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The aim of this note is to provide several new variants of the diameter two properties for
Banach spaces. We study such properties looking for the abundance of diametral points,
which holds in the setting of Banach spaces with the Daugavet property, for example. For
this, we introduce the diametral diameter two properties in Banach spaces, showing for these
new properties stability results, inheritance to subspaces and characterizations in terms of
finite rank projections.
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1. Introduction

We recall that a slice in the unit ball of a Banach space X is a nonempty inter-
section of the unit ball with an open half-space. The Banach space X satisfies
the strong diameter two property (SD2P), respectively diameter two property

*Research partially supported by MEC (Spain) Grant MTM2014-58984-P and Junta de An-
dalucia grants FQM-0199, FQM-1215.

TResearch partially supported by MINECO (Spain) Grant MTM2015-65020-P and Junta de
Andalucia Grant FQM-185.

fResearch supported by a research grant Contratos predoctorales FPU del Plan Propio del
Vicerrectorado de Investigacion y Transferencia de la Universidad de Granada, by MINECO
(Spain) Grant MTM2015-65020-P and by Junta de Andalucia Grants FQM-0185.

ISSN 0944-6532 / $ 2.50 © Heldermann Verlag



818 J. Becerra, G. Lépez, A. Rueda / Diametral Diameter Two Properties ...

(D2P), slice-diameter two property (LD2P), if every finite convex combination
of slices, respectively every nonempty relatively weakly open subset, every slice,
in the unit ball of X has diameter 2. The weak-star slice diameter two property
(w*-LD2P), weak-star diameter two property (w*-D2P) and weak-star strong
diameter two property (w*-SD2P) for a dual Banach space are defined as usual,
changing slices by w*-slices and weakly open subsets by w*- open subsets in
the unit ball. It is known that the above six properties are extremely different
as it is proved in [6].

Even though the theory for Banach spaces with diameter two properties is
quite young, a lot of nice results have appeared in the last few years (e.g.
[1, 5, 6, 7, 11]). Moreover, it turns out that there are quite a lot of examples
of Banach spaces with such properties as infinite-dimensional C*-algebras [5],
non-reflexive M-embedded spaces [14] and Daugavet spaces [15]. The latest
example is quite important because Banach spaces with the Daugavet property
actually satisfy the diameter two properties in a stronger way. Indeed, as it
was pointed out in [13], Banach spaces with Daugavet property verify that each
slice of the unit ball S has diameter two and each norm-one element of S is
diametral, i.e. given x € S N Sx it follows that

diam(S) = sup |y — 2. (1)
yes

We will say that a Banach space X has the diametral local diameter two property
(DLD2P) whenever X verifies the above condition. In dual Banach spaces, we
will define the weak-star diametral local diameter two property (w*-DLD2P)
in the natural way replacing the concept of slice with the one of weak-star
slice. Notice that this property was originally introduced in [13], under the
name space with bad projections and also studied in [2, 4], under the name local
diameter 2 property +. It is known that this property is different from the
Daugavet property [13], that it is stable by taking ¢, sums [13] and that it is
inherited by almost isometric ideals [4]. Let X be a Banach space and Y C X
subspace. According to [3], we will say that Y is an almost isometric ideal in
X if for each € > 0 and £ C X a finite-dimensional subspace there exists a
linear and bounded operator T: E — Y satisfying the following conditions:

1. T(e)=-eforeachec ENY.
1

1+¢

Note that, by a perturbation argument, a subspace is an almost isometric ideal
if, and only if, its closure is an almost isometric ideal, so there is no loss of
generality by assuming that such subspaces are closed. Moreover, in [3] it
is proved that each diameter two property as well as Daugavet property are
inherited to almost isometric ideals from the whole space.

2.  For each e € E one has

lell < [T(e)]l < (1 +&)lell

The paper is organized as follows. In Section 2 we will define the diametral
diameter two property in Definition 2.1 and, after studying connections with
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classical diameter two properties and Daugavet one, we will exhibit charac-
terizations of this new property in terms of finite-rank projections and weakly
convergent nets. We will also study how this property is preserved by taking ¢,
sums and by taking closed subspaces. In Section 3 we will define the diametral
strong diameter two property in a natural way (see Definition 3.1). Again we
will get stability results by taking ¢, sums and by considering closed subspaces
which remind us a behavior very close to the one of the Daugavet property.
Finally, Section 4 is devoted to exhibit some open problems and remarks.

We shall introduce some notation. We consider real Banach spaces. By (resp.
Sx) denotes the closed unit ball (resp. sphere) of the Banach space X. If Y
is a subspace of a Banach space X ,X* stands for the dual space of X and Y°
denotes the annihilator of Y. A slice of a bounded subset C' of X is a set of
the form

S(C, f,a) ={xeC: f(zr)>M—a},

where f € X*, f #0, M =sup,.¢ f(z) and a > 0. If X = Y™ is a dual space
for some Banach space Y and C' is a bounded subset of X, a w*-slice of C'is a
set of the form

S(Coy,a):={feC: fly) >M—a},

where y € Y, y # 0, M = sup;cc f(y) and a > 0. w (resp. w*) denotes the
weak (resp. weak-star) topology of a Banach space.

Finally, we recall that a Banach space X is called strongly reqular if every
nonempty closed, convex and bounded subset of X has finite convex combi-
nations of slices (equivalently relatively weakly open subsets) with arbitrarily
small diameter. Also, a point a in a closed, convex and bounded subset C of
X is called a point of strong reqularity for C' if there are finite convex combina-
tions of slices of C' containing a with arbitrarily small diameter. The concept
of strong regularity has been well studied in [10] and it is a weaker property
than the well known Radon-Nikodym property.

