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1. Introduction

Weakly convex sets are often considered in literature under different names.
In 1959 Federer, in order to extend the Steiner polynomial formula on larger
classes, considered “sets with positive reach” in R"™ [19]. Further the notion
of weakly convex sets in finite dimensional Euclidean spaces was considered
by Vial [34]. Vial considered weakly convex sets from a more “geometrical”
perspective, as sets with a supporting ball. He proved the sufficient condition
for a set to be a manifold. Now the class of sets with positive reach and the
class of weakly convex sets in the sense of Vial are known to be equivalent in
R".

The properties of functions can be considered in terms of their epigraphs. This
approach was used in [12] by Clark, Stern and Wolenski to study proximally
smooth functions and sets in a Hilbert space.

Further Poliquin and Rockafellar [30] introduced prox-regular sets that can be
viewed as the “directionally local” version of proximally smooth sets. Later
Poliquin, Rockafellar and Thibault [31] considerd prox-regular sets in Hilbert
spaces and proved that in a Hilbert space the class of uniformly prox-regular
sets coincides with the class of proximally smooth sets. In Banach spaces the
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prox-regular sets were considered in [5] and the equivalence of the uniform
prox-regularity and the weak convexity was shown for spaces with convexity
and smoothness moduli of power type. In [3] this result was generalized for
uniformly smooth and uniformly convex Banach spaces. A fairly complete
survey of the properties of weakly convex sets in a Hilbert space is given in
[20].

The motivation for studying weakly convex sets is that the class of weakly
convex sets is much wider than the class of convex sets, but shares many useful
properties with the latter. The weakly convex sets may be used, for example,
in differential inclusions (see, e.g. [33]), in the gradient projection method ([1]),
in differential games ([23]), set valued mappings theory ([2]).

Mordukhovich introduced the concept of normal regularity [26]. The appli-
cations of regularity of sets in Hilbert spaces may be found in [8, 33]. In
Banach spaces normal regularity may be used, for example, to prove necessary
conditions for the existence of a linearly suboptimal solution of multiobjective
problems [28]. The notion of normal regularity for sets is closely related to
that of lower regularity for functions: normal regularity of a set is equivalent
to lower regularity of its indicator function. Lower regularity of some functions
arising in applications was studied in [25].

Note that nonconvex sets may fail to be regular. Therefore, we want to describe
the largest class of sets, which possesses this property. In [31] the proximal
normal regularity for prox-regular sets in Hilbert spaces was shown. Further,
in [6] it was shown that in uniformly smooth and uniformly convex Banach
spaces the prox-regular sets are proximally normal regular.

We consider normal regularity for weakly convex sets. Weak convexity of sets is
considered with respect to (w.r.t.) a quasiball in a Banach space. A quasiball is
a convex closed (may be unbounded) set that contains a neighbourhood of zero.
According to the Baire category theorem a set in a Banach space is a quasiball
iff it is a closed convex absorbing set. The Miskowski function of a quasiball
is an asymmetric seminorm. Asymmetric normed spaces were studied in [13],
[14], [29]. Approximation problems and weakly convex sets in such spaces were
studied in [21, 22, 24]. The properties of weakly convex sets with respect to
an unbounded quasiball may be used for studying optimization problems with
weakly convex functions on a global level.

In [6] the normal regularity of locally prox-regular sets in uniformly smooth
and uniformly convex Banach spaces is shown. In this paper we prove that
the weakly convex sets with respect to a quasiball are normally regular if the
quasiball is smooth in some sense (some special convexity assumptions are
also made). We will need to generalize the notions of proximal normals and
Mordukhovich normal cone.

The rest of the paper is organized as follows. In the second section some defini-
tions and notations used throughout the paper are given. In the third section
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duality mappings with respect to a quasiball are introduced and some auxiliary
results are presented. In the fourth part the characterization of a boundedly
uniformly smooth quasiball is given. In the fifth part the main theorem on the
normal and Fréchet regularity of weakly convex sets with respect to a quasiball
is proven. We also give examples that prove that the assertions in our theorems
are essential.

2. Notations and Definitions

Let E be a Banach space. Through int X, X and X we denote the interior,
boundary and closure of the set X C E. The value of the functional p € E* on
the vector x € E is denoted by (p, z).

In this paper we consider the notion of asymmetric seminorm, generated by
a quasiball (the Minkowski function of this quasiball), where a quasiball is a
closed convex set M C E such that 0 € int M.

Note that the quasiball M is a ball with respect to some norm, equivalent to
the norm of the space F, iff it is bounded w.r.t. the norm of E and symmetric,
ie. —M = M.

The Minkowski function of a quasiball M C E is the function py,: E — [0; +00)
defined by
pr(x) =inf{t >0 : x€tM}, VrekFE.

A function p: E — [0;400) is an asymmetric seminorm [14] if it is positive
homogeneous

p(Az) = Au(z), Yee E, YA>0

and subadditive
p(x +y) < p@) +ply), Ve,y € E.

Remark 2.1. A continuous function pu: E' — [0;+00) is an asymmetric semi-
norm iff it is the Minkowski function of some quasiball.

Let M C FE be a quasiball. The M -distance from a point v € EFtoaset A C E
is defined as

om(z, A) = irelfluM(:z: —a).
Let us recall that the Minskowski sum of sets A C E and B C E is
A+B={a+b|ac A beB}.

