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1. Introduction

This present study belongs to the area of infinite-dimensional variational anal-
ysis and its applications to which Professor Antonino Maugeri has made well-
recognized contributions; see, e.g., [29] and the references therein.

The main object of our investigation in this paper is the class of integral func-
tionals of the type

I,(x) = /@(x,w)du, e X, (1)
generated by some integrand : X x Q — R := (—00, 00|, which is defined on
a Banach space X and a finite measure space 2. Our major goal is to establish
new results of subdifferential calculus for (1) related to nonconvex subdifferential
versions of the classical Leibniz rule on differentiation under the integral sign.
Subdifferentiation of integral functionals of type (1) and appropriate versions
of the Leibniz rule were developed in [21, 40, 46] for convex integrands and
then partially extended in [9, 10, 18, 22, 31, 36] to some nonconvex settings.
In particular, the inclusion

a(/ol o(-,1) dt)(;z) cd /01 Dp(z, 1) dt 2)

was established in [31, Lemma 6.18] for the basic/limiting subdifferential by
Mordukhovich [30], where ¢: X x [0,1] — R is Lebesgue measurable in ¢
and locally Lipschitzian in z around z with a summable modulus on [0, 1],
where X is reflexive and separable, where the closure “cl” is taken in the norm
topology of X* and where the integral is understood in the Bochner sense.
The obtained formula (2) was applied in [31, Chapter 6] to the derivation
of necessary optimality conditions of the extended Euler-Lagrange type for
generalized Bolza problems governed by evolution inclusions.

The original motivation for the current paper was to develop appropriate ver-
sions of (2) in order to achieve the following goals:

(a) Get an extension of (2) to more general classes of measure spaces.

(b) Obtain conditions allowing us to dismiss the closure operation in the suit-
able counterparts of (2).

(c) Avoid or relax the reflexivity and separability assumptions on the Banach
space X for the validity of (2) and its extensions.

In the rest of this paper the reader can find resolving the issues listed in (a)—(c)
together with additional results in these directions. The crucial ingredients of
the progress achieved include the following:

(i) The usage of the Gelfand integral instead of the Bochner one in the case of
mappings on complete measure spaces with values in a space, which is topolog-
ically dual to an arbitrary Banach space. Note that both these integrals agree
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in the setting of [31, Lemma 6.18]; in fact, in any separable Asplund space
X. Our achievements in this direction are based on a quite recent progress in
studying the Gelfand integrand of set-valued mappings made by Cascales et al.
in [7, 8]; see Section 2 for more details.

(ii) The usage of the measure nonatomicity and the Lyapunov convexity theo-
rem, which allows us to derive an extension of (2) to general measure spaces (2
enjoying this property and (nonreflexive and nonseparable) Asplund spaces X
with the replacing the norm closure “cl” on the right-hand side of (2) by the
weak™ closure; the latter in not needed if X is reflexive.

(iii) The usage of saturation (or “super-atomlessness”) property of measure
spaces, which is equivalent to the enhanced version of the Lyapunov convexity
theorem for the Gelfand integral of set-valued mapping without the closure
operation on the right-hand side of (2); see [26, 38, 43].

It is worth noting that the aforementioned results obtained in the vein of (2) are
new even in the case of the Bochner integral in reflexive and separable Banach
spaces X. Observe also that, in the process of implementing our approach,
we establish similar inclusions for the Gelfand integral (more precisely, its w*-
integral version for convex-valued multifunctions) of the generalized gradient
by Clarke [10], which is the convexification of the limiting subdifferential in the
case of Asplund spaces. Moreover, it is shown below that the Gelfand integral
counterpart of (2) holds for the generalized gradient in any Banach space with
omitting the closure operation on the right-hand side in the case of an arbitrary
complete measure space €2, even without imposing the saturation requirement
on the measure.

The obtained subdifferential formulas for integral functionals are further ap-
plied to problems of stochastic dynamic programming (DP) for infinite-dimen-
sional discrete-time systems on the infinite horizon, which are important, e.g.,
in macroeconomic modeling. We first derive the Bellman equation for the
intrinsically nonsmooth random optimal value function in such systems, then
justify its local Lipschitz continuity under natural assumptions and evaluate its
subdifferentials. These results readily imply necessary optimality conditions in
the stochastic dynamic programs under consideration.

The rest of the paper is organized as follows. Section 2 is devoted to the
study of the Gelfand integral and its w*-integral modification for set-valued
mappings/multifunctions with values in duals to Banach spaces. We provide
a brief overview of some basic facts needed in the sequel and obtain a new
result on the convexity of the Gelfand integral of set-valued mappings defined
on nonatomic measure spaces with no separability assumption on the Banach
space in question.

Section 3 contains our major results on subdifferentiation of integral functionals
of type (1). First we derive a generalized gradient version of the Leibniz formula
in the case of integrands ¢(x,w) defined on the product of an arbitrary Banach
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space and a complete measure space, provided that the generalized gradient of
¢ in x is w*-scalarly measurable. Effective sufficient conditions for the latter
properties are discussed in detail. Then we proceed with several versions of
the Leibniz rule in the case of Gelfand integral functionals associate with the
limiting subdifferential. In this way we resolve the issues discussed above in
(a)-(c).

The last two sections concern applications of the obtained subdifferential results
for integral functionals to problems of stochastic DP in Banach spaces. In
Section 4 we describe a general stochastic DP problem for discrete-time systems
on the infinite horizon and show that its optimal value function is a unique
solution to the corresponding Bellman equation in an integral form with respect
to a transition probability measure induced by the Markov decision process.
Proving the local Lipschitz continuity of the value function under appropriate
assumptions, we employ the results of Section 3 to evaluate the corresponding
subdifferentials of the value function and derive necessary optimality conditions
in the stochastic DP problem.

Throughout the paper we use the standard terminology and notation recalled
in the places they first appear in the text below.

2. Gelfand integrals of set-valued mappings

We start this section by recalling the notion of the w*-integral for a function
on a measurable space with values in dual Banach spaces. Let (£2,%, 1) be a
complete finite measure space, and let X be a real Banach space with the dual
system (X, X*), where X* is the norm/topological dual of X, while w* indicates
the usage of the weak™ topology on X* in what follows. A function f: 2 — X*
is w*-scalarly measurable if the scalar function (f(-), x) is measurable for every
x € X. We say that a w*-scalarly measurable function is w*-scalarly integrable
if (f(-),x) is integrable for every x € X. Further, we say that a w*-scalarly
measurable function f is w*-integrable (or Gelfand integrable) over a given set
A € ¥ if there exists 2% € X* such that (z%,2) = [,(f(w),z)du for every
x € X. The element z7% is called the Gelfand or w*-integral of f over A and
is denoted by [ A fdp. I A = Q, we omit indicating the set in the integral
sign. Note that every w*-scalarly integrable function is w*-integrable as shown
in [1, Theorem 11.52]). While we do not distinguish between the Gelfand
integral and the w*-integral of single-valued mappings, we do it for set-valued
mappings/multifunctions; see below.

Definition 2.1. (Gelfand integral of general set-valued mappings) Let (€2, 3, 1)
be a complete finite measure space, and let X be a Banach space. Given a set-
valued mapping I': © = X*, we denote by S{ the collection of all the w*-
integrable selectors of I' on €2, i.e., such w*-integrable functions f: Q — X*
that f(w) € I'(w) for a.e. w € Q. Then the Gelfand integral of the multifunction
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I' over the measure space {2 is defined by

1) = [Tan={ [ gaui s e st} 3)

The first question arising in the study of the Gelfand integral (3) is about
nonemptiness of the set I(I"). The answer is affirmative in a rather broad setting
due to a nice selection theorem from [8]. Although our standing framework in
this paper is the general class of Banach spaces, this result and some other ones
require the Asplund property of the space in question. Recall that a Banach
space X is Asplund if every convex continuous function ¢: U — R defined on
an open convex set U C X is Fréchet differentiable on a dense subset of U.
This class of Banach spaces is sufficiently large including, in particular, any
space with a Fréchet differentiable bump function (hence any space admitting
an equivalent norm Fréchet differentiable off the origin, i.e., a Fréchet smooth
renorm, and therefore every reflexive space), any space with a separable dual,
and any space X whose dual X* is weakly compactly generated meaning that
there exists a weakly compact subset of X* whose linear span is norm dense.
There are many useful characterizations of Asplund spaces; among the most
remarkable ones we mention that X is Asplund if and only if every closed
separable subspace of X* has a separable dual. It is relevant to mention that
any separable Asplund space admits a Fréchet smooth renorm. We refer the
reader to the book [37] and the bibliography therein for all these and other
facts on Asplund spaces.

