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are given.
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1. Introduction

The concept of complete convergence for a sequence of random variables was
introduced by Hsu and Robbins [10]. Moreover, they proved that the sequence
of arithmetic means of independent and identically distributed (i.i.d.) random
variables converges completely to the expected value noting that the variance
of the summands is finite. This result has been generalized and extended in
several directions by many authors. One can refer to Baum and Katz [2], Gut
[8], Chen, Hu, Liu and Volodin [5], Bai, Chen and Sung [1], Quang and Duyen
[14]. In particular, Bai, Chen and Sung [1] proved some results of the complete
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convergence and strong law of large numbers (SLLN) of pairwise independent
and compactly uniformly integrable in the Cesaro sense random variables (see
Theorems 1.1, 3.1). This results were generalized to the sequence of convex
compact integrable random sets by relaxing the condition of compactly uni-
form integrability in the Cesaro sense (see [14], Theorem 4.3). Moreover, the
various convergence results on the SLLN for random fuzzy convex upper semi-
continuous variables was provided. However, the same problems for double
arrays have not been studied yet.

In the present paper, at first we establish the complete convergence for maxi-
mum partial double sums of real and Banach valued random variables. Then
using the norm compactness of the expectation of convex compact integrable
random sets and an embedding method, we provide several results for maxi-
mum partial double sums of convex compact integrable random sets with re-
spect to the Hausdorff distance. We apply our techniques to prove the SLLN for
random fuzzy convex upper semicontinuous variables. Consequently, our re-
sults extend some theorems given by Bai, Chen and Sung [1], Puri and Ralescu
[13], Quang and Duyen [14].

The paper is organized as follows: In Section 2 we set our notations and def-
initions and summarize needed results. Section 3 is devoted to the complete
convergence for maximum partial double sums and the SLLN for double arrays
of random variables. Section 4 generalized some results in Section 3 to ran-
dom sets under some new conditions, in particular, an illustrative example is
provided. Futher applications for random fuzzy variables are given in Section 5.

2. Preliminaries

Some basic definitions and properties will be briefly listed. Let (2, F, P) be a
complete probability space, (E, |.||) be a real separable Banach space with the
dual space E*, and Bg (resp. Bg-) is the closed unit ball of E (resp. E*). We
denote by ¢(E) the family of all nonempty closed subsets of E, wk(E) (resp.
k(E)) the family of all nonempty weakly compact (resp. compact) subsets of E,
and cwk(E) (resp. ck(E)) is the family of all nonempty convex weakly compact
(resp. convex compact) subsets of E. For any subsets A, B € k(E) (or ck(E))
and A € R, the Minkowski’s addition and scalar multiplication respectively in

k(E) (or ck(E)) are defined by

A+ B:={a+b:a€ Abe B},

M :={)da:a € A}.

Neither k(E) nor ck(E) is a linear space, but they become separable complete
metric spaces when the Hausdorff distance between two sets A, B of k(E) (or
ck(E)) is defined as

dy (A, B) = max{supd(a, B),supd(b, A)}.

acA beB
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Also, the following notation is used, |A| = dg (A, {0}) = sup ||a]|.
acA

A ¢(E)-valued mapping X: Q = E is a closed valued random set, if X is
measurable, i.e., for every B € ¢(E), the set X (B) = {w € Q: X(w)N B #
0} € F (see [4,9]). A cwk(E)-valued random variable X : Q = E is integrable
if | X| is integrable. According to [4], a cwk(E)-valued mapping X: Q = E is
measurable iff for every x* € E*, the mapping 6*(z*, X) is measurable, where
0*(z*, X) denotes the support function of X. The Hausdorff distance between
A, B € cwk(E) is given by the formula dy(A, B) = sup,..p,. [6"(z", A) —

§*(z*, B)|, where Bg- denotes the closed unit ball in E*. For every cwk(E)-
valued integrable random set X, the expectation of X, EX, is defined by the
Aumann integral of X: EX = { [, fdP : f € Sk}, where [, fdP is the usual
Bochner integral and S% is the set of all integrable selections of X. A double
array {X,,,} of random elements is said to be uniformly integrable in the Cesaro
sense if

1 m n
li — E(|| X1 =0.
Jim sup — SN E(IXullxu5a) =0
s k=1 I=1
A double array {X,,,} of random elements is said to be compactly uniformly
integrable in the Cesaro sense if for every € > 0, there exists a compact subset
K. of E such that

I =
sup —ZZE(||XM||I[XM¢KE]> <&

mn
mnzl k=1 1=1

In general, the compactly uniform integrability in the Cesaro sense is stronger
than the uniform integrability in the Cesaro sense. But, they are equivalent for
real or identically distributed case. For more informations, see [16].

