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1. Introduction and notations

The authors investigate the regularity of the minimizers of quadratic function-
als, whose integrands have vanishing mean oscillation coefficients, using some
majorizations for the functionals, rather than the well known Euler-Lagrange
equation associated with it.

In the study of partial regularity of minimizers of quadratic functionals with
discontinuous coefficients have been obtained by the authors estimates in Mor-
rey spaces.

In the last decades, it was of big attractiveness to study problems related to
p(z)-growth, and we focus our attention in this regard. It is of increasing in-
terest, for instance, in physical problems. Zhikov in 1997, in [38], treated a
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p(z)-growth functional related to the thermistor problem, and got some re-
sults on the higher integrability of the gradient of minimizers. Rajagopal and
Ruzicka in 2001, see [33], (and also [34]) proposed a model of electrorheological
fluid, using equations with p(z)-growth term. Moreover, Acerbi and Mingione
in [3] obtain some regularity results for stationary electrorheological fluid and
Ragusa, Tachikawa and Takabayashi in [30] studied non-standard growth con-
ditions of p(z)-type.

Let ©Q be an open bounded set in R™, n > 2 with 90 sufficiently smooth,
O<A<m, 1<p<oo.

We recall the following classical Sobolev spaces, where k is an integer,
WrP(Q) = {f(z); D*f € L*(Q), |a| <k},
equipped with the norm ||/ s = 117 + D170

The closure of the space C5°(€2) with respect to the norm in W*?(Q) will be
denoted, as usual, by W, (Q).

We say that a function f € L} (Q) belongs to the Morrey Space LP*(R2), if it
is finite

1
Hf”ip,k(g)zigg? / |f )"y,

p>0 By (z)NQ
where B,(z) is a ball of radius p centered at the point = (see e.g. [22], [26]).

We set WHPA(Q) for the Banach space of functions belonging to W*?(Q) and
having k-th order derivative lying in the Morrey space LP*(€2). A natural norm
in this space is

£ lwesa@) = £l + ID" fllor -

In the following, for a function f: Q@ — RF and a bounded measurable set

D C ), we write
1
][Df(x)d:v =5 /D f(z)de,

where |D| denotes the Lebesgue measure of D. For a ball B(y,r) := {x € R™;

|z —y| < 0}, we write
for ::][ f(z)dz.
B(y,r)nQ

When there is no doubt of confusion, we omit the center y and set f, := f,,.

For a function p: Q — [1, +00), we define LP®)(Q) and W) (Q) as follows:
@ = fu e LNQ): / @ dz < +oo).
Q
Whe@ .= {y € PO N WhY(Q); Du € LP@(Q)}.

We define LF™(Q) and W,P™)(Q)) similarly.

loc loc
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As mentioned in [8], if p(z) is uniformly continuous and 0f2 satisfies uniform
cone property, then

Wl,p(z) (Q) _ {u c W1’1<Q) ; Du € LP(I)(Q)}

In any case, if p(x) is continuous in €2, we have

Wel@(Q) = {u € WH(Q); |Dulf™ € LL ()}

loc

We also define
WED(Q) = {u € Wi (Q): / DuP@dz < 0o},
Q
and for a given map ¢
Lp(z) — Lp(x) . Lp(z)
e+ Wy (Q) i ={ueW (Q);u—pe Wy (Q)}.

Throughout this paper we use the following notation: for x¢ = (2}, ..., 25" *,0)
and r > 0, we put

Bt (xg,r) :={z € R™; |x — x| <7, 2™ > 0},
D(xg,r) :={z € R™; |z — x| <7, 2™ =0},
0" Bt (zg,r) := 0BT (x9,7) \ T'(20, 7).

When zy = 0, we omit the center xy = 0 and write simply
B*(r) := B*(0,r), T(r):=T(0,r), 0tB*(r):=9"B*(0,r).
For € Bt (zg, R) and r < dist(z, 0B(zo, R)) = R — |x — x|, we put
Q(x,7r) := B(z,r) N BT (x0, R),
pi(z,r) == inf p(y), po(z,r):= sup p(y). (1)
Q(z,r) Q(z,r)
For p; and po, when the center x = xq is clearly understood, we abbreviate as

pi(r) = pi(a,r),  pa(r) = pal, 7).

