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1. Introduction

Numerous models in applied sciences can conveniently be written as variational
problems involving certain variable coefficients. These coefficients are known
and they often characterize some physical properties of the underlying model.
The direct problem in this context is to solve the variational problem. By
contrast, an inverse problem asks for the identification of variable coefficients
when a certain measurement of a solution of the variational problem is available.
In recent years, the field of inverse problems emerged as one of the most vibrant
and expanding branches of applied and industrial mathematics. Certainly the
primary reason behind this is the ever-growing number of real-world situations
that are being modeled and studied in a unified framework of inverse problems.
However, the theoretical aspects of inverse problems are also challenging and
require a fine blending of various branches of mathematics.
In this paper, we study the inverse problem of identifying variable parameters
in certain variational and quasi-variational inequalities. The theory of varia-
tional and quasi-variational inequalities has now established itself as one of the
most promising areas of applied mathematics. This field offers us a powerful
mathematical tool for investigating a wide range of problems arising in diverse
disciplines. To be specific, applications of quasi-variational inequalities can
be found in economics growth models [32], elastohydrodynamics [28], energy
production management [9], equilibrium problems [4, 13, 17, 39], frictional
elastostatic contact [12, 15, 41], frictionless quasistatic contact with history-
dependent stiffness [47], heat convection with temperature dependent velocity
constraint [16], image processing [38], Nash game equilibrium [24, 48] and multi-
objective elliptic control [8, 14, 26], reaction diffusion [42], sandpiles formation
[6], semiconductor and transistor design [37, 43, 46], shape optimization [1],
superconductivity models [5, 45], and numerous others.
We begin by describing the general setting. The parameter space in this work
is denoted by B which is assumed to be a Banach space. The set of all admis-
sible coefficients is denoted by A which we assume to be a nonempty, closed,
and convex subset of B. To prove the existence of some derivatives, we will
also assume that A has a nonempty interior. The variational and the quasi-
variational inequality will be posed in a Hilbert space V which is identified with
its topological dual V ∗. The measured data will be taken in another Hilbert
space Z such that V is continuously embedded in Z. (For simplicity, we take
the embedding constant to be 1). By ∥ · ∥X , we denote the norm in any space
X as well as the associated norm in its dual. The strong convergence and
the weak/weak* convergence will be denoted by notations → and ⇀, respec-
tively. Let K be a nonempty, closed, and convex subset of V with 0 ∈ K. Let
F : V → V ∗ and Φ: V × V → R be given maps to be specified later, and let
m ∈ V ∗ be fixed. Let T : B × V × V → R be a trilinear form with T (a, u, v)
symmetric in u, v. Although most result given below hold without the symme-
try of T , this property will play a crucial role in some of the results. Assume
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there are constants α > 0 and β > 0 such that

T (a, u, v) ≤ β∥a∥B∥u∥V ∥v∥V , for all u, v ∈ V, a ∈ B, (1)

T (a, u, u) ≥ α∥u∥2V , for all u ∈ V, a ∈ A. (2)

Therefore, for every (a, u) ∈ A × V, the Riesz map associated to T (a, u, ·) is
well-defined and will be denoted by T (a, u). That is, ⟨T (a, u), v⟩ = T (a, u, v),
for every a ∈ A, u, v ∈ V.

Consider the quasi-variational inequality: Given a ∈ A, find u = u(a) ∈ K
such that

⟨T (a, u) + F (u)−m, v − u⟩ ≥ Φ(u, u)− Φ(u, v), for every v ∈ K. (3)

Further, consider the variational inequality: Given a ∈ A, find u = u(a) ∈ K
such that

T (a, u, v − u) ≥ ⟨m, v − u⟩, for every v ∈ K. (4)

Quasi-variational inequality (3) and variational inequality (4) constitute the
direct problems in this study. Our focus, however, is on identifying the param-
eter a from a measurement z of u(a) in these problems. In other words, we are
interested in the parameter a such that u(a) = z. However, due to the lack of
regularity in the measured data, it is unrealistic to expect such a coefficient.
Consequently, the inverse problem of parameter identification will be posed as
an optimization problem which aims to minimize the gap between the solution
computed via (3) (or (4)) and the measured data z. This approach has been
precisely the case with simpler inverse problems. To the best of our knowl-
edge, this is the first work on inverse problem of parameter identification in
quasi-variational inequalities. However, there is an abundance of literature on
parameter identification in partial differential equations, see the recent survey
[31] and the cited references therein. There are also some works on parame-
ter identification in variational inequalities (see [7, 20, 25, 27]). We note that
K. H. Hoffmann and J. Sprekels [27] were among the first ones to study pa-
rameter identification in variational inequalities. However, in [27], in contrast
to the most papers on inverse problems where an optimization framework is
the preferred choice, the authors developed an iterative scheme that is based
on the construction of certain regularized time-dependent problems containing
the original problem as asymptotic steady state. We also note that in [2] an
optimal control of quasi-variational inequalities was studied.
For identification in partial differential equations, a convenient abstract frame-
work has been developed in [19] for variational problems defined using trilin-
ear forms. This work aims to study the inverse problem in variational and
quasi-variational inequalities by exploring the advantages of a trilinear-based
approach.
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Most work on inverse problems appeared for the boundary value problem

(BVP) −∇ · (q∇u) = f in Ω, u = 0 on ∂Ω, (5)

where Ω is a suitable domain in R2 or R3 and ∂Ω is its boundary. In (5),
u = u(x) may represent the steady-state temperature at a given point x of a
body; then q would be a variable thermal conductivity coefficient, and f the
external heat source. The system (5) also models underground steady state
aquifers in which the parameter q is the aquifer transmissivity coefficient, u is
the hydraulic head, and f is the recharge. The inverse problem in the context
of (5) is to estimate q from a measurement z of the solution u.

