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1. Introduction

Inverse problems have very important applications in different fields such as
economics, physics, medical sciences,...etc. In this article, we treat an inverse
problem arising in convex optimization. Such problems originate, in particular,
in microeconomic theory of consumer behavior. This kind of problems are
known as characterization problems of consumer’s demand functions.
In [1], the author considered the multi-constraint maximization problem

max f(x) subject to Ax ≤ C(A)

where x ∈ Rn, A is an m×n matrix of rank m and C(A) = (C1(a1), ..., Cm(am))
is a given mapping, Ci(ai) : Rn → R and ai is the ith row of the matrix A.
Hence, the ith constraint takes the form aix = Ci(ai). Necessary and sufficient
conditions were given in [1] for a given function to be a solution of this kind of
problems. This means that, the inverse problem is solved and solutions of this
problem were characterized.
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We consider the same problem in this paper, but we assume that each com-
ponent of the mapping C(A) is homogeneous of degree one (henceforth, 1-
homogeneous). The homogeneity assumption is important as it implies that
the solution of this optimization problem x(A) is 0-homogeneous in ai for all
i = 1, ...,m, whereas the Lagrange multiplier of the ith constraint λi(A) is
−1-homogeneous in ai and 0-homogeneous in ak, for all k ̸= i.
The homogeneous case requires a different approach because the method used
in [1] does not apply directly to this case. Therefore, we characterize solutions
of the above problem when the ”linear” constraints are 1-homogeneous. As a by
product, we treat the integrability problem of homogeneous differential forms.
Moreover, we use Lie derivative to characterize homogeneous differential forms.
This result will be used to solve the integrability problem.
This family of inverse problems in convex optimization originates from con-
sumer theory in microeconomics. The first result goes back to Slutsky [11] who
gave conditions that characterize solutions of the individual’s problem maxu(x)
subject to ptx ≤ I, where u is the utility function of the individual, p ∈ Rn

is the price vector and I > 0 is the income. The results of Slutsky were then
generalized to the multi-constraint case, maxu(x) subject to Ax ≤ Y , see [3].
Another line of research in this domain started by considering, again, a single
constraint problem whose constraint takes the form ptx ≤ w(p), see [2], and
then generalized to the multi-constraint case Ax ≤ C(A), see [1], where the
function C(A) is not 1-homogeneous.
Our approach for the solution depends on the value function, V (A), of the
above problem which is defined as V (A) = maxx{f(x)|Ax ≤ C(A)}. This
functions has important homogeneity and convexity properties that will be
given below. The inverse problem is mainly an integration one; that is, we
need to find the necessary and sufficient conditions for the existence of m + 1
functions V, λ1, ..., λm such that

∂V

∂aij
= λi

(
∂Ci

∂aij
− xj

)
(1)

This important expression, obtained using the envelope theorem, relates the
value function to the solution and the Lagrange multipliers of the optimization
problem. As we shall see, we need to consider a family of functions λik = λi/λk

that will constitute an important part of the necessary and sufficient conditions
for integration.
In addition to (1), the functions V , λ1, ..., λm should satisfy additional con-
vexity, homogeneity and positivity conditions. Consequently, the integration
problem will be split into mathematical integration problem and economic in-
tegration problem.
• Mathematical integration. Given a function x(A) and a family of

functions λik, 1 ≤ i, k ≤ m, what are the necessary and sufficient condi-
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tions for the existence of m+1 functions λ1, ..., λm and V that satisfy (1).
Moreover, the function V (A) should be 0-homogeneous in ai, λi should be
(−1)-homogeneous in ai and 0-homogeneous in ak for all k ̸= i, i = 1, ...,m.

• Economic integration. In addition to the mathematical integration, we
impose the following additional conditions on the functions that satisfy (1);
the functions λi are strictly positive and the function V is quasi-convex
with respect to each ai for all i = 1, ...,m.

Throughout this paper, we employ exterior differential techniques to solve the
inverse problem. A good reference to these techniques is the book by Bryant et
al. [5], see also the book of Chiappori and Ekeland [7] which includes several
applications of exterior differential calculus techniques and a user’s guide for
these techniques. We get local results; that is, the functions involved in the
integration problem are defined in a neighbourhood of some given point. We
define a family of differential forms and set up an integration problem using
these forms. The solution of this integration problem, then, requires solving a
nonlinear system of partial differential equations.
The rest of the article will be organized in the following way. In the next section
we review the definition and basic properties of Lie derivative and we consider
the integrability of homogeneous differential forms. Then, the model is intro-
duced with some basic results. After that, necessary and sufficient conditions
for mathematical integration are given. After mathematical integration, the
economic integration problem is solved. Then, the results are applied to the
single constraint case and duality is discussed. Finally, as an application to our
results, an example from the economic theory of individual excess demands is
given.

2. Lie derivative and integration of homogeneous forms

In this section we consider an n-dimensional manifold M with coordinate sys-
tem (x1, ..., xn) and X ∈ TM is a vector field belonging to the tangent bundle,
TM, of M.
Definition 2.1. Let D be a cone in Rn, f : D → R be a function defined on
D. Then, f is said to be homogenous of degree k ∈ R, if for any real number
t > 0, f(tx1, ..., txn) = tkf(x1, ..., xn), ∀x ∈ D. A differential p-form

ω =
∑

i1<···<ip

ωi1···ip(x)dx
i1 ∧ ... ∧ dxip

is called k-homogeneous if the functions ωi1···ip(x) are k-homogeneous.