When we consider the behavior of a solution near the boundary point xy € 0€2,
we flatten the 09 so that zy = (0,...,0), B(zo, R1) N = BT(0, Ry) for some
R; > 0 and o0 N B(l’o, Rl) = F(O, Rl)

We use ¢ without subscript as generic constants, which may change from line
to line, but does not depend on the crucial quantities.
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Let w;: [0,400) — [0,400) be a nondecreasing continuous function with
w1(0) = 0 which represents the modulus of continuity, then w; satisfies

Ip(z) — p(y)| < willz —yl). (2)

Let us consider the following condition on wy:

li_r}x(l)wl(r) log <%> = po < +00. (3)

The above condition implies
(1/t)1) = exp (—logtwi(t)) — e as t — 0", (4)
When w; satisfies (3), we say that p(x) is logarithmic continuous. We mention

also that if p(x) is Holder continuous, then condition (3) is fulfilled.

For a continuous function p(x) > 1 on ) satisfying (2) and (3), let fp)(z, u,§)
be a Carathéodory function on 2 x R™ x R™" which satisfies the growth con-
dition (9).

We say that a function f belongs to the John-Nirenberg space BMO, or that
f has bounded mean oscillation, if

1
1]l = sup — / (@) = fylde < o0,
Bcrr | Bl J

where fg is the integral average ﬁ [ f(z)dx of the function f(x) over the set
B

B, and B belongs to the class of balls of R". This space was firstly considered
in the paper [17] by John and Nirenberg in 1961.

Let, for a function f € BMO

n(r)= sup FUB/V(??)—JCBFW:E.

A function f € BMO belongs to the class VMO, or f has vanishing mean
oscillation, if
lim n(r) =0.

r—0t

This space, first defined by Sarason 1975, see [35], was used by many authors
(see e.g. [6], [19], [20], [24], [25], [32]), and characterized in [27].

The authors intend to continue and deepen this research; the challenge is to
get better regularity to the boundary.
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2. Preliminary tools and results

Let us start the section considering Morrey regularity results for minimizers of
quadratic functionals having discontinuous coefficients.

The functional is
Au, Q) = / {A%6<$,U)DanDng + g(z, u, Du)}dx,
0

where 2 C R", n > 3, is a bounded open set, u: @ — RY N > 1, u(z) =
(ul(z),...,uN(x)), Du= (Dyu'), Dy = 0/0x0, a =1,...,n, i=1,...,N.

We recall that a function v € H%?(2, RY) is called a minimizer of the functional
A(u, Q) iff

A, Q) <A, Q), Yo € H?(Q,RY),
with u — v € Hy?(Q,RN).
Let us suppose that AZB are bounded functions on € x RY and satisfy the
following conditions.
1) AY = A
2) For every u € RY, A%ﬁ(-,u) € VMO(Q).
3) For every # € Q and u,v € RV,

A3 (2, u) = AT (2,0)| < w(lu—v])

for some monotone increasing concave function w with w(0) = 0.
4)  There exists a positive constant v such that

v[€]? < AT (z,u)ELE)

for a.e. z € Q, all u € RN and ¢ € R™V.

We should mention that since C° is a proper subset of VMO, the continuity
of A%ﬁ (x,u) with respect to x is not assumed.

We suppose that the function g is a Charathéodory function and has growth
less than quadratic.

Theorem 2.1. Let u € WH2(Q,RY) be a minimum of the functional A(u, ()
defined above. Suppose that the above-mentioned assumptions on A%ﬂ(x, u) and
g(z,u, Du) are satisfied.

Then, for A =n(1 — z%)’ we have Du € L2NQo, R™N), where

loc

. 1 9
Qo={z € Q: h%l_%lf T2 /jB(LR)|Du(y)| dy = 0}.