An appropriate definition of measurability for set-valued mappings is needed to
be recalled in order to list conditions ensuring the nonemptiness of the Gelfand
integral (3). Denoting by

s(z,C) := sup (z*,z), z€ X, (4)

z*eC

the support function of a nonempty set C' C X, we say that a set-valued map-
ping I': Q = X* is w*-scalarly measurable if its support function s(z,I"): Q —
R is measurable for every z € X. Further, a multifunction I' is said to be
integrably bounded if there exists ¢ € L'(u) such that sup,.cp, [l2*]| < ¥(w)
for every w € (). Now we are ready to formulate the aforementioned result on
nonemptiness of the Gelfand integral (3).

Proposition 2.2. (Nonemptiness of the Gelfand integral) Let (2,3, 1) be a
complete finite measure space, and let X be an Asplund space. Assume that
[': Q@ = X* is an integrably bounded and w*-scalarly measurable multifunction
with w*-closed values. Then the Gelfand integral (3) of the mapping T is a
nonempty subset of X*.

Proof. Since I' has w*-compact values and its integral boundedness guaran-
tees the w*-integrability of w*-scalarly measurable selectors, the nonemptiness
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of the Gelfand integral follows from definition (3) and the measurable selec-
tion result from [8, Corollary 3.11], which ensures the existence of w*-scalarly
measurable selectors of I' under the assumptions made. Il

At this stage, it makes sense to compare the Gelfand and Bochner integrals of
single-valued and set-valued mappings.

Remark 2.3. (Comparison with the Bochner integral) We denote in the fol-
lowing by Borel(X*, w*) the Borel o-algebra of X* generated by the weak*
topology and by Borel(X*, || - ||) the Borel o-algebra of X* generated by the
dual norm. Recall that a function f: Q — X* is strongly (or Bochner) mea-
surable if it is a pointwise X*-norm limit of a sequence of X*-valued simple
functions. It is well known that if X is a separable Banach space, then X* is
a locally convex Suslin space under the weak* topology and f is w*-scalarly
measurable if and only if it is Borel(X*, w*)-measurable; see [45, Theorem 1] or
[46, Lemma 2]. Furthermore, if X* is separable, then Borel(X*, w*) agrees with
Borel(X™*, ||-]|) by [41, Corollary 2 from Part I, Ch. II]. It implies, by taking into
account that equality, the strong, Borel(X*, w*)-, and Borel(X*, || - ||)-measur-
abilities coincide. Combining these facts allows us to deduce that a Gelfand
integrable function f satisfying [ ||f(w)|/dp < oo is also Bochner integrable if
X is Asplund and separable. Therefore, defining similarly to (3) the Bochner
integral of a set-valued mapping I': 2 = X*, we conclude that the Gelfand
and Bochner integrals of I' agree in separable Asplund spaces.

To proceed with studying the integral (3) of multifunctions I': Q@ = X*| recall
that I' is w*-scalarly integrable if its support function s(x,I") is integrable for
every x € X. The next proposition is useful in what follows.

Proposition 2.4. (Supremum representation for the Gelfand integral) Let
X be an Asplund space, (2,3, 1) be a complete finite measure space, and
[': Q = X* be a Gelfand integrable, w*-scalarly integrable multifunction with
w*-compact values. Then we have

/S(x, [)dup = sup /(f(w),x>du for every x € X. (5)

fest

Proof. For any x € X we define the multifunction I',: Q@ == X* with w*-
compact values in X* by

Iy(w):={z" €eT'(w) | (", x) = s(z,[(w))}.

As observed in [8, Remark 4.4], T', is w*-scalarly measurable, and hence it
admits a w*-scalarly measurable selector f, by [8, Corollary 3.11]. Thus

s(z,I'(w)) = (fo(w),z) fora.e. w el
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Integrating both sides of the above equality tells us that

[ st = [ ()00 < sup [ (). ahdn

fest

On the other hand, it follows from (4) that s(x,I'(w)) > (z, f(w)) for every
f €8t ae we Q. Integrating both sides of this inequality yields

[ st 0= s [0, )

fest
which readily verifies the claimed equality (5). O

Next we describe an alternative approach to constructing a Gelfand-type in-
tegral of conver-valued multifunctions, which agrees with the Gelfand integral
from Definition 2.1 in the case of separable spaces X while it may be a bit
different from (3) in the absence of separability. To proceed, denote by co® T’
the multifunction defined by taking the w*-closure of the convex hull of T'(w)
for every w € Q. It follows from (4) that s(z,['(w)) = s(x,c0¥ T'(w)) for every
r € X and w € Q, and that I' is w*-scalarly measurable (resp. w*-scalarly
integrable) if and only if so is c0“ . We say that f: Q — X* is a w*-almost
selector of T if, for every z € X

(f(w),z) < s(z,T(w)) for ae w e,

where the corresponding p-null set may depend on z. Similarly to the set St
in Definition 2.1, denote by S%’w* the collection of w*-integrable, w*-almost
selectors of a multifunction T' : = X*. We clearly have the inclusion S} C
S%’“’*. If furthermore X is separable and I' has w*-compact and convex values,

then Sp = S&" as shown in [8, Proposition 2.3].

Definition 2.5. (w*-integral of convex-valued multifunctions) Let (2, %, i) be
a complete finite measure space, and let X be Banach. We say that a w*-
scalarly measurable multifunction I': Q = X* with w*-compact and convex
values is w*-integrable if it is w*-scalarly integrable and for every A € ¥ there
is a w*-compact and convex set C'y C X™ such that

s(x,Cy) = / s(z,I)dp  for every x € X.
A

Then the set C}y is called the w*-integral of I' over A and denoted by w*—fA ldu,
where the set indication is omitted when A = ().

The classical separation theorem tells us that the w*-integral w*- [ 4 Ddp 18
uniquely determined for every A € Y. Some useful facts on w*-integrability
of multifunctions are summarized in the next proposition taken from [8, The-
orem 2.7 and Theorem 4.5] and from [35, Theorem 6.7].
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Proposition 2.6. (Properties of w*-integrable convex-valued multifunctions)
In the setting of Definition 2.5 the following hold:

(i) Every w*-scalarly measurable multifunction with bounded values admits a
w*-scalarly measurable w*-almost selector.

(ii) Every w*-scalarly integrable multifunction with w*-compact and convex
values is w*-integrable.

(iii) A w*-scalarly measurable multifunction T': Q = X* with w*-compact and
convex values is w*-integrable if and only if every w*-scalarly measurable, w*-
almost selector of I' is w*-integrable. In this case we have that the w*-integral
of I' is given by

w*—/ Ddp = {/ fdu| f € 811#“’*} for every A € ¥. (6)
A A

We recall some definitions and facts from measure space theory; see, e.g., [17].
Denote by N (p) the null ideal of X, i.e., N(u) := {N € ¥ | p(N) = 0}. A
measure [ on a o-algebra X is k-additive if for every pairwise disjoint family

£ C ¥ with [€] < k& we have |J€ € ¥ and u(JE) = > 4ce 1(A), where the
sum is understood as SUPrc¢ | 7<oo 2_aer M(A). The additivity r(u) of p1 is the

largest cardinal of s for which p is k-additive, or it is oo if p is k-additive for
every k. It follows from the definition that x(u) > Wy for every measure p,
where N, signifies the first uncountable cardinal. A useful representation taken
from [17, Proposition 521A] is

k() :min{\é’] | € C N(p), US 912}

Denote further by dens(X) the density of the Banach space X i.e., the smallest
cardinal of the form |D|, where D is a dense subset of the open unit ball Bx
of X with respect to the norm topology.

Proposition 2.7. (Equivalence of w*-integrable selectors) Let (2,3, 1) be a
complete finite measure space, X be a Banach space, and T' : @ = X* be

a w*-scalarly integrable multifunction with w*-compact and conver values. If
dens(X) < k(p), then SL = Sh"".