Homogeneous functions are characterized by Euler’s formula which states that
a C1 function f is k-homogeneous on a cone D ⊂ Rn if and only if xt∇f(x) =
kf(x) for all x ∈ D.
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Definition 2.2. Let M be a manifold, X ∈ TM be a vector field on M
and Λk(M) be the set of k-forms on M. The interior product ιX : Λk(M) →
Λk−1(M) is defined by

(ιXω)(Y1, ..., Yk−1) = ω(X,Y1, ..., Yk−1)

The differential form ιXω is also called the contraction of ω ∈ Λk(M) with X.

The interior product satisfies ιX(ω ∧ η) = (ιXω) ∧ η + (−1)kω ∧ ιXη for any
ω ∈ Λk(M) and η ∈ Λl(M).
Now, we recall the definition of Lie derivative and some properties of it. We
adopt the notations used by Olver, [10].
Definition 2.3. Let X be a vector field on a manifold M and ω be a vector
field or a differential form defined on M. The Lie derivative of ω with respect
to X is the object whose value at x ∈ M is

LXω = lim
t→0

ϕ∗
t (ω |ϕt(x))− ω |x

t
=

d

dt

∣∣∣∣
t=0

ϕ∗
t (ω |ϕt(x)),

where ϕt(x) is the flow of the vector field X and ϕ∗ refers to the pull-back of ϕ.

The Lie derivative of an ordinary function f is just the contraction of the
exterior derivative of f with the vector field X; that is, LXf = ιXdf .
Lemma 2.4. Let ω be a differential form of degree k and X be any vector field,
then the Lie derivative has the following properties:
(1) LXω is of the same degree as ω,
(2) d(LXω) = LXdω,
(3) LXω = ιXdω + d(ιXω),
(4) LX(ω ∧ θ) = LXω ∧ θ + ω ∧ LXθ,
(5) LfXω = fLXω + df ∧ ιXω,
where ι is the interior product between ω and X and d is the exterior derivative.

For the rest of this section, we denote by X ∈ TM the vector field defined by

X =
n∑

i=1

xi ∂

∂xi
(2)

where M is a manifold and (x1, ..., xn) is a coordinate system of M. The next
theorem gives a characterization of homogeneous differential forms using Lie
derivative.
Theorem 2.5. A differential p-form ω(x) is k-homogeneous if and only if
LXω = (k + p)ω.
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The proof follows using identity (3) of Lemma 2.4 and simple calculation. Be-
fore proceeding, we give the following theorem, known as Darboux theorem,
that will be used repeatedly
Theorem 2.6. Let ω(x) be a given differential 1-form. If ω ∧ dω = 0 in the
neighbourhood of some point x̄ then there exists two functions f(x) and g(x),
defined locally in a neighbourhood of x̄ such that ω = fdg. Conversely, if
ω = fdg then ω ∧ dω = 0.

2.1. Integrability of homogeneous differential forms

We discuss now the integration of homogeneous differential forms. Given a
differential form ω, when can it be written as ω = fdg in the neighbourhood
of some point x̄ ∈ M where f and g are homogeneous functions of certain
degrees. Let us start by the following lemma
Lemma 2.7. If ω is a C1, k-homogeneous 1-form such that ιXω = 0 then

ιXdω = (k + 1)ω

Proof. k-homogeneity implies that LXdω = (k + 1)ω. On the other hand
(k + 1)ω = LXω = ιXdω + d(ιXω). But ιXω = 0, so ιXdω = (k + 1)ω.

Building on this lemma we prove the next result:
Theorem 2.8. Let ω be a C1 differential 1-form such that ιXω = 0. Then
ω ∧ dω = 0 with ω k-homogeneous if and only if there is a 1-form β such that
dω = β ∧ ω and ιXβ = k + 1

Proof. If dω = β ∧ ω, then ω ∧ dω = 0. We have, ιXdω = (ιXβ)ω− β(ιXω) =
(k + 1)ω. But LXdω = ιXdω + d(ιXω) = (k + 1)ω. This proves the k-
homogeneity of ω. Conversely, if ω ∧ dω = 0, then there exists a 1-form β
such that dω = β ∧ ω. Hence, ιXdω = (ιXβ)ω − β(ιXω) by using Lemma 2.7,
ιXdω = (ιXβ)ω = (k + 1)ω. Then ιXβ = k + 1.

The next theorem answers the question of homogeneous decomposition of ho-
mogeneous differential form ω = fdg

Theorem 2.9. Let ω be a C1, k-homogeneous differential 1-form such that
ω∧ dω = 0 in a neighbourhood U of some point x̄. Then, there exists a (k+1)-
homogeneous function f and a 0-homogeneous function g, defined in a possibly
smaller neighbourhood V ⊂ U such that ω(x) = f(x)dg(x).

Proof. Suppose that ω∧dω = 0. Then, there exist two functions f and g such
that ω = fdg. Since ιXω = 0, then ιXdg = 0; that is, g is 0-homogeneous. We
have also, dω = df ∧ dg, and dg = ω/f. It follows that dω = df

f
∧ ω. Apply

the vector field X to both sides of the previous equation and use Lemma 2.7
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to get (k + 1)ω = ιX
df
f
ω. Thus, ιXdf = (k + 1)f , which proves that f(x) is

(k + 1)-homogeneous.

