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1. Introduction and notations

The authors investigate the regularity of the minimizers of quadratic function-
als, whose integrands have vanishing mean oscillation coefficients, using some
majorizations for the functionals, rather than the well known Euler-Lagrange
equation associated with it.
In the study of partial regularity of minimizers of quadratic functionals with
discontinuous coefficients have been obtained by the authors estimates in Mor-
rey spaces.
In the last decades, it was of big attractiveness to study problems related to
p(x)-growth, and we focus our attention in this regard. It is of increasing in-
terest, for instance, in physical problems. Zhikov in 1997, in [38], treated a
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p(x)-growth functional related to the thermistor problem, and got some re-
sults on the higher integrability of the gradient of minimizers. Rajagopal and
Ružička in 2001, see [33], (and also [34]) proposed a model of electrorheological
fluid, using equations with p(x)-growth term. Moreover, Acerbi and Mingione
in [3] obtain some regularity results for stationary electrorheological fluid and
Ragusa, Tachikawa and Takabayashi in [30] studied non-standard growth con-
ditions of p(x)-type.
Let Ω be an open bounded set in Rm, n ≥ 2 with ∂Ω sufficiently smooth,
0 < λ < m, 1 < p <∞.
We recall the following classical Sobolev spaces, where k is an integer,

W k,p(Ω) = {f(x) ;Dαf ∈ Lp(Ω), |α| ≤ k} ,

equipped with the norm ∥f∥Wk,p(Ω) = ∥f∥Lp(Ω) + ∥Dkf∥Lp(Ω).
The closure of the space C∞

0 (Ω) with respect to the norm in W k,p(Ω) will be
denoted, as usual, by W k,p

0 (Ω).

We say that a function f ∈ L1
loc(Ω) belongs to the Morrey Space Lp,λ(Ω), if it

is finite
∥f∥p

Lp,λ(Ω)
≡ sup

x∈Ω
ρ>0

1

ρλ

∫
Bρ(x)∩Ω

|f(y)|pdy ,

where Bρ(x) is a ball of radius ρ centered at the point x (see e.g. [22], [26]).
We set W k,p,λ(Ω) for the Banach space of functions belonging to W k,p(Ω) and
having k-th order derivative lying in the Morrey space Lp,λ(Ω). A natural norm
in this space is

∥f∥Wk,p,λ(Ω) = ∥f∥Lp(Ω) + ∥Dkf∥Lp,λ(Ω).

In the following, for a function f : Ω → Rk and a bounded measurable set
D ⊂ Ω, we write ∫

−
D

f(x)dx :=
1

|D|

∫
D

f(x)dx,

where |D| denotes the Lebesgue measure of D. For a ball B(y, r) := {x ∈ Rm;
|x− y| < 0}, we write

fy,r :=

∫
−

B(y,r)∩Ω
f(x)dx.

When there is no doubt of confusion, we omit the center y and set fr := fy,r.
For a function p : Ω → [1,+∞), we define Lp(x)(Ω) and W 1,p(x)(Ω) as follows:

Lp(x) := {u ∈ L1(Ω) ;

∫
Ω

|u|p(x)dx < +∞}.

W 1,p(x) := {u ∈ Lp(x) ∩W 1,1(Ω) ;Du ∈ Lp(x)(Ω)}.

We define Lp(x)
loc (Ω) and W

1,p(x)
loc (Ω) similarly.
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As mentioned in [8], if p(x) is uniformly continuous and ∂Ω satisfies uniform
cone property, then

W 1,p(x)(Ω) = {u ∈ W 1,1(Ω) ;Du ∈ Lp(x)(Ω)}.

In any case, if p(x) is continuous in Ω, we have

W
1,p(x)
loc (Ω) = {u ∈ W 1,1

loc (Ω) ; |Du|
p(x) ∈ L1

loc(Ω)}.

We also define

W
1,p(x)
0 (Ω) := {u ∈ W 1,1

0 (Ω) ;

∫
Ω

|Du|p(x)dx <∞},

and for a given map φ

φ+W
1,p(x)
0 (Ω) := {u ∈ W 1,p(x)(Ω) ; u− φ ∈ W

1,p(x)
0 (Ω)}.