A number of approaches to the aforementioned inverse problem have been
proposed in the literature; most involve either regarding (5) as a hyperbolic
PDE in q or posing an optimization problem whose solution is an estimate of
q. Furthermore, the approach of reformulating (5) as an optimization problem
is divided into two possibilities, namely either formulating the problem as an
unconstrained optimization problem or treating it as a constrained optimization
problem, in which the PDE itself is the constraint. Among the optimization-
based techniques the output least-squares method is among the most widely
investigated methods. The output least-squares (OLS) approach minimizes the
functional

q → ∥u(q)− z∥2, (6)
where z is the data and u(q) solves the variational form of (5) given by∫

Ω

q∇u · ∇v =

∫
Ω

fv, for all v ∈ H1
0 (Ω). (7)

There are other functionals that have been used for the above inverse problem.
For example, the equation error method (see [33]), consists of minimizing the
functional

q → ∥∇ · (q∇z) + f∥2H−1(Ω)

where H−1(Ω) is the topological dual of H1
0 (Ω) and z is the data. Ito and

Kunisch [29] and Chen and Zou [11] developed an augmented Lagrangian algo-
rithm to solve the OLS problem by treating the PDE as an explicit constraint.
Knowles [36] proposed using a coefficient-dependent norm in the OLS setting

q →
∫

q∇(u(q)− z) · ∇(u(q)− z), (8)

where z is the data (the measurement of u) and u(a) solves (7). Knowles [36]
established that the above functional is convex. In [19], a new modified output
least-squares (MOLS) was proposed to extend (8) and its convexity was proved
in an abstract setting. An extension of the MOLS for elasticity imaging inverse
problem was recently given in [30].
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The contents of this paper are organized into five sections. Section 2 deals
with parameter identification in quasi-variational inequalities. Section 3 gives
numerous results on parameter identification in variational inequalities. In
Section 4, a finite-dimensional approximation scheme for the inverse problem
is given. Section 5 discusses future goals and open questions.

2. Parameter identification in quasi-variational inequalities

We will study the inverse problem of parameter identification in the output
least-squares framework by minimizing

a → 1

2
∥u(a)− z∥2Z ,

where u(a) is a solution of (3) and z ∈ Z is the data. Since inverse problems
are highly ill-posed, the above OLS functional will be regularized shortly.
The following existence result confirms that the OLS formulation is well defined:
Theorem 2.1. In addition to (1) and (2), assume that F is hemi-continuous 1,
F (0) = 0, Φ(u, ·) : V → R is convex and lower-semicontinuous for any u ∈ K,
and Φ(0, ·) = 0. Assume that there are constants δ > 0 and γ > 0 with
τ := α− γ − δ > 0 such that for all u, v, u1, v1 ∈ K, we have

⟨F (u)− F (v), u− v⟩ ≥ −γ∥u− v∥2V , (9)
|Φ(u, v1) + Φ(u1, v)− Φ(u, v)− Φ(u1, v1)| ≤ δ∥u− u1∥V ∥v − v1∥V . (10)

Then, for a ∈ A, (3) has a unique solution u(a). Moreover, for any a, b ∈ A,
we have

∥u(a)∥V ≤ τ−1∥m∥V ∗ , (11)
∥u(a)− u(b)∥V ≤ βτ−2∥m∥V ∗∥a− b∥B. (12)

Proof. For a fixed w ∈ K, we consider the following parametric variational
inequality: Given ā ∈ A, find Sw ∈ K such that

⟨T (ā, Sw)+F (Sw)−m, v−Sw⟩ ≥ Φ(w, Sw)−Φ(w, v), for every v ∈ K. (13)

For every a ∈ A, the map (F + T (a, ·)) is strongly monotone and consequently
for a fixed w ∈ K, (13) is uniquely solvable. This permits us to define the
variational selection S : K → K such that for every w ∈ K, the element Sw
is the unique solution of (13). Note that any fixed point of the variational
selection S solves (3).

1 That is, the map t ∈ [0, 1] → ⟨F (tu+ (1− t)v), u− v⟩ is continuous.
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Let w1, w2 be two elements in K and let Sw1 and Sw2 be the corresponding
solutions of (13). That is, the following two parametric variational inequalities
hold:

⟨T (ā, Sw1)+F (Sw1)−m, v−Sw1⟩ ≥ Φ(w1, Sw1)− Φ(w1, v) for every v ∈ K,

⟨T (ā, Sw2)+F (Sw2)−m, v−Sw2⟩ ≥ Φ(w2, Sw2)− Φ(w2, v) for every v ∈ K.

We rearrange these inequalities with v = Sw2 in the first and v = Sw1 in the
second to get

(α−γ)∥Sw1−Sw2∥2V ≤ ⟨T (ā, Sw1)+F (Sw1)−T (ā, Sw2)−F (Sw2), Sw1−Sw2⟩
≤ Φ(w1, Sw2) + Φ(w2, Sw1)− Φ(w1, Sw1)− Φ(w2, Sw2)

≤ δ∥w1 − w2∥V ∥Sw1 − Sw2∥V ,

which implies

∥Sw1 − Sw2∥V ≤ δ

α− γ
∥w1 − w2∥V ,

and hence the map S is a contraction. The Banach fixed point theorem ensures
that there is a unique fixed point of S and hence quasi-variational inequality
(3) is uniquely solvable.
For (12), let a, b ∈ A be arbitrary and let u and w be the associated solutions,
that is,

T (a, u, v − u) + ⟨F (u)−m, v − u⟩ ≥ Φ(u, u)− Φ(u, v), for every v ∈ K,

T (b, w, v − w) + ⟨F (w)−m, v − w⟩ ≥ Φ(w,w)− Φ(w, v), for every v ∈ K.

A rearrangement of the above, with v = w in the first and v = u in the second,
yields

T (a− b, w, w − u) + Φ(u,w) + Φ(w, u)− Φ(u, u)− Φ(w,w) ≥
≥ ⟨Fu− Fw, u− w⟩+ T (a, u− w, u− w),

which further implies that

(α− γ − δ)∥u− w∥V ≤ β∥a− b∥B∥w∥V . (14)

To show (12), we need to prove (11). For this, we set v = 0 ∈ K in (3), to get

⟨T (a, u) + Fu−m,−u⟩ ≥ Φ(u, u)− Φ(u, 0)

which, by using the assumptions that Φ(0, ·) = 0 and F (0) = 0, yields

(α− γ)∥u∥2V ≤ ∥m∥V ∗∥u∥V + Φ(u, 0)− Φ(u, u) + Φ(0, u)− Φ(0, 0)

≤ ∥m∥V ∗∥u∥V + δ∥u∥2V ,

and hence (α − γ − δ)∥u∥V ≤ ∥m∥V ∗ , which proves (11). This inequality, in
conjunction with (14), gives (12). The proof is complete.
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We shall now focus on the inverse problem posed as an optimization problem.
To counter the adverse affects of the ill-posed nature of the inverse problem,
we need to incorporate some sort of regularization. For this we tailor a general
regularization framework by assuming:
1. The Banach space B is continuously embedded in a Banach space L. There

is another Banach space B̂ that is compactly embedded in L. The set A
is a subset of B ∩ B̂, closed and bounded in B and also closed in L.