Proof. By Proposition 2.6, S is nonempty. Choose any f € Sll’“’*, Pick a
dense subset {Z4 }a<cdens(x) from By and let £, € ¥ with p(Q2\ E,) = 0 be such
that (f(w),za) < s(xq,(w)) for every w € E, and a. It follows from r(pu)-
additivity that E := (,_gens(x) Ea belongs to ¥ and p(Q2\ E) = 0. Since I

has w*-compact values and {4 }a<dens(x) is dense in By, the above inequality
yields (f(w),z) < s(z,I'(w)) for every w € F and z € X. In view of the
w*-compactness and the convexity of I'(w), the separation theorem guarantees
that f(w) € T'(w) for every w € Q. Therefore, f € S}. O
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If X is a separable Banach space, then dens(X) = Yy and hence the density
condition in Proposition 2.7 obviously holds due to x(u) > N;. However, the
validity of the density condition goes far beyond separability. In particular, if
Q) is a set of cardinality x while y is a probability measure on the power set
of Q with p({w}) = 0 for every w € Q, then we have that p is k-additive; see,
e.g., [12, Proposition 1194].

It follows from Definition 2.1, Proposition 2.6(ii), and the above relationships
between the sets S} and Sp* that in the w*-compact and convex-valued setting
of Definition 2.5 we have the inclusion

/ Tdy C w'- / Ty, (7)

which holds as equality if dens(X) < k(p) in view of Proposition 2.7.

Now we are ready to derive the major result of this section, which establishes
the w*-compactness and convezity of the w*-closure of the Gelfand integral (3)
of multifunctions under the nonatomicity hypothesis. It improves the result
of [24, Theorem 2] in the sense of removing the separability assumption on X
and weakening the graph measurability of I' in ¥ ® Borel(X*, w*) to the w*-
measurability in the Asplund space setting.

Theorem 2.8. (Convexity of the closure of the Gelfand integral) Let (€2, 3, )
be a complete and mnonatomic finite measure space, and let X be an As-
plund space with dens(X) < w(p). If T': Q = X* is an integrably bounded,
w*-scalarly measurable, Gelfand integrable multifunction with w*-closed val-

®

ues, then the set (F)w is w*-compact and convex satisfying the relationship

IT) =I(@"T).

Proof. Proceeding as in [24, Claim 3 of the Proof of Theorem 2|, we conclude

*

that I(T) " is w*-compact and convex. Employing now the relationship
w*-/mw*rdu = I(co"'T)

that is due to Proposition 2.7 and the w*-integral representation (6) in Propo-
sition 2.6, we get

s(z,I(c0"'T)) =s (x,w*-/mw*rdu> — /s(:p,@“r)dﬂ — /s(x,I‘)d,u
= sup [ (@ yin = sup { [ o) = s(e10) = s (270"

fest fest

for every x € X, where the second equality follows from Definition 2.5 of the
w*-integrals and the forth equality uses Proposition 2.4 (where we employ the
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Asplund property). Since I(I')" and I(c6®'T) are w*-compact and convex,

we thus obtain the claimed equality I(I') = I(co®'T) by using the convex
separation theorem. O

It has been well-recognized in the literature that the finite-dimensional formu-
lation of the Lyapunov convexity theorem fails to hold in infinite-dimensional
Banach spaces without the additional closure operation; see, e.g., [13, Examples
IX.1.1 and 1.2]). Due to this, the nonatomicity of the measure p is insufficient
to guarantee that the Gelfand integral I(I') is w*-compact and convex, and
thus the closure operation is inevitable in Theorem 2.8. To overcome this dif-
ficulty, we introduce the saturation requirement on measure spaces along the
lines of [15, 20, 23, 28], which ensures the validity of the Lyapunov convexity
theorem with no closure operation in dual spaces to separable Banach spaces;
see [26]). Furthermore, the saturation property is also necessary for the w*-
compactness and the convexity of the Gelfand integral of multifunctions as well
as for the Lyapunov convexity theorem in separable Banach spaces; see [25].

Recall that a finite measure space is said to be essentially countably generated
if its o-algebra can be generated by a countable number of subsets together
with measure null sets. If it is not the case, then the measure space under
consideration is said to be essentially uncountably generated. Let ¥p = {ANE |
A € X} be the restriction of the o-algebra ¥ to a measurable set E' € ¥. Denote
by L% (p) the space of p-integrable functions defined on the restricted measure
space (E,Xg, p1).

Definition 2.9. (Measure saturation) A finite measure space (€2, 3, i) is called
saturated if the space L (u) is nonseparable with respect to the L'-norm topol-
ogy for every E € ¥ with u(E) > 0.

This property, which surely implies nonatomicity, and the results related to it
have been found as an important tool for various economic applications and
probabilistic models; see, in particular, the papers on saturation listed above.
Several equivalent definitions of the saturation property are known; see, e.g.,
[23]. One of the remarkable characterizations of saturation is as follows: a
finite measure space (€2, 3, i) is saturated if and only if (E, X g, i) is essentially
uncountably generated for every F € ¥ with u(E) > 0.

Proposition 2.10. (Convexity of the Gelfand integral) Let (2,3, ) be a com-
plete and saturated finite measure space, and let X be a separable Asplund space.
IfT': Q = X* is an integrably bounded and w*-scalarly measurable multifunc-

tion with w*-closed values, then the set I(I') is w*-compact and convex satisfying
the relationship I(T') = I(co™ T).

Proof. It follows from [19, Theorem 6.8] that I(I') is w*-compact and convex.
Since I(c0™'T) is w*-compact and convex, and I(I') C I(co*'T') = I(T)" by
Theorem 2.8, we obtain the equality I(T') = I(co™ T). N
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3. Subdifferentiation of integral functionals

This section concerns integral functionals of type (1) defined via the integral
of the integrand functions ¢(x,w) that are locally Lipschitzian in z and u-
measurable in w. For convenience and without loss of generality in the proofs
below, we suppose in what follows that ¢(z, -) is p-integrable for any = around
the reference point Z. According to the discussions in Section 1, our goal
is to derive appropriate subdifferential versions of the classical Leibniz rule
on differentiation under the integral sign, where the integration of set-valued
subdifferential mappings is understood accordingly either in the Gelfand sense
of Definition 2.1, or in the modified sense of the w*-integral from Definition 2.5
for convex-valued multifunctions.

We begin with the generalized differential constructions by Clarke [10] for Lip-
schitz continuous functions on arbitrary Banach spaces. Given ¢: X — R
locally Lipschitzian around z, recall first its generalized directional derivative
at Z in the direction h € X defined by

¢°(z; h) :== limsup ¢(x + 0h) — o(x) '

T—T 0
610

(8)

A crucial property of the function h — ¢°(Z; h) is its automatic convexity, which
is the source—together with the convex separation theorem—of nice calculus
rules for it as well as for the generalized gradient (known also as the convexified
or Clarke subdifferential) of ¢ at z induced by (8) via the conventional duality
scheme

°¢(x) = {a* € X*| (z",h) < ¢°(z;h) forall he X} (9)

of generating subdifferentials from directional derivatives. It is easy to observe
that the set 0°¢(z) is nonempty, convex, and w*-compact in X*. Furthermore,
the convexity of ¢°(;-) easily implies by convex separation that (8) is the
support function (4) of the generalized gradient, i.e., we have

¢°(Z;h) = s(h,0°¢(x)) for every h € X. (10)
Recall that ¢ is regular at x if the classical directional derivative

exists and agrees with (8), i.e., ¢'(Z; h) = ¢°(Z; h) for every h € X. The class of
regular functions contains smooth and convex ones as well as their reasonable
extensions and compositions; see [10] for the facts reviewed above.

Having an integrand ¢: X x Q — R in (1) defined on the product of a Banach
space X and a finite measure space (€2, %, 1) and assuming that ¢(-,w) is lo-
cally Lipschitzian around some point Z, we consider the generalized directional
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derivative ¢°(Z,w; h) of ¢ at T in the direction h € X for each fixed w € 2 and
then the generalized gradient 0°¢(Z,w) of ¢ at Z induced by ¢°(Z,w;h) in (9).

It follows from the definition of the w*-scalar measurability of the multifunc-
tion and construction (9) of the generalized gradient that the multifunction
0°p(Z,-) is w*-scalarly measurable (resp. w*-scalarly integrable) if and only if
the generalized directional derivative function ¢°(z,-;h) is measurable (resp.
integrable) for each h € X. This surely holds when ¢ is regular at z, since in
this case we get ¢°(Z,w;h) = ¢'(Z,w; h), and thus ¢°(Z,-; h) is measurable as
the pointwise limit (11) of a sequence of measurable functions.