3. Setting up The Model

We consider a multi-constraint maximization problem of the form

(P) max
x

f(x) subject to Ax = C(A),

where f is a function that satisfies certain regularity and convexity conditions
given below, A is an m × n matrix of rank m and C : Rmn → Rm is a given
mapping. The ith constraint takes the form aix = Ci(A) where ai is the ith row
of the matrix A. Define the Lagrangian function

L(x, λ) = f(x) +
m∑
k=1

λk

(
Ck(A)−

n∑
l=1

akl x
l

)

with x ∈ Rn, and λ = (λ1, ..., λm) ∈ Rm
++ is the vector of Lagrange multipliers.

Define the value function of this problem by

V (A) = max
x

{
f(x) +

m∑
k=1

λk

(
Ck(A)−

n∑
l=1

akl x
l

)}
(3)

Differentiating the function V (A) with respect to aij and using the envelope
theorem we get

∂V

∂aij
=

m∑
k=1

λk
∂Ck

∂aij
− λix

j. (4)

We suppose that Ck is a function of the vector ak only, where ak is the kth row of
the matrix A. Moreover, we assume that each component of the mapping C(A)
is homogeneous of degree one. This implies, in particular, that the functions
x(A) and V (A) are homogeneous of degree zero with respect to each ai, i =
1, ...,m and the Lagrange multiplier corresponding to the ith constraint, λi(A)
is homogeneous of degree -1 with respect to ai, and is homogeneous of degree
0 with respect to ak for k ̸= i. Throughout this paper, we adopt the following
assumptions
Assumption 3.1. For each i ∈ {1, ....,m}, we assume that the function Ci

has the following properties:
(a) Ci : Rn → R is a function of ai only;
(b) Ci is a convex function of ai;
(c) Ci is of class C2;
(d) Ci is homogeneous of degree one in ai; that is, aiDaiC

i − Ci(ai) = 0.
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We consider the following assumptions on the objective function f .
Assumption 3.2. Assume the function f satisfies the following conditions:
(a) f is strictly increasing with respect to each coordinate of the vector x;
(b) the Hessian matrix D2

xf is negative definite on the subspace {Dxf}⊥;
(c) f is of class C2.

Assumption 3.1(a) implies that DaiC
k = 0 if i ̸= k, equation (4) becomes

∂V

∂aij
= λi

(
∂Ci

∂aij
− xj

)
. (5)

Define a family of differential 1-forms ω1, ...., ωm by

ωi =
n∑

j=1

(
∂Ci

∂aij
− xj

)
daij. (6)

It follows that the differential of V , can be written as:

dV =
m∑
i=1

λiω
i.

Notice that

dωi =
∑
j,l

∂2Ci

∂ail∂a
i
j

dail ∧ daij −
∑
j,k,l

∂xj

∂akl
dakl ∧ daij.

The coefficients in the first summation are symmetric, so we end up with

dωi = −
∑
j,k,l

∂xj

∂akl
dakl ∧ daij.

Differentiating both sides of the ith constraint with respect to aij and rearrang-
ing, we get:

∂Ci

∂aij
− xj =

n∑
r=1

∂xr

∂aij
air. (7)

Using this result, the 1-form ωi can be written as

ωi =
n∑

r,j=1

∂xr

∂aij
airda

i
j. (8)
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Now, our inverse problem can be stated as follows:
• We observe the function xj(A), j = 1, ..., n from Rmn to Rn.
• Then we define the functions Ci(ai) = aix(A).
• We observe also a family of positive functions λik using symmetry condi-

tions that will be given below.
• Our goal is to find a function f(x), by first finding the value function

V (A), such that x(A) ∈ argmax {f(x)|Ax = C(A)} and V (A) = f(x(A)).
We restrict the domains of the indices as, 1 ≤ i, k, k′, s, t ≤ m and 1 ≤
j, j′, l, l′, r ≤ n. In what follows, δik denotes the Kronecker symbol which equals
one if i = k and zero otherwise.

3.1. Some preliminary results

In this section, we give some important preliminary results that will be used
to solve the inverse problem. Define the family of function λik by λik := λi/λk,
1 ≤ i < k ≤ m. These functions appear in the conditions for mathematical
and economic integration. The following lemma, for which we omit the proof,
is easily obtained
Lemma 3.3. Let V (A) be the value function defined in (3) and λi be the
Lagrange multiplier corresponding to constraint i of problem (P). Then,
(a) V (A) is 0-homogenous in ai for all i = 1, ...,m;
(b) V (A) is quasi-convex with respect to each ai for all i = 1, ...,m;
(c) λi is −1-homogeneous in ai and 0-homogeneous in ak for all k ̸= i.

The next lemma follows from homogeneity properties of λi, i = 1, ...,m.

Lemma 3.4. For any i, k = 1, ...,m, 1 ≤ i ̸= k ≤ m, the function λik has the
following homogeneity properties:
(a) homogeneous of degree −1 in ai;
(b) homogeneous of degree 1 in ak;
(c) homogeneous of degree 0 in ak

′, k′ ̸= i, k.
That is, ∑

l

∂λik

∂ak
′

l

ak
′

l = λik(δ
k′

k − δk
′

i ). (9)

The implicit function theorem gives the following result:
Lemma 3.5. If the function f(x) satisfies Assumption (3.2) and C(A) is of
class C2, then the maps A → x(A) and A → λ(A) are of class C2.