2. For any {bk} ⊂ B with bk → 0 in L, any bounded {uk} ⊂ V, and fixed
v ∈ V, we have

T (bk, uk, v) → 0. (15)

3. R : B̂ → R is positive, convex, and lower-semicontinuous with respect to
∥ · ∥L such that

R(a) ≥ τ1∥a∥B̂ − τ2, for every a ∈ A, for some τ1 > 0, τ2 > 0. (16)

To illustrate the spectrum of the regularization framework and to justify the
imposed conditions on the trilinear map T , we consider the inverse problem of
identifying a in the quasi-variational inequality of finding u ∈ K such that for
every v ∈ K, we have

T (a, u, v − u) ≥ ⟨m, v − u⟩+ Φ(u, u)− Φ(u, v),

with T (a, u, v) =
∫
Ω
a∇u·∇v and V = H1

0 (Ω), where Ω is an open and bounded
domain in RN . The set K and the maps m and Φ do not play much role in
this discussion and can be chosen as above.
To justify the above framework, recall that the total variation of f ∈ L1(Ω) is
given by

TV(f) = sup

{∫
Ω

f (∇ · g) : g ∈
(
C1

0(Ω)
)N

, |g(x)| ≤ 1 for all x ∈ Ω

}
where |·| represents the Euclidean norm. Clearly, if f ∈ W 1,1(Ω), then TV(f) =∫
Ω
|∇f |.

If f ∈ L1(Ω) satisfies TV(f) < ∞, then f is said to have bounded varia-
tion, and BV(Ω) is defined by BV(Ω) = {f ∈ L1(Ω) : TV(f) < ∞} with norm
∥f∥BV(Ω) = ∥f∥L1(Ω) + TV(f). The functional TV(·) is a seminorm on BV(Ω)
and is often called the BV-seminorm.
We set V = H1

0 (Ω), B = L∞(Ω), L = L1(Ω), B̂ = BV(Ω), and R(a) = TV (a),
and define

A = {a ∈ L∞(Ω)| 0 < c1 ≤ a(x) ≤ c2, a.e. in Ω, TV(a) ≤ c3 < ∞}, (17)

where c1, c2, and c3 are positive constants. Clearly, A is bounded in B̂ and com-
pact in L. It is known that L∞(Ω) is continuously embedded in L1(Ω), BV(Ω) is
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compactly embedded in L1(Ω), and TV (·) is convex and lower-semicontinuous
in L1(Ω)-norm, see Attouch, Buttazzo, and Michaille [3] and Ziemer [49]. Thus
in this setting, assumptions 1. and 3. are satisfied.
Let u, v ∈ H1

0 (Ω) be fixed and let {qk} be a bounded sequence in L∞(Ω).
If qk → 0 in the L1(Ω) norm, then, by the Lebegue dominated convergence
theorem,

∫
Ω
qk∇u · ∇v → 0.

Moreover, for any q ∈ L∞(Ω) and u, v ∈ H1
0 (Ω), we can bound

∣∣∫
Ω
q∇u · ∇v

∣∣
as follows:∣∣∣∣∫

Ω

q∇u · ∇v

∣∣∣∣ ≤ ∫
Ω

|q∇u · ∇v| =
∫
Ω

(
|q|1/2∇u

)
·
(
|q|1/2∇v

)
≤

[∫
Ω

|q|∇u · ∇u

]1/2 [∫
Ω

|q|∇v · ∇v

]1/2
.

The above two observations motivate the following assumptions:
1. If {ak} is a bounded sequence in B, ak → 0 in L, and u, v ∈ V fixed, then

T (ak, u, v) → 0.
2. Assume that L is a space of real-valued functions and that

|T (a, u, v)| ≤ [T (|a|, u, u)]1/2 [T (|a|, v, v)]1/2 for all u, v ∈ V, a ∈ B. (18)

3. For both∥ · ∥B and ∥ · ∥L : ∥|a|∥ ≤ ∥a∥ for all a. (19)

The following result shows the relevance of the above three assumptions in
proving (15):

Lemma 2.2. Let {ak} ⊂ A be bounded in B with ak → a in ∥ · ∥L and let
{vk} be bounded in V . Then (15) holds, that is, for all w ∈ V , we have
T (ak − a, vk, w) → 0.

Proof. We have |T (ak−a, vk, w)| ≤ [T (|ak−a|, vk, vk)]1/2 [T (|ak−a|, w, w)]1/2 .
Since |ak − a| → 0 in L, we have [T (|ak − a|, w, w)]1/2 → 0, while the bounded-
ness of {vk} in V and {ak} in B implies that [T (|ak − a|, vk, vk)]1/2 is uniformly
bounded in k. This shows that |T (ak − a, vk, w)| → 0.

Remark 2.3. The regularization framework developed above can be simplified
by assuming that the set A belongs to a Hilbert space H that is compactly
embedded in the space B. An example for this setting is B = L∞(Ω) and
H = H2(Ω), for a suitable domain Ω. In this case, the properties (1) and (2)
provide simpler proofs of all of our results.

We return to the regularized OLS based optimization problem: Find a ∈ A by
solving

min
a∈A

Jκ(a) =
1

2
∥u(a)− z∥2Z + κR(a), (20)
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where κ > 0 is a regularization parameter, R is the regularization map, u(a) is
the unique solution of (3), and z is the measured data.
For the solvability of (20), we need the following additional condition on Φ
originally introduced in [41]: For any v ∈ K and for any {zn} ⊂ V with
zn ⇀ z ∈ V, we have

lim sup
n→∞

[Φ(zn, v)− Φ(zn, zn)] ≤ Φ(z, v)− Φ(z, z). (21)

With the above preparation, we give the following existence result:
Theorem 2.4. For any κ > 0, problem (20) has a nonempty solution set.

Proof. By definition of the functional Jκ, for every a ∈ A, we have Jκ(a) ≥ 0.
Therefore, there exists a minimizing sequence {an} in A such that

lim
n→∞

Jκ(an) = inf{Jκ(a)| a ∈ A},

which implies that {Jκ(an)} is bounded from above, and by the definition of
Jκ, there exists a constant c > 0 such that R(an) ≤ c. From (16), {an} is
bounded in ∥·∥B̂ as well. Due to the compact embedding of B̂ into L, {an} has
a subsequence which converges strongly in ∥ · ∥L. Keeping the same notation
for subsequences as well, let {an} be the subsequence converging in ∥ · ∥L to
some ā ∈ A.

Let {un} be the sequence of solutions of (3) corresponding to {an}, that is,

⟨T (an, un) + Fun −m, v − un⟩ ≥ Φ(un, un)− Φ(un, v), for every v ∈ K. (22)

By (11), {un} is bounded and hence there exists a subsequence {un} that
converges weakly to some ū ∈ V. We shall show that ū = ū(ā).

