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1. Introduction

In this paper, we deal with a nonpotential perturbation problem (P) = {(1),
(2)} of a doubly-nonlinear (gradient) flow driven by a dissipation potential v
and a (possibly) nonconvex energy functional ¢ defined on a uniformly convex
Banach space V,

dy(u') + dp(u) — f(u) 0 a.e. in (0,7), (1)
u(0) = ug (2)

where u' denotes the time derivative of the unknown v : [0,7] - V, ¢ : V —
[0,00) is supposed to be convex and Gateaux differentiable and its (Gateaux)
derivative is denoted by dy 1), 0¢ is a derivative of ¢ (in a proper sense) and
f(+) is a nonpotential mapping from V into its dual space V* (see below for
more details). We assume that ¢ can be decomposed into the difference of two
convex functionals,
¢=p —¢’

where ¢!, p? : V — [0, 00] are proper, lower semicontinuous, and convex func-
tionals. We assume that ¢; dominates ¢y in a suitable sense (cf. (7)). This
ensures that the difference ¢ is well defined. Here and henceforth, we simply
write ¢ = O — 0p?, where the symbol 0 in the right-hand side denotes the
subdifferential of convex analysis. Although we impose the continuity as well
as some growth condition on the map f, let us emphasize that we do not as-
sume any potential structure on f (i.e. f = 0F). Hence, throughout the paper,
the perturbation term f is said to be nonpotential. Finally, we set ug € D(p').

The study of doubly-nonlinear evolution equations of the form (1) with f =0
was initiated by Barbu [14], Arai [12], Senba [47], Colli-Visintin [21], and
Colli [20], and then, they have been vigorously studied by many authors (see,
e.g., [43] for an introduction, [2] for existence results, [5] for time depen-
dent operators, [6] for problems with variable exponents, [1] and [36] for
convergence of approximations and discretizations, [46] and [48] for long time
behavior, [34] and [35] for rate-independent problems, i.e., problems with 1-
homogeneous dissipation potential, and [51] for a variational approach based
on the Brézis-Ekeland principle). They are mostly motivated in view of appli-
cations to physics and engineering. Indeed, equation (1) is extremely general
and covers an extensive class of nonlinear PDEs and evolution equations used
to describe a variety of phenomena such as phase transition [17, 18], [52],
friction, and damage [16], [41]. The formulation (1) covers standard gradient
flows (i.e., the case dy¢(u') =« which corresponds to a quadratic dissipation
potential i) on a Hilbert space), doubly-nonlinear flows (for general dissipa-
tion potentials defined on Banach spaces), and moreover, it can also comply
with nonpotential perturbations. In the study of PDEs, one can often find
out (possibly partial) gradient structures concealed in many PDEs describing
dissipation phenomena, and such a gradient structure induces a leading fea-
ture of each equation; however, in most of cases, equations do not have full
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gradient structure and they also include some nonpotential remainder terms.
Typical examples may be Navier-Stokes equation and systems of PDEs. Other
examples are illustrated in Section 7. See also [31] and Otani [39, 40]. One of
the main purposes of the present paper is to develop a nonpotential perturba-
tion theory for doubly-nonlinear flows capable of covering such a wider class of
equations. Let us mention that in the case of quadratic dissipation potentials
defined over a Hilbert space, such perturbation problems have been already
studied by many authors (e.g, [53], [39, 40], and [49]).

The variational approach we apply to (1) is based on the so-called Weighted
Energy-Dissipation (WED) functional. This procedure consists of introducing
a one-parameter family of WED functionals /. defined over entire trajectories,
and proving that their minimizers converge, up to subsequences, to strong so-
lutions of the target problem, as the approximation parameter € approaches to
zero. Our interest in the WED formalism lies in the fact that it paves the way
to the application of general techniques of the Calculus of Variation (e.g., Direct
Method, relaxation, the I'-convergence) in the evolutionary setting. Moreover,
the WED procedure also brings a new tool to reveal qualitative properties of so-
lutions and comparison principles for evolutionary problems [32]. Furthermore,
we note that the uniqueness of solutions to both doubly-nonlinear flows and
their elliptic regularization is delicate even in the unperturbed case. Indeed, in
some cases, it is false (see, e.g., [20] and [3]). However, the strict convexity of
the WED functional ensures the uniqueness of its minimizer. As a consequence,
the WED procedure provides a way to select one within the (possibly many)
solutions to the elliptic regularization of gradient flows.