As a consequence, for a € (0,1): u € C%¥(Qy, RY).
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For linear systems regularity results assuming A%ﬁ constants or in C°(€2), have
been obtained by Campanato in [5]. Without assuming continuity of coeffi-
cients we mention the note [4] by Acquistapace, where he refines Campanato’s

results considering that coefficients A?jﬁ belong to a class neither containing nor

contained in C°(Q), hence in general discontinuous. Also, regularity results for
solutions of linear systems with discontinuous coefficients are contained in [23].

Moreover we recall the study made by Huang in 1996 where he shows regularity
results of weak solutions of linear elliptic systems with coefficients in the class
VMO. Therefore, it seems to be natural to expect partial regularity results
under the condition that the coefficients of the principal terms Af‘jﬁ e VMO,
even for nonlinear cases.

Danécek and Viszus in [9] treated the regularity of minimizer for the functional

L{A%ﬁ(I)DauiD@uj —I—g(x,u,Du)} dz,

where g(x,u, Du) is a lower order term which satisfies
|9z, u, 2)| < f(z) + L2,

where f € LP(Q), 2 < p < oo, f > 0 a.e. on Q, L is a nonnegative constant

and 0 < v < 2. They obtain Holder regularity of the minimizer assuming that
AP (z) e VMO.

The authors have extended both the results by Huang and Danécek and Viszus
([28], [29]) because they treat the functional whose integrand contains the term
g(x,u, Du) and has coefficients Afjﬁ dependent not only on x but also on wu.
Let us now give an idea of the proof. Basic tool is the following Lemma for
constant coefficients by Campanato.

Lemma 2.2. Let u € WY?(B(x, R),R") be a weak solution of the system
Du(g2’ Dguw’) = 0 fori=1,...,N,

where g%ﬂ are constant coefficients such that strong ellipticity holds. Then, for
any t € [0, 1] we have

/ | Du|*dx < ct”/ | Du |? dx.
B(:Eo,t R) B(Q}o,R)

Proof of Theorem 2.1. Let R > 0, o€ such that B(zg, R) C §2. Let us
consider now the case g = 0, because the general case easily follows.

Let v € W2(B(zo, £),RY) be the minimum of the “frozen” functional .A°:

R o
A’ (v, B(z0, =)) :/ A%ﬁ(ﬂfo,uR)DaszgU]dQJ,
2 B(ZCm%)

where v — u € Hy?(B (o, ).
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Having constant coefficients Afjﬂ (zo,ugr), we get from Campanato’s Lemma:

/ |Dv|* dz < c-t”/ | Dv|* dw
B(CEO»@) B(x()v%)

2

for every t € [0,1]. Let us set w = u — v. Then,

/ |Dul*dr < c- t”/ |Du|2dx—i—/ |Dw|*dz ;.
B(zo,45%) B(zo,%) B(wo, %)

72 2

Let us estimate the term / |Dw|* dz. We can write
B(xo,%)

1// |Dw|*dz < C{Ao(u, B(xo, E)) — A°(v, B(x(bﬁ)) };
B(zo, %) 2 2

adding and subtracting the terms
Aiajﬁ (137 UR)DanDBUja A%6<I’ UR)DanDﬁvj
A%ﬁ(m,u)DauiDguj, AZB(LU) Dov' Dgv?

we obtain two kind of integrals. The first is:

/B( R |A%ﬁ($0>uR) —A%ﬁ<x7uR)‘ ’ ’Du‘de <
Z0,9

gc{n(A(-,uR);R)}r'/ | Du|* dz.
B(:lt(),R)
The second:
/ |A?jﬂ(937UR) — Af‘jﬁ(:ﬁ,uﬂ Dou'Dgu? dx <
B(zovg)

2

1—
<c (/ |Du]2dx) ][ w(|ug — ul?)dz <
B(zo,R) B(zo,%)
< (/ |Du|2dx) w ][ |Dul?dz | .
B(zo,R) B(xo, %)

Then if p =tR

1—2
/ |Dul*dz <c <£>n+w RQ_"/ |Dul? do +
B(zo.0) R B(ao, )

Z0,5

¥ (n<A<-,uR>,R>)13} - ( / - |DU|2dx> |
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We obtain the conclusion by using a Lemma of Giaquinta [14], and letting R
be sufficiently small: / |Dul?dx < c- p* . O
B(Z‘o,p)

The study of the minimizers for functionals under non-standard growth condi-
tions have been a new envelope during the last decades with the introductions
of Lebesgue spaces having variable coefficients. Our aim is to continue this line
of research and to prove regularity for minimizers of p(z)-energy functionals.