Inequality (22), which holds for the subsequence, can be rearranged as follows

⟨T (ā, v) + Fv −m, v − un⟩+ T (an − ā, v, v − un) ≥
≥ T (an, un − v, un − v) + ⟨Fun − Fv, un − v⟩+ Φ(un, un)− Φ(un, v)

≥ Φ(un, un)− Φ(un, v),

where we used the monotonicity of T (an, ·) + F (·). Consequently

⟨Fv−m, v−un⟩+T (ā, v, v−un)+T (an− ā, v, v−un) ≥ Φ(un, un)−Φ(un, v),

which, in view of (15) and (21), when passed to the limit n → ∞, implies that

⟨Fv −m, v − ū⟩+ T (ā, v, v − ū) ≥ Φ(ū, ū)− Φ(ū, v), for every v ∈ K.

We set v = ū+ t(v − ū), t ∈ (0, 1), in the above inequality to get

t⟨F (ū+t(v−ū))−m, v−ū⟩+tT (ā, ū+t(v−ū), v−ū) ≥ Φ(ū, ū)−Φ(ū, ū+t(v−ū)),
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and use the convexity of Φ(ū, ·) to obtain
t⟨F (ū+ t(v − ū))−m, v − ū⟩+ tT (ā, ū, v − ū) + t2T (ā, v − ū, v − ū) ≥

≥ t[Φ(ū, ū)− Φ(ū, v)]
which implies that

⟨F (ū+t(v−ū))−m, v−ū⟩+T (ā, ū, v−ū)+tT (ā, v−ū, v−ū) ≥ Φ(ū, ū)−Φ(ū, v)

We pass the above inequality to limit t → 0 and use the hemi-continuity of F
to get

⟨F (ū)−m, v − ū⟩+ T (ā, ū, v − ū) ≥ Φ(ū, ū)− Φ(ū, v),

which, in view of the fact that v ∈ K was chosen arbitrarily, confirms that ū
solves (3). However, since quasi-variational inequality (3) is uniquely solvable,
we get that ū = u(ā).

The weak lower-semicontinuity of a norm and lower-semicontinuity of R in ∥·∥L
yield

Jκ(ā) =
1

2
∥ū− z∥2Z + κR(ā) ≤ lim inf

n→∞

1

2
∥u(an)− z∥2Z + lim inf

n→∞
κR(an)

≤ lim inf
n→∞

{
1

2
∥u(an)− z∥2Z + κR(an)

}
≤ lim

n→∞
Jκ(an) = inf {Jκ(a)| a ∈ A} ,

which confirms that ā is a solution of (20). The proof is complete.

Remark 2.5. In fact, {un} in the above proof converges strongly to ū. By
(22), we get

⟨T (an, un) + Fun −m, ū− un⟩ ≥ Φ(un, un)− Φ(un, ū),

which can be rearranged as follows
⟨T (an, un) + Fun − T (an, ū)− F (ū), un − ū⟩ ≤

≤ ⟨T (an, ū) + F (ū)−m, ū− un⟩+ Φ(un, ū)− Φ(un, un),
and the strong monotonicity of (T (an, ·) + F ), (15), and (21) yield un → ū as
n → ∞.

3. Parameter identification in variational inequalities

Our focus now is on the following variational inequality: Given a ∈ A, find
u(a) = u ∈ K such that

T (a, u, v − u) ≥ ⟨m, v − u⟩, for every v ∈ K. (23)

In view of the coercivity and the continuity of the trilinear form T , for each
a ∈ A, the above variational inequality has a unique solution u(a) (see [40]).



J. Gwinner, B. Jadamba, A. A. Khan, M. Sama / Identification in Variational ... 555

Furthermore, by using the arguments given in the proof of Theorem 2.1, it can
be shown that for any a, b ∈ A, we have

∥u(a)∥V ≤ α−1∥m∥V ∗ , (24)

∥u(a)− u(b)∥V ≤ β∥m∥V ∗

α2
∥a− b∥B. (25)

Consider the regularized OLS based optimization problem: Find a ∈ A by
solving

min
a∈A

Jκ(a) =
1

2
∥u(a)− z∥2Z + κR(a), (26)

where for a ∈ A, the element u(a) solves (23), R : A → R is a regularizer,
κ > 0 is the regularization parameter, and z ∈ Z is the measured data.
We have the following existence result:
Theorem 3.1. For every κ > 0, problem (26) has a nonempty solution set.

Proof. The proof is quite similar to the proof of Theorem 2.4 and hence omit-
ted.

Our goal is to replace the constraint variational inequality for the optimization
problem by a variational equation. For this we define a familiar notion of a
penalty map. A bounded, hemicontinuous, monotone map P : V → V ∗ is said
to be the penalty map of K provided

K = {v ∈ V | P (v) = 0}. (27)

A typical example of the penalty map is P = (I − PK), where I is the identity
map and PK is the projection map defined from V onto K (see [21]). In any
Banach space X with its topological dual X∗, this example takes the form
P = J(I − PK), where J : X → X∗ is the normalized duality map and PK is
the projection in the best approximation sense.
Given a penalty parameter ε > 0 and the penalty map P , we consider the
following penalized variational equation: Find uε ∈ V such that

T (a, uε, v) +
1

ε
⟨P (uε), v⟩ = m(v), for every v ∈ V. (28)

We have the following existence and convergence result.
Theorem 3.2. For any ε > 0 and for any a ∈ A, (28) has a unique solution
uε(a).

Proof. The proof follows from the ellipticity of the trilinear map T and the
monotonicity of P , ensuring that the map T (a, ·) + ε−1P is strictly monotone
and coercive.
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We now consider an analogue of (26) where the underlying variational inequal-
ity has been replaced by a variational equation: Find a ∈ A by solving the
optimization problem:

min
a∈A

Jε(a) =
1

2
∥uε(a)− z∥2Z + κR(a), (29)

where for a ∈ A, the element uε(a) solves the penalized variational equation
(28). We give the following existence and convergence result:
Theorem 3.3. For ε > 0, (29) has a solution āε. There is a subsequence
{(āε, ūε)}, where ūε = ūε(āε) is the unique solution of (28), such that for
ε → 0, we have āε → ã in L, ūε → ũ in V where ã is a solution of (26) and
ũ = u(ã) is the unique solution of (23).

