —
L= (53) ™ 4 ot (B50) ™ — gl 070 m E=[0.7)

p(p) =
1—p in P = [p,1].

It is easily seen that u, Du € LP(Q) and

1] 2 p
/ |D2u|p dx :/ Z "( $zx] + Z o mp xzx] p dp
Q 0 |i=1 ij=1

p
< c/ Pt dp < 0.
0

Moreover, the Lagrange multiplier u(p) exists and belongs to LP([0, 1]):

1/P koo . _
— | of(o)dec — 1= p~* —1>0 inP=(pl]
n(p) =14 PJo 2—-a

0 in £=10,p].

Finally, if we consider the other case 0 < k < 2 — «, the plastic region does not

_1
exist, since p = (Q’TO‘) 1= > 1 is the solution to (6). Consequently the torsion
is all elastic. In fact, from (29) we get for all p € [0, 1]

k
o' (p) = _mpl_a, and then —1<¢'(p) <1,

and (28) is verified. Then, by (34) we get the continuous function

o(p) = 2=ap (1—p**) Vpelo1]. (36)

This function ¢(p) and p = 0 verify the conditions of (7) in [0, 1]. Moreover,
u € WP(Q). In fact, it is easily seen that u, Du € LP(2) and, since p < I,

1
/]D2u|p da::/
Q 0

1
Sc/ PP dp < o0
0

p

i " Z‘ll’] + Z (,0 lJp xlmﬂ p dp

i,7=1 i,j=1
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6. Conclusions

In this paper we studied the elastic-plastic torsion problem in a ball of R",
when the free term belongs to LP(2). We searched for radial solutions and
characterized the free boundary. In particular, for n = 2, we found the explicit
solution in the two possible cases, namely, when the elastic and the plastic
regions both exist and when the torsion is only elastic. Finally, we provided
some examples.

Future work will be devoted to the study of radial solutions in R", n > 2, and
of solutions with axial symmetry.
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