Throughout this paper we use the following notation: for x0 = (x10, ..., x
m−1
0 , 0)

and r > 0, we put

B+(x0, r) := {x ∈ Rm ; |x− x0| < r, xm > 0},
Γ(x0, r) := {x ∈ Rm ; |x− x0| < r, xm = 0},

∂+B+(x0, r) := ∂B+(x0, r) \ Γ(x0, r).

When x0 = 0, we omit the center x0 = 0 and write simply

B+(r) := B+(0, r), Γ(r) := Γ(0, r), ∂+B+(r) := ∂+B+(0, r).

For x ∈ B+(x0, R) and r < dist(x, ∂B(x0, R)) = R− |x− x0|, we put

Ω(x, r) := B(x, r) ∩B+(x0, R),

p1(x, r) := inf
Ω(x,r)

p(y), p2(x, r) := sup
Ω(x,r)

p(y). (1)

For p1 and p2, when the center x = x0 is clearly understood, we abbreviate as

p1(r) := p1(x, r), p2(r) := p2(x, r).

When we consider the behavior of a solution near the boundary point x0 ∈ ∂Ω,
we flatten the ∂Ω so that x0 = (0, ..., 0), B(x0, R1) ∩ Ω = B+(0, R1) for some
R1 > 0 and ∂Ω ∩B(x0, R1) = Γ(0, R1).
We use c without subscript as generic constants, which may change from line
to line, but does not depend on the crucial quantities.
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Let ω1 : [0,+∞) → [0,+∞) be a nondecreasing continuous function with
ω1(0) = 0 which represents the modulus of continuity, then ω1 satisfies

|p(x)− p(y)| ≤ ω1(|x− y|). (2)

Let us consider the following condition on ω1:

lim
r→0

ω1(r) log
(1
r

)
= µ0 < +∞ . (3)

The above condition implies

(1/t)ω1(t) = exp
(
− log tω1(t)

)
→ eµ0 as t→ 0+. (4)

When ω1 satisfies (3), we say that p(x) is logarithmic continuous. We mention
also that if p(x) is Hölder continuous, then condition (3) is fulfilled.
For a continuous function p(x) > 1 on Ω satisfying (2) and (3), let fp(x)(x, u, ξ)
be a Carathéodory function on Ω×Rn ×Rmn, which satisfies the growth con-
dition (9).
We say that a function f belongs to the John-Nirenberg space BMO, or that
f has bounded mean oscillation, if

∥f∥∗ ≡ sup
B⊂Rn

1

|B|

∫
B

|f(x)− fB|dx <∞ ,

where fB is the integral average 1
|B|

∫
B

f(x)dx of the function f(x) over the set

B, and B belongs to the class of balls of Rn. This space was firstly considered
in the paper [17] by John and Nirenberg in 1961.
Let, for a function f ∈ BMO

η(r) = sup
x∈Rn, ρ≤r

1

|Bρ|

∫
Bρ

|f(x)− fBρ|dx .

A function f ∈ BMO belongs to the class VMO, or f has vanishing mean
oscillation, if

lim
r→0+

η(r) = 0 .

This space, first defined by Sarason 1975, see [35], was used by many authors
(see e.g. [6], [19], [20], [24], [25], [32]), and characterized in [27].
The authors intend to continue and deepen this research; the challenge is to
get better regularity to the boundary.
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2. Preliminary tools and results

Let us start the section considering Morrey regularity results for minimizers of
quadratic functionals having discontinuous coefficients.
The functional is

A(u,Ω) =

∫
Ω

{
Aαβ

ij (x, u)Dαu
iDβu

j + g(x, u,Du)
}
dx,

where Ω ⊂ Rn, n ≥ 3, is a bounded open set, u : Ω → RN , N > 1, u(x) =
(u1(x), . . . , uN(x)), Du = (Dαu

i), Dα = ∂/∂xα, α = 1, . . . , n, i = 1, . . . , N.

We recall that a function u ∈ H1,2(Ω,RN) is called a minimizer of the functional
A(u,Ω) iff

A (u,Ω) ≤ A (v,Ω), ∀v ∈ H1,2(Ω,RN),

with u− v ∈ H1,2
0 (Ω,RN).