Proof. For a fixed ε > 0, there exists a solution āε by arguments similar to
those used in the proof of Theorem 2.4. For the convergence result, we note that
the sequence {āε} ⊂ A of solutions of (29) is bounded in ∥·∥B̂ and the bound
does not depend on ε. Therefore, due to the compact embedding of B̂ into
L, there exists a subsequence, denoted by the same notation, that converges
strongly in ∥ · ∥L to some ã ∈ A. Let ūε be the corresponding sequence of the
penalized solutions, that is, a sequence of solutions of (28) corresponding to āε.
Clearly, the sequence {ūε} remains bounded as well. In fact, we take v = ūε in
(28) and by ellipticity of the trilinear form, monotonicity of P, and 0 ∈ K, we
obtain

α ∥ūε∥2V ≤ T (āε, ūε, ūε) +
1

ε
⟨P (ūε), ūε⟩ = ⟨m, ūε⟩ ≤ ∥m∥V ∗ ∥uε∥V ,

and the boundedness of {ūε} follows. Consequently, there exists a subsequence,
again keeping the same notation, which converges weakly to some ũ ∈ V, that
is, ūε ⇀ ũ as ε → 0. We claim that ũ ∈ K. Using (28), for every v ∈ K, we
have

⟨P (ūε), v⟩ = ε (⟨m, v⟩ − T (āε, ūε, v)) , (30)
which, due to the continuity of m and the trilinear form T , ensures that the
expression ∥P (ūε)∥V → 0 as ε → 0. Moreover, by the monotonicity of the
penalty map P , for every v ∈ V, we have

0 ≤ lim
ε→0

⟨P (v)− P (ūε), v − ūε⟩ = ⟨P (v), v − ũ⟩. (31)

Now by setting v = ũ + tz where t > 0, and z ∈ V is an arbitrarily chosen
element, we get that ⟨P (ũ+ tz), z⟩ ≥ 0, and, by passing t → 0, it follows from
the hemicontinuity of P that for every z ∈ V, we have ⟨P (ũ), z⟩ ≥ 0. Since
z ∈ V is arbitrary, we have P (ũ) = 0 which confirms that ũ ∈ K.

We rearrange (28) so that for every v ∈ K, we have

T (āε, ūε, v − ūε)−
1

ε
⟨P (v)− P (ūε), v − ūε⟩+

1

ε
⟨P (v), v − ūε⟩ = ⟨m, v − ūε⟩,
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and by using the monotonicity of P and the fact that P (v) = 0, for any v ∈ K,
we deduce

T (āε, ūε, v − ūε) ≥ ⟨m, v − ūε⟩, for every v ∈ K. (32)

By using the ellipticity of T , it follows from (32) that

T (āε, v, v − ūε) ≥ T (āε, v − ūε, v − ūε) + ⟨m, v − ūε⟩ ≥ ⟨m, v − ūε⟩,

which further implies that

T (ã, v, v − ūε) + T (āε − ã, v, v − ūε) ≥ ⟨m, v − ūε⟩,

and by passing to the limit ε → 0 and using (15) and the symmetry of T , we
obtain

T (ã, v, v − ũ) ≥ ⟨m, v − ũ⟩,
for every v ∈ K. To obtain (23), we set v = ũ+ t(v − ũ), where t ∈ (0, 1], and
obtain

T (ã, ũ, v − ũ) + tT (ã, v − ũ, v − ũ) ≥ ⟨m, v − ũ⟩,
and by taking t → 0, we get

T (ã, ũ, v − ũ) ≥ ⟨m, v − ũ⟩, for every v ∈ K, (33)

verifying that ũ = u(ã).

By now we know that {ūε} converges weakly to ũ. We next show that, in fact,
{ūε} converges strongly to ũ. Note that by the definition of ūε, we have

T (āε, ūε, ũ− ūε) +
1

ε
⟨P (ūε), ũ− ūε⟩ = ⟨m, ũ− ūε⟩,

and since this equality can be written as follows

T (āε, ūε− ũ, ũ− ūε)+T (āε, ũ, ũ− ūε)+
1

ε
⟨P (ūε)− P (ũ), ũ− ūε⟩ = ⟨m, ũ− ūε⟩,

we obtain by the monotonicity of P and the ellipticity of T that

α ∥ūε − ũ∥2V ≤ T (āε, ūε − ũ, ūε − ũ) +
1

ε
⟨P (ūε)− P (ũ), ūε − ũ⟩

≤ T (āε − ã, ũ, ũ− ūε) + T (ã, ũ, ũ− ūε) + ⟨m, ũ− ūε⟩,

and, by passing the above inequality to the limit for ε → 0, using property (15)
of T , symmetry and the fact that āε ⇀ ã strongly converges in L, we deduce
that ∥ūε − ũ∥V → 0.

Let a0 ∈ A and let u0 be the corresponding solution of variational inequality
(23). For a0, let ūε(a0) be the unique solution of the penalized equation: Find
u ∈ V such that

T (a0, u, v) +
1

ε
⟨P (u), v⟩ = ⟨m, v⟩, for every v ∈ V.
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Then, firstly, ūε(a0) → u0 as ε → 0, and secondly, (a0, ūε(a0)) is feasible for
(29). Hence,

Jκ(ã) =
1

2
∥ũ− z∥2Z + κR(ã) ≤ lim inf

ε→0

1

2
∥ūε − z∥2Z + κ lim inf

ε→0
R(āε)

≤ lim inf
ε→0

{
1

2
∥ūε − z∥2Z + κR(āε)

}
≤ lim inf

ε→0

{
1

2
∥ūε(a0)− z∥2Z + κR(a0)

}
= Jκ(a0),

and consequently ã ∈ A solves (26). The proof is complete.

The optimization problem (26) typically has multiple solutions. However, if we
have some a priori information about a solution of such a problem , can it be
incorporated in the regularized problem? Relevant to this question, we recall
a known fact that for the linear inverse problems if some a priori information
about a point being close to a solution is available, then the regularizer can
be modified so that the regularized solutions converge to the point closest to
the a priori chosen element. Following this idea, we consider the perturbed
regularized problem where the newly added term aims to incorporate some a
priori information.
Let (ā0, ū0), where ū0 = u(ā0), be a solution of the optimization problem (26).
We consider the following perturbed regularized optimization problem: Find
āε ∈ A by solving

min
a∈A

J̃ε(a) =
1

2
∥uε(a)− z∥2Z +

1

2
∥a− ā0∥2L + κR(a), (34)

where for a ∈ A, the element uε(a) solves (28).

The following result shows the convergence steering towards the chosen mini-
mizer:
Theorem 3.4. For every ε > 0, (34) has a minimizer. There exists a sequence
{(āε, ūε)}, where ūε = ūε(āε) solves (28) and for ε → 0, āε → ā0 in L and
ūε → ū0 in V.

Proof. We skip the first part of the proof which is identical to that of The-
orem 3.3. Let {āε} be a sequence of solutions of (34) converging in ∥ · ∥L to
ã ∈ A. Let ūε be the corresponding sequence converging strongly to some
ũ = u(ã) ∈ V.