Throughout this paper, the symbol C' will denote a generic constant (0 < C' <
+00) which is not necessarily the same one in each appearance. For x > 0, the
symbol [z] denotes the greatest integer not exceeding x, log stands for log,, .

3. Complete convergence for double arrays of random variables
We first claim the following key theorem.

Theorem 3.1. Let {X,,,} be a double array of pairwise independent, uniformly
integrable in the Cesdaro sense random variables satisfying

iiw<oo for some 1 <p<2 (1)
(mn)? T

m=1 n=1

Then for all € > 0,

m=1n=1 I<i<n =1 j=1

N
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Proof. For given £ > 0, there exists a constant z = x(e) > 0 such that for all
k,1>1,

ok gl

€
2k2l ZZE |X1J|I[\X”|>:ﬁ]> < Z (3)

=1 j=1

We have the estimation

% i J
B kol
ZP( max | >N (Xu — EXu)| > <2 2)

K

k=1 =1 1<jeal t=1 h=1
> & L 2kl
<> ) P( max |3 (Xudjx,ica — B(Xodjx,1<a))| > = )
k=1 1=1 1<jeal  t=1 h=1
> & L 3e2k9!
+Y > P( max | DS Xindyxpisal — EXinIyx,, 5a))| > 1 >
k=1 1=1 1<jeol  t=1 h=1

= Il + .[2.

For I, combining the Markov’s inequality with Corollary 2 in [12], we obtain

S g2k 2!
=303 P( max IZZ (Xl xaia = Bl pxaia))| > )
k=1 =1 sl =1 h=1
- 1 2
<C> >, CEIE ( max ‘ZZ Xendjxu) <ol — E(Xthfuxtusﬂc])ﬂ)
k=1 I=1 12jeol  t=1 h=1
log?(211) Iog” (2*1) S~ = 1o
= CZ Z (2F)2 (21)? Z ZE<X1‘J'I[IXU|§$})
k=1 =1 i=1 j=1
= (B +1)2(1+1)?
con T U
k=1 I=1
For I, by setting Yi; = | Xy;|I|x,;|>«] and using (3) we have
ot L 3eko!
I = ZZP< max DS (Xindyxsa — EXundjx,5a)| > 1 )
k=1 I=1 1ojeal  t=1 h=1
) 2k ol
222!
> P> =)
I=1 i=1 j=1
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0o 00 2k 2l ok
SRS 0= Z AN )
k=1 =1 =1 j=1 i=1j=1
oo o0 2k 2l ok 9l
+ZZP<(ZZ(YU—EW) UU (V;; > 2F21)) )
k=1 I=1 i=1 j=1 =1
oo 00 ok 9l 2k2l
SZZP<ZZ il <) — BYy) > = )
k=1 l=1 =1 j=1 4
0o oo 2k 9l
+Y Y DS Py > 242
k=1 1=1 i=1 j=1

Since E(Yijljy; <ora) < EYj; for all 1 <4 < 2% 1 < j <2' then we have

2k ol

co 00 kol
L< ZZ IS Vil <oy — BVl <ea))] > 5242 )
k=1 I=1 i=1 1
co 00 2’“] 2l
Y YN Py > 242
k=1 I=1 i=1 j=1
oo 00 ok ol oo 00 ok ol
<CY N (@YY By con) + D (2F2) YN EYE
k=1 I=1 i=1 j=1 k=1 I=1 i=1 j=1
co oo 28 2 0o 00
<O N Y N @) PEYE < 00D (i) PEIX P < .
k=1 1=1 i=1 j=1 i=1 j=1
Therefore
iiP 122% |i J (X — EXyp)| > 52k2l) < 00.

k=1 1=1  1<,ep t=1 h=1

For any positive integers m, n, there exist integers k, [ such that 28 < m < 2k+1
and 2! <n < 241 Then for each 1 <i <m, 1 < j <n we note that

_n IInQ%}'ri ZZ Xth - EXth ’ - 2k+12l+1 1<i <2k+1 |ZZ Xth o EXHL ‘

1<j<n  t=1 h=1 1<j<2l+1  t=1 h=1
1
and so —P —max E E (Xen — EXp)| > ¢
mn  \mn 1sism

1<j<n  t=1 h=1

4 1 L e
< g ¥ (2k+121+1 a1 ) (X~ EXu)| > ZL)'

1<]<2l+1 t=1 h=1
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Thus, setting e* := (e2~F121) /4,