In this paper, the uniqueness of the WED minimizer is used to define a (single-
valued) solution operator, which maps a prescribed function v to the corre-
sponding solution u. Moreover, it gives us an effective tool to check the struc-
tural stability and the continuity of the solution operator. These conditions
will be required to apply a fixed-point theorem (see Section 3 below for more
details) to construct a solution to the elliptic-in-time regularization of the tar-
get problem. Furthermore, the minimization problem provides more regular (in
time) solutions, for the Euler-Lagrange equation associated with the WED func-
tional corresponds to an elliptic-in-time regularization of the target problem.
The elliptic-regularization approach to evolution equations has to be traced
back at least to [29] and [38] (see also [30]). See also [14], where elliptic-in-time
regularization of doubly-nonlinear problems is used to construct approximate
solutions. The idea of the WED functional approach has already been used in
[24] and [25]. Later, it has been reconsidered by Mielke and Ortiz [33] for rate-
independent equations, by Mielke and Stefanelli [37] for gradient flows with
A-convex potentials, and by Akagi and Stefanelli for non(\-)convex gradient
flows [7] and doubly-nonlinear problems [4, 11, 10, 8]. Finally, the WED ap-
proach to nonpotential perturbations of gradient flows of nonconvex energies
in Hilbert spaces was recently developed in [31].
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Elliptic-in-time regularization is a well-established method and has been widely
employed in various fields including numerical analysis and control theory. In-
deed, it provides us more regular approximation of solutions and more choices
of methods to tackle target equations (for instance, methods for elliptic PDEs
are also applicable to parabolic and hyperbolic PDEs). On the other hand, for
severely nonlinear evolution equations, there still remain many fundamental
open issues such as existence of strong (i.e., twice differentiable) solutions for
elliptic-in-time regularized equations and the convergence of such approximate
solutions to a solution of the target equation.

One of main purposes of this paper is to propose a general theory to guarantee
the existence of strong solutions to the elliptic-in-time regularization and the
convergence of these solutions for a wider class of dissipative evolution equa-
tions as well as to extend the theory of [7], [10], [8] and [31] to nonpotential
perturbation problems for doubly-nonlinear flows of nonconvex energies.

The main result of this paper ensures that a solution to (1)—(2) is obtained as
the limit of solutions u. to an elliptic-in-time regularization (P)_ given by

—5%de(u’) +dyy(u') + 0¢(u) — f(u) 20 a.e. in (0,7),
uw(0) =up, dytp(u(T)) =0

as € — 0 (to be precise, we shall treat a weak formulation of (P)_, see Definition
2.3 below). Problems (P)_ will be tackled by combining the minimization of
WED functionals and a fixed-point argument. In particular, if f(u) is replaced
by w := f(v) with a prescribed function v, we prove existence of solutions to the
corresponding problem by minimization of a suitably defined WED functional
(cf. Section 5).

We also note that, although uniqueness for the regularized unperturbed prob-
lem is not known, the minimization problem features uniqueness of solutions
due to the strict convexity of the WED functional, and moreover, it also guar-
antees a continuous dependence of the solution u = w(t) on the prescribed
function v = v(t).

The paper is organized as follows. In Section 2, we set up notation, enlist our
assumptions and state our main results. In order to simplify the argument,
we first prove our results only for convex energy functionals (namely, the case
¢©* = 0) in Section 3. Secondly, we extend the result of Section 3 to general
nonconvex energies in Section 4. In Section 5, as a by-product, we shall develop
a variational characterization based on WED functionals for doubly-nonlinear
flows of nonconvex energies (i.e., (P) with f = 0). In Section 6, we briefly
sketch a second fixed-point argument, which allows us to work under slightly
different assumptions on the nonpotential term f. Finally, Section 7 concerns
some applications of the abstract theory to concrete PDEs.
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2. Main results

Let V' be a uniformly convex Banach space with norm |- |, and duality pairing
(,-)y, and let (V*,|-|y+) be its dual space such that V* is also uniformly
convex. Note that we do not assume the presence of a pivot (Hilbert) space
H = H* between V and V* due to our variational approach. The pivot space H
is often required, if (1) is treated by virtue of approximation techniques (in H)
such as Yosida approximation. Moreover, in applications to nonlinear PDEs,
such an abstract framework based on the Gel’fand triplet V — H = H* — V*
may impose additional restrictions on the application to PDEs (cf. see [2] and
also Remark 7.2).