Since the multifunction 0°p(Z,-) has convex and w*-compact values in X*,
we proceed in what follows with evaluating the generalized gradient of the
integral functional (1) at Z in terms of the w*-integral of the generalized gradient

mapping 9°p(7, ).

The next theorem justifies a generalized Leibniz rule in this vein for the case of
general Banach spaces X. Its Gelfand integral counterpart was obtained in [10,
Theorem 2.7.2] for separable Banach spaces, and the separability assumption
seems to be indispensable in the proof therein.

Theorem 3.1. (Generalized gradients of integral functionals in Banach spaces)
Let (2,5, 1) be a complete finite measure space, and let X be an arbitrary Ba-
nach space. Consider the integral functional I, in (1), where the integrand
©: X x Q — R is Lipschitz continuous in x on some neighborhood U of T for
every w € §) with an integrable Lipschitz modulus being uniform on U. As-
sume also that o(x,-) is measurable for every x € U and that the multifunction
0°p(z,-) is w*-scalarly measurable. Then I, is locally Lipschitzian around T
and we have the inclusion

°1,(z) C w*—/aogo(:f,w)d,u: /Gogo(f,w)du. (12)

If furthermore (-, w) is regular at T for every w € Q, then I, is also regular
at this point and (12) holds as equality.

Proof. Observe first that the local Lipschitz continuity of I, around z fol-
lows from the one for ¢(-,w) with the uniformly integrable Lipschitz modulus
on the finite measure space. Further, the w*-scalarly integrability of the mul-
tifunction 0°p(Z, ) implies its w*-integrability by Proposition 2.6(ii) and the
p-integrability of the Lipschitz modulus readily yields the p-integrability for
the function w — ©°(Z,w; h).

To verify now inclusion (12), fix z € X and h € X. Take any z,, — Z and 6 | 0
satisfying

158 ) = lim Lo T 0u) = Lo(wn)

n—o0 0,
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By definition of the generalized directional derivative (8) we have

s(h O, (2)) = I3z 1) = lim [ P T Onhe) = olon )

n—00 Qn

_ / lim @(zn + Oph, w) — o(@h, w)

dp

= dp < /90°(f,w;h) dp

n—00 0,
— /s(h,@ogo(:z,w)) dp = s(h,w*—/a"go(i",w) du)

where we invoke the Lebesgue dominated convergence theorem in the second
lines and the last equality follows from Definition 2.5 of the w*-integral for
convex-valued multifunctions. Employing the separation theorem verifies the
claimed inclusion in (12). Since every selector from 0°¢(z,-) is a w*-almost
selector by (10), we have the equality in (12) by Proposition 2.6(iii). The
equality and regularity statements of the theorem can be justified similarly to
the corresponding part in the proof of [10, Theorem 2.7.2]. O

The following corollary presents a direct consequence of Theorem 3.1, which
gives us a precise extension of the classical Leibniz rule as equality for integral
functionals on Banach spaces under an appropriate differentiability assumption
on the integrand. Recall that a function ¢: X — R is strictly differentiable at
T with its strict derivative Vo(z) € X* if ¢(Z) < oo and

L B D) = 0w) = (Vo))

h=0 7]
T—T

This property implies that ¢ is locally Lipschitzian around z and regular at
this point with Vo(z) = {V¢(z)}; see [10, Propositions 2.2.4 and 2.3.6].

Corollary 3.2. (Leibniz rule for Gelfand integral functionals with strictly dif-
ferentiable integrands) In addition to the general setting of Theorem 3.1 suppose
that o(-,w) is strictly differentiable at T for every w € Q with ||Ve(Z,-)| €
LY(u) and that ¢(x,-) is measurable for every x around T. Then I, is locally
Lipschitzian around T and we have

Vi, (z) = /Vgp(:ﬂ,w)d,u, (13)

where the strict derivative of ¢ in (13) is taken with respect of x.

Proof. We have from the above that in the setting of this corollary all the
assumptions of Theorem 3.1 are satisfied and the equality holds in (12) with
Pp(z,w) = {Ve(z,w)} for all w € Q. It remains to mention that the w*-
integral in (12) reduces to the Gelfand one for single-valued integrands. O

Next we discuss effective conditions for the validity of the w*-scalar measura-
bility assumption on the mapping 0°¢(Z, -) imposed in Theorem 3.1,
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Proposition 3.3. (w*-scalar measurability of the generalized gradient) As-
sume that dens(X) < k(u) in the setting of Theorem 3.1. Then the generalized
gradient mapping 0°p(Z, ) is w*-scalarly measurable.

Proof. As discussed, it suffices to show that the measurability of the gener-
alized directional derivative w — ¢°(Z,w;h). To proceed, pick a dense subset
{Za}ta<dens(x) of Bx and a countable dense set {6} in R, and then choose a
sequence of €5, | 0 as k — oo. It follows from the density of {Z }a<dens(x) and
{6x} and from the continuity of ¢(-,w) that

Oh,w) —
©°(Z,w; h) = lim [ sup o(z 4 60h,w) <P(:C,w)]
el0 L gez+eBy 0
0e(0,¢e)
— lim [ sup (T + exy) + Onh,w) — (T + €120, w) |
k—o0 a<dens(X) en

n€IN: 0,€(0,e)
where the scalar function

x a enh> - T o
N sup (T + epxa) + w) — (T + exZa,w)
a<dens(X) 9n
n€IN: 0,€(0,e)

is measurable for each k € IN due to dens(X) x Vg < k(p) X g = r(u); cf.
[17, Proposition 521B]. Thus it shows that the function w — ¢°(Z,w;h) is
measurable as the pointwise limit of a sequence of measurable functions.  []

Next we proceed with establishing the extensions of the Leibniz rule (2) from
[31, Lemma 6.18] outlined in Section 1. Our standing setting in this part is the
class of Asplund spaces X, which may be nonreflexive and nonseparable. Given
a function ¢: X — R locally Lipschitzian around Z, recall that the limiting

subdifferential (known also as the basic, general, or Mordukhovich one) of ¢ at
Z is defined by

3 sequences x — T, =} — =¥ such that

Ip(z) == 2" € X* N $(x) — dlxx) — (@ — 1) 2o (- (14)
= o = 2] -

In [30], the reader can find a comprehensive theory for the subdifferential (14) in
Asplund (and partly in general Banach) spaces with its various applications in
[31]. Note that 0¢(z) # () for any locally Lipschitzian function on an Asplund
space, and in fact this property is a characterization of Asplund spaces; see [30,
Corollary 3.25]. We have 0¢(z) = {V¢(Z)} when ¢ is strictly differentiable at
z, and (14) reduces to the subdifferential of convex analysis for convex functions
¢. But it may be heavily nonconvex even for simplest nonconvex functions on
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R as, e.g., in the case of ¢(z) = —|z| where 9¢(0) = {—1,1}. Furthermore, it
follows from [31, Theorem 3.57] that

*

9°¢(z) =<0 0¢(T) (15)

whenever ¢ is locally Lipschitzian around Z on an Asplund space X. It is worth
mentioning here that in spite of (in fact due to) its nonconvexity the limiting
subdifferential (14) enjoys full calculus on Asplund spaces that is based on
variational/extremal principles of variational analysis; see [30].

Consider now the Gelfand integral (3) of the nonconvex subdifferential mapping
Op(x,-): Q = X* given by

1(06(2.)) = [ 0p(a.w)dn

where the notation dy(z,w) stands for 9(¢(-,w))(x).

The following result is an extension of [31, Lemma 6.18] from reflexive and
separable to general Asplund spaces X and from Bochner to Gelfand integration
with respect to complete nonatomic measures.

Theorem 3.4. (Limiting subdifferential of integral functionals in Asplund
spaces) Let (2,%, 1) be a complete and nonatomic finite measure space, and
let X be an Asplund space with dens(X) < r(p). Let p: X x Q — R be
an integrand in (1) such that the function ¢(-,w) is Lipschitz continuous on a
netghborhood U of T for every w € ) with a uniformly on U integrable Lipschitz
modulus, while the function p(z,-) is measurable for every x € U and such that
the mapping 0p(Z,-) is Gelfand integrable. Then we have the inclusion

*

I, (&) C / Doz, w)dp (16)
which holds as equality provided that ¢(-,w) is reqular at T for all w € Q.