Let us suppose that Aαβ
ij are bounded functions on Ω × RN and satisfy the

following conditions.
1) Aαβ

ij = Aβα
ji .

2) For every u ∈ RN , Aαβ
ij (·, u) ∈ VMO(Ω).

3) For every x ∈ Ω and u, v ∈ RN ,∣∣Aαβ
ij (x, u)− Aαβ

ij (x, v)
∣∣ ≤ ω(|u− v|2)

for some monotone increasing concave function ω with ω(0) = 0.
4) There exists a positive constant ν such that

ν|ξ|2 ≤ Aαβ
ij (x, u)ξ

i
αξ

j
β

for a.e. x ∈ Ω, all u ∈ RN and ξ ∈ RnN .
We should mention that since C0 is a proper subset of VMO, the continuity
of Aαβ

ij (x, u) with respect to x is not assumed.
We suppose that the function g is a Charathéodory function and has growth
less than quadratic.
Theorem 2.1. Let u ∈ W 1,2(Ω,RN) be a minimum of the functional A(u,Ω)
defined above. Suppose that the above-mentioned assumptions on Aαβ

ij (x, u) and
g(x, u,Du) are satisfied.
Then, for λ = n(1− 2

p
), we have Du ∈ L2,λ

loc (Ω0,RnN), where

Ω0={x ∈ Ω: lim inf
R→0

1

Rn−2

∫
B(x,R)

|Du(y)|2dy = 0}.

As a consequence, for α ∈ (0, 1) : u ∈ C0,α(Ω0,RN).
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For linear systems regularity results assuming Aαβ
ij constants or in C0(Ω), have

been obtained by Campanato in [5]. Without assuming continuity of coeffi-
cients we mention the note [4] by Acquistapace, where he refines Campanato’s
results considering that coefficients Aαβ

ij belong to a class neither containing nor
contained in C0(Ω), hence in general discontinuous. Also, regularity results for
solutions of linear systems with discontinuous coefficients are contained in [23].
Moreover we recall the study made by Huang in 1996 where he shows regularity
results of weak solutions of linear elliptic systems with coefficients in the class
VMO. Therefore, it seems to be natural to expect partial regularity results
under the condition that the coefficients of the principal terms Aαβ

ij ∈ VMO,
even for nonlinear cases.
Daněček and Viszus in [9] treated the regularity of minimizer for the functional∫

Ω

{
Aαβ

ij (x)Dαu
iDβu

j + g(x, u,Du)
}
dx,

where g(x, u,Du) is a lower order term which satisfies
|g(x, u, z)| ≤ f(x) + L|z|γ,

where f ∈ Lp(Ω), 2 < p ≤ ∞, f ≥ 0 a.e. on Ω, L is a nonnegative constant
and 0 ≤ γ < 2. They obtain Hölder regularity of the minimizer assuming that
Aαβ

ij (x) ∈ VMO.
The authors have extended both the results by Huang and Daněček and Viszus
([28], [29]) because they treat the functional whose integrand contains the term
g(x, u,Du) and has coefficients Aαβ

ij dependent not only on x but also on u.
Let us now give an idea of the proof. Basic tool is the following Lemma for
constant coefficients by Campanato.
Lemma 2.2. Let u ∈ W 1,2(B(x0, R),Rn) be a weak solution of the system

Dα(g
αβ
ij Dβu

j) = 0 for i = 1, ..., N,

where gαβij are constant coefficients such that strong ellipticity holds. Then, for
any t ∈ [0, 1] we have∫

B(x0,t R)

|Du |2 dx ≤ c tn
∫
B(x0, R)

|Du |2 dx.

Proof of Theorem 2.1. LetR > 0, x0 ∈Ω such that B(x0, R) ⊂ Ω. Let us
consider now the case g = 0, because the general case easily follows.
Let v ∈ W 1,2(B(x0,

R
2
),RN) be the minimum of the “frozen” functional A0 :

A0(v,B(x0,
R

2
)) =

∫
B(x0,

R
2
)

Aαβ
ij (x0, uR)Dαv

iDβv
jdx ,

where v − u ∈ H1,2
0 (B(x0,

R
2
)).
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Having constant coefficients Aαβ
ij (x0, uR), we get from Campanato’s Lemma:∫

B(x0,
t R
2
)

|Dv|2 dx ≤ c · tn
∫
B(x0,

R
2
)

|Dv|2 dx

for every t ∈ [0, 1]. Let us set w = u − v. Then,∫
B(x0,

t R
2
)

|Du|2dx ≤ c ·

{
tn
∫
B(x0,

R
2
)

|Du|2dx+
∫
B(x0,

R
2
)

|Dw|2dx

}
.