Let X be a reflexive Banach space with norm | - |x and duality pairing (-, -) .
Suppose that
X —=Vand V' — X*

with compact densely-defined canonical injections. Let ¢: V' — [0,00) be a
Gateaux differentiable convex functional and let o', ¢*: V' — [0,00] be two
proper, lower semicontinuous, and convex functionals whose effective domains
(i.e., the set of u for which ¢’(u) < +o00) are denoted by D(p') and D(?),
respectively. Let p € (1,00) and m € (1, 00) be fixed and assume the following:

(A1) There exists C; > 0 such that, for all u € V,
uly, < Cr(¥(u) +1); (3)

(A2) There exists Cy > 0 such that, for all u € V,

Ay ()5 < Cojult + 1), (4)

where dy1) : V — V* denotes the Gateaux derivative of ;

(A3) There exists a positive and nondecreasing function ¢3 on [0,00) such
that, for all u € D(p!),

ul} < Cs(Julv) (@' (w) +1); (5)
(A4) Let % : X — [0,00) be the restriction of p': V' — [0, 00] onto X and
let Oxpk : X — X* be its subdifferential. There exists a nondecreasing

function £4(-) on [0, 00) such that, for all u € D(p%), n' € Oxpk (u),

R < La(luly) (% +1);

n'

(A5) Let f: V — V* be continuous and such that
F@)I. < Cs(fuff +1) (6)

for all w € V and for some positive constant C5 (independent of u).
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D(¢') C D(dyp?). Moreover, there exist constants k € [0,1), Cs > 0,
and a nondecreasing function ¢; on [0, 00) such that

p?(u) < k' (u) + Co (|ulf, +1) (7)
for all u € D(p'), and

2

0?1 < Go(lulv) (9 (u) + 1) (8)

for all u € D(¢'),n* € dyp?(u). We now define the energy potential
¢:V — (—o00,00] by ¢(u) = p'(u) — ¢*(u) for all u € D(p;) and
¢(u) = oo for all u € V'\ D(¢1).

Moreover, we assume @' to be strictly convex. Note that this is not restrictive.
Indeed, given ! and ¢? satisfying assumptions (A3)—(A4), (A6), we define
@' and @? by ¢'(u) = o' (u) + |ull, P*(u) = p?*(u) + |ulf, for all u € V and
some r € (0, min{m, p}). Note that p' and p? satisfy assumptions (A3)—(A4),

(A6)

and ¢ = ' — ? = ¢! — 2. Moreover, ¢! is strictly convex.

As a consequence of (A1)—(A4) there exist constants C;, i € {8,9} and non-
decreasing functions ¢19(-), ¢11(-) in R such that

lult, < Cs ((dyp(u),u)y, +1) forallu eV, 9)
P(u) < Cy (Julf, +1) forall u € V, (10)
[ul’ < bofulv)({n',u)  +1) for all w € D(Oxpx),n' € Oxpx(u), (1)
o' (u) < bu(July) (ulk +1) for all uw € D(p). (12)
Finally, we assume ug € D(h). (13)

Remark 2.1. (i) Under (A3) and (A4), one can check D(¢')=D(¢'|x)=X.

Hence due to [13, Proposition 2.2], ¢!|x turns out to be continuous from
X to [0,00) (see Lemma A.3 in Appendix). Hence, (13) is equivalent to
up € X.
By (A5), the mapping u + f(u) from LP(0,T; V) into L” (0, T; V*) turns
out to be continuous (see, e.g., [43]).
The main results of this paper can be extended to more general pertur-
bations. More precisely, instead of (A5), we may assume that f satisfies
(6) and that f is demicontinuous (i.e. strongly-weakly continuous) from
Lr(0,T;V) to LP'(0,T; V*), i.e.,

{ if u, — u strongly in LP(0,T;V), (14)

then f(u,) — f(u) weakly in L (0,T;V*),

which is equivalent to the demiclosedness under (6), and the following
compactness condition of the mapping f from W1?(0,T; V)NL™(0,T; X)
to LP' (0,T;V*):
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if (u,) is bounded in L™(0,T; X) and in W'2(0,T; V),
and (f(u,)) is bounded in L? (0, T;V*), then there
exists f* € LP (0,T;V*) such that, up to a subsequence,
f(up) = f* strongly in L¥' (0, T;V*).

(15)

By (14) as well as the Aubin-Lions-Simon compactness lemma, the limit
f* is identified with f(u), whenever w,, is a (not relabeled) subsequence
strongly convergent to w in C([0,T7]; V).