Remark 2.2. By definition, we have that

o (e, A) =inf {t > 0| v € A+ tM} = inf {t > 0] Az —tM) £ 0}

A ball of radius d > 0 with centre at a € E is By(a) ={zr € E : ||z —al < d}.
Further, we denote 2B, the ball of radius d > 0 with centre at a = 0.
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Remark 2.3. In the case when M is a unit ball of the space the M-distance
is the usual distance between a point and a set: op(x, A) = infueq ||z — al|.
For any quasiball M C FE, we denote
— inf ) 1
o = inf [z (1)
Remark 2.4. For any quasiball M the Minkowski function p(+) is Lipschitz

continuous with constant % This implies that for any set A C E the function
om(+, A) satisfies the Lipschitz condition with the same constant.

We generalize the notion of metric projection for the case of an asymmetric
seminorm. The M -projection of a point x € E on a set A C E is, by definition,

Py (z, A) = Am(x — onm(z, A)M).

3. Duality Mappings

In this section we study the subdifferential of the Minkowski function and
duality mappings w.r.t. a quasiball.

Recall that the Fenchel subdifferential of a convex function f: E — RU {400}
at xg € dom f:={x € E: f(z) < 400} is

Of(xo) ={p e E": f(z) — f(x0) = (p,x — m0), YV € E}.
The support function of the set M C E is

s(p, M) = sup(p,z), pé€ E".
zeM

The normal cone to a convex set M C E at a point x € M is
N(z,M)={pe E": (px)=s(p,M)}.

Let us define the set of unit normals to a quasiball M C E at the point x € M:

NYx,M)={p € N(z,M): s(p,M)=1}.

Remark 3.1. Let M be a quasiball and x¢g € M. Then, from the Separation

Theorem it follows that N'(zg, M) # 0.

Recall that the polar set of M C E is
M°={pelE": (pz) <1, VexeM}.

Lemma 3.2. Let M be a quasiball in a Banach space E. Then

(i) Ounr(wo) = NY(zo, M) ={p € E*: (p,x0) = s(p, M) =1}, Vo € OM,

If E is reflexive, then

(ii) 9s(po, M) ={z € E: (po, ) = pu(z) =1}, Vpo € E* : s(po, M) = 1.
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Proof. The first relation of this lemma was proven in [18]. The second relation
can be proved similarly. ]

In this paragraph we generalize the notion of duality mapping. Recall [7] that
the duality mapping J: E — 2F7 is defined as follows J(z) = {p € E* : (p,z) =
lIplll|z||}. To generalize this notion, we substitute the norm of the space by the
Minskowski function, and the norm of the dual space by the support function.
Further, we generalize some results of Chapter 2 from [16] for a quasiball.

Let M C E be a quasiball. Define the duality mappings Jy: E — 2F and
Ji o B* — 2F as follows. Given a point z € E, if () # 0, then we define

Ju(x) ={p € E": (p,x) = s(p, M)par(x), s(p, M) = puns(2)},
otherwise we put Jy(z) = {0}.
Recall that the barrier cone to the set M C E is the set

b(M)={pe E": s(p, M) < +o0}.

Given a functional p € E*, if p € b(M) \ {0} we define

Ju(p) ={z € E: (p,x) = s(p, M)pm(z), s(p, M) = pm(z)},
otherwise we put J3,(p) = {0}.
Remark 3.3. It follows from the definitions and Lemma 3.2 that

Ju(z) = NY(z, M) = Oup(z), Vo € oM, (2)

and, if £* is reflexive, that

Jy(p) =0s(p, M), VpeE*: s(p,M)=1. (3)

In view of the positive homogeneity of the functions py(-) and s(-, M) we
obtain the positive homogeneity of the duality mappings.

Lemma 3.4. Let M C E be a quasiball. Then for any t > 0, x € E and
p € E*: Jy(te) =ty(z), Ji(tp) =tJy(p).

Lemma 3.5. Let M C E be a quasiball. Then for any x € E the set Jy/(x) is
non-empty.

The proof of this lemma follows directly from Lemma 3.4 and Remarks 3.1,

3.3. U

A convex set M C FE is said to be smooth if N'(x, M) is a singleton for any
x € OM. Using Lemma 3.4, we get the following remark.

Remark 3.6. If the quasiball M C E is smooth, then Jy/(z) is a singleton for
any r € F.
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Recall that a set M C FE is strictly convez if for any different points z,y € M
the inclusion z—;“y € int M holds.

Lemma 3.7. Let M be a quasiball in a reflexive Banach space and let b(M)\{0}
be an open set. Then for any p € E* the set Ji,(p) is nonempty. If, additionally,
the quasiball M is strictly convex, then the set J5;(p) is a singleton.

Proof. If p ¢ b(M) or p = 0 the definition implies that J;,(p) = {0}. Therefore

we suppose that p € b(M) \ {0}. Considering span instead of p and using

Lemma 3.4 we suppose that s(p, M) = 1. In view of Lemma 5.3 [21] there
exists x € M such that s(p, M) = (p,z). Then, taking into account that
(p,z) < s(p, M)un(x) we obtain that py(z) =1, i.e. @ € OM. Thus, (p,x) =
s(p, M) =1 = pup(x), and, therefore = € J;,;(p). So, Ji,;(p) is non-empty.