ZZ% (1@% ZZ (X, — EXy) |>€mn>

m=1 n=1 1<j<n t=1 h=1
0o oo 2kFL_12Hl g 1 i g
= S S (o max 1Y (X — EXa)| > )
k=0 =0 m=2F pn=2 155<n t=1 h=1
oo 00 i J
4(2k+1 _ 2k>(2l+1 _ 2[
S ZZ 9k+191+1 ( 15&%}3&1 ’ZZ Xin — EXun | > € >
k=0 =0 1<j<ol+1  t=1 h=1
0o 0o i J
= 3P max 13D (X - BXg)| > €7) < oc,
k=0 =0 yjesit1 t=1 he1
and the proof is complete. O

Remark 3.2. The above theorem extends Theorem 1.1 in [1] to double arrays
of random variables by the other proof. Here using subsequences {2} and {2'},
the last inequality in the proof of I5 is verified.

The key tool in the proof of Theorem 3.1 is the two-parameter version of the
Menschoff-Rademacher maximal inequality for orthogonal random variables
proved by Méricz [12] as follows:

E( max |ZZY”| )% < log?(2m) log®(2n iiE Y,
<i<n =1 j=1 i=1 j=1

where Yj;,7 > 1,5 > 1 are orthogonal random variables. Note that, the
assumptlon of pairwise independence in Theorem 3.1 ensures that the array
{Xiix,1<a) — E(Xijl|x,<a)) } s orthogonal. O

The following theorem generalizes Theorem 3.1 in [1] to double arrays of ran-
dom elements.

Theorem 3.3. Let {X,,,} be a double array of pairwise independent, com-
pactly uniformly integrable in the Cesdro sense random elements such that

Ean
ZZ H ” < oo for some 1 <p<2.

m=1n=1

Then for all e > 0,

oo 00 1 k l
ZZ%P max ||ZZ Xij)|| > emn) < oo.

m=1 n=1 1<i<n =1 J:]_
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In particular, the Kolmogorov’s SLLN holds, i.e.,

1 m n

— ZZ(X“ —EXy)—0 as, mVn—oo.
mn TS

Proof. For each £ > 0, a compact subset K. of E can be chosen so that for all
m,n > 1,

B Z Z E ||Xz]||][XZJ¢KE )

zl]l

o:lm

By the compactness of K., there exists {zi,...,2,} C K. such that K. C

p
U B(x,€). For every i,j > 1, we define the E-random variables as follows:

( Oa X’L] ¢ K57
v, Xy € B(x1,5) N K,
Zii = Xijlix, ex.) and Y = t—1
J J [XZJEK] J Ty, XZJ c B(xt, %) N [U B(xj7 %)]C N K€7
j=1
\ = ) Ry

Then Y;; can be written as

P P
Yi; = th][Yz‘j:ﬂﬁt} = thI[XijEAt} € U(Xij)v
t=0

t=0

where zy = 0, Ag = K¢, Ay = B(x1,§) N K., and

At: It, UB ZEJ,— 5.

For each 1 <k <m, 1 <1 < n, using the triangle inequality gives

| ZZ(XU —EX)| < 1)) (X = Zi)ll + 11> (Zi = Yiy)ll

i=1 j=1 i=1 j=1 i=1 j=1

koo kool
FID D Yy = BVl + 1)) (BY, — EZy)|

i=1 j=1 i=1 j=1

k l
YN (BZy - EXi)| =5+ L+ I+ I+ L.

i=1 j=1
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For I, we have

k l k l
L< )0 I ixgery < max [0S (X1 Hixger —E1 X i)
i=1 j=1 1<i<n 4=1 j=1
+ZZE(HXU”[[X1]¢K5]>7

i=1 j=1

and so

kool
emn
max L < max | Y (1 Xl ixera — BO0X i, ex))] +

1<k<m 1<k<m 6
1<i<n 1<i<n =1 j=1

For I, by the definition of Z;;, we have

k l k l m n
I D (2 =Yl < DD 125 =Yl <D0 120 = Yall < WT”
i=1 j=1

i=1 j=1 k=1 I=1
Then max I, < @ For I3,
1<k<m 6
1<i<n
kool E 1 p
1222 (Vo= BY)l = 12> ailiviy=e Zwt i =)l
=1 j=1 i=1 j=1 t=0
p k l
< S MwlllD0D (Tivy=ayg — PV = 2)))|
t=0 =1 j=1

p

k l
< S el 1503 e~ PO = 2
t=0

1<l<n =1 j:l

so that

k l

p
max < ) llell e 133 (Toiymeg = PV = )]