Proof. As shown in the proof of Theorem 3.1, the integral functional /., in
(1) is locally Lipschitzian around z under the assumptions made. Moreover,
the local Lipschitz continuity of ¢(-,w) with a uniformly integrable modulus
implies the uniform boundedness of dy(-,w) on U and hence the integrable
boundedness of the multifunction dp(z,-) with w*-compact values; see [30,
Corollary 1.81]. It follows from (15) that

s(h, 8g0(j,w)) = s(h,ﬁ“’*ago(i‘,w)) = s(h,aogo(i;,w))

for every h € X and w € ), which implies the w*-scalar measurability of
0p(z,-) and that of 0°¢(Z, -) are equivalent. Further, the Gelfand integrability
of dp(z,-) yields that of 0°p(z,-), which verifies the inclusion (12) by The-
orem 3.1. On the other hand, we have by Theorem 2.8 under the imposed
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nonatomicity assumption that I(co™ dp(z,-)) = I(0¢p(Z, ))w Combining
this with (6) and (15) leads us to the relationships

0l,(z) C 0°1,(z) C w*—/@C’(p(x,w)du = w*-/@w*ﬁgo(:v,w)du

— (" 0p(a,)) =107, )" = [opl@w)in .

which justifies the claimed inclusion (16). To justify the equality therein under
the regularity of p(-,w) at Z, we can easily derive from the definitions and (15)
that this regularity yields 0°¢(Z,w) = 0¢(Z;w) for every w € . Using now
the equality in (12) and the regularity of I, at z established in Theorem 3.1
together with the equalities obtained above in the proof of this theorem, we
arrive at the relationships

1, () = O L,(z) = w'- / O (&, w)dpt = / Doz, w)dp
which verify the equality in (16) under the regularity of ¢(-,w) at Z. O

As mentioned above, the w*-scalar measurability of dp(z,-) assumed in The-
orem 3.4 is equivalent to the one for 0°p(z,-), and hence it holds under the
validity of the condition dens(X) < x(u) in Proposition 3.3; in particular, when
the space X is separable.

The next consequence of Theorem 3.4 as well as some previous results pre-
sented above establishes a Leibniz-type rule for subdifferentiation of integral
functionals without convexification.

Corollary 3.5. (Unconvexified Leibniz rule for subdifferentiation of integral
functionals) Let (2,3, 1) be a complete and saturated finite measure space, let
X be a separable Asplund space, and let the integrand ¢: X x @ — R in (1)
satisfy the general assumptions of Theorem 3.4, where the Gelfand integrability
of 0p(z,-) is automatic. Then we have

d01,(z) C /ago(x,w)d,u: /6°g0(x,w)du, (17)

where the Gelfand integral of the subdifferential mappings is equivalent to the
w*-integral and to the Bochner one, and where the inclusion in (17) holds as
equality provided that ¢(-,w) is reqular at T for every w € Q.

Proof. Both conclusions in (17) as well as the equality statement under regu-
larity of ¢(-,w) at Z follow from the combination of Proposition 2.10 and the
proof of Theorem 3.4. As mentioned above, the Gelfand integral in (17) agrees
with the w*-integral due to the separability of X, while both of these integrals
of the subdifferential mappings reduce to the Bochner integral in separable
Asplund spaces by the discussions in Remark 2.3. Il
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Remark 3.6. (Separable reduction in Asplund spaces) There is the method of
separable reduction in theory of Asplund spaces, which provides the possibility
to elevate results involving the so-called “Fréchet subdifferential” (known also
as the regular or viscosity subdifferential, or the presubdifferential in variational
analysis) of ¢: X — R at Z defined by

-~

Bo(7) := {x e X"

g $2) =00 = (223 )

s = 2l

from separable to general Asplund spaces. It has been used to extend a number
of important results of generalized differentiation in the Fréchet sense estab-
lished in separable Asplund spaces to arbitrary Asplund spaces without any
separability-like assumptions. The reader can find more information on the us-
age of this method, largely developed by Maridn Fabian, in [30, Section 2.2.2]
that is based on [14]; see also [11] for the recent developments. Remember-
ing definition (14) of the limiting subdifferential, we conjecture that the re-
sults of Theorem 3.4 and Corollary 3.5 related to separable Asplund spaces
X can be extended to the arbitrary Asplund space setting by implementing
the method of separable reduction. Proceeding in this way, we conjecture that
the separability assumption on X can be dismissed (or seriously weakened) in
Corollary 3.5 for the Gelfand integral of the limiting subdifferential mapping.
It should be mentioned to this end that, besides subdifferential separable re-
duction elaborations, more work is needed regarding the saturation property.
Indeed, Proposition 2.10 used in the proof of Corollary 3.5 assumes separabil-
ity. It has been shown quite recently [26] that the Lyapunov theorem holds in
dual Banach spaces without any separability assumptions but with a certain
higher-order strengthening of the saturation property. It is an interesting open
question about the possibility to remove or relax the latter assumption in the
nonseparable framework of Corollary 3.5 while combining with the method of
separable reduction. Il

4. Bellman equation for problems of stochastic dynamic
programming in Banach spaces

As mentioned in Section 1, our intention in this paper is to give applications of
the obtained results on subdifferentiation of integral functionals to some models
of stochastic dynamic programming (DP) governed by discrete-time systems
on the infinite horizon and mainly related to the Markov decision process in
which current random shocks affect a probability measure over random shocks
next period as well as a cost function and a feasible set. Models of this type
have been investigated in finite-dimensional spaces with various applications
to economic dynamics; see, e.g., [42] and the references therein together with
further references to be presented below.

In this section we describe the basic stochastic DP model in Banach spaces
and derive the corresponding Bellman equation for the optimal value function.
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The form of the obtained equation gives us the opportunity to employ in the
next section the subdifferential results for the integral functionals established
in Section 3 in order to conduct a local sensitivity analysis and derive necessary
optimality conditions in stochastic DP.

To begin with the description of the random environment of the model, let P be
a stochastic kernel (or a transition probability measure) on a measurable space
(Q,%), ie, P: X x Q — [0,1] is such that P(- | w) is a probability measure
on X for every w € Q and that P(A | ) is a measurable function on 2 for
every A € 3. Denote by w' = (wy,...,w), t = 1,2,..., a finite sequence of
random shocks in the product space Q' equipped with the product o-algebra
Y. Given an initial shock wg € €, let P'(- | wy) be the probability measure on
Y! constructed from the iterated integrals of the stochastic kernel P satisfying
for every measurable rectangle A; x ... x A, € X! with its probability defined
for every t =1,2,... by

Pt(Alx...xAt|w0)::/ / / Pdws | @i 1) Pldwy | wo).
Ay J Ag Ay

Let X be an action space, which is assumed to be Banach in what follows.
At each period a decision maker possesses a random cost function u: X X
X x 2 — R and discounts the sum of expected costs with a constant rate
B € [0,1). Feasible policies are determined by a random constraint mapping
' X x Q = X. Given an initial condition (z,w) € X x Q, we consider the
stochastic DP problem on the infinite horizon described by:

inf {u(xg,azl,wo) + Z/Btu(ﬂct,asHl,wt)Pt(dwt | wo)}
=1

sty €N(zpw) VE=0,1,...5 (z0,wo) = (z,w) € X x .

(18)

Denoting by v(z,w) the infimum value in problem (18) and ranging the initial
condition (z,w) in v(x,w) over the whole domain X x {2 gives us the (random)
optimal value function v: X x Q@ — R. The assumptions made below ensure
that the defined value function v(x,w) is actually real-valued.

In accordance with the choice of topologies on X, two Borel o-algebras arise
in X: Borel(X, || - ||) is the Borel calgebra with respect to the norm topology
and Borel(X, w) is the Borel calgebra with respect to the weak topology. As
well known (see, e.g., [45, p.67]), in the case of separable Banach spaces X
considered below these two notions coincide. Having this in mind, we say that
the multifunction I': X x Q = X is measurable if for every open set U C X in
the norm topology the inverse image (or preimage)

I YU) = {(z,w) € X x Q| '(z,w)NU # 0}

of U under I" belongs to the o-algebra Borel(X, || - ||) ® X.
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For our subsequent study we impose the following standing assumptions on the
initial data of the stochastic DP problem (18):

(H1) The cost function u: X x X x — R is bounded and such that u(-, -, w) is
continuous (resp. weakly continuous) on X x X for every w € 2 while u(z, vy, -)
is measurable on 2 for every (z,y) € X x X.