By differentiating the ith constraint and using 0-homogeneity of x with respect
to ai, we get the following
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Lemma 3.6. Let x(A) be a solution of a multi-constraint maximization prob-
lem of the above type, then

(1)
n∑

l=1

∂xl

∂aij
akl = 0 if i ̸= k.

(2)
n∑

j=1

(
∂Ci

∂aij
− xj

)
aij = (ai)T (Daix)a

i = 0.

In the rest of this paper we state our main results. We solve the inverse problem
and start by solving the mathematical integration problem in the next section.

4. Mathematical integration: necessary and sufficient conditions

In this section we solve the mathematical problem. We express necessary and
sufficient conditions for mathematical integration as a set of nonlinear partial
differential equations for the observable functions λik and x. Define a family of
1-forms Ωk, k = 1, ...,m, by

Ωk =
m∑
i=1

λik

(
∂Ci

∂aij
− xj

)
daij.

Then, Ωk can be expressed as

Ωk =
m∑
s=1

λskω
s, (10)

where ωs is the 1-form defined by (6) or the equivalent form (8). Equation (5)
implies that

1

λk

dV = Ωk. (11)

The 1-forms Ω1, ....,Ωm are defined using only observable functions and are
collinear to the same gradient dV . One can easily show that Ωi∧Ωk = 0 for all
i, k = 1, ...m which proves that the 1-forms Ω1, ....,Ωm are proportional. This
proportionality implies that if Ωi ∧ dΩi = 0 for some i then Ωk ∧ dΩk = 0 for
any k ̸= i. Moreover, by virtue of Darboux theorem 2.6, Ωk ∧ dΩk = 0 if and
only if Ωk = µkdV , see [1] for details. Notice that the equation Ωk ∧ dΩk = 0
gives the necessary and sufficient conditions for mathematical integration. Our
objective now is to write these conditions explicitly over the functions λik(A),
1 ≤ i < k ≤ m, and x(A). The following theorem gives the required explicit
integrability conditions
Theorem 4.1. Given the family of 1-forms Ω1, ...,Ωm. Then Ωk ∧ dΩk = 0 if
and only if
(a) there exists a set of m×n matrices R1, R2, ..., Rm that satisfy the conditions∑n

l=1 R
l
kk′(A)a

k′

l = δk
′

k for all k, k′ = 1, ...,m;
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(b) for all 1 ≤ i, s ≤ m , 1 ≤ j, l ≤ n the following conditions are satisfied:

∂λik

∂asl

∑
r

∂xr

∂aij
air − λik

∂xj

∂asl
−Rl

ks(A)λik

∑
r

∂xr

∂aij
air =

=
∂λsk

∂aij

∑
r

∂xr

∂asl
asr − λsk

∂xl

∂aij
−Rj

ki(A)λsk

∑
r

∂xr

∂asl
asr. (12)

Proof. Recall that Ωk ∧ dΩk = 0 if and only if there exists a 1-form αk such
that

dΩk = αk ∧ Ωk. (13)

The 1-form αk can be identified (mod Ωk). Notice that

Ωk =
m∑
i=1

λik

n∑
r,j=1

∂xr

∂aij
airda

i
j.

Define a family of vector fields by ξi =
n∑

j=1

aij
∂

∂aij
. Then,

ιξk′Ωk = λk′k

n∑
r,j=1

∂xr

∂ak
′

j

ak
′

r a
k′

j = 0.

To find a 1-form αk that satisfies the equation dΩk = αk ∧ Ωk, we apply both
sides of this equation to the vector field ξk

′ . So we have

ιξk′dΩk = (ιξk′αk)Ωk − αk(ιξk′Ωk). (14)

But ιξk′Ωk = 0, ∀k, k′. Therefore, equality (14) becomes

ιξk′dΩk = (ιξk′αk)Ωk. (15)

The exterior derivative of Ωk is

dΩk =
∑
i,j,s,l

λik

(
∂2Ci

∂asl ∂a
i
j

− ∂xj

∂asl

)
dasl ∧ daij +

∑
i,j,s,l

∂λik

∂asl

(
∂Ci

∂aij
− xj

)
dasl ∧ daij.

Using (7), we can write dΩk as

dΩk =
∑
i,j,s,l

(
∂λik

∂asl

∑
r

∂xr

∂aij
air − λik

∂xj

∂asl

)
dasl ∧ daij .
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Now, we apply the 2-form dΩk to the vector field ξk
′ , we find that

ιξk′dΩk =
∑
i,j,l

(
∂λik

∂ak
′

l

∑
r

∂xr

∂aij
air − λik

∂xj

∂ak
′

l

)
ak

′

l da
i
j−

−
∑
j,s,l

(
∂λk′k

∂asl

∑
r

∂xr

∂ak
′

j

ak
′

r − λk′k
∂xj

∂asl

)
ak

′

j da
s
l

=
∑
i,j,l

∂λik

∂ak
′

l

ak
′

l

∑
r

∂xr

∂aij
airda

i
j + λk′k

∑
j,s,l

∂xj

∂asl
ak

′

j da
s
l .