Let us now consider maps u: 2 — R™ and the p(z)-energy functional defined

& 0) = [ (5" (@)Gy (Dt (0Dl ()" e (5)

We suppose that (G;;(u)) and (g*?(z)) are symmetric positive definite matrices
whose entries are continuous functions defined on 2 and R™ respectively. The
function p(x) > 2 is supposed continuous on 2. Greek indices «, 3, ... are to
be summed from 1 to m, and Latin indices 7, j, ... from 1 to n. The Einstein
summation convention is used. In the sequel we consider as integrand of (5)
the function

e(u)(z) := ¢"°(2)Gij(u) Dov' (x) Dp’ (). (6)
We are interested in the study the regularity of the minimizers of the p(z)-
energy functionals.

The above functional £ is a particular case of the more general one

Z(u; Q):/ﬂz(x,u, Du)dzx, (7)

where z: QX R" x R™ — R is a Carathéodory function satistying the following
so-called (p, q)-growth condition: there exist constants A > A > 0,¢ >p > 1
such that

MEP < 2(w,u,€) < A1+ [¢]7) (8)
for all (z,u,&) € Q x R® x R™. We call Z a functional with standard growth
if p = ¢, and with non-standard growth it ¢ > p. If the integrand z = 2,
satisfies

MEPS) < 2y (2,0, &) < A1+ [E7), 9)
for all (z,u,§) € Q2 x R™ x R™ then
Zp@)(u; ) == /sz(z) (x,u, Du)dx (10)

is called a functional with p(z)-growth. A map u € W,-")(Q) is called to be a
local minimizer of Z,,) if it satisfies

Zp)(u;suppy) < Zpy(u + 3 suppyp),

for any o € W,” @)(Q) with compact support in €.
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The p(x)-energy functional £ is a p(x)-growth functional with a special struc-
ture.

Non-standard growth conditions have aroused considerable curiosity and stimu-
lated much interest since Marcellini treated them in the pioneeristic paper [21].
In 1995, Zhikov [37] and later in 1997 in [38], studied Lavrentiev phenomenon
for the functional

W) i= [ |Dupd (1)
Q

On the regularity of minimizers of W, (), a fundamental result was established
by Coscia and Mingione [7] in 1999. The study of interior partial regularity
results for general p(x)-growth functionals, continue in [1, 2, 3, 11, 12, 13].

For p(x)-energy &£, Ragusa, Tachikawa and Takabayashi [30] obtained interior
partial regularity of minimizers, precisely showing that the singular set S, of a
minimizer u can have Hausdorff dimension dim™(S,) at most m — inf p(x). In
[31] the interior everywhere regularity was shown under the one-sided condition.
In [36], assuming the boundedness of a minimizer u, the second author improved
the estimate on the Hausdorff dimension of S, as dimg(S,,) < m—[inf p(z)]—1.

We continue this study of regularity of minimizers for p(z)-energy €. In this
area we recall that, for standard growth case, Jost and Meier [18] showed that
a minimizers for some quadratic functionals can not have singular points on the
boundary and later Duzaar, Grotowski and Kronz [10] generalized this result
to general p-energy functionals

/Q (9“5(1‘)Gij(x, “)Daui(w)D@uj(x)y/de’

for p > 1. We suppose that the following assumptions are satisfied.

(H) There exist positive constants Ay, Ay, Ae, Ag such that
Ml < g% (2)Cals < AglCP Aalnl? < Gis(wyn? < Aglnl? - (12)

for all z € 2, ( € R™ and u,n € R".