Suppose now that M is strictly convex and it is not a singleton. Then there
exist x1,x9 € OM, w7 # x5 such that (p,z;) = pp(x;) = s(p, M) = 1 for
i = 1,2. Note that for any A € [0,1] the inclusion Az; + (1 — X\)xe € M holds
and (p, \r1 + (1 — A\)zy) = 1. Taking into consideration that (p, \x; + (1 —
Aza) < s(p, M)par(Azr + (1 — N)xz) and pag(Az + (1 — Aa2) < Apr (1) +
(1 — Npupm(xe) = 1 we obtain that pp(Azy + (1 — X)z2) = 1 and, therefore,
Az + (1 — N)xg € M. Thus, M is not strictly convex. Contradiction. O

Let us prove that the assertion that b(M)\{0} is open is essential for J3,(-)
to be non-empty for any p € E*. Put F = R? and consider M = {(z,y) €
E:(x+2)(y+2)>1, x+2> 0} and functional (p, (z,y)) = —5. Let us
prove that s(p, M) = 1. As x > —2, we have that s(p, M) = sup{(p, (z,v)) :
(z,y) € M} < 1. Consider now (z,,,yn) = (—2+ ,n —2), n € N. Observe
that (2, y,) € M for all n € N and for any € > 0 there exists n € N such that
(p, (Tn,yn)) > 1 — €. Therefore, s(p, M) = 1. However, for any (z,y) € M we
have that (p, (z,y)) < 1. Thus ds(p, M) = () and, therefore, J;,(p) = 0.

In case Jy(z) or Ji,(p) is a singleton, we will denote the element of this set
jm(x) or 73, (p) accordingly.

Lemma 3.8. Let M be a smooth strictly convezr quasiball and let b(M) \ {0}
be an open set. Then for any p € b(M) and for any x € OM

-k

MG @) =0, Jay(im(z)) = 2.

Proof. Let us prove the first equality. Fix a functional p € b(M). Lemma 3.7
implies that J;,(p) is a singleton. If p = 0, then j},;(p) = 0 and the definition
of Jy(x) implies that ju(ji,(p)) = 0. Therefore, we may consider that p # 0
and, thus, s(p, M) > 0 (as the quasiball M contains a neighbourhood of zero).
Assume without loss of generality that s(p, M) = 1.

Then the definition of jj;,(-) implies that (p,j3;(p)) = 1 and up(ji(p) =
s(p, M) = 1. Thus, ji;(p) € OM and, taking into account the definition of
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Ju(+), we have that p € Jy(ji,(p)). Remark 3.6 implies that the set Jas(j3,(p))
is a singleton. Therefore, p = ja(ji(P))-

Now let us prove the second equality. Fix an arbitrary x € 0M. By Remark 3.6
the set Jy(x) is a singleton. Then (jys(z), x) = 1 and s(jp(z), M) = pp(z) =
1. This and the definition of J3,(-) imply that z € J3;(ju(x)). Taking into
account Lemma 3.7, we obtain that « = j},(jam(2)). O

4. Characterizations of a boundedly uniformly smooth quasiball

A quasiball M C E is called boundedly uniformly smooth if

6M(t7 R)

11m
t——+0 t

=0, VR > oM, (4)

where o), is defined by (1), and, for any t > 0 and R > oy,

Bar(t, R) = sup {M“ty);m(z—ty) 1 2 €IMN By, ye 931} G

Remark 4.1. If the quasiball M C FE is boundedly uniformly smooth, then it
is smooth.

Remark 4.2. In the case M = 9B, the modulus [y (¢, R) for R > oy = 1
does not depend on R and coincides with the modulus of smoothness of the

space: p(t) = sup {”“y”;w 1 2] =yl = 1} (see e.g. [16]). So, the

ball 98, is boundedly uniformly smooth if and only if the space E is uniformly
smooth.

Remark 4.3. Let there be given a quasiball M C E. Suppose that p € Jy(x).
Since iy (x) = s(p. M) > oulpl, then [[p] < 2

oM

Lemma 4.4. Let M C E be a quasiball. If the duality mapping Jy(-) is single-
valued and uniformly continuous on OM NBr for any R > oy, where oy is
defined by (1), then Jy(+) is single-valued and uniformly continuous on By for
any R > oyy.

Proof. If © € E is such that uy(z) > 0, then according to Lemma 3.4 and

the assumption of the lemma the set Jy(x) = uM(x)JM(ﬁ(z)) is a singleton.

Otherwise Jy/(z) = {0} is a singleton also. For any ¢ > 0, R > o let us define

Q@ R)=sup |ju(a) —ju ()]
a,beOMNBR,
lla—blI<t

By the assumption of the lemma (¢, R) — 0 as t — 40 for any R > oy.
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Fix any € > 0. Using Remarks 4.3 and 2.4, for any z,y € E we get

() + par (y)

173 (@) = ae @) < Mm@+ () <

oM
2min x), T —
< (@) par ()} |l : vl

Hence, ||ja(2) — ju(y)l| < € provided that min{pu(z), uar(y)} < =34 and

EO']M

Iz —yll <
Now assume that z,y € B are such that min{sa(z), par(y)} > =5, We have

(o) = dnr )] = i (5 ) = et (25|

fis () fiaa (y

Ju (#ML())_j (#M )H Ju (#M )H lisnelz) =sine w1
SHxH (HuM 0 ’max{ﬂi?’lcmﬂf<“y>})+"i?y”-

Observing that for any z,y € B with min{u (), par(y)} > =5~

< par()