(H2) The constraint mapping I': X x © = X is measurable with compact
(resp. weakly compact) values and such that I'(-,w): X = X is continuous
(resp. weakly continuous) for every w € § while I'(z,-): © = X is measurable
for every x € X.

Denote by Cyp(X x Q) (resp. Cp( X,y X 2)) the space of bounded functions ¢: X x
2 — R endowed with the supremum norm

[0 == sup  [o(z,w)|

(zw)eX X

such that x — ¢(x,w) is continuous (resp. weakly continuous) for every w € Q
while w — ¢(z,w) is measurable for every x € X. Since weak continuity
implies norm continuity, we have that Cy(X, x ) C Cp(X x ) and that
¢ € Cyp(Xy x Q) is a Carathéodory function with respect to the norm topology
of X. Hence it is Borel(X, || - ||) ® ¥-measurable whenever X is separable; see
[1, Lemma 4.51]. This implies that u(x,y,w) is jointly measurable under the
assumptions in (H1), (H2) and the separability of X.

The next major result shows that the (optimal) value function v(z,w) is a
unique Carathéodory-type solution to the integral Bellman equation for the
stochastic DP problem (18) involving the pointwise minimization over the con-
straint set I'(z,w). Note that the strong (resp. weak) continuity of the solu-
tion in the following theorem is in accordance with the strong (resp. weak)
continuity assumptions in (H1) and (H2). Observe also that the form of the
Bellman equation below corresponds to the discrete-time system in (18), while
its continuous-time counterpart relates to the so-called “viscosity solutions”
of the Hamilton-Jacobi (or Hamilton-Jacobi-Bellman) partial differential equa-
tion; see, e.g., [16] with the references therein.

Theorem 4.1. (Integral Bellman equation in stochastic DP) Let X be a sep-
arable Banach space, and let the assumptions in (H1) and (H2) hold. Then
there exists a unique function v in Cp(X x Q) (resp. in Cp(X, X Q)) satisfying
the following Bellman equation for each (z,w) € X x -

)= min w6 [opapa@s |0} a9

yel(zw)

Proof. Define the Bellman operator T on Cy(X x Q) (resp. Cp(X, X 2)) by

To)(ow) = min {uww)+6 [P 10}, 20

yel'(z,w)
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To demonstrate that T'¢ belongs to Cp(X X §2) (resp. to Cp(X,, x 2)) for every ¢
in Cp(X x Q) (resp. Cp( Xy X 2)), we apply the measurable maximum theorem
from [1, Theorem 18.19] to the objective function on the right-hand side in (20),
which is measurable in (x,y,w) and continuous (resp. weakly continuous) in
(x,y), and to the measurable multifunction I" in order to justify the measura-
bility of T'¢. Picking then any w € {2, apply the Berge maximum theorem from
[1, Theorem 17.31] to the objective function in (20), which is continuous (resp.
weakly continuous) in (z,y), and to the continuous (resp. weakly continuous)
multifunction I'(-,w) with compact (resp. weakly compact) values. This allows
us to assert that T'¢ is continuous (resp. weakly continuous) in z. Then the
Blackwell theorem from [1, Theorem 3.53] tells us that the Bellman operator
in (20) is a contraction transformation of Cy(X x Q) (resp. Cp(X,, x 2)) into
itself. Hence for each (z,w) € X x Q this operator admits and a unique fixed
point v = T'w solving thus the Bellman equation (19). The verification that v
is the optimal value function for the stochastic DP problem (18) is standard;
see [42, Theorem 9.2]). O

Define further the policy multifunction G: X x Q@ = X by

Gz, w) = {y c F(x,w)‘v(m,w) = u(z, y,w) + B/v(y,w’)P(dw’ | w)}. (21)

Employing again the Berge maximum theorem ensures that G is a multifunc-
tion with compact (resp. weakly compact) values such that G(-,w) is upper
semicontinuous (resp. weakly upper semicontinuous) for every w € Q. Fur-
thermore, the measurable selection result from [1, Theorem 18.19] tells us that
for every © € X there is a measurable function g(z,-): 2 — X such that
g(z,w) € G(z,w) whenever w € Q for the multifunction G(z,-): @ = X. Hav-
ing this in mind, we say that g: X x Q — X is a policy function for (19) if
g(x,-) is a measurable selector of G(z,-) for every x € X. Given a sample
path {w;}:2, in ©Q, the policy function g generates an optimal random sequence
{z:}22, in X constructed recursively by z;.; := g(x;,w;) for each t = 0,1, ...
in the original stochastic DP problem (18).

5. Subdifferentiation of the optimal value function in
stochastic dynamic programming

The right-hand side of the Bellman equation (19) can be treated as the optimal
value function in the deterministic problem of parametric optimization

J(z) :=inf {¢(z,p)| p € M(z)}. (22)

Functions of type (22), known also as marginal functions, have been investi-
gated in variational analysis from the viewpoint of generalized differentiation
with numerous applications to optimization, stability, control, and related top-
ics; see, e.g., [10, 31, 32, 33, 34, 44] and the references therein. In what follows
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we obtain new results in this direction with taking into account the special
structure of (19) and implementing the subdifferential formulas for the inte-
gral functionals established in Section 3.

We start by establishing subdifferential results for the value function v(x,w) in
terms of the generalized gradient (9) in Banach spaces for which the following
local viability conditions on the policy multifunction (21) is formulated.

Definition 5.1. (Local viability) Let G: X x Q =% X be the policy multifunc-
tion with G(Z,w) # 0 for some T € X and every w € Q. We say that:

(i) G is locally lower viable around Z if for every w € € there is a neighborhood
U of T such that G(z,w) NT'(2',w) # O for every x, 2’ € U.

(ii) G is locally upper viable around z if for every w € 2 there is a neighborhood
U of & such that G(z,w) C I'(2',w) for every z, 2’ € U.

Note that the local lower viability condition in Definition 5.1(i) is a reasonable
extension of the standard interiority condition and allows us to obtain the lo-
cal Lipschitz continuity of the value function v(-,w). The local upper viability
property is used below for evaluating the generalized gradient of v(:,w) and
deriving necessary optimality conditions in problem (P) in its terms; see Theo-
rem 5.2. As shown in Theorem 5.5, this assumption is not needed if we employ
the limiting subdifferential in Asplund spaces. Observe that the local upper
viability holds automatically if I' is independent of x. It also holds under the
standard interiority condition; see [4, Lemma 3.1].

It is worth mentioning that the results below require the separability of the
space in question, since the Bellman equation in Theorem 4.1 is derived un-
der this assumption. However, the arguments employed in the proofs of the
subsequent results do not use separability.

To formulate the next theorem, for any given w € ) denote by
gph G(-,w) == {(z,y) € X x X| y € G(z,w)}

the graph of the policy multifunction G(-,w) : X = X and by 00u(Z, y,w) the
partial generalized gradient (9) of u(-,y,w) at * € X when (y,w) is fixed. The
notation dyu(w,y,w) is similar.

Theorem 5.2. (Generalized gradient of the value function in stochastic DP)
Let X be a separable Banach space, and let T € X be such that G(T,w) #
whenever w € Q. Assume that the cost function u(-,-,w) is locally Lipschitzian
around (Z,y) for everyy € G(x,w) with x near T and w € Q0 and that the policy
multifunction G is locally lower viable around . Then the value function v(-,w)
is locally Lipschitzian around T for every w € Q. If furthermore G is locally
upper viable around T and if u(-, -, w) is reqgular at (z,y) € gph G(-,w) for some
y € I'(Z,w), then we have

0°v(Z,w) C Ku(z,y,w), w e . (23)
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Proof. Fix (z,w) € X x Q and by the local lower viability of G find a neigh-
borhood U; of Z such that G(x,w) NT(2/,w) # O for every x, 2’ € Uz. Picking
y € G(z,w) NI'(2',w) for arbitrary points z, 2’ € U; gives us

o) = (o, ) + 8 [ 0l )P )
Since v(2',w) < u(@',y,w) + B [v(y,w)P(dw’ | w) by (19) and since u( -, -,w)
is locally Lipschitzian with modulus ¢(w), we have
v(2' W) —v(z,w) <uldy,w) —u(z,y,w) < Lw)lz' —z|.
Interchanging the role of x and x’ above tells us that
[v(z,w) —v(2',w)| < lw)||z — 2'|| whenever z,z" € Us,

and hence the value function v( -,w) is locally Lipschitzian for every w € €.