(iv) Note that (constant-in-time) external forces can be considered by choos-
ing the term f to be independent of the variable u. We remark that our
results can be also extended to problems with time dependent external
forces, g: (0,7) — V*, with only minor modification. More precisely, we
can relax assumption (A5) by requiring that f(u) = f(u) + g, where f
satisfies (A5) and g: (0,7) — V* belongs to the space L” (0, T;V*). We
refer the reader to [8] for the WED approach to (unperturbed) doubly-
nonlinear systems with time-dependent external forces. [

We now focus on the Cauchy problem

dyp(u) +n' —n* — f(u) =0 in V* ae. in (0,7), (16)
Nt €Oy (u), 1’ € dvp*(u), (17)
u(0) = uo. (18)

Before stating the main results, we give a definition of strong solution.

Definition 2.2. A function u € C'([0,7]; V) is said to be a strong solution of
(16)—(18) if the following conditions are satisfied:

(i) weL™0,T;X)NW(0,T;V), dyip(u') € LF'(0,T; V*),

(ii) there exist n',n? € L” (0, T; V*) such that n' € dy'(u) and 1 € Ay > (u)
a.e. in (0,7,

(iii) dyy () +n' —n? — f(u) =0in V* a.e. in (0,7, and u(0) = ug.

Concerning the elliptic-in-time regularization of (16)—(18), we shall treat the
following weak formulation,

—ef'+ &+t —n*— f(uw) =0 in X* a.e. in (0,7), (19)
E=dvy(u), 7' €0xex(u), 1° €@ (u), (20)
uw(0) =uy, &(T)=0. (21)

Here, we are concerned with strong solutions of (19)-(21) defined as follows:

Definition 2.3. A function u € C([0,T]; V) is said to be a strong solution for
(19)—(21) if it satisfies the following conditions:
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(i) weL™0,T;X)NWw(0,T;V), £ = dyyp(u) € LY (0,T;V*), and ¢ €
L™ (0,T; X*) + LP (0, T; V™),

(ii) thereexist n* € L™ (0, T; X*), n* € L” (0, T; V*) such that n* € dx vk (u),
n* € Oy *(u) and the following holds:

—e&'+ &+ —n?*— f(u) =0in X* ae. in (0,7),
u(0) =ug, &(T)=0.

We now state our main result.

Theorem 2.4. Let the assumptions (A1)—(A6) and (13) be satisfied. Then,
there exists e > 0 such that for every ¢ € (0,e¢) the elliptic-in-time reg-
ularization (19)—(21) admits strong solutions u. in the sense of Definition
2.3. Moreover, there exists a sequence €, — 0 such that u., — u weakly
in L™(0,T; X) N WY (0,T;V) and strongly in C([0,T];V) and the limit u
solves the target equation (16)—(18) in the sense of Definition 2.2.

A proof is given first in the case of convex energy functionals (i.e., ¢* = 0) in
Section 3. A proof for the nonconvex energy case, i.e., the case ¢ = ! — p?
for p? satisfying (A6), is then presented in Section 4. It is based on an ap-
proximation of subdifferential operators to reduce the problem into the convex
energy case and on an application of the results obtained in Section 3 (to be
more precise, Proposition 3.2 below).

3. Convex energies: Proof of Theorem 2.4

In this section, we treat only convex energies, i.e., ¢ = 0, and prove Theorem
2.4 in this simpler case. We start by showing existence of strong solutions to
the elliptic-in-time regularized equation,

—ef' +&+n = f(u), (22)
5 = dV¢(u/)v ne 8X¢X(u)7 (23)
u(0) =ug, &(T)=0 (24)

for ¢ > 0 small enough. The strategy of our proof relies on a variational
technique based on the minimization of WED functionals (see [8] and [10]) as
well as a fixed-point argument.

3.1. A fixed-point argument
Let us define the map S: L?(0,7;V) — LP(0,T;V) by

S:v—=w:= f(v) — u,

where u is the unique global minimizer of the WED functional I, ,,: LP(0,T;V) —
(—00, 00| defined by
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I (u) = /0 exp(—t/e)(e(u') + d(u) — (w,u)y), (25)

ifu € K(up)NL™(0,7T; X), and by 1. ,,(u) = oo otherwise, over the set K (u) :=
{u e WH(0,T;V) : u(0) = ug}. For the well-posedness of the map S (namely,
existence and uniqueness of a minimizer v = argmin/.,), we employ the
following fact (see [8, Theorem 5.1]):

Theorem 3.1. Let w € LP(0,T;V*) and (A1)—(A4) and (13) be satisfied
with ¢* = 0. Then, for all e > 0, the WED functional I..,, defined by (25)
admits at least one minimizer u. such that

u. € L0, T; X)N WY (0, T; V),
& =dvip(ue) € P (0,T;V*) and € € L™ (0,T; X*) + LF(0,T; V™).