T y |z -yl [y
- < + v () — pne (y
HuM@) (@) H () @) )~ )
4 4R
< (14 2 ) e -l
EO M ET
we obtain
. . R 4 4R |z —yll
o) = < 200 (= (14 28 Yo -yl 22 ) 4 222
oM o eo, o o2
Choose t € ( , @) sufficiently small so that %Q <$ (1 + T) t, ;’;) <3
we get ||ja(x) — ju(y)|| < e for all z,y € Br with ||z —y|| < t. O

A function f: E — R is called uniformly Fréchet differentiable on the set
X C E, if for any zo € X there exists the Fréchet derivative f'(zo) € E* and

|/ (z0 + Ay) — fxo) = A{f"(20), )]

sup -0, A—=0
roeX,yeB, A

Remark 4.5. Assume that the function f: F — R is Gateaux differentiable
on the set X, := X + B, with some € > 0 and the Gateaux derivative f'(-) is
uniformly continuous on X.. Then f is uniformly Fréchet differentiable on X.
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Lemma 4.6. Let M be a quasiball. Assume that for any R > oy the Minkowski
function puy(+) is uniformly Fréchet differentiable on OM (\Bgr. Then M is a
boundedly uniformly smooth set.

Proof. Fix an arbitrary R > o). As up(+) is uniformly Fréchet differentiable
on OM (B, then

par(x + Ay) — par(w) — (i (), Ay)
)

gz, y,\) = —0, A—=0

uniformly for x € OM (\Bg, y € 0B;. Then for any € > 0 there exists § > 0
such that if z € OM (Bg, y € B; and 0 < A < 4, then

9(r,y,A) + g(z,y,—A) <e.

Therefore, taking into account that puy(z) = 1, we get that py(z + \y) +

par(z — Ay) < 2up(x) + eX = 2+ ). Therefore, M < eand M is a

boundedly uniformly smooth set. [

Lemma 4.7. Let M be a boundedly uniformly smooth quasiball. Then Jy(-)
is single-valued and uniformly continuous on OM (\Br for any R > oy, where
oy s defined by (1).

Proof. Fix e > 0 and R > o). Remarks 3.6, 4.1, imply that Jy(-) is single-
valued on E. Let us first prove that there exists ¢ > 0 such that if p,q € M°
and |[p—gq|| > ¢, then s(p+q, M (| Bp) < 2— L. We will refer to it as relation
(4).

As M is a boundedly uniformly smooth set, then there exists § > 0 such that
for any x € OM (Br and y € By the inequality pp(z + y) + pu(x —y) <
2+ % holds. Let p,q € M° and ||p — ¢|| > . Consider y € 9%, such that
(p—a,y) = lylle. Then

s(p+q,0M(\Br) = sup  (p+gq)

xE@Mﬂ%R
= sup {(pr+y) +@r—y9)}—-P-qay)
:L‘G@MO%R
< sup {pm(r+y) +pu(z —y)} — <o
z€OM (\Br
i) €l
<24 _gf=92-2.
Setg e 2

So, relation (A) is proved.

Consider now some u,v € M (Bp such that |u — v|| < Loy, where § is

taken from relation (A). Then py (v —u) < 2.
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Taking into account that (f,m) < s(f, M)uy(m) for any f € E*, m € E, we
have

s(iar(w) + s (0), OM [\ Br) > (ar (), u) + (Gar (v),u) =
€0

=2+ G(w),u = 0) = 2= s(jag(0), Mg (o —w) > 2= =

Therefore, taking into account that jas(u), ja(v) € M° and using relation (A),
we obtain that ||ja(u) — ju(v)]] <e. O

Theorem 4.8. Let M be a quasiball. The following assertions are equivalent:

(1) M is a boundedly uniformly smooth set,

(2) pn(+) is uniformly Fréchet differentiable on OM N By for any R > oy

(3) the mapping Jy(-) is single-valued and uniformly continuous on OM N*B g
for any R > oyy.

(4) the mapping Jy(+) is single-valued and uniformly continuous on Bgr for
any R > oy

Proof. Let us prove that (3)=-(4). As Jy/(+) is uniformly continuous on M N
By for any R > o), then by Lemma 4.4 it is uniformly continuous on By for
any R > oy, Thus, (3)=(4).

Now let us show that (4) = (2). According to equation (2) and bearing in mind

that the mapping Jy/(-) and the function py(-) are positively homogeneous,
we obtain that Jy(x) = puar(@)Opp (x) for any @ € 2M \ M.

Fix any R > o). Assertion (4) implies that the convex function gy (-) is
Gateaux differentiable on the set 2M \ M (see Proposition 5.3 [17]) and in
view of Remark 2.4 the Gateaux derivative p/,(-) is uniformly continuous on
(2M \ 1 M) N Byk. Observing that (OM (\Bg) + B. C (2M \ s M) N B for

e = 23 and applying Remark 4.5 we obtain that p(-) is uniformly Fréchet

differentiable on OM N B . Thus, (4)=(2).

Implication (2)=(1) follows from Lemma 4.6. Lemma 4.7 proves implication
(1)=-(3). Thus the proof is complete. O

Theorem 4.8 generalizes the following Smulian’s and Diestel’s results (see [32]
and [16, Theorem 1, §IV, Chapter II]).

Theorem 4.9. The following assertions are equivalent:

(i) the duality mapping J(-) is single-valued and uniformly continuous on

8%1“)),
(ii) the norm of E is uniformly Fréchet differentiable;

(iii) E is uniformly smooth.
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5. Regularities for weakly convex sets

In the previous sections we have made few assumptions on the quasiball. How-
ever, further we will need some more properties of the quasiball, so that the
existence and uniqueness of projection hold.