(I) The the coefficients g**(x), G;;(u) and p(x) are Holder continuous func-
tions; there exist positive constants 7,7’ < 1, 0 <1, L,, L,, and L;, such
that

p(x) = p(y)| < Lyle —y|7/2 = wy(le —yl/2) forallz,y e, (13)
97 (2) = 9*°(y)| < Lylw —y|" =t wy(jz —y]) forallz,yeQ, (14)
Gii(u) — Gy (0)| < LpJu —v|” = we(ju —v]?) for all u,v € R™. (15)
(J) The function p(z) is such that

2 < = inf p(z) <supp(x) =: 2 < 4o0. (16)
(aS Y xeQ)
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We state, see [30], the following lemma on higher integrability.

Proposition 2.3. We suppose that the function p(z) > 1 has modulus of con-
tinuity wy and satisfies (3). Let py == infp+yp(z) and py = supg+ ) p(v),
and assume that

mpa mpi

<p, or pj=
m -+ p2 = & m—pi

(p2)« = > po. (17)

For some € > 0, let h be a given map in the class WHUIFOP@ (BH(T)). Let v
be a local minimizer of Z,) in the set

{w e WY@ (BH(T),R") ; w=~h on I(T)}.

Then, there exists a positive constant 0 < & such that for any 6 € (0, 3) the
local minimizer v satisfies v € WLUFOP@(BH(TY)) for any T' < T. Moreover,
if o € BT (T")UT(T") andr <T —T', we have

1/(1+6)
(][ (1 + |Do[?)(+0r@)/2 d:v) < (18)
Q(z0,r/2)
1/(1+96)
§co][ (1+|Duf?)? ”)/de+cl(][ (1 -+ | Dh[?) (10 /2dx) ,
Q(zo,r) Q(zo,r)

where we put Qy, p) := By, p) N BT(T).

By virtue of Theorem 3.1 in [11] and Proposition 2.3, we have the following
estimate of the minimizer in [30].

Proposition 2.4. We consider a bounded domain D C R™ with smooth bound-
ary 0D and S > 0, a positive number, which satisfies the following hypotheses

(i)  p1 =pi(x,45) and py = pa(x,45) satisfy (17),
(ii)  there is a diffeomorphism 1p: B(y,4S) — B(T) which satisfies

W(B(y,4S)N D) € BY(T) and (B(y,4S)NaD) = I(T).

Let us suppose that p(x) and h(z) verify the assumptions of Proposition 2.3
and that v is a minimizer of Zyu (-, D) in the class

{fwe W@ (D R") : w—he Wy (D;R)}.

Then, there exists a constant 6 € (0,¢) such that for any & € (0,0], we have
that v € WP+ (D R™) and that

/(1 + |Dv|2)(1+5)p(x)/2dx < 02(1 + |D’5sm5)/<1 + |Dh\ ) (14+8)p(x) /2da: (19)
D

where ¢y is dependent only on m, A, A, p(x), and Zp)(h, D).
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Let us fix, from now on, a constant § € (0,1) in such a way the previous
properties hold and such that

md < o. (20)

We now study the boundary regularity of minimizers of the following functional
Syow,D) 1= [ |Dulfda, 1)
D

Theorem 2.5. Let us suppose that p(z) satisfies (13), and that R > 0 is
sufficiently small such that

(1 + g) p2(2R) < (14 0)p1(2R). (22)

Also, let v € WP (BT(R),R"™) be a local minimizer of Sy in the set

{we W@ . w=h onT(R)},
where h is a given boundary data in the class of functions Wh*(B*(R),R"),

s > (14 6)pa. Moreover, we suppose that Sp)(v) < K for some positive
constant K. Then, for any ¢ € (0,mp2(2R)/s), we have

m—e
/ (1 (Do < e (1) / (1 + [Dv[2)2@P/2 4y +
B+ (o) 2R BH(R)

(2R)/s
+pmmp2(2R)/s</ (1 + |Dh|2)s/2dx>p2 i| (23)
B+(2R)

Proof. We consider the shorter p, instead of py(2R) and we define the following
frozen functional

So(w) := /B+(R) | Dw|P?dz. (24)

where we let w € WP2(BT(R)) be a minimizer of Sy with w = v on dB*(R).

