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We introduce an evolutionary structure of Euclidean networks for boundary convex quadri-
laterals in the two dimensional Euclidean Space (Botanological network) which has two roots,
one main branch and two branches. A botanological network is a weighted full Steiner tree
which is enriched by a collection of instantaneous images of the process of photosynthesis,
by assuming mass flow continuity.
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1. Introduction

Let AjA3A3A4 be a convex quadrilateral with A;(x;,y;) and a positive real
number (weight) B; in A;, Ag(zo,yo) and Ay (2, yor) be two points in R? with
given weights By in Ag and By in Ay, a; be the Euclidean distance AyA; for
i = 1,2, a; be the Euclidean distance Ay A; for i = 3,4, and [ be the Euclidean
distance AgAgy.

The generalized Gauss problem for convex quadrilaterals in R? reads:

Problem 1.1. Find Ay(zo,yo) and Ay (xo,yo), such that

By + By

4
flar,az2,a3,a4,1) = Zl B;a; + Tl — man. (1)

In 2013, we solve explicitly the generalized Gauss problem for convex quadri-
laterals in R? ([4, Theorem 2.2, p. 486-488]).
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The solution of the generalized Gauss problem is a weighted full Steiner tree
for boundary quadrilaterals which has been first studied for equal weights in
[1].

By letting [ = 0 in (1), we obtain the weighted Fermat-Torricelli problem
for convex quadrilaterals in R2. We call the solution of the weighted Fermat-
Torricelli problem for convex quadrilaterals a weighted Fermat-Torricelli tree

structure of degree four for the case where Ay (weighted Fermat-Torricelli point)
is located at the interior of A; Ay A3A,.

By letting [ = 0 and B; = 0 for i € {1,2,3,4} in (1), we obtain the weighted
Fermat-Torricelli problem for a triangle in R?. We call the solution of the
weighted Fermat-Torricelli problem for a triangle a weighted Fermat-Torricelli
tree structure of degree three for the case where Ay (weighted Fermat-Torricelli
point) is located at the interior of AA;A; Ay, for i, 5,k =1,2,3,4and i # j # k.
The position of the weighted Fermat-Torricelli tree of degree four for boundary
convex quadrilaterals is given in [3, Problem 2.1,pp. 412-413]. It is worth men-
tioning that a mechanical solution of the weighted Fermat-Torricelli problem
for a triangle has been obtained by S.Gueron and R. Tessler who also estab-
lish the solution of the inverse weighted Fermat-Torricelli problem for three
non-collinear points in R? ([2, p. 449)).

In this paper, we introduce a generalized weighted full Steiner tree of degree
three for boundary convex quadrilaterals (Botanological network), by modelling
the process of photosynthesis in a plant which has two roots one main branch
and two branches.

2. A botanological network for boundary convex quadrilaterals in
the two-dimensional Euclidean Space.

We start by stating the inverse weighted full Steiner problem for boundary
convex quadrilaterals in R? which is an important generalization of the in-
verse weighted Fermat-Torricelli problem for convex quadrilaterals studied in
[3, Section 4, pp. 416-425].

Problem 2.1. Given two points Ay, A, which belong to the interior of the
quadrilateral A; Ay AsAy in R?, does there exist a unique set of positive weights

B;, (i=0,0,1,2,3,4) such that
By + By + B3 + B, = ¢ = const, (2)

for which Ay and Ay minimize

4 —_ p—
_ By + By
f(AOaAO’) = ;Bﬂi—F—Q )

under the following condition for the weights:

B;+ B; = By + By + By + By, (4)
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Figure 2.1: A botanological network of a boundary convex quadrilateral in R2.

for i,j,k,m = 1,2,3,4 and i # j # k # m (Inverse weighted full Steiner
problem for quadrilaterals).

A negative answer to the inverse weighted full Steiner problem for convex
quadrilaterals in R? is given by the following theorem which gives the dy-
namic plasticity equations of a two-way full variable weighted Steiner tree for a
boundary convex quadrilateral. The dynamic plasticity of convex quadrilater-
als yields the same position of a full variable weighted Steiner tree with respect
to a fixed boundary convex quadrilateral A;A;A3Ay.

We denote by a;j the angle ZA;A;Ay, for i,5,k=0,0,1,2,3,4.

Theorem 2.2. (Dynamic plasticity of a full variable weighted Steiner tree)
The dynamic plasticity of a two-way variable weighted Steiner tree with respect
to A1AsAsAy is given by the following system of equations:

By _ By _ By + By 5)
sin 900/ sin 100/ —2 SiIl(OéQO()/ + Oél()ol)
By By _ By + By (©)
sinagey  sinagys  —2sin(@pps + Qor3)
Bl + B2 = Bo + g@/ + Bg + 34, and (7)
By+By+Bs+By=1. (8)

Proof. Let Ay = (z9,y0) and Ay = (z¢, yo). By differentiating the objective
function (3) w.r. to zp and yy we obtain that Ay is the weighted Fermat-

Torricelli point for AA; Ay Ay, with weights By, B, BOJ;BB', which corresponds

to the vertices Ay, Ay and Ay, respectively. By applying the inverse weighted
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Fermat-Torricelli problem for AA;As Ay we obtain (5) ([2, p. 449], [3, Corol-
lary 4.3,p. 417]).