Though any uniformly convex set in a Banach space is bounded [4], we can
adapt the notion of uniform convexity for unbounded sets by introducing the
notion of bounded uniform convexity.

A set M C FE is called boundedly uniformly convez if dp(e, R) > 0 for any
positive numbers R and ¢, and for all x,y € M N B, where

dui(e, R) —Sup{5€ [0, g] -yl >e = Bs <“’T+y) c M}. (6)

It is well known that the metric projection of a point on a convex closed set
in a uniformly convex space exists. However, not for any boundedly uniformly
convex quasiball M the M-projection of a point on a closed convex set exists.
Consider, for example, the epigraph of the hyperbola M = {(z,y) € R* :
(x42)(y+2) > 1, z+2 > 0} in R? and the half-plane A = {(z,y) € R? : y < 0}.
Then the M-projection of the point (0,1) on the half-plane A is empty. Thus
we need some additional property of the quasiball to obtain the existence of
M-projection.

A set M C E is called parabolic if, for any vector b € E, the set (b + %M) \ M
is bounded.

The term “parabolic” is due to the fact that the epigraph of a parabola possesses
this property, and the epigraph of a hyperbola does not.

For any set A C E let us define

SM(A> = {l’ ceb: 0< QM(I',A) < Sug@M(:gaA)}a
=

Ty(A) ={x € E: the set Py(x,A) is a singleton}.

Theorem 2.4 [21] implies the following proposition.

Proposition 5.1. Let in a Banach space E a quasiball M be parabolic and
boundedly uniformly conver and let A C E be a closed set. Then the set Ty (A)

is everywhere dense in Sy (A), i.e. Sy(A) C Ta(A).

It is well known that if a point does not belong to a closed set, then the distance
from this point to the set is greater than zero. However, for the M-distance it is
not so. Consider, for example, the space R?, the set A = {(z,y) € R? : z =0}
and the quasiball — the epigraph of parabola M = {(z,y) : y > 2?> —1}. Then
the M-distance from any point to the set A is zero. This is the motivation for
us to introduce the following definition.
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A set A C Eis called closed w.r.t. a quasiball M or M -closed if for any = € E\ A
the inequality ops(x, A) > 0 holds.

Ifaset A C Eisclosed w.r.t. a quasiball M, then A is closed, while the converse
statement may fail as in example above.

Consider the following cone. The cone of M-x-normals to a set A C E at a
point a € A is
Ny(a,A)={z€FE: 3t>0: ac Pyla+tz,A)}. (7)
The set of unit M -x-normals to a set A C F at a point a € A is
Nii(a, A) = N3 (a, A) NOM. (8)

Remark 5.2. In the case of a quasiball M, for a set A at some point a the
norm of elements of N}*(a, A) may be unbounded. Consider, for example, the
set A={(r,y): =0, y>0}inR?*andlet M = {(z,y): y>a2*—1}.
Then the projection of any point (z,y) € Aisa = (0,0). Thus the set Ni;(a, A)
is unbounded.

So, let us consider the following definition.

A set A C FE is called M -quasibounded if it is M-closed and for any R > 0 the
inequality x(R) < 400 holds, where

k(R) =sup {||z]| : z € N3j(a,A), a € ANBr}. 9)

In this section we will discuss diverse properties of various normal cones, but
let us first recall the definition of Fréchet cone.

The Fréchet normal cone to the set A at ¢ € A is

N'(x,A) ={{ € E*: ¥y > 036 > 0Va € Bs(x)[ |A: ((.a—2) < yla—2|}.
The proximal M -normal cone to the set A at a point a € 0A is

Nir(a, A) = {p € (M) : Nis(a, A) (") T3, (p) # 0}. (10)

The Mordukhovich limiting cone is

Ni(z, A) =" ~*“Timsup Ny;(y, A)
y—T
= {“"=lim @, : 2} € Njj(2,A), 2, € A, T, =z, n — o0},

n—oo

where ¥"—lim means the limit with respect to the weak* topology.

Lemma 5.3. Let the set M be a parabolic quasiball. Let the set A # E be
M -quasibounded, * € A and p € N¥(x, A). Then s(p, M) < +c0.
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Proof. Suppose the contrary, that s(p, M) = +00. Without loss of generality,
assume that ||p|| = 1.

Let oy be defined by (1). As the set A is M-quasibounded and A # E, then
there exists b € E and a > 0 such that A((b—aM) = 0. The set (z — $M) \
(b — aM) is bounded according to [21, Lemma 5.1] since the quasiball M is
parabolic. Thus, there exists R > 0 such that

(x— %M) \ (b— aM) C Bp. (11)

Denote C' = k(R), where k(R) is defined by (9). Since A is M-quasibounded,
we have C' < +o0.

As s(p, M) = sup (p,m) = +o0, there exists z € OM such that

meM
(p,z) >3C +ou. (12)

Define
=i { G a0} )

Since p € N¥(z, A), there exists § > 0 such that

(p,a—x) <7lla—z|, Vae 535(93)ﬂA. (14)

Define
t=min e AT o T 1

Note that z +tz € Bs(z). Let us prove that x +tz ¢ A. Suppose the contrary.
Then, as by (15) ¢t < m and, thus, ||tz]| < 0, (14) and (13) imply that

t(p,z) = (p,x +tz —x) < tvy||z|| < t(p,z). The contradiction obtained proves
that x +tz ¢ A.