Then, using equation (9), we have

ιξk′dΩk = δk
′

k

∑
i

λik

∑
r,j

∂xr

∂aij
airda

i
j + λk′k

(∑
j,l

∂xj

∂ak
′

l

ak
′

j da
k′

l −
∑
j,r

∂xr

∂ak
′

j

ak
′

r da
k′

j

)
.

We end up with

ιξk′dΩk = δk
′

k

∑
i

λik

∑
r,j

∂xr

∂aij
airda

i
j = δk

′

k Ωk . (16)

Comparing (15) and (16), we conclude that

ιξk′dΩk = ιξk′αk

∑
i

λik

∑
r,j

∂xr

∂aij
airda

i
j = δk

′

k

∑
i

λik

∑
r,j

∂xr

∂aij
airda

i
j .

Consequently, the differential 1-form αk must satisfy ιξk′αk = δk
′

k . The 1-form
αk can be expressed in terms of the basis of 1-forms, daij, 1 ≤ i ≤ m, 1 ≤ j ≤ n,
on Rmn as

αk =
∑
s,l

Rl
ks(A)da

s
l .

Using this expression of αk, condition ιξk′αk = δk
′

k means that

n∑
l=1

Rl
kk′(A)a

k′

l = δk
′

k .

Now the equation dΩk = αk ∧ Ωk can be expressed as∑
i,j,s,l

(
∂λik

∂asl

∑
r

∂xr

∂aij
air−λik

∂xj

∂asl

)
dasl∧daij =

∑
i,j,s,l

(
Rl

ks(A)λik

∑
r

∂xr

∂aij
air

)
dasl∧daij

or equivalently as∑
i,j,s,l

(
∂λik

∂asl

∑
r

∂xr

∂aij
air − λik

∂xj

∂asl
−Rl

ks(A)λik

∑
r

∂xr

∂aij
air

)
dasl ∧ daij = 0 . (17)
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Write the previous equation as
∑
i,j,s,l

(Γk)
sl
ijda

s
l ∧ daij = 0, where

(Γk)
sl
ij =

∂λik

∂asl

∑
r

∂xr

∂aij
air − λik

∂xj

∂asl
−Rl

ks(A)λik

∑
r

∂xr

∂aij
air.

Then equation (17) is satisfied if and only if (Γk)
sl
ij = (Γk)

ij
sl for any given

k ∈ {1, ...,m} and all 1 ≤ i, s ≤ m and 1 ≤ j, l ≤ n. So, we get the required
symmetry conditions.

Notice that the 1-forms Ωk, k = 1, ...,m, are not homogeneous with respect to
any of the vectors a1, ..., am. One can readily verify that

Lξk′Ωk = (1 + δk
′

k )Ωk − λk′kω
k′ .

In particular, LξkΩk = 2Ωk − ωk.
Corollary 4.2. Suppose that the conditions (12) are satisfied. Then
(a) Si = ST

i , for all i = 1, ...,m, where Si is the n× n matrix whose jl-entry
is given by

Sjl
i =

∂xj

∂ail
−Rj

ii(A)
∑
r

∂xr

∂ail
air ,

(b) ∂xl

∂aij
+Rj

ki(A)
∑
r

∂xr

∂akl
akr − τik

∑
j′

∂xl

∂aij′
akj′

∑
r

∂xr

∂aij
air =

= λik

(
∂xj

∂akl
− τik

∑
j′

∂xj′

∂akl
akj′

∑
r

∂xr

∂aij
air

)
,

where τik = (
∑
r,j′

∂xr

∂aij′
aira

k
j′)

−1 = (ai(Daix
r)(ak)t)−1.

Proof. If s = i = k then, using the fact that λii = 1, the relations (12) boil
down to the following symmetry conditions

∂xj

∂ail
−Rj

ii(A)
∑
r

∂xr

∂ail
air =

∂xl

∂aij
−Rl

ii(A)
∑
r

∂xr

∂aij
air .

So we get (a). To prove (b), it suffices to take s = k and i ̸= k in (12) which
results in this case in

∂λik

∂akl

∑
r

∂xr

∂aij
air − λik

∂xj

∂akl
−Rl

kk(A)λik

∑
r

∂xr

∂aij
air = (18)

= −∂xl

∂aij
−Rj

ki(A)
∑
r

∂xr

∂akl
akr .
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Now, multiply both sides of the last equality by akj , summing over j,

∂λik

∂akl

∑
r,j′

∂xr

∂aij′
aira

k
j′ − λik

∑
j′

∂xj′

∂akl
akj′ −Rl

kk(A)λik

∑
r,j′

∂xr

∂aij′
aira

k
j′ =

= −
∑
j′

∂xl

∂aij′
akj′ −

∑
j′

Rj′

ki(A)a
k
j′

∑
r

∂xr

∂akl
akr .

But,
∑

j′ R
j′

ki(A)a
k
j′ = 0. Therefore, we have

∂λik

∂akl

∑
r,j′

∂xr

∂aij′
aira

k
j′ − λik

∑
j′

∂xj′

∂akl
akj′ −Rl

kk(A)λik

∑
r,j′

∂xr

∂aij′
aira

k
j′ = −

∑
j′

∂xl

∂aij′
akj′ .