2. Diametral diameter two property and stability results
We shall start by giving the following definition.

Definition 2.1. Let X be a Banach space. We will say that X has the di-
ametral diameter two property (DD2P) if given a non-empty relatively weakly
open subset W of Bx, v € W N Sx and € € R there exists y € W such that

[z =yl >2-e (2)

If X is a dual Banach space we will say that X has the weak-star diametral
diameter two property (w*-DD2P) if given a non-empty relatively weakly-star
open subset W of By, x € W N Sx and € € R there exists y € W satisfying

(2).
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From [15, Lemma 2.3] we get that each Banach space enjoying the Daugavet
property satisfies the DD2P. However, there are Banach spaces with the DD2P
which do not enjoy the Daugavet property.

Example 2.2. Let X be the renorming of C'([0, 1]) given in [2] satisfying that
X is midpoint locally uniformly rotund, has the DLD2P and X fails the SD2P.
Then X fails the Daugavet property. However, X has the DD2P because X
has the DLD2P and an easy application of the well known Choquet lemma [9,
Lemma 3.40].

It is known that a Banach space X has the D2P if, and only if, X** has the w*-
D2P. However, this fact is far from being true for the DD2P. Indeed, applying
the weak-star lower semicontinuity of a bidual norm is easy to get the following
result.

Proposition 2.3. Let X be a Banach space. If X** has the w*-DD2P, then
X has the DD2P.

Remark 2.4. The converse of Proposition 2.3 is not true. Indeed consider
X = C([0,1]). Now X has the DD2P as being a Daugavet space. However,
By« has denting points (this follows from the well known fact that C([0, 1])* =
41([0,1])®1C([0, 1])* and that ¢,([0, 1]) enjoys the RNP), so X* fails the DLD2P
and, consequently, X** fails the w*-DLD2P [4, Theorem 3.5].

Now we shall provide several characterizations of the DD2P. First of all, we
shall show a useful characterization of the DD2P in terms of weakly convergent
nets which will be used in order to prove the stability of the DD2P by ¢, sums.

Proposition 2.5. Let X be a Banach space. The following assertions are
equivalent:

(1) X has the DD2P.
(2)  For each x € Sx there ezists a net {xs} C Bx which converges weakly to
x and such that ||z — x| — 2.

Proof. (1) = (2). Consider U to be a neighborhood system of x in the weak
topology relative to Byx. Now, for each U € U and every ¢ € RT, choose
Twe € U such that ||z — x| > 2 — €. Such z ) exists because X has
the DD2P. Now, considering in U x R* the partial order given by the reverse
inclusion in ¢ and the inverse natural order in R, we conclude that {zy.)} is a
net in By which is weakly convergent to z. It is also clear that ||z —z )| — 2.

(2) = (1). Pick W a non-empty relatively weakly open subset of By, = €
W N Sx and ¢ € RT and let us prove that there exists y € W such that
|z — y|| > 2 — e. By assumption there exists a net {zs} in Bx such that

|z — 25| =2, and z, > .

From both convergences then there exists s such that z;, € W and ||z — z4|| >
2 — e. Now (1) follows choosing y := z. O
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For dual Banach spaces we have the following characterization of the w*-DD2P
similar to the above one.

Corollary 2.6. Let X be a dual Banach space. The following assertions are
equivalent:

(1) X has the w*-DD2P.

(2)  For each x € Sx there exists a net {xs} in Bx which converges to x in
the weak-star topology such that ||x — z4|| — 2.

Remark 2.7. In view of Proposition 2.5, Daugavet property can also be easily
characterized in terms of weakly convergent nets. Indeed, it is straighforward to
prove from [15, Lemma 2.3] that a Banach space X has the Daugavet property
if, and only if, given z,y € Sx there exists a net {y,} in By weakly convergent
to y such that ||z — ys|| — 2.

In [13] a characterization of DLD2P in terms of the behavior of rank-one pro-
jections in a Banach space is proved. It turns out to be also true that DD2P
can be characterized regarding the behaviour of the rank-one projections. This
characterization strongly relies on the following known result which will be used
several times in the following.

Lemma 2.8. [13, Lemma 2.1]. Let X be a Banach space. Consider x* €
Sx+,e € RY and x € S(Bx,z*,e) N Sx. Then, given 0 < 0 < &, there exists
y* € Sx+ such that x € S(Bx,y*,0) C S(Bx,z*,¢).

Proposition 2.9. Let X be a Banach space. The following assertions are
equivalent:

(1) X has the DD2P.
(2)  For each zi,...,x} € Sx+ and x € X such that x(x) # 0, if we define

()

one has that, for each e € R, there exists y € Bx such that

ly —pi(y)|| >2—¢ Vie{l,...,n}

pi =1 ® Vie{l,...,n}

and

>0 Vied{l,...,n}

(3)  Given a weak-star slice S := S(Bx«,,0) of Bx- and x%, ... x5 € SNSx+
there exist y* € S and y € Sx such that

(xf —y")(y) >2—-0 Vie{l,...,n}.

Proof. (1) = (2). Consider z7,...,z} € Sx-, * € X such that z}(z) # 0 for
each i € {1,...,n} and define p; := xf ® =%~ for each i € {1,...,n}.

z} (x)
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Consider 0 < ¢ < 2. Note that
rily) 1

nn<5}
w@ el 2

where W is a relatively weakly open subset of Bx. Moreover ﬁ € Sx. As

T GW::{yEBX :

]

X has the DD2P we can ensure the existence of an element y € W such that
|-

>2—:.
Now, on the one hand, as y € W one has, for every i € {1,...,n},

ri(y) 1 iy 1 e _1-3

- > — =
wi(z) ] ) el 2flll ]

)

> 0.