Since A is M-closed, we have gy (z+tz, A) > 0. Using Remark 2.4 and equation
(15) we see that gy (z+tz, A) < i‘—;” <a < on(bA) <supyepom(y, A). Thus,
x +tz € Sy (A). By Proposition 5.1 there exist z; € E'\ A such that

o+ tz — || < oart (16)

and u; € Py (x4, A).
The definition of the M-projection and Remark 2.4 imply that

par(xy — ug) = op (s, A) < pr(xy — ) < ppr(tz) +t = 2t. (17)
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Consequently, in view of (15), (16), (17)

[l = 4]

1
par(z —uy) < par(ze — ug) + < 2t + — (|l 4tz — x| + ||t2]])
M

_ Bow 2t _

oM

This means that u, € x — §M. As uy € A and A()(b — aM) = (), we obtain
that u, € (x —$M) \ (b — M) and, in view of inclusion (11), we have that
]| < R.

«
5 .

Since 2, — u; € N, (ug, M) by (9) we obtain that 2=l < (R) = C. Using

b (Te—u) —
(17) we get ||z; — w| < 2Ct. Consequently, by (15) we have ||z — || <
|lze — || +2Ct < t(||z]] + op +2C) < 6.

In view of (14), we obtain that (p,u; — z) < y||us — x| < vt(||2]| + oa + 2C).

Using (13) we have (p,u; — z) < Ct. Taking into account that ||p| = 1, we
obtain

(p,tz) <{(pyus — ) + ||tz —us + x| < Ct+ ||z + tz — x| + ||z — we|

This contradicts (12). O

Remark 5.4. The assumption that A is M-quasibounded is essential in Lem-
ma 5.3. Indeed, let £ =R* M = {(z,y) e R? : y+1 > 2*}, A= {(z,y) €
R% 2 <0,y > 0}, z = (1,0) and the functional p € (R?)* be defined as
(p, (z,y)) = x for all (z,y) € R%. Then p € N¥(z, A), yet s(p, M) = +o0.

Lemma 5.5. Let M C E be a quasiball such that the Minkowski function
par(+) is Fréchet differentiable at any x € OM. Let there be given a set A C E
and a point zg € OA. Then Ni (zg, A) C N¥(zg, A).

Proof. Fix any p € Ni;(z9,A) \ {0}. By the definition of the proximal M-
normal cone there exists r > 0 and y € J;,(p) such that zyg € Py(xo + 1y, A).
The latter inclusion means that

par(zo + 1y —x) > pn(ry), Vo e A. (18)
Since y € J;3,(p), we have pp(y) = s(p, M) > 0. Substituting p with ﬁ@ and
y with - in view of conicity of Njj(zo, A) and N*(zo, A) we can assume

that py(y) = s(p, M) = 1. According to Lemma 3.2 (i), we obtain that
p € Oun (y) . Using the Fréchet differentiability of pps(-) at y and the positive
homogeneity of p/(-), we obtain that p is the Fréchet derivative of py(-) at
point ty for any ¢t > 0. Fix any € > 0. By the definition of the Fréchet derivative
there exists § > 0 such that

par(zo + 1y —x) — pa(ry) — (p, 20 — x) < ellx — xol|, Vo € Bs(zo).
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Using (18), we have

(p,x —xo) <ellz—xol, Vze Aﬂ%é(ﬂfo)-

Thus, p € NT(x, A). Taking into account that 0 € NT(zg, A), we get
N]\]j[(fb'o,A) C NF([E(),A). L]

Remark 5.6. The assumption on the smoothness of the quasiball in Lemma
5.5 is essential. Indeed, let £ =R* M = {(z,y) CR?: (z —1)?+ (y + 1)* <
4 (z+1)2+(y—1)2 <4} and A = {(z,y) € R? : 2 < 0 or y < 0}. Let
zo = (0,0) and 2; = (1,1). Let the functional p € (R?*)* be defined by the
equality (p, (x,y)) = = +y for all (z,y) € R% Then zy € Py(z + 21, A4),
z1 € Ji;(p) and, thus, p € Nl (29, A). But p ¢ N¥(z, A), so the inclusion
Nﬁ(l‘o,A) - NF(I(),A) fails.

Lemma 5.7. Let E be a reflexive Banach space. Let the quasiball M C E
be boundedly uniformly convex and parabolic. Let the set A C E be M-
quasibounded, a € A, p € N¥(a, A), ||p|| = 1. Let b € M, {p,b) = s(p, M).
Then there exist sequences {ay} C A and {by} C M such that ]}1_{20 |lag — al| =0,