By differentiating the objective function (3) w.r.t. xy and yy we obtain that
Ay is the weighted Fermat-Torricelli point for AA3A4Ay, with weights Bs,

By, @, which corresponds to the vertices Az, Ay and A, respectively.
By applying the inverse weighted Fermat-Torricelli problem for AA3A4Ag we
obtain (6) ([2, p. 449], [3, Corollary 4.3,p. 417]). The equations (7) and (8)
are taken from the inverse full weighted Steiner problem for A;A;A3A, by
considering the full variable weighted Steiner tree as a two-way communication

network in R2. n

We proceed by describing an instantaneous image of the process of photosyn-
thesis referring to a plant which starts to grow and produces two roots on the
ground, one main branch from the ground to the air and two branches in the
air (Fig. 2.1).

First, we assume that the air and the ground are homogeneous and that the

evolution of the main branch occurs in the vertical direction w.r.t. the ground.

We consider the following two main steps in order to give the two fundamental
conditions of mass flow continuity:

Step 1: (First way of communication)

Water is transferred from the roots A; Ay and Ay Ay with weights (By), and
(B2)w, leaving a storage (By), at Ag and (By), at Ay and continues to be
transferred to the branches Ay Ay and Ay Az with weights (By),, and (Bj3).,
respectively.

Step 2: (Second way of communication)

Air and Sun create the quantities of photosynthesis (By)py and (Bs)py which
start to move from the branches A4Ay and AzAy leave a storage (By)pg at
Ay and (By)py at Ag and continue to be transferred to the roots AgA; and
ApAy with weights (By)pg and (Bs)py, respectively.

From the Steps 1 and 2 we derive two conditions of mass flow continuity:
(B1)w + (B2)w = (Bo)w + (Bo)w + (B3)w + (Bs)w, and (9)
(B1)pr + (B2)pu + (Bo)pr + (Bo)pa = (B3)pu + (Ba)pa- (10)

Therefore, the objective function (1) takes the form:

4

Z(Bi)wai + [(Bl)w + (BQ)U) — (Bg)w)l + Z(Bl)pgaz -+

+[(Bg)PH + (B4)pH — (Bo/)pH]l — min. (11)
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Definition 2.3. A botanological network for a boundary convex quadrilateral
A1 Ay A3 Ay is a full weighted Steiner tree in R?, such that the weights (B;),, and
(Bj)pm for i,j =0,0,1,2,3,4 minimize the objective function (2) and satisfy
the two conditions of mass flow continuity (9) and (10).

By applying the inverse weighted Steiner problem for A; A;A3A,, and the two
steps of the evolution of a plant with two roots, one main branch vertical to
the ground and two branches in the air, we obtain the dynamic plasticity of a
botanological network with respect to the boundary quadrilateral A;AsAsAy.
We let Bz = (Bz)w + (Bi)PHa BQ = (BO)w — (BO)PH7 B‘v(y = (BO/)w — (BOI)PH

and B, = fjéj, fori=1,2,3,4,j=0,0,1,2,3,4.
i

Theorem 2.4. The dynamic plasticity of a botanological network with respect
to A1AsAsAy is given by the following system of equations:

By B, C

- = - = - , (12)

sinaggy  sinagey —2sin(agge + @100/

B B C

A , (13)

SIN (g4 SN (g3 —2 Sln(Oé00/4 + 0600/3)
Bl+BQZB_0+B_O/+B_3+B4, (14)
Bi+By+ B3+ B, =1, (15)

By)w — (By )w By — (B

where c—q1_ Bow=(Bo)w (By)rn = (Bo)rr (16)

Z?:l BZ Z?:l B;

Proof. Taking into account (9) and (10) the objective function (2) takes the
form:

, f(Ag, Ay) = (17)
= Z((Bz>az +U((B1)w + (B2)w — (Bo)w + (Bs)pu + (Ba) pa — (Bo) pr)
or . f(Ao, Ao/) = (18)
= Z((Bi)ai + é(Q((Bl)w + (B2)w — (Bo)w + (B3)pu + (Bs)pu — (By) pa))
or 41 po f(Ao,AQ/) = ZBZCLZ—F (19)

Zi:l B; i=1

F (2[(B1)u + (Ba) — (Bo)u + (Bao + (Bi)pas — (Bo) )

t+—=
2 E?:l B;
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4
1 _ l
S B o) = 2 Bok 5 2

where C is given by (16).

Then, by applying Theorem 2.2 for g(Ag, Ay) = 241 B‘f(AO,AO/) and using

By + By = C, we derive the dynamic plasticity equations (12) and (13). [

or

Let A1A3A3A, be either a rectangle or an isosceles trapezoid where A;As is
parallel to AsA, and a4 = as3 in R2.

Proposition 2.5. If (B1)w = (B2)w, (B3)w = (Ba)w and (B1)pu = (B2)pn,
(B3)pr = (Ba)pu, then

Qopy = Qg and  Qisyg = Qug/p- (21>

Proof. The equalities (By)y = (B2)w, (Bs)w = (Ba)w and (Bi)pn = (B2)pH,
(Bg)pH = (B4)pH yleld B1 = BQ and Bg = B4, or

Bl = BQ and Bg = B4. (22)
By replacing (22) in (12) and (13), we obtain (21). O

Corollary 2.6. Given (B;)w, (Bi)py for i = 0,0',1,2,3,4 where (By), =

(B2)w, (B3)w = (Ba)w and (By)pg = (B2)pu, (Bs)pu = (Ba)pu, the angles
Q100 and oy are given by the following two relations:

C
Qg0 = arccos ( — ) (23)
—4B,

and

C
Q3070 = Arccos ( — ) ) (24)
—4B,

Proof. From Proposition 2.5 we get:
Qo007 = Q1007 and Q300 = Q4070 (25)
By replacing (25) in (12) and (13) we get:

By C

= 26
sin Q200! —2 sin(2a200/) ( )
and ~
B C
N (27)
S111 Q3070 —2 Sll’l(20&30/0)

which yield (23) and (24). O
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