1<i<n t=0 1<i<n =1 j=1

For 1, since

k l m n
I3 B = Zy)l < 30 BV — Zull < =5
i=1 j=1

k=1 I=1

emn
6

then max Iy <
1<k<m

lglgn
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Finally, for I5, by the definition of Z;; again, max I5 < ? since
1<i<n
k l m n emn
I E(Zy = Xl <D0 EllZi — Xull < 5
i=1 j=1 =1 I=

Combining the above parts, we have

koo
( max || ZZ Xl > emn>
1<k<m

1<i<n =1

emn
P( max |ZZ sl e = BOIX 1) > 2= )

1<i<n 4=1 j=1

Cemn
P 1303 ey~ PV = )] > S0

I<i<n =1 j=1

Moreover, Theorem 3.1 implies that

oo 0o k l
1 mne
ZZ% max |ZZ (X5 M x5 ¢ 10— E (1 X5 3 ¢50)) | > G ) < 00,
m=1n=1 1<i<n =1 j=1
and
— L Cmne
SO PCma |37 S ey — POG = 2)] > To) < o0
m=1 n=1 1<I<n i=1 j=1
Consequently,
oo 00 1 k l
Y P (max || > ) (X — EXy)ll > emn) < oo
m=1 n=1 1<i<n i=1 j=1
The rest of the theorem follows from Theorem 1 in [6]. O

4. Complete convergence for double arrays of random sets

In this section, Bg+ denotes the closed unit ball of the dual space endowed with
the topology of compact convergence, so that (Bg«,d) is a compact metrizable
space, for instance, by the metric

d({L‘*,y*) = Z on x*(en) - y*(en>|a ZE*,y* € EE*: (4>
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where D = {e,} is a dense sequence in Bg. Let C(Bg-) be the separable
Banach space of all continuous functions ¢ defined on Bg-, endowed with the
norm of uniform convergence |||l = sup,.cz,. [»(z*)], and let Eik(E)(Q, F,P)
be the space of all convex compact valued integrable random sets. We first recall
some needed results. We refer to [14].

Theorem 4.1. Let X be a cwk(E)-valued integrable random set. The following
properties hold:

(a)  The set S of all integrable selections of X is convex o( Ly, LE.)-compact,
(b)  EX is conver weakly compact,

(c) o0*(a*, EX) = E(0*(z*, X)) for all z* € E*,

(d) if X is a ck(E)-valued integrable random set, then EX is convex compact.

We aim to present the relationships between the space E}zk(E)(Q,]—" , P) and
the space Lé(EE*) (Q, F,P). Given X € Eik(E)(Q,}", P), the function §*(., X)
(EE*)(Q’ F, P) since the function §*(z*, X (w)) defined on Q x Bg-

is a Caratheodory integrable mapping, that is, §*(., X(w)) is continuous on
Bg- for every w € Q, 6*(2*, X(.)) is measurable on Q for every 2* € Bg-, and
|6*(z*, X (w))| < | X (w)] for all (w,z*) € Qx Bg- with | X| € LY(Q, F, P). More
generally, the space G of all Caratheodory integrable integrands on 2 x S, where
S is a compact metric plays a central role in the convergence of Young measures
(see [15]), and this space can be identified with the space Lé( (2, F, P), where

C(95) is the space of all continuous functions on S endowed with the norm of
uniform convergence. Similarly, in the present situation, it turns out that the
space Lé(EE*)(Q’}— , P) associated with the space [’}:k(E)(Q7 F, P) also plays a

crucial role in the convergence problem in Eik(E)(Q, F, P) with respect to the
Hausdorff distance. This fact is illustrated by establishing the relationships
between these spaces that are summarized in the following.

Theorem 4.2. Let X € Eik(E)(Q,]—", P) be given. Then the following proper-
ties hold:

(a) 6*(.,,X) € Lé(EE*)(Q,}", P),
(b) E(6*(.,X)) € C(Bg-) and the value of E(6*(., X)) at the point * € Bg-

is given by

E(6(, X)) = (E(0*(., X)), ear) = /95*(:70*,X(w))dP = §* (2", EX),

belongs to L(lz

where €4+ is the Dirac mass at the point +* € Bgs.

(c) Let X,Y € Lg% F, P) be given. Then
16°0, X) B V) oe = sup 16°(2", X)— (., V) (*)] = (X, BY),

x*eBE*
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Thus, by the above considerations and Theorems 4.1-4.2, we note that the space
Eik (@2, F, P) is embedded via the mapping j: X — 5*( X) as a convex cone
1nto the Banach space L, (B (Q F, P) so that:

E(j(X)) = j(EX) forall X € Ly (Q,F,P), (5)
15(X) = E(j(Y))loo = du(X,EY) forall X,Y € L} (Q,F,P).  (6)

Remark 4.3. Actually (5) and (6) are the main properties of this embedding
we use in further applications. That is why we need to provide a concise
presentation of these properties.