Bearing in mind inequality (22) and Proposition 2.3, we have
= Wl’(1+5)p(x)(B+(R)) C Wl’(1+6/2)p2(B+(R)).

Let us now consider Proposition 2.4 for D = BT (R) and S = R/k for a suitable
k > 0. Then, we have

/ | Du| 0722 < / (1+ |Du)+5/2m2y  (25)
BT(R) BT(R)
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Moreover, from the boundary regularity results for minimizers of functionals of

standard growth (see e.g. [10]), we have, for any k € (0, 1)

P\m
DwlP2dx < — k Dwl|P2d
/B;| wprdr < ef (2)"+ )/m)| wlPda+

+ kl—pQRm(l_pQ/S) (/ |Dh|8dl‘>p2/s:| |
Bt (2R)

where ¢ is a constant depending only on the boundary condition.

The minimality of v implies, reasoning as in [7], that

So(v) = Solw) > c/ (|Dv| + | Dw|)*~2| Dv — Dw|?dz,

B+(R)
and then
/ |Dv — Dw|P*dz < Sy(v) — So(w).
B+(R)
Taking into account that v is a minimizer of Sy, we have

So(0) = So(w) < So(v) = Sy (0) + Spiey(w) — So(w).

Following the method used in [7], Ve > 0 3C(¢) > 0 :

it — | < Cle)(s — ) (1 + 1), Vi >0 and s>r>1,

(26)

(28)

(29)

and then, from (22), Holder continuity of p(z) and Proposition 2.3, it follows

that

Su(0) = S (0 £ B [ (L (Do)
B+(R)

1+6
< cR"m‘s(/ (1+ |DU|2)p(””)/2daz)
B+(2R)
+cR° / (1 + | Dh|?)H0P@)/2 gy
B*(2R)

< cRT™ / (1+ | Du[2)"®/2dz
B+(2R)

I CRa+m(1—(1+5)p2/s)</ (1+ |Dh|2)s/2dx
B+(2R)

> (1+8)p2/s

(30)
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Analogously, from Proposition 2.4 with p(x) = py, v = w, h = v and the latter
half of the above estimates, we get

|Spay (W) — So(w)| < CR"/ (1 + | Dw|?) #0222 gy,
Bt(R)

< cRU/ (1+ |Dv[2)(1+5/2)1’2/2d3;
Bt (R)

< cRT™ / (1 + | Do|?)P@)/2dy 4
BT(2R)

(1+8)p2/s

I CRg+m(1(1+6)m/S)(/ (1+ |Dh|2)s/2dx> . (31)

B*(2R)

Combining (27), (28), (30) and (31), we get
/ |Dv — Dw|P*dx < cR"_m(S/ (1+ |Dv[})P@ /24y +
B*(R) B+(2R)

| cRoHmlo—(1+0)p2/5) ( / (14 |DhJ*)*Pda (32)

)(1+5)pz/s
B+(2R) .

Then we have

/ |Dv|P2dx <
B+ ()

PN™ 1- m(l—p2/s) s p2/s
< c[(£)" +4] [DuwfPda -+ ck! 7 R0/ [Dhfde )™+
R Bt (2R) BF(R)

+ cR7™ / (1 + | Do|?)P@)/2dy 4
B*(2R)

+CRa+m(1(1+5)p2/s)</ (1+ ]Dh\2)s/2dx

)(1+5)p2/8
B+(2R) .

Choosing R < 1 sufficiently small, recalling that ¢ — mdps/s > o — mé, and
using the minimality of w, we have

/ (1 + |Dv)P2P)/ 24y < / (14 |Dv[?)P22B dy <
B+(p) B+ (p)

< c[<£>m +k+ R"‘m5] / (14 |Dof?)P2R) gy 1
R B+(2R)

+ C(k’l_p2 + 1)Rm—p2(23)m/5 </

p2/s
(1+|Dh|2)5/2dx>2 .
B+(2R)

Taking into account [15, Lemma 5.13] and choosing k and R sufficiently small,
we obtain (23). O
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