Given ā0, let ūε(ā0) be the unique solution of the equation: Find u ∈ V such
that

T (ā0, u, v) +
1

ε
⟨P (u), v⟩ = ⟨m, v⟩, for every v ∈ V.
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By using the arguments given in Theorem 3.3, it can be shown that ūε(ā0) → ū0

as ε → 0. Moreover, (ā0, ūε(ā0)) is feasible for (29), and we have, in fact,
J̃ε(ā0) =

1
2
∥ūε(ā0)− z∥2Z +κR(ā0). Because of the minimality of āε, for (āε, ūε),

where ūε solves (28), we have J̃ε(āε) ≤ J̃ε(ā0), or

J̃ε(āε) =
1

2
∥ūε(āε)− z∥2Z + κR(āε) +

1

2
∥āε − ā0∥2L ≤ 1

2
∥ūε(ā0)− z∥2Z + κR(ā0),

which further implies that

0 ≤ 1

2
∥ūε(āε)− z∥2Z + κR(āε) = J̃ε(āε)−

1

2
∥āε − ā0∥2L

≤ 1

2
∥ūε(ā0)− z∥2Z + κR(ā0)−

1

2
∥āε − ā0∥2L, (35)

which, when passed to the limit ε → 0, yields

0 ≤ lim
ε→0

{
1

2
∥ūε(ā0)− z∥2Z + κR(ā0)−

1

2
∥āε − ā0∥2L

}
=

1

2
∥ū0 − z∥2Z + κR(ā0)−

1

2
∥ã− ā0∥2L = Jκ(ā0)−

1

2
∥ã− ā0∥2L . (36)

However, due to the minimality of ā0, we also have Jκ(ā0) ≤ Jκ(ã) and hence

Jκ(ā0) ≤
1

2
∥ũ− z∥2Z + κR(ã) ≤ lim inf

ε→0

1

2
∥ūε(āε)− z∥2Z + lim inf

ε→0
κR(āε)

≤ lim inf
ε→0

{
1

2
∥ūε(āε)− z∥2Z + κR(āε)

}
≤ Jκ(ā0)−

1

2
∥ã− ā0∥2L ,

by (35) and (36). Therefore, 1

2
∥ã− ā0∥2L ≤ 0, and hence ã = ā0 and also

ũ = ū0.

An advantage of replacing the variational inequality by the penalized equation
is that for the latter, the parameter-to-solution map is smooth, given that the
penalty map is smooth. Therefore, we shall replace P by its smooth approxi-
mation. For simplicity, we take P (u) = (I − PK) (u), and for ε ≥ 0, define a
family of its smooth approximation Pε : V → V in a Hilbert space V , satisfying
the following conditions which are partly inspired by [7]:
PC1. For ε > 0, Pε is monotone, N(Pε) = K, and for v ∈ V, Pε(v) → P (v)

as ε → 0.

PC2. For ε > 0, the derivative P ′
ε of Pε exists at every point and satisfies the

following:

⟨P ′
ε(u)v, v⟩ ≥ 0, for every u, v ∈ V. (37)

⟨P ′
ε(u)v, PK(u)⟩ = 0, for every u, v ∈ V. (38)
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Given a penalty parameter ε > 0 and a family of smooth penalty maps {Pε},
we now consider the following penalized variational equation: Find uε ∈ V
such that

T (a, uε, v) +
1

ε
⟨Pεuε, v⟩ = ⟨m, v⟩, for every v ∈ V. (39)

For any ε > 0, let uε(a) be the unique solution of (39) (which exists due to
Theorem 3.2).
The following result shows the smoothness of the parameter-to-solution map:
Theorem 3.5. For ε > 0, the map a → uε(a) is differentiable at any point a
in the interior of A. For any direction δa ∈ B, the derivative δuε = Duε(a)(δa)
is the unique solution of the following variational equation:

T (a, δuε, v) +
1

ε
⟨P ′

ε(uε)δuε, v⟩ = −T (δa, uε, v), for every v ∈ V. (40)

Proof. The differentiability follows by applying the implicit function theo-
rem to the map G : A × V → V mapping (a, u) → T (a, u, ·) + 1

ε
⟨Pε(u), ·⟩ ,

where T (a, u, ·), ⟨Pε(u), ·⟩ are the associated dual element given by the Riesz
representation theorem. The derivative DuG(a, u) : A × V → V is given by
DuG(a, u)(δu) = T (a, δu, ·)+ 1

ε
⟨P ′

ε(u)(δu), ·⟩. For any w ∈ V , the coercivity of
T (a, ·) + 1

ε
P ′
ε(u)(·) (see (2) and (37)) ensures that the equation

T (a, δu, ·) + 1

ε
⟨P ′

ε(u)(δu), ·⟩ = ⟨w, ·⟩

is uniquely solvable. Therefore DuG(a, ·)(u) : V → V is a linear homeomor-
phism and the differentiability follows from the implicit function theorem. Fi-
nally, from (28) or (39), for every v ∈ V , we have

T (δa, uε, v) + T (a, δuε, v) +
1

ε
⟨P ′

ε(uε)δuε, v⟩ = 0,

and (40) follows. The proof is complete.

We consider the following regularized optimization problem: Find āε ∈ A by
solving

min
a∈A

Jε(a) =
1

2
∥uε(a)− z∥2Z + κR(a), (41)

where for a ∈ A, the element uε(a) solves the penalized variational equation
(39).
In the following optimality condition for (41), P ′

ε(ūε)
∗ is the adjoint of P ′

ε(ūε):
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Theorem 3.6. For each ε > 0, problem (41) has a minimizer. Moreover, for
any solution āε ∈ A of (41), there exists p̄ε ∈ V, uniformly bounded in V, such
that

T (āε, p̄ε, v) +
1

ε
⟨P ′

ε(ūε)
∗p̄ε, v⟩ = ⟨ūε − z, v⟩Z , for every v ∈ V. (42)

T (āε − a, ūε, p̄ε) ≥ κ (R(āε)−R(a)) , for every a ∈ A. (43)

Proof. Let ε > 0 be fixed. Let āε ∈ A be a solution of (41). Then the following
mixed variational inequality holds as a necessary optimality condition:

DĴε(āε)(a− āε) ≥ κ (R(āε)−R(a)) , for every a ∈ A, (44)

where Ĵε(āε) :=
1

2
∥uε(āε)− z∥2Z =

1

2
∥ūε − z∥2Z . Clearly, for any a ∈ A, we

have
DĴε(āε)(a− āε) = ⟨δūε, ūε − z⟩Z ,

where δūε = Du (āε) (a− āε).
We now define the adjoint equation (associated to (39)): Find pε ∈ V such
that