Let {X,.,} be a double array of random sets in ﬁl g) (2, F, P). Then the
)(Q,}", P).

array {0*(., X;mn)} is a double array of random elements in L, (B

By Theorem 4.2, for all m,n > 1 and forall 1 <k <m,1 <[ <n,

D) SRR B S (7)

i=1 j=1 i=1 j=1

=11 ST S Xy) — BG4 X)) e

i=1 j=1

3

In particular, | X,,| = ||0*(., Xmn)||eo for all m,n > 1. O

Now, using the above embedding, some general results of the complete conver-
gence for random sets are obtained under new conditions focus on the random
elements {0*(., X,,n)} as follows.

Theorem 4.4. Let {X,,,} be a double array of random sets in Eik(E)(Q, F,P).
Assume that:

0 ELT

(ii)  the double array {5*(., Xonn)} is pairwise independent and compactly uni-
formly integrable in the Cesdro sense in C(Bg-).

Then for all e > 0,

< oo forsome 1<p<2,

S SIS E I i .
Z Z % < 1%%51 dH(Z ZXU’ Z Z EXz'j) > €mn> < 0. (8)
i=1 j=1 i=1 j=1

m=1 n=1 1<i<n

In particular, the Kolmogorov’s SLLN holds, i.e.,

m

dH(%ZZX’“’%ZZEXM)—)O a.s., mvVn-—oo. (9)

k=1 1=1 k=1 1=1
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Proof. As a consequence of our assumption, the double array {6*(., X,n,)} in
the space L! ,(Q, F, P) satisfies the conditions of Theorem 3.3. Then

C(Bgx)
(e’ ') 1 k [
ZIZI% ( max ||§;Z<5*<.,Xi E(5( X))l > mn) < 00
m=1 n= 1<i<n =1 j5=1

(10)

and

m n

||mizz (X)) —E(@* (X))o = 0 as, mVn—oo. (11)

Combining (7) and (10) (resp. (7) and (11)) we get (8) (resp. (9)) and the proof
is complete. Il
Remark 4.5. (i) If {X,,,} is pairwise independent and compactly uniformly
integrable in the Cesaro sense in Eik(E)(Q,}", P), that is, for each € > 0, we

can choose a compact subset K. of ck(E) such that for all m,n > 1,

1 o
3 BN ) <

i=1 j=1

Then {0*(., Xn)} is pairwise independent, and compactly uniformly integrable
in the Cesaro sense in C(Bg~). Indeed, it is easy to see that {0*(., Xn)} is
pairwise independent, and the set M, = {0*(., K.) : K. € K.} is a compact
subset of C(Bg-). Moreover, for each m,n > 1, [§*(., Xpun) ¢ M.] C [Xpun ¢ K.
and [|0*(., Xonn)lloo = | Xmn|- Therefore for all m,n > 1,

_ZZE 167 (s Xig) oo L1+ xi) ¢ M) < €

=1 j=1

This establishes the claim.

(ii) The below example will show that the compactly uniform integrability in
the Cesaro sense of {0*(., X,,,)} is really weaker than the compactly uniform
integrability in the Cesaro sense of {X,,,}. To construct this example we need
following lemmas. O

Lemma 4.6. Let cq be the space of all sequences that convergence to zero with
the norm ||z||e, = sup |z,|. If v = {x,} € co then

n>1

By ={y = {yn} CR: |yn| < 20| for all n > 1}

is a nonempty convex compact subset of cg.
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Proof. First, since x € B, then B, is a nonempty subset of ¢o. For all y =
{yn}, 2 ={2.} € B,, and for all X € [0, 1], we have

IAyn + (1= N)zn| < Ayn| + (1 = N)|zp| < |2zp| forall n>1,

so that Ay + (1 — A\)z € B,. Thus B, is convex. Let {y™} C B,, where
y™ = {y}, and y™ — y° as m — oo with y° = {y0}, € ¢y. We have

ol < suplyn —yn'l + |yt < 1y° = y™[leo + |2a| forall n>1.