Let us estimate the term
∫
B(x0,

R
2
)

|Dw|2 dx. We can write

ν

∫
B(x0,

R
2
)

|Dw|2dx ≤ c

{
A0(u, B(x0,

R

2
)) − A0(v, B(x0,

R

2
))

}
;

adding and subtracting the terms

Aαβ
ij (x, uR)Dαu

iDβu
j, Aαβ

ij (x, uR)Dαv
iDβv

j

Aαβ
ij (x, u)Dαu

iDβu
j , Aαβ

ij (x, v)Dαv
iDβv

j

we obtain two kind of integrals. The first is:∫
B(x0,

R
2
)

|Aαβ
ij (x0, uR)− Aαβ

ij (x, uR)| · |Du|2 dx ≤

≤ c
{
η(A(·, uR);R)

} 1
r′

∫
B(x0,R)

|Du |2 dx .

The second:∫
B(x0,

R
2
)

|Aαβ
ij (x, uR)− Aαβ

ij (x, u)|Dαu
iDβu

j dx ≤

≤ c

(∫
B(x0,R)

|Du|2dx
)(∫

−
B(x0,

R
2
)

ω(|uR − u|2)dx

)1− 2
p

≤

≤
(∫

B(x0,R)

|Du|2dx
)
ω

(∫
−

B(x0,
R
2
)

|Du|2 dx

)
.

Then if ρ = tR∫
B(x0,ρ)

|Du|2dx ≤ c

{( ρ
R

)n
+ ω

(
R2−n

∫
B(x0,

R
2
)

|Du|2 dx

)1− 2
q

+

+

(
η(A(·, uR), R)

)1− 2
q

}
·

(∫
B(x0,

R
2
)

|Du|2dx

)
.
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We obtain the conclusion by using a Lemma of Giaquinta [14], and letting R

be sufficiently small:
∫
B(x0,ρ)

|Du|2dx ≤ c · ρλ .

The study of the minimizers for functionals under non-standard growth condi-
tions have been a new envelope during the last decades with the introductions
of Lebesgue spaces having variable coefficients. Our aim is to continue this line
of research and to prove regularity for minimizers of p(x)-energy functionals.
Let us now consider maps u : Ω → Rn and the p(x)-energy functional defined
as

E(u; Ω) :=
∫
Ω

(
gαβ(x)Gij(u)Dαu

i(x)Dβu
j(x)

)p(x)/2
dx. (5)

We suppose that (Gij(u)) and (gαβ(x)) are symmetric positive definite matrices
whose entries are continuous functions defined on Ω and Rn respectively. The
function p(x) ≥ 2 is supposed continuous on Ω. Greek indices α, β, ... are to
be summed from 1 to m, and Latin indices i, j, ... from 1 to n. The Einstein
summation convention is used. In the sequel we consider as integrand of (5)
the function

e(u)(x) := gαβ(x)Gij(u)Dαu
i(x)Dβu

j(x). (6)
We are interested in the study the regularity of the minimizers of the p(x)-
energy functionals.
The above functional E is a particular case of the more general one

Z(u; Ω) =

∫
Ω

z(x, u,Du)dx, (7)

where z : Ω×Rn×Rmn → R is a Carathéodory function satisfying the following
so-called (p, q)-growth condition: there exist constants Λ ≥ λ > 0, q ≥ p ≥ 1
such that

λ|ξ|p ≤ z(x, u, ξ) ≤ Λ
(
1 + |ξ|q

)
(8)

for all (x, u, ξ) ∈ Ω× Rn × Rmn. We call Z a functional with standard growth
if p = q, and with non-standard growth if q > p. If the integrand z = zp(x)
satisfies

λ|ξ|p(x) ≤ zp(x)(x, u, ξ) ≤ Λ
(
1 + |ξ|p(x)