On the other hand, given i € {1,...,n}, it follows

|

since y € W. So (2) follows.

T

ly —pi(y)ll = Hy =l

T

T
ER
]l

]

6_
2

7 (y)
T}

_GVM>2_8

(2) = (1). Consider a non-empty relatively weakly open subset

n

W= S(Bx,yi, &)

=1

of Bx and pick x € W N Sx. In order to prove that X has the DD2P choose

0 <e< 11g1<n g;. By Lemma 2.8 we can find, for each i € {1,...,n}, a

functional 7 € Sx- such that

xr € S(Bx,x},e) C S(Bx,yl,e;) Vie{l,...,n},

and so x € [ S(Bx,z},e) C W. Consider n € RT small enough to satisfy
i=1

zi(z)(1—n) >1—eforeach i € {1,...,n}. For each i € {1,...,n} define
= Q@ ——.
g i)

From the hypothesis we can find y € Bx such that

ly—pi(y)|| >2—n Vie{l,...,n} and =

Now, on the one hand, one has

L—n<|lp(y)| =

ZE_(WI.H ) v {1,...,n}.

i (x) i (x)
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So zf(y) > (1 —n)af(z) > 1 — ¢ for each ¢ € {1,...,n} and, consequently,
y € [ S(Bx,xf,e) € W. Moreover, chosen i € {1,...,n}, it follows
i=1

i)
—zl| > lly = p)ll = Ipily) — x| >2—n— ~1
Iy =l 2 Iy = ) = () =l > 2= = |58 =y
|7 (y) — =7 (2)] £
S P s 9 p— .
g xi(z) T

AsO<e< 11£11<n €; was arbitrary, we reached the desired result.
<i<n

(1) = (3). Let S and z7,...,z} be as in the hypothesis and pick 0 < n < 6.
Now, given i € {1,...,n}, one has

r;eSexi(r)>1—-0< e S(Bx,x;,0).
So x € [ S(Bx,z},d) N Sx. As X has the DD2P then there exists y €
i=1
) S(Bx,z:,d) N Sy such that
i=1
(.ZC) >1- 7,
(y) < =1+mn.
So y*(x) > 1 — 9 and thus y* € S. In addition, given i € {1,...,n}, it follows
(@7 =y )W) =2i(Y) —y" (W) >1=0+1-n=2-0-n

From the arbitrariness of 0 < 1 < d we get the desired result by a perturbation
argument, if necessary.

lz -yl >2—-n= Hy*ESx*/y*(w)—y*(y)>2—n¢{ ‘Z

(3) = (1). Let W := [ S(Bx,y},¢;) be a non-empty relatively weakly open

=1
subset of Bx and consider z € W N Sx. Pick 0 < § < 121‘13 ¢;. From Lemma
2.8 we can find, for each i € {1,...,n}, an element x} € Sx such that

x € S(Bx,z;,6) C S(Bx,v;, &)

holds foreach i € {1,...,n}. Nowz},..., 2 € S(Bx+,,d). From assumptions
we can find y* € S(Bx~,z,0) and y € Sy such that (z} —y*)(y) > 2 — 0 holds
for each ¢ € {1,...,n}. Now, on the one hand, for every i € {1,...,n}, the
following holds:

wi(y)>1-d0=ye()S(Bx,,0) CW.
i=1
On the other hand, as y* € S(Bx~,x,¢), it follows that

lz =yl >y () =y (y) >1=0+1—-0=2(1—-9).

From the arbitrariness of 0 < § < 11gu<n g; we conclude that X has the DD2P,

as desired. n
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Remark 2.10. Note that, given rank one projections py, ..., p, as in the above
proposition, one has || — p;|| > 2 whenever X enjoys the DLD2P [13]. How-
ever, if X also satisfies the DD2P these projections can be “normed” by a
common point of the space.

A dual version of the above proposition is the following

Proposition 2.11. Let X be a Banach space. The following assertions are
equivalent:

(1)  X* has the w*-DD2P.
(2)  For each xy,...,x, € Sx and z* € X* such that x*(z;) # 0, if we define

*

T
= @w, Viell,...,
P a:*(xl)@)x ie{ n}

one has that, for each € € RT, there exists y* € Bx~ such that
ly* —ps(y)|| >2—¢ Vie{l,...,n}

and
Y (i)
*(:)
(3)  Given S := S(Bx,x*,0) a slice of Bx and x1,...,x, € SNSx there exist
y €S and y* € Sx+ such that

>0 Vie{l,...,n}.

8

y(xi—y)>2—-0 Vie{l,...,n}.

It is known that DLD2P is stable under taking ¢,-sums. Indeed, given two
Banach spaces X and Y and 1 < p < oo, the Banach space X @&, Y has the
DLD2P if, and only if, X and Y enjoy the DLD2P [13, Theorem 3.2].

Our aim is to establish the same result for the DD2P. We shall begin with the
stability result:

Theorem 2.12. Let X,Y be Banach spaces which satisfy the DD2P and let
1<p<oo. Then X ©,Y enjoys the DD2P.

Proof. Define Z := X &, Y, pick (z9,y0) € Sz. We apply Proposition 2.5.