Letting m — oo in the above inequalities we obtain |y9| < |x,| for all n > 1.
Therefore 3y° € B,, and so B, is closed. Since ¢ is complete, it follows that B,
is complete. Hence we need only prove that B, is totally bounded. Consider
any € > 0 and define § := £/2. Since nh_)rrolo |z,| = 0 then there exists an integer

N such that |x,| < 6 for all n > N. Now consider the subset BY C B, defined
by

BY ={y={y,} € By : y, =0foralln > N}.
We note that the set Biv is isometric to the closed bounded subset B of the

space RV
B = {(ylﬂ "'7yN) € ]RN : |y1’ S |'TZ|7 1= 17 "'aN}a
and so is compact. In particular it is totally bounded, so we can choose points
T
ul, ..., u" € co such that BY C | N(u?, ), where N(u®,8) = {v € ¢ : |[v—ul]|o, <

=1
0}. Now let y = {y,} € B, be given. We have |y, | < |z,| < d for all n > N and

v = (y1,-Yn,0,...) +(0,...,0,yn=1, ...). Since we have z = (y1,...,yn,0,...) €
BY | there exists p € {1,...,r} such that ||z — v?||,, < ¢ and ||t||o, < & with
t = (0,...,0,yn41,...). Hence ||y — uP|l,, < ||z — uPley + ||tlle; < €. Thus,

B, C J N(u',e) which implies that B, is a compact subset of cg. The proof is
i=1

completed. O

Next, applying Arzela-Ascoli’s theorem, the useful lemma is obtained.

Lemma 4.7. Let (ch, d) be compact metrizable space with the metric d given
by (4). Then

K={feCBg) IIfl <2,|f(a") = fy")] < 2d(z",y") for all a",y" € Bes}

is a nonempty compact subset of C(Ecg).

Proof. We first note that K is a nonempty subset of C(Ecg) because the
norm ||.[[cz belongs to K. Now, let {f,} C K and f, — f uniformly. Then

| fllooc = lim || fn]loo < 2. Since f,, € K then
n—oo

|fu(2®) = fuly")] < 2d(2”,y") for all 2", y" € Be;.
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Passing to the limit when n goes to co, by using the facts that f, — f pointwise,
and

[F (@) = FO < @) = fula)] + @) = fulyD)] + [ faly?) = F(07)],

we obtain |f(z*) — f(y*)| < 2d(z*,y*) for all z*, y* € ECEB? and so K is closed.
It is clear that /C is uniformly bounded since ||f|loc < 2 for all f € K. Next

consider € > 0, and choose § = %. Then for all z*,y* € Ecg, d(z*,y*) < 0, and

for all f € KC we have |f(z*) — f(y*)| < 2d(z*,y*) < 26 < e, which shows that
K is equicontinuous. Hence, Arzela-Ascoli theorem implies the conclusion. [

Example 4.8. Let 7% = {r*}, be the sequence of pairwise independent ran-
dom variables defined as follows:

Pt = =) = PO = =)

1
":W) :§f0rall k1> 1.

We note that 7% (w) belongs to ¢q for all k,1 > 1 and for all w € Q. For each
w € ), we set

Xu(w) ={r={z,} CR:|z,| < |r¥(w)| for all n > 1}.

Then we have {X},} is the array of random sets in £}:k(00)(Q, F,P). For each

r = {x,} € Xy, (w), we need to show that d(z, Xy, (w)) = [|z]l, with the
two distinct sets Xj,;, (w) and Xy, (w). Indeed, for all y = {y,} € Xy, (w),
we have

1
2 = ylly > [ = 3l 2 [l = Iyl > [zl — i forall > 1,
and so

) 1

[z = ylle, = Sgp(|$n| - W) = Slip |a| — lng = SI:LP |Zn| = [[2]lc,-
Moreover, for all € > 0, by letting u = (0,0, ...) € X1, (w) we obtain ||z, +& >
| — ull,, and d(z, Xi,, (w)) =  inf ||z —y|le, = ||z|le, by definition of the

€ Xyl (W)
infimum. This gives sup d(z, Xy, (w)) =  sup  ||z|l, = 1, so that
€ X1, (W) 2€Xpy 1 (W)

dp(Xiy1, (W), Xiyi,(w)) = 1. Therefore, if K is any compact subset of ck(c)
then C contains at most finitely many elements of the array {Xj;}. Hence

1 m n
— E(|X |1 —1
sup, mn;; ([ Xkl ixpgx1) = 1,

which implies that the array {Xj} is not compactly uniformly integrable in
the Cesaro sense. O
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We next prove that the array {6*(., X))} is compactly uniformly integrable in
the Cesaro sense in the separable Banach space (C(B.; ), |||« )- Indeed, consider

the compact subset K of C(Bc;) in Lemma 4.7

K={feCBg):lIfle<21f(") — fly")| < 2d(z",y") for all 2", y* € By},

where the metric d given by (4). By Theorem 4.2, we have 6*(., X (w)) €
C(Bg;) for all k,1 > 1, and for all w € Q. Moreover, ||6*(., Xju(w))|ls =