)
, (9)

for all (x, u, ξ) ∈ Ω×Rn × Rmn, then

Zp(x)(u; Ω) :=

∫
Ω

zp(x)(x, u,Du)dx (10)

is called a functional with p(x)-growth. A map u ∈ W
1,p(x)
loc (Ω) is called to be a

local minimizer of Zp(x) if it satisfies

Zp(x)(u; suppφ) ≤ Zp(x)(u+ φ; suppφ),

for any φ ∈ W
1,p(x)
0 (Ω) with compact support in Ω.
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The p(x)-energy functional E is a p(x)-growth functional with a special struc-
ture.
Non-standard growth conditions have aroused considerable curiosity and stimu-
lated much interest since Marcellini treated them in the pioneeristic paper [21].
In 1995, Zhikov [37] and later in 1997 in [38], studied Lavrentiev phenomenon
for the functional

Wp(x)(u) :=

∫
Ω

|Du|p(x)dx. (11)

On the regularity of minimizers of Wp(x), a fundamental result was established
by Coscia and Mingione [7] in 1999. The study of interior partial regularity
results for general p(x)-growth functionals, continue in [1, 2, 3, 11, 12, 13].
For p(x)-energy E , Ragusa, Tachikawa and Takabayashi [30] obtained interior
partial regularity of minimizers, precisely showing that the singular set Su of a
minimizer u can have Hausdorff dimension dimH(Su) at most m− inf p(x). In
[31] the interior everywhere regularity was shown under the one-sided condition.
In [36], assuming the boundedness of a minimizer u, the second author improved
the estimate on the Hausdorff dimension of Su as dimH(Su) ≤ m− [inf p(x)]−1.
We continue this study of regularity of minimizers for p(x)-energy E . In this
area we recall that, for standard growth case, Jost and Meier [18] showed that
a minimizers for some quadratic functionals can not have singular points on the
boundary and later Duzaar, Grotowski and Kronz [10] generalized this result
to general p-energy functionals∫

Ω

(
gαβ(x)Gij(x, u)Dαu

i(x)Dβu
j(x)

)p/2
dx,

for p > 1. We suppose that the following assumptions are satisfied.
(H) There exist positive constants λg,Λg, λG,ΛG such that

λg|ζ|2 ≤ gαβ(x)ζαζβ ≤ Λg|ζ|2, λG|η|2 ≤ Gij(u)η
iηj ≤ ΛG|η|2 (12)

for all x ∈ Ω, ζ ∈ Rm and u, η ∈ Rn.
(I) The the coefficients gαβ(x), Gij(u) and p(x) are Hölder continuous func-

tions; there exist positive constants τ, τ ′ < 1, σ ≤ 1, Lp, Lg, and Lh such
that

|p(x)− p(y)| ≤ Lp|x− y|σ/2 =: ωp(|x− y|/2) for all x, y ∈ Ω, (13)
|gαβ(x)− gαβ(y)| ≤ Lg|x− y|τ =: ωg(|x− y|) for all x, y ∈ Ω, (14)

|Gij(u)−Gij(v)| ≤ Lh|u− v|τ ′ =: ωG(|u− v|2) for all u, v ∈ Rn. (15)

(J) The function p(x) is such that

2 ≤ γ1 := inf
x∈Ω

p(x) ≤ sup
x∈Ω

p(x) =: γ2 < +∞. (16)
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We state, see [30], the following lemma on higher integrability.
Proposition 2.3. We suppose that the function p(x) > 1 has modulus of con-
tinuity ω1 and satisfies (3). Let p1 := infB+(T ) p(x) and p2 := supB+(T ) p(x),
and assume that

(p2)∗ =
mp2
m+ p2

< p1, or p∗1 =
mp1
m− p1

> p2. (17)

For some ε > 0, let h be a given map in the class W 1,(1+ε)p(x)(B+(T )). Let v
be a local minimizer of Zp(x) in the set

{w ∈ W 1,p(x)(B+(T ),Rn) ; w = h on Γ(T )}.