Next we justify the inclusion (23) under the additional assumptions made. It
follows from the local upper viability of G that for every x € U; and any given
direction h € X we have G(z,w) C I'(x + 0h,w) when 6 > 0 is sufficiently
small. Without loss of generality choose y € G(z,w) C I'(x + 0h,w) for every
6 > 0 and thus get

() = ule, ) + 8 [ oy Pl | ).
By the principle of optimality in dynamic programming we have

oot 0h) < ulwt0hy)+ B [ ol P |w),

v(m—l—@h,w) _U(:L‘7w) < u(x—i—@h,y,w) —u(x,y,w)
0 - 0 ‘

Passing to the limit in (24) gives us

(24)

u(x + 8h7 Y, w) — u(x, Y, w)
0

lim sup

(@) 55 @,9)
010

< limsup u(x + 0h,y,w) — u(z,y, w)’
(2.9)—(2,) 0
010

where the notation (z,y) gPh Gle) (Z,y) means that the limit (z,y) — (Z,y) in

(24) is taken along (z,y) € gph G(+,w). This shows by (8) that
v°(Z,w;h) <wu (E,gj,w; (h, 0)) = u’(f,gj,w; (h, 0))

= uy (7,7, w; h) = ug(Z,7,w; h),
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where u/(Z, y,w; (h,0)) (resp. u°(Z,y,w; (h,0))) denotes the (resp. generalized)
directional derivative of u(-,-,w) at (z,y) in the direction (h,0) € X x X, and
where vl (Z,y,w; h) (resp. ul(Z,y,w; h)) denotes the partial (resp. generalized)
directional derivative of u(-,y,w) at z in the direction h € X. The obtained
inequality is equivalent to

s(h, 0°v(z,w)) < s(h, O3u(z,y,w)) for every h e X

in terms of the support function (4). Employing finally the separation theorem,
we arrive at (23) and complete the proof. O

As a simple consequence of Theorem 5.2, we get the following result of the strict
differentiability of the value function v(-,w). It is a significant improvement
upon the known results in this direction with applications to optimal economic
growth models (see, e.g., [2, 3, 5, 6, 27, 42]), since we manage to remove the con-
vexity and the submodularity assumptions and mitigate the interior condition
in the Banach space setting.

Corollary 5.3. (Strict differentiability of the value function in stochastic DP)
Assume in the setting of Theorem 5.2 that G is locally upper viable around T and
that u(-,y,w) is strictly differentiable at * € X with (z,y) € gph G(-,w). Then
the value function v(-,w) is strictly differentiable at T and its strict derivative
at T is calculated by

Vou(z,w) = V,u(Z,g,w), w el

Proof. It immediately follows from the facts [10] that any function strictly
differentiable at a given point is regular at this point and its generalized gradient
reduces to the strict derivative therein. [

The next theorem provides necessary optimality conditions in the stochastic DP
problem (18) formulated in the form of the stochastic Euler inclusion involv-
ing the w*-integral from Definition 2.5 and the construction of the generalized
normal cone [10] to a subset C' of a Banach space defined by

w*

N°(7,C) == | ad°dist(z,C)  at z€C (25)

a>0

via the generalized gradient of the Lipschitz continuous distance function to a
set given by dist(z; C') := inf{||c — z|| ¢ € C'}. The set C' is reqular at z € C' if
the associated distance function is regular at this point.

Note also that the theorem below imposes the integrability of the Lipschitzian
modulus of u(-,-,w) from Theorem 5.2 with respect to the measure P(- | w),
which precisely means that [¢(w)P(dw’ | w) < oo for such a modulus ¢(w)
whenever w € 2, y € G(z,w), and z near .
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Theorem 5.4. (Stochastic Euler inclusion in Banach spaces) Let X be a sep-
arable Banach space. In addition to the assumptions of Theorem 5.2, suppose
that the Lipschitz modulus {(w) of u(-,-,w) is integrable with respect to a com-
plete probability measure P(- | w), that u(-,-,w) is reqular at (z,y), and that G
is locally upper viable around T. Then for every policy function g: X x Q2 — X
and w € ) we have the following stochastic Fuler inclusion:

0 € du(z,y,w) + 5w*—/8;u(gj,g(§,w/),w’)P(dw’ | w) + N°(7;T(z,w)). (26)

Proof. Since y is a local optimal solution to the constrained minimization
problem in (19), we have from [10, Corollary to Proposition 2.4.3] that

068;’( W +6/ P(dw' |w)> (2,9) + N°(9:T(7,w)),

which implies by the calculus rules from [10, Proposition 2.3.1 and Proposi-
tion 2.3.3] the validity of the inclusion

05 (w8 [ ol w)P( 1)) @)
c Outa,g.0) + 50 [ o) P ) 0)

On the other hand, the generalized Leibniz rule from Theorem 3.1 yields

a°< / () P(d | w) (7) C w* / 80, W) P(do | w).
Taking now any policy function g and using Theorem 5.2 tell us that
O°v(y,w') C 8;u(y,g(gj,w’),w') for every ' € Q. (27)

Integrating this inclusion with respect to P(- | w) and combining it with the
inclusions above, we arrive at the stochastic Euler inclusion (26). ]

We now proceed with deriving necessary optimality conditions for the stochastic
DP problem (18) by using the limiting subdifferential constructions in Asplund
spaces. In this way we obtain a more refined inclusion for optimal solutions
in comparison with the stochastic Euler one (26) under somewhat different
assumptions. We need the following additional definitions while referring the
reader to [30] for more details and discussions.

Given w € Q, we say that I'(-,w): X = X is Lipschitz-like around (z,y) €
X x X (or has Aubin’s pseudo-Lipschitz property) if there are neighborhoods
U of z and V of § as well as modulus ¢(w) > 0 such that

[(z,w)NV C (2 w) + l(w)||z — 2'||Bx for every z,z' € U.
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A policy multifunction G(-,w) : X = X is inner semicontinuous at (Z,y) €
gph G(-,w) if for every sequence x, — T there is a sequence of y € G(xy,w)
that contains a subsequence converging to i, where the convergence is under-
stood in the norm topology of X.

Similarly to but a bit differently from (25), define the basic/limiting normal
cone [30] to a subset C' of a Banach space Z by

N(zC) = | Jaddist(zC) at z€C (28)

a>0

via the limiting subdifferential (14) of the distance function. We have N°(z;C) =
co¥ N(z; C) provided that the space Z is Asplund and that C is locally closed
around Zz; see [30, Theorem 3.57].

Our first result in this direction provides a Gelfand integral condition for the
limiting subdifferential of the random value function v(-,w) on the Asplund
action space X that generally holds without imposing either the regularity
assumption on the cost function u(-, -, w) or the local upper viability assumption
on the policy multifunction G.

Theorem 5.5. (Gelfand integral relations for the limiting subdifferential of
the random value function in stochastic DP) Let X be a separable Asplund
space, and let u(-,-,w) be locally Lipschitzian around (Z,y) € gph G(-,w) for
every w € ) so that its Lipschitz modulus {(w) is integrable with respect to
a complete and saturated probability measure P(- | w). Assume also that the
constraint mapping T'(-,w) is of closed graph and Lipschitz-like around (T, )
and that the policy multifunction G(-,w) is locally lower viable around T and
inner semicontinuous at (Z,y). Then there exists x* € X* such that we have
the inclusion

(x*,0) € Ou(z,y,w) + ({0} x ﬁ/@v(g,w’)P(dw' | w)) (29)

+N((:E,g);gphf‘(-,w)), w e Q.