T (āε, pε, v) +
1

ε
⟨P ′

ε(ūε)
∗pε, v⟩ = ⟨ūε − z, v⟩Z , for every v ∈ V. (45)

Clearly (45) is uniquely solvable. Denoting by p̄ε the unique solution to (45),
we have

⟨ūε − z, δūε⟩Z = T (āε, p̄ε, δūε) +
1

ε
⟨P ′

ε(ūε)
∗p̄ε, δūε⟩

= T (āε, δūε, p̄ε) +
1

ε
⟨P ′

ε(ūε)δūε, p̄ε⟩

= −T (a− āε, ūε, p̄ε) = T (āε − a, ūε, p̄ε),

where we used the symmetry and linearity of T and derivative formula (40).
Therefore,

DĴε(āε)(a− āε) = T (āε − a, ūε, p̄ε),

and (43) follows directly by substituting this expression in (44).
We still need to show that {p̄ε} is uniformly bounded. For this, we take v = p̄ε
in the adjoint equation (45) and by using ellipticity of T and (37), we obtain

α ∥p̄ε∥2 ≤ T (āε, p̄ε, p̄ε) +
1

ε
⟨P ′

ε(ūε)
∗p̄ε, p̄ε⟩ = ⟨ūε − z, p̄ε⟩Z ≤ C1 ∥p̄ε∥V

where we also used the fact that {ūε} is bounded. The proof is complete.

We are now ready to give the following optimality conditions:
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Theorem 3.7. There exists a minimizer ā0 of (26) and ū0 ∈ V , p̄0 ∈ V,
λ0 ∈ V ∗ with

T (ā0, ū0, v − ū0) ≥ ⟨m, v − ū0⟩, for every v ∈ K, (46)
T (ā0, p̄0, v) + λ∗

0(v) = ⟨ū0 − z, v⟩Z , for every v ∈ V, (47)
T (ā0 − a, ū0, p̄0) ≥ κ (R(ā0)−R(a)) , for every a ∈ A, (48)

λ∗
0(ū0) = 0, (49)
∥p̄0∥V ≤ α−1 ∥ū0 − z∥Z . (50)

Proof. For ε > 0, let {āε} be a sequence of solutions of (41), let ūε be the cor-
responding solutions of the penalized equation (39), and let p̄ε be the sequence
of adjoint solutions defined in (45). Following the line of arguments used in
Theorem 3.3, it can be shown that there exists a subsequence that converges
in ∥ · ∥L to some ā0 ∈ A. We need to keep in mind that the corresponding
solutions ūε solve the penalized equations that involve the family of smooth
penalty maps and hence the arguments need to be slightly modified. In fact,
it suffices to notice that (30) holds for Pε, however, due to the assumption
Pε(u) → P (u) for ε → 0, the conclusion of (31) remains valid and the rest
of the arguments go through without any change. Moreover, the proof of the
strong convergence of ūε to ū0 = ū0(ā0) holds without any change and hence
(46) holds.
We have shown that the sequence {p̄ε} ⊂ V is bounded and consequently there
exists a weakly convergent subsequence. By keeping the same notation for
subsequences as well, we assume that p̄ε ⇀ p̄0 ∈ V . We define two functionals
λ∗
ε, λ

∗
0 : V → R by

λ∗
ε(v) :=

1

ε
⟨P ′

ε(ūε)
∗p̄ε, v⟩ = ⟨ūε − z, v⟩Z − T (āε, p̄ε, v), (51)

λ∗
0(v) := ⟨ū0 − z, v⟩Z − T (ā0, p̄0, v). (52)

The above functionals are well defined, linear, and continuous, and hence λ∗
ε,

λ∗
0 ∈ V ∗. Furthermore, due to the convergence āε → ā0 in ∥ · ∥L and ūε → ū0

in ∥ · ∥V , we have

λ∗
ε(v) = ⟨ūε − z, v⟩Z − T (āε, p̄ε, v) → ⟨ū0 − z, v⟩Z − T (ā0, p̄0, v) = λ∗

0(v)

as ε → 0. Since this convergence is true for any v ∈ V , we deduce that the
sequence {λ∗

ε} converges weakly to {λ∗
0} in V ∗ topology, that is, λ∗

ε ⇀
V ∗

λ∗
0.

Taking v = PK(ūε) in (51) and using (38), we get

λ∗
ε(PK(ūε)) =

1

ε
⟨P ′

ε(ūε)
∗p̄ε, PK(ūε)⟩ = 0.

By using the continuity of the projection map, we get 0 = λ∗
ε(PK(ūε)) → λ∗

0(ū0)
for ε → 0, and consequently, λ∗

0(ū0) = 0. Furthermore, by property (37), we
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have
λ∗
ε(p̄ε) =

1

ε
⟨P ′

ε(ūε)
∗p̄ε, p̄ε⟩ ≥ 0, (53)

however, we also have

λ∗
ε(p̄ε) = ⟨ūε − z, p̄ε⟩Z − T (āε, p̄ε, p̄ε) ≤ ∥ūε − z∥Z ∥p̄ε∥V − α ∥p̄ε∥2V ,

which in conjunction with (53), implies that

∥p̄ε∥V ≤ α−1 ∥ūε − z∥Z ,

which, when passed to the limit ε → 0, confirms that

∥p̄0∥V ≤ lim inf
ε→0

∥p̄ε∥V ≤ α−1 ∥ū0 − z∥Z ,

proving (50). For (48), it suffices to take limits in (43). In fact, since āε →
L

ā0,
ūε →

V
ū0, and p̄ε ⇀

V
p̄0, by using the properties of T , and by taking the limit

ε → 0 in
T (āε − a, ūε, p̄ε) ≥ κ (R(āε)−R(a))

we get
T (ā0 − a, ū0, p̄0) ≥ κ (R(ā0)−R(a)) ,

which completes the proof.

4. Finite dimensional approximation of quasi-variational
inequalities

Our objective now is to discretize the parameter identification problem. For
simplicity, we drop F and consider the following quasi-variational inequality:
Given a ∈ A, find u = u(a) ∈ K such that

⟨T (a, u)−m, v − u⟩ ≥ Φ(u, u)− Φ(u, v), for every v ∈ K. (54)

We consider the following regularized optimization problem: Find a ∈ A by
solving

min
a∈A

Jκ(a) =
1

2
∥u(a)− z∥2Z + κR(a), (55)

where κ > 0 is a regularization parameter, R is the regularization map, u(a) is
the unique solution of (54), and z is the measured data.
Assume that we have a parameter h converging to 0 and a family {Vh} of
finite dimensional subspaces of V. We assume that {Bh} is a family of finite-
dimensional subspaces of B such that ∪{Bh} = B. We set Ah = Bh ∩ A and
assume that ∩hAh ̸= ∅. Let {Kh} be a family of closed and convex sets with
Kh ⊂ Vh approximating K in the following sense:
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1. For every z ∈ K, there exists zh ∈ Kh such that zh → z as h → 0.