On the one hand, if p = oo, then either ||zg|| = 1 or ||yo|| = 1. Assume, with no
loss of generality, that ||zo|| = 1. As X has the DD2P then there exists {zs} a
net in Bx such that 3 — xo in the weak topology of X and ||zg — z4|| — 2.

Then we have that (zs,v0) — (2o, %) in the weak topology of Bz. Note that,
from the definition of the norm on Z, we have that each term of the above net
belongs to Bz. In addition, given s one has

2 2 [[(z0, y0) = (5, 90)lloo = max{[lzo — s, [[gol[} = llzo — 2s]-
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As ||xg — z4|| = 2 we conclude that ||(xo, yo) — (zs,%0)| — 2.

On the other hand, assume p < o0o. As (xg, %) € Sz we have that

(lzoll” + llyoll”)» = 1.
Now 1z is an element of ||x¢||Sx. As X has the DD2P then by Proposition 2.5

there exists a net {xs}scs in ||zo||Bx such that xy; — xy in the weak topology
of X and ||zg — x| — 2||x0]|-

In addition, as Y™ also has the DD2P, then there exists a net {y; }ser in ||yo|| By
such that y; — o in the weak topology of Y and such that ||yo — v:|| — 2||yol|-

Now we have {(xs, y¢) }(s.)esxT — (T, Yo) in the weak topology of Z. Moreover,
given s € S and t € T, one has

1 1
(s ye)llp = (lzsll” + lel”)> < (lzoll” + llyol) 7 = 1,

so (zs,y;) € By for each s € S;t € T. Finally, given s € S and t € T, it follows

1 1
1(z0,50) = (s, y)llp = (lzo—2s[I” + llyo—well”)» = (2ol )P+ llwol)")» =2,

and the proof is complete. O

Now let us prove the converse of the above result.

Proposition 2.13. Let X,Y be Banach space and define Z = X @, Y for
1<p<oo. If X fails to have DD2P so does Z.

Proof. As X fails the DD2P then there exists a non-empty relatively weak
open subset U of Bx, o € U N Sx and g € RT such that

|lzo —y|| <2—e Yy € U.

Now we shall argue by cases:

Case 1. If p = oo define the weak open subset of Bz given by
W = {(z,y) € By : v €U},
and pick (z,0) € W. Then, as x € U N By, one has for each (z,y) € W

(0, 0) = (2, y)|| = max{[lzo — x|, [lyl[} <max{2 —eo, 1} <2.
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Case 2. If p < oo then, given € € R, there exists 0 > 0 such that

1-6<|r|<1,]s| <1,
1 = |sf <e. (3)
(IrlP+slP)» <1
Define
W :={(z,y) € By : x €U and ||z]| > 1— 4},

which is a weakly open subset of By from the lower weakly semicontinuity of
the norm on X. Consider (xy,0) € W. Now, given (z,y) € W, we have from
(3) that ||y||” < e. In addition, as = € U, we conclude ||z — zy|| < 2—¢(. Hence

D=

(20, 0) = (2,9)l| = (Il = wol” + [ly]")7 < (2= 20)" + &) .

So, taking ¢ small enough, we conclude that sup |[|(xo,0) — (z,y)| < 2. This
dichotomy finishes the proof. (@y)eW O

Even though Example 2.2 shows that Daugavet property and DD2P are differ-
ent, above results provide us more examples of such Banach spaces. Indeed,
given 1 < p < oo, Z := X ®,Y has the DD2P and fails to have Daugavet prop-
erty (actually, Z fails the SD2P [1, Theorem 3.2]) whenever X,Y are Banach
spaces with the DD2P).

Finally we shall study the following problem: when does a subspace of a Ba-
nach space having the DD2P inherit the DD2P ? In order to give a partial
answer, it has been recently proved in [8] that the D2P is hereditary to finite-
codimensional subspaces. Bearing in mind the ideas of the proof of that result,
we can prove the following

Theorem 2.14. Let X be a Banach space which satisfies the DD2P. If Y is
a closed subspace of X such that X/Y is finite-dimensional then Y has the
DD2P.

Proof. Consider
Wi={yeY : |yi(y—w)l <& Vie{l,. .. ,n}t}
for n € Njg; e RT,yF € Y* for each i € {1,...,n} and yo € Y such that
W N By # 0.

Pick y € W N Sy and let us find, for each 6 € R™, a point z € W N By such
that ||y — z|| > 2 — 4. To this aim pick an arbitrary 6 € R*. Assume that
yr € X* for each i € {1,...,n}. Observe that there is no loss of generality
from the Hahn-Banach theorem. Define

U={zxeX : |y(x—y)| <& Vie{l,...,n}},

which is a weakly open set in X such that U N Bx # 0.
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Let p: X — X/Y be the quotient map, which is a w — w open map. Then
p(U) is a weakly open set in X/Y. In addition

@#p(UﬂBx) Q p(U) ﬂp(B)() g p(U) ﬂBX/y.