If furthermore the function u(-,-,w) is reqular at (Z,y) and the graph of the
mapping I',(x) :=['(z,w), z € X, is also regular at this point for every w € €,
then (29) is equivalent to the inclusions

0 € ou(z,y,w) + 5 /c%(gj,w')P(dw’ | w) + N (7;T(z,w)),

(30)
r* € 0,u(Z, §,w) + N(7; T M 7)), we

Proof. It is shown in Theorem 5.2 that the value function v(-,w) and the

objective function u(-,-,w) + f [v(-,w')P(dw’ | w) in problem (18) are locally

Lipschitzian around Z under the general assumptions of the theorem. Thus all

the assumptions of [34, Corollary 3] obtained for the parametric optimization
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framework (22) are satisfied in our setting (19), which allows us to find a dual
element * € X* such that

(07,00 €0 (ufe) 4 5 [ 6P ) @) + N (0 Eph ).

It follows from the subdifferential sum rule of [31, Theorem 2.33] that

0 (ute) +6 [ olhPlas'19)) 0
c oula. ) + [10) x g0 [ utwrPlas 1) )]

Employing further the Leibniz rule obtained in Corollary 3.5 yields

8(/1}(-,w)P(dw’ W) /31} 7.0 P(de | w)

and thus verifies (29) under the general assumptions made.

Invoking now the additional regularity assumptions gives us
ou(, 7, w) = 0,u(Z,y,w) x Oyu(Z,y,w)

by [30, Corollary 3.44] and its corresponding counterpart for the limiting normal
cone (28) that follows from the proof of [30, Corollary 3.17]. Hence we arrive
at (30) and thus complete the proof of the theorem. O

Now we can derive from Theorem 5.5 and Theorem 5.2 the following necessary
optimality conditions for problem (18) entirely via its initial data, where the re-
fined stochastic Euler inclusion significantly improves the one from Theorem 5.4
under somewhat different assumptions.

Corollary 5.6. (Enhanced stochastic Euler inclusion in Asplund spaces) In
addition to the general assumptions of Theorem 5.5 we suppose that the cost
function u(-,-,w) is regular at (z,y) € gph G(-,w) and that the policy multi-
function G is locally upper viable around T. Then there exists x* € X* such
that for every policy function g: X x Q0 — X the following enhanced stochastic
Fuler inclusion is satisfied:

(x*,0) € 0u(f,g,w) - (0,ﬂ/@xu(y,g(y,w'),w’)P(dw’ | w)) (31)
—i—N((f,y);gphF(-,w)), w € .

If furthermore the set gphT', is reqular at (z,y) for every w € Q, then (31) is
equivalent to the two inclusions:

0 € u(z,y,w)+p /@Du(g,g(g,w’),w')P(dw’ |w) + N (7;T(z,w)),
r* € Oyu(z,y,w) + N(z; I1 (7)), we
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Proof. Integrating inclusion (27) with respect to the saturated probability
measure P(- | w) and then employing Corollary 3.5 yield the relationships

/81} g, )P(dw' | w) = /8°v(y,w’)P(dw’ | w)
/8° ,9(7,w),w)P(dw' | w) = /&Cu(y,g(y,w'),w')f’(dw’ | w).

Substituting the obtained inclusion into (29) gives us (31). The equivalence
of the latter to the last relationships in the corollary under the additional
regularity assumption follows from the proof of Theorem 5.5. O

Similarly to Remark 3.6, we conjecture that developing the method of separa-
ble reduction would allow us to overcome the separability assumption on the
action space X in Theorem 5.5 and its consequences involving the limiting
subdifferential constructions in Asplund spaces.

The results obtained above in this section address the case of general random
constraint mappings [' : X x 2 = X. In the vast majority of applications the
mapping [' is not arbitrary while is given in some structural form. Thus in
structural cases it had become crucial to evaluate the normal cone in question
via the initial data of structural constraint mappings, which largely relates to
the existence of strong/full calculus for generalized normals and subgradients.
Such calculus is available for the limiting constructions in Asplund spaces;
see [30] and the references therein. In particular, this full calculus makes it
possible to evaluate the limiting normal to the graph of I" as in (29) and (31)
(which relates to the coderivative [30] of I') and represent it in terms of the
problem data in structural problems. We refer the reader to [31, Section 4.3]
for calculations of the coderivative for various classes of set-valued mappings I'
and to [33, 34] for their particular applications to KKT systems in nonlinear
programming.

Finally in this paper, we evaluate the limiting subdifferential of the random
optimal value function v(-,w) for the stochastic DP problem (18) entirely via
the problem data for the case of the random constraint mapping I'(z, w) defined
in the nonlinear programming (NLP) form by

vilz,y,w) <0,i=1,...,m

F(x,w)::{yEX‘ iz, y,w )—O,i:m+1,...,m+r}’ (32)

where the functions ¢;: X x X x Q — R, ¢ = 1,...,m + r, are such that
©i(+, -, w) are strictly differentiable at the reference point (z, §) with their strict
derivatives V;(Z, y,w) while ¢;(x,y,-) are measurable in accordance with as-
sumption (H2) on I'. Let us first recall the classical constraint qualification in
nonlinear programming. Given (zZ,y) € X x X, denote the collection of active
constraint indices by

(%, 5,w —{26{1 m—l—r}‘%(a’:,gj,w):O}.



670 B.S. Mordukhovich, N. Sagara / Subdifferentials of Nonconvex Integral ...

It is said that the parametric Mangasarian-Fromovitz constraint qualification
(MFCQ) holds at (z,y) if for every w € Q we have the conditions:

(i) The equality constraint gradients Vo, 11(Z,9,w), ..., Vi (T, 7,w) are

linearly independent in X x X.

(ii) There exists £ € X x X such that (Vy;(Z,y,w),&) = 0 for i = m + 1,
om~+7rand (Ve (z,9,w),&) <0forie{l,... m}NI(z,g,w).

Denote the objective function ¢: X x X x Q@ — R in (18) by

p(z,y,w) = u(z,y,w +5/ v(y,w)P(dw | w). (33)

Taking A := (A1,..., Apmyr) € R™ and assuming that wu(-,-,w) is strictly
differentiable at (z,7y) as w € €, consider the set of Lagrange multipliers

m-+r
V(@ 5,w) + > \Vyei(@,,w) =0,
=1

/\i ZO, )\igoi(f,’g,w) :0, 1= 1,...,m

AT, g, w) == ¢ X e R™T

where we get by (33) and the classical Leibniz rule that

Vyo(Z,§,w) = Vyu(z,g,w) + B/Vv(y,w')P(dw’ | w).

Observe that the set A(Z,y,w) describes the Lagrangian stationary condition
V,L(Z,y, A\,w) = 0 via the Lagrange function

m+r

L(xvyu)‘v ) _SO'TZ% +Z>\190133y,

The following property is needed for the formulation of the next theorem. We
say that a function f : D C X — X is locally upper Lipschitzian at x € D if
there exist real numbers 1 > 0 and ¢ > 0 such that

If(z) = f(@)]| < ll|lz— x| for every x € B,(z)N D.

Such a function is said to be a local upper Lipschitzian selector of a given
multifunction F': D = X around (Z,y) € gph F' if f(z) = g and f(z) € F(x)
for every x in some neighborhood of z.

Now we are ready to present the last result of the paper. Observe that its
finite-dimensional version in the inclusion form can be found in [39] for prob-
lems of type (18) with only the inequality constraints in (32) given by smooth
functions under the standard interiority condition and the linear independence
of the gradients V,p;(Z,y,w), i € I(Z,y,w), which is surely stronger than the
parametric MSCQ imposed below.
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Theorem 5.7. (Limiting subgradients of the value function in stochastic DP
with NLP constraint mapping) Let X be a separable Asplund space, and let the
constraint multifunction T': X x Q = X of (18) is given in the NLP form (32).
Assume that u(-,-,w) and @;(-,-,w), i =1,...,m+r, are strictly differentiable
at (z,y) € gph G(+,w), that the policy multifunction G is inner semicontinuous
at (Z,y), and that the parametric MFCQ is satisfied at this point. Then we
have the inclusion

m+r
av(£7w) - U {Vﬂi(i’,g,&)) + Z)‘zvx(pz(j7gaw)} , weE Q.
i=1

AEA(Z,F,w)

Furthermore, the equality holds therein provided that G(-,w) admits a local
upper Lipschitzian selector around the reference point (z, 7).

Proof. The Bellman equation (19) ensures the representation of v(z,w) as
a marginal function (22) under the separability assumption. It remains to
use the subdifferential results from [34, Corollary 4], which work in the general
framework of (22) in Asplund spaces and ensure the validity of both statements
of the theorem under the imposed assumptions. Il
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