2. For every zh ∈ Kh such that zh ⇀ z as h → 0, we have z ∈ K.

We denote by Rh the discrete analogue of R and assume the conditions:
1. For any a ∈ A, there exists a sequence {ah} with ah ∈ Ah such that ah → a

in L and
lim sup

h→0
Rh(ah) ≤ R(a). (56)

2. For every {ah} with ah ∈ Ah and ah → a in L, we have

R(a) ≤ lim inf
h→0

Rh(ah). (57)

We approximate Φ by the discrete function Φh : Vh × Vh → R and assume:
1. For vh ∈ Vh, the map Φh(vh, ·) : V → R is convex, and lower-semicontinuous,

Φh(0, ·) = 0, and there exists 0 < δ ≤ α such that for all u, v, u1, v1 ∈ Kh,
we have

|Φh(u, v1)+Φh(u1, v)−Φh(u, v)−Φh(u1, v1)| ≤ δ∥u−u1∥V ∥v−v1∥V . (58)

2. For any sequence {zh} with zh ∈ Kh and zh → z in V as h → 0 and for
any sequence {uh} ⊂ V with uh ⇀ u ∈ V, as h → 0, we have

lim sup
h→0

[Φh(uh, zh)− Φh(uh, uh)] ≤ Φ(u, z)− Φ(u, u). (59)

The discrete analogue of (54) then reads: Given ah ∈ Ah, find uh ∈ Kh such
that

⟨T (ah, uh)−m, vh − uh⟩ ≥ Φh(uh, uh)− Φh(uh, vh), for every vh ∈ Kh. (60)

Consider the following finite-dimensional minimization problem: Find a∗h ∈ Ah

by solving

min
ah∈Ah

Jh
κ (ah) =

1

2
∥uh − z∥2Z + κRh(ah), (61)

where uh is the unique solution of (60). Evidently, the data z could be replaced
by discrete data zh such that zh → z as h → 0.

The following result ensures the convergence of the finite-dimensional (61):
Theorem 4.1. For each h > 0, discrete problem (61) has a minimizer a∗h ∈ Ah.
Moreover, there is a subsequence of {a∗h} that converges in ∥ · ∥L to a solution
of (55).

Proof. For every h, there exists a constant C such that Jh
κ (a

∗
h) ≤ C, and hence

{a∗h} is bounded in ∥·∥B̂. Due to the compact embedding, there is a subsequence
that converges strongly, in ∥ · ∥L, to an element of A. We assume that {a∗h}
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converges, in ∥ · ∥L, to some a∗ ∈ A. Let u∗ be the unique solution of quasi-
variational inequality (54) for the parameter a∗ and let u∗

h be the unique solution
of quasi-variational inequality (60) for the parameter a∗h, respectively. It can be
shown that the sequence {u∗

h} is bounded, independently of h. Therefore, there
exists a subsequence, still denoted by {u∗

h} , such that u∗
h converges weakly to

some u∗ ∈ K as h → 0. We will show that u∗ = u∗(a∗).

For every vh ∈ Kh, we have

⟨T (a∗h, u∗
h)−m, vh − uh⟩ ≥ Φh(uh, uh)− Φh(uh, vh).

Let z ∈ K be arbitrary and let {zh} be the sequence with zh ∈ Kh such that
zh → z in V . We set vh = zh in the above inequality, and after a rearrangement,
obtain,

⟨T (a∗h, zh)−m, zh − u∗
h⟩ ≥ T (a∗h, u

∗
h − zh, u

∗
h − zh) + Φh(u

∗
h, u

∗
h)− Φh(u

∗
h, zh)

≥ Φh(u
∗
h, u

∗
h)− Φh(u

∗
h, zh),

and consequently,

⟨T (a∗, zh)−m, zh − u∗
h⟩+ T (a∗h − a∗, zh, zh − u∗

h) ≥ Φh(u
∗
h, u

∗
h)− Φh(u

∗
h, zh),

which, in view of (15) and (21), when passed to the limit h → 0, implies that

⟨T (a∗, z)−m, z − u∗⟩ ≥ Φ(u∗, u∗)− Φ(u∗, z), for every z ∈ K

and by proceeding as before, we can ensure that u∗ = u∗(a∗).

This observation, in view of (57), yields

Jκ(a
∗) =

1

2
∥u∗(a∗)− z∥2Z + κR(a∗)

≤ lim
h→0

1

2
∥u∗

h(a
∗
h)− z∥2Z + lim inf

h→0
κRh(a

∗
h)

≤ lim inf
h→0

{
1

2
∥u∗

h(a
∗
h)− z∥2Z + κRh(a

∗
h)

}
.

Let a ∈ A be arbitrary. Then there exists a sequence {ah} ⊂ Ah such that
ah → a in L and Rh(ah) → R(a) as h → 0 (see (56) and (57)). Hence, by the
above inequality, we get

Jκ(a
∗) ≤ lim inf

h→0

{
1

2
∥u∗

h(a
∗
h)− z∥2Z + κRh(a

∗
h)

}
≤ lim inf

h→0

{
1

2
∥uh(ah)− z∥2Z + κRh(ah)

}
=

1

2
∥u(a)− z∥2Z + κR(a) = Jκ(a),

and hence a∗ is a solution of (55). This completes the proof.
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Conditions on the discrete approximate Φh are motivated by some related ver-
ifiable conditions used in [10]. Moreover, the construction of the sequence ah
in (56) (and condition (57)) can be done by following the arguments given in
[11] for the total variation regularizer.

5. Concluding remarks

We have studied the inverse problem of parameter identification in certain
variational and quasi-variational inequalities. In this work, we have only em-
ployed the output least-squares formulation and it is of interest to introduce
analogues of the modified output least-squares and equation error approach
which have been used extensively for identification problems in simpler varia-
tional problems. Aspects such as stability with respect to data perturbation
also need to be addressed. Moreover, it is also natural to consider more special
quasi-variational inequalities emerging from different applications (see [18, 35]).
Another important question is whether the study of inverse problems can be ex-
tended to noncoercive/semicoercive variational problems (see [22]). We would
also like to study inverse problems for parabolic quasi-variational inequalities
(see [34]). Finally, in this work, we used a smooth family of penalty maps to
approximate the nonsmooth penalty map. We note that for the variational
inequalities of second kind, smoothing techniques recently developed in [23, 44]
seem quite relevant to develop an alternative smooth approximation scheme.
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