Defining A := p(U) N Bx/y, then A is a non-empty relatively weakly open
and convex subset of By,y which contains zero. Hence, as X/Y is finite-
dimensional, we can find a weakly open set V of X/Y, in fact a ball centered
at 0, such that V' C A and that

diam(V Np(U) N Bxyy) = diam(V) < % (4)

AsV C Athen B :=p Y(V)NUN Bx # (). Hence B is a non-empty relatively
weakly open subset of By. Moreover y € p~!(V) because p(y) = 0 € V, so
y € BN Sx. Using that X satisfies the DD2P we can ensure the existence of
v € B such that
)
-yl >2—-—. 5)

o=yl >2- > )

Note that v € B implies p(v) € V =V NP({U)NBx/y. In view of (4) it follows

. )
lp()ll < diam(V N p(U) N Bxyy) < ¢

Hence there exists u € Y such that |lu —v|| < & and so ||u|| <1+ . Letting

z = ”—Z‘, we have that

U 1)
Hv—ﬂéHu—w+-u———H<—~HMMWH—H

full]| < 16
SR SR JCRNL
16 16/ 16 16 16 /)

So
)
ool <. (6)

Note that, given i € {1,...,n}, bearing in mind (6) one has
* * * * 6
i (2 = wo)l < [yi (z = v)| + lyi (v = yo)| < llyill; + e,

using that v € U. Thus, if we define

Woi= ey o - wl <et Il vie L. nb)
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it follows that v € W5 N By. On the other hand, in view of (5) and (6), we can
estimate

o 90
— 2 >y =l = ||v— 2—— —=->2-—4.
ly ==l > lly vl o — 2l > 2~ -~ >
From here we can conclude the desired result. Indeed, for each i € {1,...,n},

we can find & € RT and 6, € R such that
it ool <e Vie{l,...,n},
and that
yeW:={z€eY : |y(z—w)| <& Vie{l,...,n}}

For 0 < § < §g one has
Ws=qyeY  lyily—w)l <G+llyilly Viell,....njr CW.

The arbitrariness of ¢ in the above argument allows us to conclude the desired
result. [
As in [8] for the w*-D2P we can prove a stability result for the w*-DD2P.

Corollary 2.15. Let X be a Banach space and let Y C X be a closed sub-
space. If X* has the w*-DD2P and Y is finite-dimensional then (X/Y)* has
the w*-DD2P.

Proof. Consider a weakly-star open subset W of Y° = (X/Y')* such that

W N Bys # 0,
and pick z* € W N Sy.. Now we can extend W to a weak-star open subset of
X*, say U, as it is done in Theorem 2.14 satisfying z* € U N Sx«.

Let p: X* — X*/Y° be the quotient map, which is a w* — w* open map.
Then p(U) is a weakly-star open set of X*/Y° which meets with Bx«/yo.

If we define A := p(U) N Bx~/y-, then we have that A is a relatively weak-star
open and convex subset of Bx«/yo which contains to zero.

As X*/Y° = Y* is finite-dimensional, we can find V' a weak-star open set of
X*/Y®, in fact a ball centered at zero, such that V' C A and whose diameter
is as closed to zero as desired.

From here, it is straightforward to check that computations of Theorem 2.14
work and allow us to conclude that

sup ||2" =z =2,
x*EWﬂByo

so Y° = (X/Y)* has the w*-DD2P as desired. N
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As we have pointed out in the Introduction, the D2P is inherited to almost
isometric ideals from the whole space [3, Proposition 3.2]. Now, following
similar ideas, we get the following

Proposition 2.16. Let X be a Banach space and let Y C X a closed almost
isometric ideal. If X has the DD2P, so does Y.

Proof. Take n =1 in the proof of Proposition 3.12 0

3. Diametral strong diameter two property and stability results

Now we shall introduce the natural strengthening of the SD2P in the same way
the DD2P is defined.

Definition 3.1. Let X be a Banach space. We will say that X has the diame-
tral strong diameter two property (DSD2P) if given C a finite convex combi-
nation of non-empty relatively weakly open subsets of By, x € C' and € € RT
then there exists y € C' such that

e =yl > 1T+ [lz] —e. (7)

If X is a dual space, we will say that X has the weak-star diametral strong
diameter two property (w*-DSD2P) if given C' a finite convex combination of
non-empty relatively weakly-star open subsets of By, x € C and € € R then
there exists y € C satistying (7).

Remark 3.2. On the one hand, note that the above definition extends the
strong diameter two property from the Bourgain lemma [10].

On the other hand, the condition (2) is replaced with (7) to get the implication
DSD2P = SD2P. Indeed, consider X to be the Banach space of Example 2.2
and C':= """ | \;W; a finite convex combination of non-empty relatively weakly
open subsets of Bx. If CNSx # () then there exists z := > " | \jz; € CNSx. As

X is a strictly convex space we conclude that 1 = x5 = ... = z,,. Consequently
n

x € (| W; C C and, as X has the DD2P, we can find, for each € > 0, an element

=1
y € () W; C X such that ||y — z|| > 2 — e. However, X fails the SD2P.

=1

As in the DD2P, the first example of Banach space with the DSD2P comes
from Daugavet spaces.

Example 3.3. Daugavet Banach spaces enjoy the DSD2P.

Proof. Consider X to be a Banach space enjoying the Daugavet property.
From the proof of [15, Lemma 2.3] it follows that given C' a finite convex
combination of non-empty relatively weakly open subsets of Bx, v € Sx and
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e € R™ we can find y € C such that
|z +y| >2—c¢.

From here let us prove that X enjoys the DSD2P. To this aim pick a finite con-
vex combination of non-empty relatively weakly open subsets C' :=>""  \,W,;
of Bx. Let x € C such that z # 0. From Daugavet property we can find
y €Y Ni(=W;) such that

o= (=y)| > H H i
> — |-
E B

=2—e-[I-|lzll=2-e -1+ [zl =1+ [lz] —e.

2—¢.

>2—ec— ||z

i

In order to conclude the proof assume that 0 € C. As diam(C) = 2 (see the
proof of [7, Lemma 2.3]) we can find z,y € C such that

le =yl >2—¢

23T b s o= > - e =1 oy -

From the arbitrariness of C' we conclude that X has the DSD2P. OJ

Given a Banach space X, it is true that X has the DSD2P whenever X**
has the w*-DSD2P by a similar argument to the one given in Proposition 2.3.