Multiplication with τik leads to

∂λik

∂akl
= λikτik

∑
j′

∂xj′

∂akl
akj′ + λikR

l
kk(A)− τik

∑
j′

∂xl

∂aij′
akj′ . (19)

Substituting this expressiono back into (18), we get

λikτik
∑
j′

∂xj′

∂akl
akj′

∑
r

∂xr

∂aij
air +λikR

l
kk(A)

∑
r

∂xr

∂aij
air − τik

∑
j′

∂xl

∂aij′
akj′

∑
r

∂xr

∂aij
air−

−λik
∂xj

∂akl
−Rl

kk(A)λik

∑
r

∂xr

∂aij
air = −∂xl

∂aij
−Rj

ki(A)
∑
r

∂xr

∂akl
akr .

Then,

λikτik
∑
j′

∂xj′

∂akl
akj′

∑
r

∂xr

∂aij
air − τik

∑
j′

∂xl

∂aij′
akj′

∑
r

∂xr

∂aij
air − λik

∂xj

∂akl
=

= −∂xl

∂aij
−Rj

ki(A)
∑
r

∂xr

∂akl
akr .

Rearranging, this condition can be written as

∂xl

∂aij
+Rj

ki(A)
∑
r

∂xr

∂akl
akr − τik

∑
j′

∂xl

∂aij′
akj′

∑
r

∂xr

∂aij
air =

= λik

(
∂xj

∂akl
− τik

∑
j′

∂xj′

∂akl
akj′

∑
r

∂xr

∂aij
air

)
.

This completes the proof.

We can use condition (b) to determine the functions λik.
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5. Economic integration

In this section, we solve the economic integration problem. We start by giving
the following theorem.
Theorem 5.1. Given a function x(A) ∈ Rn that is 0-homogeneous in ai, i =
1, ...,m and a family of strictly positive functions λik, 1 ≤ i, k ≤ m, all of
class C2 that satisfies the homogeneity conditions of Lemma 3.4 defined in a
neighbourhood V of some point Ā such that λtiλsk = λsiλtk for all λik, 1 ≤
i, k, s, t ≤ m. Then, there exist m + 1 functions µ1, ..., µk and V , defined in a
possibly smaller neighbourhood U ⊂ V, such that µkdV = Ωk if and only if the
conditions (12) are satisfied in V.

Proof. Given the functions x(A) and λik, 1 ≤ i, k ≤ m as in the statement
of the theorem. Define a family of 1-forms Ωk, k = 1, ...,m as above. Now,
Ωk ∧ dΩk = 0 if and only if there exist two functions µk and Vk such that Ωk =
µkdVk. Then we have Ωi∧Ωk = µiµkdVi∧dVk = 0. Therefore, dVk = ϕik(A)dVi,
∀i, k = 1, ...,m for some function ϕik. So we can set dV1 = ... = dVm = dV.

The conditions λtiλsk = λsiλtk are satisfied by the functions λik = λi/λk. These
conditions are required to prove that Ωi∧Ωk = 0 for any i, k = 1, ...,m, for the
differential forms defined by (10), see [1]. We recall the following three results
from [1] for which we give brief proofs for the convenience of the reader.
Lemma 5.2. Suppose that V (A) is the value function, x(A) is a solution and
λ(A) is the associated vector of Lagrange multipliers for problem (P). Then we
have

D2
aiV (A) = λi(A)(D

2
aiC

i(ai)−Daix(A)) +Daiλi(A)(DaiC
i(ai)− x)T . (20)

Moreover, the n × n matrix D2
aiC

i(ai) − Daix(A) is symmetric and positive
semi-definite on {DaiV }⊥.

Proof. By differentiating equation (5) and using the fact the value function V
is quasi-convex with respect to ai, the result follows.

Lemma 5.3. Let x(A) be a solution of problem (P) and C(A) = Ax(A). Then

∑
r

∂2xr

∂akl ∂a
i
j

asr +
∂xl

∂aij
δsk +

∂xj

∂akl
δis =

∂2Cs

∂akl ∂a
i
j

δisδ
k
s . (21)

Moreover, if Ci(ai) is a convex function then the n× n matrix Mi, where

Mi
jl =

∑
r

∂2xr

∂ail∂a
i
j

air +
∂xl

∂aij k
+

∂xj

∂ail
,

is symmetric and positive semi-definite.
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Proof. The result follows by differentiating the sth constraint firstly with re-
spect to aij and then with respect to akl . Positivity follows from the convexity
of Ci(ai).

Lemma 5.4. Let x(A) ∈ Rn be a given function, define C(A) by C(A) =
Ax(A). Then the matrix T i = ai ⊗D2

aix(A) +Daix(A) whose ij-entry is

T i
jl =

∑
r

∂2xr

∂ail∂a
i
j

air +
∂xl

∂aij
,

is symmetric and positive semi-definite on the subspace {(Daix)
t(ai)t}⊥.

Proof. From the above equation (21) we have T i +Daix = D2
aiC

i. Using this
equation and (5), we get D2

aiV = λiT
i + 1

λi
(Daiλi)(DaiV )T . The result follows

from the last equality, the quasi-convexity of V with respect to ai and the result
that DaiV = λi(a

iDaix)
t.