Then, there exists a positive constant δ̂ < ε such that for any δ ∈ (0, δ̂) the
local minimizer v satisfies v ∈ W 1,(1+δ)p(x)(B+(T ′)) for any T ′ < T . Moreover,
if x0 ∈ B+(T ′) ∪ Γ(T ′) and r < T − T ′, we have(∫

−
Ω(x0,r/2)

(1 + |Dv|2)(1+δ)p(x)/2dx
)1/(1+δ)

≤ (18)

≤ c0

∫
−

Ω(x0,r)

(1 + |Dv|2)p(x)/2dx+ c1

(∫
−

Ω(x0,r)

(1 + |Dh|2)(1+δ)p(x)/2dx
)1/(1+δ)

,

where we put Ω(y, ρ) := B(y, ρ) ∩B+(T ).

By virtue of Theorem 3.1 in [11] and Proposition 2.3, we have the following
estimate of the minimizer in [30].
Proposition 2.4. We consider a bounded domain D ⊂ Rm with smooth bound-
ary ∂D and S > 0, a positive number, which satisfies the following hypotheses
(i) p1 = p1(x, 4S) and p2 = p2(x, 4S) satisfy (17),
(ii) there is a diffeomorphism ψ : B(y, 4S) → B(T ) which satisfies

ψ(B(y, 4S) ∩D) ⊂ B+(T ) and ψ(B(y, 4S) ∩ ∂D) = Γ(T ).

Let us suppose that p(x) and h(x) verify the assumptions of Proposition 2.3
and that v is a minimizer of Zp(x)(·, D) in the class

{w ∈ W 1,p(x)(D,Rn) ; w − h ∈ W 1,1
0 (D;Rn)}.

Then, there exists a constant δ̂ ∈ (0, ε) such that for any δ ∈ (0, δ̂], we have
that v ∈ W p(x)(1+δ)(D,Rn) and that∫

D

(1 + |Dv|2)(1+δ)p(x)/2dx ≤ c2
(
1 + |D|δS−mδ

)∫
D

(1 + |Dh|2)(1+δ)p(x)/2dx, (19)

where c2 is dependent only on m, λ, Λ, p(x), and Zp(x)(h,D).
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Let us fix, from now on, a constant δ ∈ (0, 1) in such a way the previous
properties hold and such that

mδ < σ . (20)

We now study the boundary regularity of minimizers of the following functional

Sp(x)(w,D) :=

∫
D

|Dw|p(x)dx. (21)

Theorem 2.5. Let us suppose that p(x) satisfies (13), and that R > 0 is
sufficiently small such that(

1 +
δ

2

)
p2(2R) ≤ (1 + δ)p1(2R). (22)

Also, let v ∈ W 1,p(x)(B+(R),Rn) be a local minimizer of Sp(x) in the set

{w ∈ W 1,p(x) ; w = h on Γ(R)},

where h is a given boundary data in the class of functions W 1,s(B+(R),Rn),
s > (1 + δ)p2. Moreover, we suppose that Sp(x)(v) ≤ K for some positive
constant K. Then, for any ε ∈ (0,mp2(2R)/s), we have∫

B+(ρ)

(1 + |Dv|2)p2(ρ)/2dx ≤ c3

[( ρ

2R

)m−ε
∫
B+(R)

(1 + |Dv|2)p2(2R)/2dx+

+ρm−mp2(2R)/s
(∫

B+(2R)

(1 + |Dh|2)s/2dx
)p2(2R)/s]

. (23)

Proof. We consider the shorter p2 instead of p2(2R) and we define the following
frozen functional

S0(w) :=

∫
B+(R)

|Dw|p2dx. (24)

where we let w ∈ W 1,p2(B+(R)) be a minimizer of S0 with w = v on ∂B+(R).
Bearing in mind inequality (22) and Proposition 2.3, we have

v ∈ W 1,(1+δ)p(x)(B+(R)) ⊂ W 1,(1+δ/2)p2(B+(R)).