Again, the converse is not true, because the example exhibited in Remark 2.4
also works for the DSD2P.

Moreover, DSD2P admits a characterization in terms of weakly convergent nets
as DD2P does. Indeed, we have the following

Proposition 3.4. Let X be a Banach space. The following assertions are
equivalent:

(1) X has the DSD2P.

(2)  Foreachx,...,z, € Bx and each Ay, ..., \, € RT such that) " N\ =1
it follows that, for each i € {1,...,n}, there exists {z'} a net in Bx
weakly convergent to x; such that

} — 1+

{ E:A@

Proof. (1) = (2). Pick U a system of neighborhoods of 0. Now, for each
U €U and € € RY, pick x{;;, for each i € {1,...,n} such that

x@QEWrHDﬂBX
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and

>14+

Z)\xz

7

which can be done because X has the DSD2P.

Now it is quite clear that, given i € {1,...,n}, {#we }we)cuxr+ is a net in By
weakly convergent to x;. Moreover, it is clear that

(o

from triangle inequality.
(2) = (1). Is similar to the proof of Proposition 2.5. O

Z)\xl

Now we can establish a dual version for the result above.

Proposition 3.5. Let X be a dual Banach space. The following assertions are
equivalent:

(1) X has the w*-DSD2P.

(2) Foreachxy,...,x, € Bx and each Ay, ..., A, € RT such thaty ;N =1
it follows that, for each i € {1,...,n}, there exists {z'} a net in Bx
convergent to x; in the weak-star topology of X such that

{ }—>1+ Zml

Now, as we have done in Theorem 2.12 for the DD2P, we will focus on analyzing
the DSD2P in the ¢, sum of two Banach spaces. As every Banach space enjoying
the DSD2P has the strong diameter two property, we conclude that the ¢,
sum of two Banach spaces does not have the DSD2P whenever 1 < p < oo
[1, Theorem 3.2]. Nevertheless, we will prove that, as well as happens with
Daugavet spaces, DSD2P has a nice behavior in the case p = co. We shall
begin proving the following necessary condition.

Proposition 3.6. Let X,Y be Banach spaces and assume that X ®,Y has the
DSD2P for p € {1,00}. Then X and Y enjoy the DSD2P.

Proof. In order to prove the proposition, assume that X does not satisfy the
DSD2P. Then there exists a convex combination of non-empty relatively weakly

open subsets C' :=>"" |\ ﬁ S(Bx, x;,mi;) of Bx, an element " | N\jx; € C
Jj=1
and ¢ € RT satisfying that

ZA )

<1+

Z)\xl

=1

—€ VZAzyleC (8)

=1
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Obviously we will assume the non-trivial case (i.e. > . Az; # 0), so we can
assume, taking 0 < e if necessary, that |1, A\jz;|| —e > 0.

Using Lemma 2.8 as many times as necessary we can assume that all the 7;;
are equal (say 1) and that n < § Vi € {1,...,n}. Define

¢ = 3N () S(Byapr (275,0),m).
i=1  j=1

If p =1 we have from [1, Theorem 3.1, equation (3.1)] that
So consider Y, Ni(x;,0) € C and pick >, \i(z}, ;) € C. Then

/
iY;

xl’yl H -

Now on the one hand, from (8), we have the inequality

n
g NiT;
i=1

On the other hand we have from (9) the following

<1+

Wil <

So combining both previous inequalities and keeping in mind that n < £ we

2
conclude
Z Ai((24,0) — (2, y7)) Z i
i=1

From the arbitrariness of > | \;(z}, ) € C we conclude that X &, Y fails the
xmyl H _maX{ ) Z)\zyz
i=1

DSD2P, so we are done in the case p = 1.
Z)\Z.’El —8,1} = 1—|— Z)\ll’z — &,
i=1

i=1
where the last inequality holds from the assumption [|> ", Aiz;|| —e > 0.
Hence, X &, Y does not have the DSD2P, so we are done. [

<1+

DO ™

The case p = oo is easier. Indeed, pick > i | A\i(}, yi) € C. Then

gmax{l—i—
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Now we shall establish the converse of the result above for p = cc.

Theorem 3.7. Let X,Y be a Banach spaces. If X andY have the DSD2P so
does 7 .= X ® Y.

Proof. Pick n € N, (z1,41), ..., (Zn,yn) € Bz and Ay,..., N\, € RT such that
> A = 1. In order to prove that Z has the DSD2P we shall use Proposition

3.4. As
= max { } ,
00 =1

( ' yi) iYi

then either

( ) yl) yz iYi

We shall assume, without loss of generality, the validity of the latter equality.
Now, as X has the DSD2P, we have from Proposition 3.4 that, for each i €
{1,...,n}, there exists a net {z'} weakly convergent to x; such that

Z)\SBZ

Now we have that (z%,y;) — (z;,¥;) in the weak topology of Z for each i €
{1,...,n}. Moreover, from the definition of the norm on Z, we have that
(2%, y;) € By for each i € {1,...,n} and for each s. Finally, given s one has

=1+

5 Yi) s yi) — (2, u0)

[ee]

Z)\.TZ Z)\ xzayz

So [I>20 N((@s, us) — (@, yi )l = 1T+ 11>y M@, v4) ||, Consequently, Z
has the DSD2P applying Proposition 3.4, so we are done. Il