Jim o, — b|| = 0 and by, € Nij(a, A) for any k € N.
—00

Proof. Fix an infinitesimal sequence {t;} of positive numbers. Let us show
that there exists an index ky € N such that a+t,b & A for any k > ky. Suppose
the contrary. Then we may select a subsequence from {¢;} such that a+txb € A
for all k € N. As p € N (a, A), there exists an infinitesimal sequence {3}
of positive numbers such that (p, txb) < Si||trb|| for all k& € N. Dividing this
inequality by t; and passing to the limit as & — oo, we obtain the inequality
{(p,by < 0, which contradicts the relations (p,b) = s(p, M) > 0. Thus, there
exists an index kg € N such that a+1,0 € A as k > ky. In view of the fact that
the set A is M-closed, we have that opr(a+t;b, A) > 0 for all k > ky. According
to Remark 2.4, we have that limy_,o. opr(a+txb, A) = opr(a, A) = 0. Therefore,
there exists an index k; > ko such that gp(a + txb, A) < %supyeE om(y, A) for
all k > ky. Thus, a + txb € Sy(A) for all k > k. According to Lemma 3.2 (i),
for any k > ky there exists xy € Ty (A) such that

la +teb — || < trom(zr, A) (19)

and 0 < op(zg, A) < %supyeE om(y, A). Since xp € Ty (A), then for any
k > ky there exists ay € Py(xg, A). For k > k; denote

T — A
or = onm (g, A), by = .
Ok

Then by € Nij(a, A) for k > k.

Since pin(wy — ar) = om (e, A) < §sup,ep on(y, A) and limg_,o0 2, = a, we
have that the parabolicity of the quasiball M implies the boundedness of the
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sequence {a;}. Astheset Ais M-quasibounded, then sup,-;, [|bx]| = C' < +oo0.
Therefore,

la—ak|| < [la+txb—ap|[+Eellbl+ |2k —axll < trox+1el|bl+Cok, VE = k1. (20)
Remark 2.4 and inequality (19) imply that pp(xr —a) < ppr(tib) + tg’“ﬁ. On

the other hand, the inclusion a € A and the equality or = on(zg, A) imply
that or < ppr(zr —a). As b € OM, then py(b) = 1. Thus,

t
or <ty + 22, (21)
OM
This and inequality (20) imply that
lim [|ay —al = 0. (22)
k—ro0

Asp € N¥(a, A), there exists an infinitesimal sequence {&} of positive numbers
such that for any k > k;

(pax —a) < eglla — agl|.
Using the inequalities (19), (20), for k > k; we get that

(p, a, — xp, + tpb) < exlla — ag|| + tror < erx(tror + tillbl| + Cor) + trok-

Dividing this inequality by o and using the equality by = ’”’“g_k“’“, for k > ki we
obtain that

t
—(p, bi) + Q—’;«p, by — ex||bll) < te(1+ex) + Cep.

As limg oo e = 0, (p,b) > 0, there exists an index kg > k; such that (p,b) —
ek||bl| > 0 for all k& > ko. Using inequality (21), for k > ko we obtain that

—(p, bi) + (1 - ;—L) ((p,b) — ex||b]]) < ti(1 +ex) + Cep.

Therefore,
t
<p,b—bk> < Ak = tk(1+€k)+05k—|—a—k<p, b>—|—€kHbH, vk > kg. (23)
M

Since klim A, = 0 and b, € M it follows that klim (p,b) = (p, by = s(p, M). As
—00 —00
the set M is boundedly uniformly convex, it implies that klim |bx —0|| = 0. O
—00
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Following [21], [22], [24] we define weakly convex sets.
We say that a set A C E is weakly convexr w.r.t. the quasiball M C E, if

Aﬂ(a—i—La)—int M> =0, VreFE\A Vae Py(x,A).

In other words, the set AC E' is called weakly convex w.r.t. the quasiball M, iff
a € Py(a+ z,A), Va € A, Vz € Njj(a,A). (24)

The following figure illustrates the definition of a weakly convex set.

Figure 1.

Theorem 5.8. Let E be a reflexive Banach space. Let the quasiball M C E
be boundedly uniformly convexr and parabolic. Let the set A C E be M -quasi-

bounded and weakly conver w.r.t. the quasiball M. Then for any a € 0A we
have that N (a, A) C Ni,(a, A).

Proof. Fix a € A and p € N¥(a, A), ||p|| = 1. According to Lemma 5.3
s(p, M) < 4+o00. Since M is parabolic, by Lemma 5.2 [21] the set b(M) \ {0} is

open. According to Lemma 3.7 there exists by € J;,;(p). Hence b = MMb—?bO) eM

and (p,b) = s(p, M). In view of Lemma 5.7 there exist sequences {a,} C A and
{br} C M such that Jim lay — al| =0, Jim |bx — 0| = 0 and b, € Nij(ax, A)
— 00 — 00

for any k € N. Using the weak convexity of the set A w.r.t. M, we obtain that
for all k € N
ay + by, ¢A—|—int M.

Therefore,
a+b¢g A+int M,

and, thus, b € N}¥(a, A). Hence by € N}, (a, A) () Ji;(p) and, consequently, p €
Nf(a, A). Taking into account that 0 € NI, (a, A), we obtain that N*'(a, A) C
Ni(a, A). O
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Remark 5.9. The assumption that A is M-quasibounded is essential in The-
orem 5.8. Indeed, let the quasiball M, the set A, the point z be the same as in
Remark 5.2 and let p € 9B7(0) be such that {p, (z,y)) = z for all (z,y) € R>.
The definition of set A implies that (p, (z,y) — (0,0)) = 0 for any (x,y) € A.
Then p € N (z, A), yet, as s(p, M) = +o00, we obtain that p ¢ b(M) and, thus,
p ¢ NE (2, A).

By L f(x) we denote the Fréchet derivative of f(-) at .

Lemma 5.10. Let M C E be a quasiball and the Minkowski functional pp(-)
be Fréchet differentiable at any x1 € OM. Then for any v € E

d

T p () = 2 ().