Let us now consider Proposition 2.4 for D = B+(R) and S = R/k for a suitable
k > 0. Then, we have∫

B+(R)

|Dw|(1+δ/2)p2dx ≤ c

∫
B+(R)

(1 + |Du|2)(1+δ/2)p2/2dx. (25)
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Moreover, from the boundary regularity results for minimizers of functionals of
standard growth (see e.g. [10]), we have, for any k ∈ (0, 1)∫

B+
ρ

|Dw|p2dx ≤ c
[ (( ρ

R

)m
+ k
)∫

B+(R)

|Dw|p2dx+ (26)

+ k1−p2Rm(1−p2/s)
(∫

B+(2R)

|Dh|sdx
)p2/s]

,

where c is a constant depending only on the boundary condition.
The minimality of v implies, reasoning as in [7], that

S0(v)− S0(w) ≥ c

∫
B+(R)

(|Dv|+ |Dw|)p2−2|Dv −Dw|2dx,

and then ∫
B+(R)

|Dv −Dw|p2dx ≤ S0(v)− S0(w). (27)

Taking into account that v is a minimizer of Sp(x), we have

S0(v)− S0(w) ≤ S0(v)− Sp(x)(v) + Sp(x)(w)− S0(w). (28)

Following the method used in [7], ∀ε > 0 ∃C(ε) > 0 :

|tr − ts| ≤ C(ε)(s− r)
(
1 + t(1+ε)s

)
, ∀t ≥ 0 and s ≥ r ≥ 1, (29)

and then, from (22), Hölder continuity of p(x) and Proposition 2.3, it follows
that

|S0(v)− Sp(x)(v)| ≤ c3R
σ

∫
B+(R)

(1 + |Dv|2)(1+δ)p(x)/2dx

≤ cRσ−mδ
(∫

B+(2R)

(1 + |Dv|2)p(x)/2dx
)1+δ

+ cRσ

∫
B+(2R)

(1 + |Dh|2)(1+δ)p(x)/2dx

≤ cRσ−mδ

∫
B+(2R)

(1 + |Dv|2)p(x)/2dx

+ cRσ+m(1−(1+δ)p2/s)
(∫

B+(2R)

(1 + |Dh|2)s/2dx
)(1+δ)p2/s

. (30)
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Analogously, from Proposition 2.4 with p(x) = p2, v = w, h = v and the latter
half of the above estimates, we get

|Sp(x)(w)− S0(w)| ≤ cRσ

∫
B+(R)

(1 + |Dw|2)(1+δ/2)p2/2dx

≤ cRσ

∫
B+(R)

(1 + |Dv|2)(1+δ/2)p2/2dx

≤ cRσ−mδ

∫
B+(2R)

(1 + |Dv|2)p(x)/2dx +

+ cRσ+m(1−(1+δ)p2/s)
(∫

B+(2R)

(1 + |Dh|2)s/2dx
)(1+δ)p2/s

. (31)

Combining (27), (28), (30) and (31), we get∫
B+(R)

|Dv −Dw|p2dx ≤ cRσ−mδ

∫
B+(2R)

(1 + |Dv|2)p(x)/2dx +

+ cRσ+m(σ−(1+δ)p2/s)
(∫

B+(2R)

(1 + |Dh|2)s/2dx
)(1+δ)p2/s

. (32)

Then we have∫
B+(ρ)

|Dv|p2dx ≤

≤ c
[( ρ
R

)m
+ k
] ∫

B+(2R)

|Dw|p2dx+ ck1−p2Rm(1−p2/s)
(∫

B+(R)

|Dh|sdx
)p2/s

+

+ cRσ−mδ

∫
B+(2R)

(1 + |Dv|2)p(x)/2dx +

+ cRσ+m(1−(1+δ)p2/s)
(∫

B+(2R)

(1 + |Dh|2)s/2dx
)(1+δ)p2/s

.

Choosing R ≤ 1 sufficiently small, recalling that σ −mδp2/s ≥ σ −mδ, and
using the minimality of w, we have∫

B+(ρ)

(1 + |Dv|2)p2(ρ)/2dx ≤
∫
B+(ρ)

(1 + |Dv|2)p2(2R)dx ≤

≤ c
[( ρ
R

)m
+ k +Rσ−mδ

] ∫
B+(2R)

(1 + |Dv|2)p2(2R)/2dx +

+ c(k1−p2 + 1)Rm−p2(2R)m/s
(∫

B+(2R)

(1 + |Dh|2)s/2dx
)p2/s

.

Taking into account [15, Lemma 5.13] and choosing k and R sufficiently small,
we obtain (23).
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