— 1+ =1+

Finally we will analyze the inheritance of DSD2P to subspaces. Again in [§]
it is proved that given X a Banach space with the SD2P and Y C X a closed
subspace such that X/Y is strongly regular, then Y has the SD2P. Following
similar ideas we have the following

Theorem 3.8. Let X be a Banach space and Y C X be a closed subspace. If
X has the DSD2P and X/Y is strongly regular then Y also has the DSD2P.

i=1 =1
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be a finite convex combination of non-empty relatively weakly open subsets of
By, where y; € By- for each i € {1,...,n},j € {1,...,n;} and yj € Y for
each i € {1,...,n}. Pick Y1, \a; € C, ¢ € Rt and let us prove that there
exists y i, )\lyZ € C such that

>14+

Zx\xz

yz

To this aim pick 0 < ¢ such that

32

0 ) 1 )
—t2(1 1- S <e 11
5t (+32)( 1+%>+4<a (11)

Let m: X — X/Y be the quotient map. We have no loss of generality, by
Hahn-Banach theorem, if we assume that y;; € By« for each i € {1,...,n},j €
{1,...,n;}. Consider W; the non-empty relatively weakly open subset of By
defined by W; for each i € {1,...,n}.

For eachi € {1,...,n} consider A; := 7(W;), which is a convex subset of Bx/y
containing to zero. By [10, Proposition II1.6] then A; is equal to the closure of
the set of its strongly regular points. As a consequence, for each i € {1,...,n},
there exists a; a strongly regular point of A; such that

5 5 1 ,
|y (i yo)l+§+(1+32> (1—1+5)<% Vie{l,...,n} (10)

and

ol < 5 (12)

For every i € {1,...,n} we can find m; € N,uf, ..., ul, €]0,1] such that
>y ph = 1and (a})*, ..., (a;,,)" € Sx/v)-, ) € RT satisfying that

alez% (Bx)y. (a})", a}) NA))

and
i - 5
diam (g 15(S(Bxyy, (al)*, ) ﬂAi)> <3 (13)

It is clear that, for ¢ € {1,...,n} and j € {1,...,m;}, one has

S(Bxyy, (a5)",a5) N A; # 0 = S(Bx, 7" ((a;)"), aj) "W, # 0.
Notice that we can not still apply the hypothesis because we do not know
whether 377" | Niz; € C:= 3000 Ny i (WiNS(Bx, 7((a})*), o)). Now, in

order to finish the proof, we need to find points in C close enough to > | A\,
This will be done in the following claim.
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Claim 3.9. We can find, for each i € {1,...,n}, an element z; € By such

that Y1, Niz; € C and that
) ) 1
— 1+ — 1-— . 14
<32+(+32>< 1+%> (19)

Proof. Pick i € {1,...,n}. As [|7(z;) — a|| = |la;|| < 35 we can find z; € X
such that 7(z;) = a; and such that

)

7 ill < 53 15
i = =il < 55 (15)
Now a; € Y™ pi(S(Bxyy, (a5)*,af) N A;) so, for each j € {1,...,m;}, we
can find b; € S(Bxy, (a})*,af) N A; such that a; = > p:bi;. For each
j €{1,...,m;} we can find, considering a perturbation argument if necessary,
an element z;; € By such that 7(z;;) = by;. Finally, as 7(2;) =" pim(z5) = 0

we can find, by definition of the norm on X/Y, an element y; € Y such that

Zi = Zﬂézij + Yis (16)
j=1
and
il < = (17)
Yill = 35

We shall prove that > | A + 5 does the work. First of all we have

- 15) ~§
)\ii )\ 7 + >\ 7 7 < 1+_
Sn] <[ Soa] ¢ Soate -1 P
So 25 € By foreach i € {1,...,n}.
+33
Moreover, given i € {1,...,n},j € {1,...,n;}, one has
( )| iy — o) + s — 2l +
Y\ 775 Y% Yii (@i — g Ty — % Zi— 3

-+ 2+ (14 2) (1- L) @,
vig @i = 30)1 + 53 32 12 -

Finally, pick i € {1,...,n} and j € {1,...,m;}. Then, by (16), one has

2 = ZM;(ZW + Yi)-
j=1
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In addition: 7*(a;;)(zi; + i) = aj;(bi;) + aj;(7(vi))-

On the one hand, as y; € Y then m(y;) = 0. On the other hand a;;(bs;) > 1—a’.
Now, up to consider a smaller positive number in (15) (check that the choice
of by; does not depend on the one of 2,. .., z,), we can assume that a;;(b;;) >

(I—ab) (1+35),s0 >0 A 1+ Tz € C. Now the claim follows just considering

Zi

1+

instead of z;. [

Now, as X has the DSD2P, we can find >, \;z} € C such that

>1+ Z)\ZZ (18)
Given i € {1,... ,n} we have that
Zug (Bx/y, (a5)", a5) N A;),
S0
7 < ) + diam (i (S (B ()" ) 1 E>> KA
=1
Now, as it is done in Proposition 2.14, we can find y; € By such that
I — 2l < 3 (19)
On one hand, given i € {1,...,n} and j € {1,...,n;}, one has
10— 90)| < 02— 900+ Iy s — 2] < g
(i — =) ‘
8 |l n
> 1+ Z)xizi —Z)\’iHyz z|| — (2 — 2
i=1 i=1 i=1
14)(19 n
Uy 02 (14 2) (_)

(14) _ ) ) 1

(11) -

> 1+ Z/\zxz — E&.
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From the arbitrariness of € we conclude that Y has the DSD2P by a perturba-
tion argument similar to the one done in Proposition 2.14. [

Now we have a weak-star version of Theorem 3.8.