The following theorem solves the economic integration problem.
Theorem 5.5. Let x(A) ∈ Rn, λik(A) > 0 be given functions defined on a
neighbourhood U of some point Ā ∈ Rmn where x is zero-homogeneous in ai, and
λik satisfy the homogeneity conditions of Lemma (3.4). Define C(A) = Ax(A).
Suppose that the following conditions are satisfied in U for all i, k = 1, ...,m.

(a) λtiλsk = λsiλtk for all 1 ≤ i, k, s, t ≤ m.
(b)

∂λik

∂asl

∑
r

∂xr

∂aij
air − λik

∂xj

∂asl
−Rl

ks(A)λik

∑
r

∂xr

∂aij
air =

=
∂λsk

∂aij

∑
r

∂xr

∂asl
asr − λsk

∂xl

∂aij
−Rj

ki(A)λsk

∑
r

∂xr

∂asl
asr

(c) The matrix Mi, i = 1, ...,m, is positive semi-definite.
(d) The restriction of the matrix T i to {(Daix)

t(ai)T}⊥, i = 1, ...,m, is posi-
tive semi-definite.

Then, there exist positive functions λ1, ..., λm and a function V which is quasi-
convex with respect to ai for each i, defined in a neighbourhood V ⊂ U such
that

DaiV = λi(DaiC
i − x) .

Moreover, V (A) is 0-homogeneous in ai, λ(A) is (−1)-homogeneous in ai and
0-homogeneous in ak for any k ̸= i, i = 1, ...,m.

Proof. Condition (3) implies that the function Ci(ai) is convex. Consider the
family of 1-forms Ω1, ...,Ωm defined by (10). Conditions (2) are equivalent to
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Ωk ∧ dΩk = 0. Using Darboux theorem 2.6, the last equation is satisfied if and
only if there exist two functions µk and V such that µkdV = Ωk. Note that V
is independent of k. Therefore, we have

µk
∂V

∂aij
= λik

n∑
r,j=1

∂xr

∂aij
air . (22)

The function V is 0-homogeneous in ai for all i. This can be verified by multi-
plying the last equation by ai and summing over j. Now, multiply both sides
of equation (22) by akj , and adding up

µk

∑
j

∂V

∂aij
akj = λik

n∑
r,j=1

∂xr

∂aij
air a

k
j .

Using τik = (
∑
r,j′

∂xr

∂ai
j′
aira

k
j′)

−1, where τik is homogeneous of degree −1 in ai,

homogeneous of degree 0 in ak, and homogeneous of degree −1 in ak
′ , ∀ k′ ̸= i, k,

we can write
µk =

λik

τik

1

akDaiV
, i ̸= k.

It follows that
τik µk akDaiV = λik(A) > 0 (23)

for all A in sufficiently small neighbourhood of some point Ā. Substituting for
λik in (22), we get

µkdV =
∑
i

µkτik(a
kDaiV )

(
∂Ci

∂aij
− xj

)
daij .

Canceling µk of the last equation, and setting

τik(a
kDaiV ) =

∑
j

∂V
∂aij

akj∑
r,j

∂xr

∂aij
akra

i
r

.

Define a family of functions λi, 1 ≤ i ≤ m by λi = τik(a
kDaiV ), for some k ̸= i .

It follows from (23) that λi(A) > 0 in a neighbourhood of Ā. Moreover, λi is
(−1)-homogeneous in ai and 0-homogeneous in ak for all k ̸= i. Then

dV =
m∑
i=1

λi

(
∂Ci

∂aij
− xj

)
daij .

It remains to prove that the function V has the required positivity conditions.
Note that

∂2V

∂asl ∂a
i
j

=
m∑
i=1

λi

( n∑
r=1

∂2xr

∂asl ∂a
i
j

air +
∂xl

∂aij
δis

)
+

∂λi

∂asl

n∑
r=1

∂xr

∂aij
air .



N. Masarwah, M. Aloqeili / Inverse Problem in Convex Optimization ... 733

Using (21), we can write D2
AV as

∂2V

∂asl ∂a
s
j

= λsT
s
jl +

∂λs

∂asl

n∑
r=1

∂xr

∂asj
asr . (24)

Take a vector ϱ ∈ {DasV }⊥, that is, ϱ satisfies the condition
n∑

j=1

n∑
r=1

∂xr

∂asj
asrϱj = 0 .

It follows that
n∑

j,l=1

∂2V

∂asl ∂a
s
j

ϱjϱl = λs

n∑
j,l=1

T s
jlϱjϱl ≥ 0 .

We conclude that the matrix D2
asV is positive semi-definite on {DasV }⊥, that

is, V is quasi-convex with respect to as.

6. Single constraint case and integration of homogeneous forms

The optimization problem in the single constraint case takes the form max f(x)
subject to atx = C(a). The solution x(a) as well as the value function are
0-homogeneous with respect to a ∈ Rn while the Lagrange multiplier is (−1)-
homogeneous. Define the 1-form ω as

ω =
n∑

i=1

(
∂C

∂aj
− xj

)
daj (25)

and the vector field ξ as

ξ =
n∑

j=1

aj
∂

∂aj
.

Then, as above, we have

ω(a) =
1

λ(a)
dV (a) .