| X (w)| =1, and for all z*, y* € ECS we have

107(2%, Xia(@))=0"(y", Xia(w))[ < [l2" =" [leg = sup |2"(en) —y"(en)] < 227, )

for all k,1 > 1, for all w € Q. By definition of I, §*(., Xy(w)) € K for all
k,1 > 1 and for all w € Q. Therefore Ij,.s«(. x,,w)¢x) = 0 for all £,1 > 1. Hence
the double array {0*(., Xy;)} is compactly uniformly integrable in the Cesaro
sense in C(Bg;). In addition, it is easy to see that {6*(., Xy)} is pairwise
independent, and {Xj;} satisfies the condition (i) in Theorem 4.4, then the
conclusions of Theorem 4.4 are verified.

We finish this section with an important result generalizing Theorem 2.1 in [13]
to double arrays of pairwise i.i.d. random sets.

Theorem 4.9. Let {X,,,,} be a double array of random sets in L}, ® (2, F,P)
such that E(|X11|log™ | X11]) < oo and {6*(., X;n)} is a double array of pairwise
i.i.d. random elements in Lé(B (Q,F,P). Then

m n

1
m\}}lrgoodH mnzz Xij, EX11) =0 a.s.

i=1 j=1

Proof. We have | X11| = [|6*(., X11)||o. Applying Theorem 2 in [7], we get

mH—ZZ$ E(*(,X11)|lso =0 as.

mVn—oco  MMN
=1 j=1

Therefore by (7) we give the desired conclusion. O

Open problem. Find examples of double arrays {X,,,} of random sets in
L’ik )(Q, F, P) such that £(]| Xy log* | X11]) < oo and {X,,,} is not pairwise

i.i.d., but the double array {6*(., Xn,)} is pairwise i.i.d. in Ll( )(Q,]-, P).

5. Some applications for random fuzzy variables

In this section, we provide some applications to the SLLN for double arrays of
random fuzzy variables { X"} with respect to a generalized Hausdorff distance.
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The concept of random fuzzy variables defined by Castaing et al. (see [3]) as
follows. A fuzzy convex upper semicontinuous variable is a mapping X: E —
[0, 1] such that

(i) X is upper semicontinuous,

(i) {x€eE: X(x)=1}#0,

(iii) X is fuzzy convex, that is, X(Ax + (1 — A)y) > min(X(z), X(y)) for all
A € [0,1] and for all z,y € E.

A random fuzzy convez upper semicontinuous variable is an FQB(E)-measurable
mapping X : Q@ x E — [0, 1] such that for each w € Q the mapping X, : E —
[0, 1] is a fuzzy convex upper semicontinuous variable.

By upper semicontinuity and fuzzy convexity, for each w €  and for each
a €]0,1], the level set X,(w) = {x € E : X,(x) > a} is closed convex.
Moreover, it is measurable by the projection theorem (see Theorem III. 23,
[4]). Similarly, the multifunction w — {z € E : X(w,z) > «a} is measurable,
and so is the mapping X, (w) := {z € E: X(w,z) > a} for each a € [0,1].
Further, for any F ® B(E)-measurable mapping ¢: Q@ x E — [0, +00], the
function m(w) := sup{p(w, z) : € X,(w)} is measurable by Lemma III.39 in
[4], and so is the function m, (w) := sup{p(w,z) : © € X, (w)}. In particular,
Xo+ is measurable, where Xo;(w) = {x € E: X(w,z) > 0}, and | X1 |(w) =
sup{||z|| : € Xo;(w)} is measurable. Further assume that Xy, (w) is compact
and |Xo.| € L', then X, is convex compact valued and integrably bounded:
| Xo| < | Xoq|forall a €]0, 1], here the inclusion | Xg, | € L' makes sense because
of the above measurable properties.

Given a random fuzzy convex upper semicontinuous variable X, the fuzzy ex-
pectation of X is a fuzzy convex upper semicontinuous variable £X such that

[EX], = EX, foralla€|0,1].

The first is the SLLN for the level sets associated with random fuzzy convex
upper semicontinuous variables under a new condition focus on double arrays
of random elements {0*(., X7**)} as follows.

Theorem 5.1. Let {X™"} be a double array of random fuzzy convex upper
semicontinuous variables defined on €2 x E satisfying:

(i) X§™(w) is compact for every w € Q and for every m,n > 1,

(ii) g¢:=sup|XJ"| € L*(Q, F, P).