Corollary 3.10. Let X be a Banach space and letY C X be a closed subspace.
If X* has the w*-DSD2P and Y is reflexive then (X/Y)* has the w*-DSD2P.

Proof. Consider C' := """ | \;W; a finite convex combination of non-empty
relatively weakly-star open subsets of By. and pick > 1" A\;zf € C.

Define W; to be the weak-star open subset of Bx- defined by W; for each
ie{l,...,n}.

Let m: X* — X*/Y° the quotient map and define A; := 7(W}).

As X*/Y° = Y* is reflexive, then X*/Y* is strongly regular, so we can find, for
each i € {1,...,n}, a; a point of strong regularity of A; whose norm is as close
to zero as desired. Given i € {1,...,n}, as q; is a point of strong regularity, we
can find a finite convex combination of slices containing a; and whose diameter
is as small as wanted. In addition, because of reflexivity of X*/Y°, convex
combination of slices are indeed finite convex combination of weak-star slices,
so we can actually find finite convex combination of weak-star slices containig
to a; and whose diameter is a closed to zero as desired for each i € {1,...,n}.

Using the previous ideas, the result can be concluded following word by word
the proof of Theorem 3.8. [

Now we shall prove the inheritance of the DSD2P to almost isometric ideals.
This result relies on the following known theorem.

Theorem 3.11. [3, Theorem 1.4] Let X be a Banach space and let Y C X be
an almost ideal in X. Then there exists a Hahn-Banach operator p: Y* — X*
such that, for each € > 0, for each finite-dimensional subspace E C X and each
finite-dimensional subspace F'© C Y™, there exists T: E — Y werifying the
following conditions:

(1) T(e)=e for eachec ENY.
(2)  For each e € E one has

1
1+e¢

lell < [IT(e)ll < (1 +e)lle]l-

(3)  Foreachec E and f € F it follows: ¢(f)(e) = f(T(e)).

Now we are ready to prove the following proposition.

Proposition 3.12. Let X be a Banach space and let Y C X be a closed almost
isometric ideal. If X has the DSD2P, so does Y.
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Proof. Pick C:=3"" X\ ﬁ S(By, yj;, ai;) to be a finite convex combination
j=1

of non-empty relatively weakly open subsets of By, choose Y 7" | \;y; € C' and

pick € > 0. Our aim is to find Y | A;z; € C'such that ||>°7"  Ni(y; — z;)|| > 1+

1251 Aiil| —€. Assume, with no loss of generality, that max max y;(y;) < 1.
i= 1<i<n 1<j<n; 9

Choose g > 0 such that

Y3 (yi)

O<u< =
H < Ho 11 p

>1_aij Vie{l,...,n},jE{l,...,ni}. (20)

and

o (L I20 Aill = ) —
1+

0<p<po= iYi (21)

Now consider 0 < p < pp and a Hahn-Banach operator ¢: Y* — X* satisfying
the properties described in Theorem 3.11. Define

@ = Z A m S<BX7 @(y;j)v 1- y;}(%))
i=1 =1

As X has the DSD2P and clearly > Ny, € C we can conclude the existence
of an element Y | \;z; € O such that

>1+ — [t (22)

_xz

Z Aili

Now for y, E := span{zy,...,Zn, y1,...,yn} € X and F := span{y;; / i €
{1,...,n}, 7 €{1,...,n;}} CY* consider T the operator satisfying the prop-
erties described in Theorem 3.11. Given ¢ € {1,...,n} one has

1T (z)ll < (1L + p)llil] <1+ p.

So, if we define z :== > |\ 1(47-51)’ it is clear that z € By. We will prove that

indeed z € C. To this aim, pick i € {1,...,n} and j € {1,...,n;}. Now

14+ up 14+ up 1+p

* (y;) (20)
1+ p

) (T(xa) @) i) | 1- (-5

14+p B
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Thus z € C. Finally, we have that

izl)\z'yz‘—z Z)\i (yz_m>

i=1

IT+u

| IS A = T@a) + )|

n n 1 n
o N7 Quiny Ay — wa))ll = sy Millyill T 12 Aiys — )l — m

I+ p IL+p
(22) o (L4 125 Al — ) — e (21) .
> ’ — > 14+ /\z il — €.
I+pu ; Y
As ¢ was arbitrary we conclude that Y has the DSD2P. ]
4. Some remarks and open questions.
Let us consider the following diagram
pp 2 pspep 2 ppep & pLpop
4 (4) 4 (5) 4 (6)

w* —DSD2P -2 w* —DD2P &% w* — DLD2P

where the last row only makes sense in dual Banach spaces. By Example 2.2 or
Theorem 2.12, neither the converse implication of (2) nor the one of (7) holds.
In addition, there are Banach spaces with the Daugavet property whose dual
unit ball have denting points (e.g. C([0,1])). Consequently, the converses of
(4),(5) and (6) are not true.

However, it remains open the following

Question 4.1. Does the converse of (1),(3) or (8) hold?

It is known that a Banach space X has the DLD2P if, and only if, X* has the
w*-DLD2P. This fact arise two questions.

Question 4.2. Let X be a Banach space. Is it true that X has the DD2P if,
and only if, X* has the w*-DD2P?

A similar question remains open for the DSD2P.

Question 4.3. Let X be a Banach space. Is it true that X has the DSD2P if,
and only if, X* has the w*-DSD2P?

Remark 4.4. In a preprint version of this paper it was posed as an open
question whether the DSD2P is stable by taking ¢;-sums. Note that a positive
answer was obtained in [12].
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