Notice that ω is collinear to the gradient of a 0-homogeneous function, V (a),
with 1-homogeneous coefficient function 1/λ(a). Moreover, ιξω = 0. Using
Theorem 2.8 and Theorem 4.1 we get the following result
Theorem 6.1. Given a C2 function x(a) ∈ Rn, define C(a) = atx(a) and ω
as in (25). There exist a 1-homogeneous function µ(a) and a 0-homogeneous
function V (a) defined in the neighbourhood, U , of some point ā ∈ Rn such that
ω(a) = µ(a)dV (a) if and only of there exists a vector R such that atR = 1 and

∂xl

∂aj
−Rl

n∑
k=1

∂xk

∂aj
ak =

∂xj

∂al
−Rl

n∑
k=1

∂xk

∂al
ak, ∀ 1 ≤ j, l ≤ n . (26)
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Moreover, if the matrix T = a⊗D2
ax(x) +Dax(a) is positive semi-definite on

{(Dax(a))
ta}⊥ then the function µ(a) > 0 and V (a) is quasiconvex.

Proof. Conditions (26) are equivalent to ω ∧ dω = 0, which is, in turn,
equivalent to the existence of two functions µ(a) and V (a) such that ω(a) =
µ(a)dV (a). Since ιξω = 0, Theorem 2.8 implies that µ(a) is 1-homogeneous
and V (a) is 0-homogeneous. The decomposition ω = µdV gives

n∑
k=1

∂xk

∂aj
ak = µ(a)

∂V

∂aj
.

Differentiating, we get

T = µ(a)D2
aV (a) + (Daµ(a))(DaV (a))t

in the space {(Dax)
ta}⊥ = {DaV }⊥, T = µ(a)D2

aV (a). We conclude that the
function V (a) is quasiconvex. The integration is local, which means that the
functions µ(a) and V (a) are defined in a neighbourhood of some point ā ∈ Rn.
We can assume, without loss of generality, that µ(ā) > 0, for if µ(ā) < 0 then
we can write ω = ν(a)dv(a) in a neighbourhood of ā with ν(a) = −µ(a) and
v(a) = −V (a).

7. Duality

After solving the mathematical economic integration problems, we get functions
λ1, ...λm and V that have the required homogeneity and positivity properties.
The question now is how to get a concave (or quasi-concave) objective function.
In the single constraint case, given a quasi-convex function V (a), let f(x) be
defined by

f(x) = min
a

{V (a)|atx ≤ c(a)} .

The first order conditions for a minimum are
∂V

∂aj
= λ

(
∂C

∂aj
− xj

)
,

and since V is quasi-convex, they are also sufficient, assuming V has a non-
vanishing gradient. Therefore,

x(a) ∈ argmax{f(x)|atx ≤ c(a)} .

Moreover, the function f(x) is quasiconcave in the neighbourhood of some point
x̄ = x(ā). Let α ∈ R such that f(x1) ≥ α and f(x2) ≥ α. Then

f

(
x1 + x2

2

)
= min

a
{V (a)|at

(
x1 + x2

2

)
≤ C(a)}

≥ min
i=1,2

{V (a)|atxi ≤ C(a)} = min
i=1,2

f(xi) = a ,
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see [6], Proposition 11. In the general multi-constraint case , a function f(x)
can de defined similarly as

f(x) = min
A

{V (A)|Ax ≤ C(A)} .

The function f(x) is not necessarily quasiconcave. One can define a class of
functions that is stable under duality. Details can be found in [1] with minor
modifications.

8. Example: Characterization of excess demand functions

Our results generalize some well-known results concerning the characteriza-
tion of individual excess demand functions, see Chiappori and Ekeland [8] and
Geanakoplos and Polemarchakis [9]. Other characterization results are given
in Aloqeili [4], in which the author gives conditions that characterize excess de-
mands when initial endowments are not fixed1. Throughout this sections, we
denote the independent variables by p ∈ Rn

++ as they represent prices. Using
standard notations, the individual (Marshallian) demand function solves the
utility maximization problem

max
x

u(x) subject to ptx = ptw ,

where u is the individual’s demand function and w ∈ Rn
++ is the initial endow-

ment of the consumer. The function C(p) = ptw is, therefore, the individual’s
income function. Note that, C(p) is 1-homogeneous, so the above optimization
problem belongs to the kind of problems we are considering here. The individ-
ual’s excess demand function is defined as z(p) = x(p, ptw)− w. The previous
maximization problem can be written as

max
z

U(z) subject to ptz = 0 .

Clearly, the solution of this problem z(p), which is called the individual ex-
cess demand functions, is 0-homogeneous and satisfies Walras’ law ptz(p) = 0.
Other conditions are given in the proposition below. The characterization prob-
lem of individual excess demands was considered, among others, by Geanakop-
los and Polemarchakis in [9] and is completely solved by Chiappori and Ekeland
in [8]. We refer to this article for a detailed exposition. For the sake of com-
parison, we give the following result from the previous references, Proposition
2 in [8] and Proposition A in [9]:
Proposition 8.1. Let z(p) be an excess demand function, then z(p) is con-
tinuously differentiable on Rn

++, 0-homogeneous and and satisfies p.z(p) = 0.
Moreover, Dpz(p) = K(p) − v(p)z(p)t such that (i) K(p) is symmetric and
negative semi-definite, (ii) rank (K(p)) = n − 1, (iii) ptK(p) = K(p)p = 0,
(iv) ptv(p) = 1.
1The authors thank an anonymous referee for pointing out this example as an application of
their results.
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The interested reader is referred to [8] and [9] and the references therein for
details.
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