For each o €]0,1], we assume:
(ili) {XZ"} and {X'} are independent,
(iv) {o*(., XI™)} is compactly uniformly integrable in the Cesdro sense in

Ly (F.P),



N. V. Quang, H. T. Duyen / Strong Laws of Large Numbers ... 857

(v)  For every € > 0, there exists a partition 0 = ap < aq < ... < o, = 1 such

that for all m,n > 1, max Edg(X™" ,XI'") <e
1<k<r A1 k

Then we have

m n

s (LSS XYY N =0 e

a€l0,1] i=1 j=1 i=1 j=1

Proof. Let a €]0, 1] be given. Then there exists k& (depending on «) such that
a1 < a<a k=1,..,r. We have the estimation

%dH(X;;XS,;;EXS)
=1 j= =1 j=

n

@ ] i 7
< o 2 20 DX X~ B )
i=1 j

b (33X DD EXE)

=1 j5=1 =1 j=1

2
g E max Edg( ngk,X” ) =1L+ I+ Is.
m 1<k<r

=1 j=1

For I, we note that for every k =1, ...,r and for every 1, j,
E(du(X? ,X3)%) < 22E(Xg, ") < 2°E(¢%).
X1
Whence by our assumption,

o o B(du(X7 X

DI e PR

m=1 n=1

m=1n=1

Applying the Kolmogorov’s SLLN to the array {dy (X" ,X7") :m,n > 1}
Op—1
yields

lim Z (dp( X” X}i) - EdH(thl,in)) =0 as.,

mVn—oo mn

and so I} — 0 a.s. For I, we note that {0*(., X)'")} is compactly uniformly
integrable in the Cesaro sense in C(Bg-+) by (iv), and verifies

E(X™P) = E(XTP) =~ E(g?
((|mf;)2|)ﬁzz <(|mn)2 )SZZ(WEi))z<OO

oo o0

m=1 n=1
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by using (ii). It follows from Theorem 4.4 that

m\l’lrz%oo dH Z Z O‘k’ Z Z EX” =0 as,

zl]l Zl]l

so that Io — 0 a.s. For I3, we also have I3 < 2¢ for m, n large. Now by
combining the above arguments we obtain

— H(ii){;’g’, izn:EX}j) <Ii+IL,+2¢ forall «€l0,1].

i=1 j=1 i=1 j=1

Since I, I, and € > 0 do not depend on «, then from the above inequality it
follows that

sup —dH ZZX” ZiEij) < I+ I + 2.

mn
ac0,1] i=1 j=1 i=1 j=1

Passing to the limit when m V n goes to oo in the preceding inequality yields

m\%lrgooasel]%pl] %dH ZZX(ZJ,ZZEX(ZJ) <2 as.

=1 j=1 =1 j=1

Since ¢ > 0 is arbitrary, this gives the desired conclusion. O

The next theorem generalizes Theorem 5.4 in [14] to double arrays of random
fuzzy convex upper semicontinuous variables.

Theorem 5.2. Assume that E is a separable Banach space. Let {X™"} be a
double array of random fuzzy convexr upper semicontinuous variables defined on
Q x E satisfying:

(i) X§™(w) is compact for every w € 2 and for every m,n > 1,

(ii) g :=sup,,, | X" € L'(Q,F,P).

Assume that {5*(., X™™)} is pairwise i.i.d. such that E(]X!!|log® | X)) < oo
for every a €0, 1], then we have

1 m
li XM EXIY) =0 12
im mn Z Z a.s. (12)

m\/n%oo
k=1 [=1

for every a €)0,1]. In particular, if E is reflevive and o — X} is scalarly left
continuous, then we have

lim E
mVn—o0o mn

n

XM, [EX"0)da =0 a.s., (13)
k=1 l=1

where EX' denotes the fuzzy expectation of XL
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Proof. For each « €]0, 1], by our hypothesis, {6*(., X")} is a double array of
pairwise i.i.d. convex compact valued random sets, applying Theorem 4.9 gives
(12). Moreover, we note that

for all m,n > 1 and for all @ €]0,1]. Then by the Lebesgue dominated conver-
gence theorem, it is immediate that

1
li § j§ XM EX M da =0 14
m\/ggoo/o mn a a.8. ( )

k=1 1=1

Now if E is reflexive (or more generally is a dual of a WCG Banach space)
and o — X! is scalarly left continuous, then by virtue of a recent result of
Castaing et al. (see Theorem 4.7, [3]) on the integration of fuzzy level sets, we
may consider the fuzzy expectation EX'! of X! that is a fuzzy convex upper
semicontinuous variable defined on E so that [EX'!], = EX X for every a €
10, 1]. Thus, combining this with (14), we get (13). The proof is completed. [

A variant of the preceding result for sequences is provided by Inoue ([11],
Theorem 3.2) in which a tightness condition is imposed.
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