Proof. Fix any = € E. First suppose that uy(z) # 0. Since z; = ) s a
boundary point of M, it follows by Remark 3.3 that Jy(z1) = Oupr(21). As
fin () is Fréchet differentiable at 21 we have jy(21) = <L jup(zq). Taking into
account that functions jy/(-) and py,(+) are positively homogeneous, we obtain
that jar(w) = ponr (@) i (2) = 530, (@).

Now let pp(x) = 0. Using Remark 2.4 we get pp(2') = pp(2') — pp(z) <

=2l for any o/ € B. Thus, (o) < EZE = of|la’ — o)) as 2 — =

Therefore, L2 (z) = 0 = 2jy (). O

We say that a set A at a point x € A is

o Fréchet normal reqular w.r.t. a quasiball M if N¥(x, A) = NL(z, A),
o proximally normal reqular w.r.t. a quasiball M if NI (z, A) = NL(z, A).

Theorem 5.11. Let E be a reflexive Banach space. Let the quasiball M be
boundedly uniformly smooth, boundedly uniformly conver and parabolic. Let
the set A C E be M-quasibounded and M -weakly convex. Then A is Fréchet
normal reqular and proximally normal reqular w.r.t. M at any x € A, i.e.

N¥(z, A) = Nb (2, A) = NL (2, A).

Proof. By Remarks 3.6 and 4.1 for any « € FE the set Jy(z) is a singleton and
we denote its element by ju/(z) as usual. For any R > o), define

wr(7) = sup{|ljn(u) = ju (@) : v, v’ € Bg, [lu—v'[| <7}, 7>0. (25)

Fix some arbitrary R > oy, y € 0A, ¥ € A. Lemma 5.2 [21] states that the
set b(M)\ {0} is open. Thus, by Lemma 3.7 J3,(+) is single-valued, and for any
p € E* we will denote the element of J3,(p) by ji;(p). Consider ¢ € Ni (y, A)
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such that s(¢, M) < 1 and for any 6 € [0, 1] the inclusion j},(¢)+60(y—y') € Br
holds. Let us prove that

(@.v —y) <lly = llwr(ly = ¥I])- (26)

By (10) we have that j},(¢) € Nji;(y,A) and in view of (8) we get % €
Nir(y,A). Thus, as A is weakly convex w.r.t. M, (24) implies that y €
Pu(y + %,A). Since s(g, M) < 1, we obtain that y € Py(y + ji;(q), A).

Therefore, for any vy € A

par(y + Ja(@) —y') > par(y + 33(0) = y) = par(33(q))- (27)

Recall that by Lemma 3.8 we have ja(ji,;(¢)) = ¢. Lemma 5.10 implies that
for any v/ € A

1w (y + gila) — v') = i (G (@) + 2/0 GG (@) +0y =),y — y')do =

= 13 (Ga (@) +2(q, y—y') + 2/0<jM(jX4(Q) +0(y—y) —in(Gr (), y—y')do.

In view of (27), we obtain that
1
{@y—y)+lly—vll / 17ae Gr (@) + 0y — o)) — Jaa (i (@) | d6 = 0.
0

Then, considering (25), we obtain (26).

Fix an arbitrary z € A. Let us prove that NI (z, A) C N¥(x, A). Consider a
functional p € N& (z, A). If p=0, then p € N (x, A).
Let p # 0. By the definition of the Mordukhovich limiting cone there exist

sequences {z,} and {p,} such that p, € N} (z,,A), z, € A, r, — z and
Pn — p. As p, — p, there exists v > 0 such that ||p,|| < for all n € N.

Let us prove that the sequence {s(p,, M)} is bounded. As p, € Ni (x,, A) we
have ji;(pn) € Nj;(2,, A) and hence % € Ni*(x,, A) for any n € N. As
x, — x, the sequence {x,} is bounded and the M-quasiboundedness of the

set A implies that there exists C' > 0 such that % ‘ < C for any n € N.
Therefore,
I (Pn) >
5(pn, M :<pn,— <|lpn||C < ~C. 28
M) = (o B < ] 29
Thus,

7% ()|l < Cs(pn, M) < ~AC>. (29)



756 M. S. Lopushanski / Normal Regularity of Weakly Convex Sets ...

Let there be given n > 0. Put R = vC? + op;. By Theorem 4.8 jy(+) is
uniformly continuous on B and, hence, wr(7) — 0 as 7 — +0. Consequently,

there exists € € (0,0u) such that wg(r) < & for any 7 € (0,¢). Consider

an arbitrary 2’ € B<(z)[(A. Since z, — x there exists N > 0 such that
|z, — 2’| < e for any n > N.

Using (29), for any n > N and 6 € [0, 1] we obtain that ||j3,(p,) +6(z, —2')|| <
vC? + & < R and therefore j%,(p,) + 0(z, — 2') € Brp.

By (28), we have that s (f‘y’—g, M) < 1. Then, taking into account (26), for any
n > N we obtain that

Prn / / / n
(Lo =) < I = anllonlle =l < I =l -

Therefore,
(Pn, &' — @n) < mll2” — 2.

Passing to the limit as n — 0o, we obtain the inequality
(.0 —2) <nlla’ — o, Va' € Be(2)()A.

Then p € N¥(x, A) and, therefore, NI/ (z, A) C N (x, A).

By Theorem 5.8 and the definition of the limiting cone we have N (z, A) C
NE(x, A) € NE (2, A). Thus the proof is complete. O
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