Furthermore, there exists n. € L™ (0,T; X*) such that n. € Oxdx(u.) and
(usagaane) satisfies

—efl+ & +n.=win X* a.e in (0,T), (26)
u(0) =g, &(T)=0. (27)

In addition, if ¢ s strictly convex, then the minimizer of 1., is unique.

The goal of this subsection is now to prove that S has a fixed point. More
precisely, we shall prove the following:

Proposition 3.2. Let assumptions (A1)—(A4) and (13) be satisfied with p* =
0. Let f satisfy condition (6) and assume that f is demicontinuous from

LP(0,T;V) to LP (0, T;V*), i.e.,

if u, — w strongly in LP(0,T;V), (28)
then f(u,) — f(u) weakly in LY (0,T;V*).

Then, there exists g > 0 such that for all ¢ € (0,e0) the map S has at least
one fized point u.. Moreover, such a fixed point is a strong solution to the
elliptic-in-time reqularized equation (22)—(24).

Although we assumed f: V — V* to be continuous in (A5), we have for-
mulated Proposition 3.2 in the more general case of f satisfying (28), i.e., the
demicontinuity. This will allow us to apply Proposition 3.2 to the map f+dy¢3
(here 3 is the Moreau-Yosida regularization of ?) in Section 4.

To prove Proposition 3.2, we simply check several assumptions to apply the
Schaefer fixed-point theorem (see Theorem A.4 in Appendix) to the map S.
Our proof is divided into several steps.
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3.1.1. A priori estimates

We now derive some (uniform in ¢) estimates for the solution of (26)—(27).
Throughout this section, the symbols C' and ¢ will denote some positive con-
stants independent of € which may vary even within the same line.

Fixe > 0, v € L?(0,7;V), and w = f(v) and let u := u. be the solution to
(26)—(27) given by Theorem 3.1. Since ' € D(dy¢) and € € dyp(v') (indeed
D(0vy) =V and dyp(v) = {dy¢(v)} for all v € V), by defining the Fenchel
conjugate * of ¢ by

Y™ (v) = sup{(v,w),, —Y(w)} for ve V"

weV

and by using the Fenchel identity,
b(w) + ¢ (v) = (v,w), & wE Y (v) & vEF(w),

we have v/ € Oy«yp*(€). Thus, (¢, v/),, = L¥*(€) by a chain-rule for subdif-
ferentials (see, e.g., [10]). Testing equation (26) with «' and integrating both

sides over (0,t), one gets

‘d * ! /
— [ Guo+ [+

Remark 3.3. As equation (26) holds in X* and u/(t) belongs to V for a.e. t €
(0,T), the argument above is formal. However, it can be justified through by an
approximation argument based on the Moreau-Yosida regularization of convex
potentials. More details on the derivation of (29) can be found in [11, 10, 8]. [

t

%Qb(u) - /0 (f(),u)y . (29)

As a consequence of the assumptions (6) and (9), it follows that

() gt (E0)) + / T + 6 (u (£)) — & (ug) <

J . (30)
< c+—/ |u’|@+c/ ot
2 Jo 0
As ¢ and 9* are bounded from below, by uy € D(¢), we have
c t t
5 [k o) <crc [l +even) (31)
0 0

and, recalling £ (T') = 0 and ¢*(0) <0,

S [ Wk rowmysore [ (32)
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Note that

t d t t
[ &l = [ sttt < 5 [ty e [ i

where Fy: V. — V* denotes the duality mapping between V' and V*. Hence,
substituting it into (31), we obtain

W@W+¢W@DSC+QAWW+CAh%ﬂfW@®) (33)

Applying Gronwall’s lemma (cf. Lemma A.2 in Appendix), one gets

o gc+c/0 <|u|@+/0 |v|@) et (e +Ca/ V(e

By substituting it into (33), integrating both sides over [0, 7] and taking the
sum with (32), we get

[t [ o /)¢
T
§C+C/O ol +Ce | e

We now show that
P*(&) < Oy +C. (35)

Indeed, by definition *(§) = sup,ecy ((§, w),, — ¥ (w)) and by using assump-
tion (A1), for any ¢ > 0, one can take a constant Cs > 0 such that

V*

W@Smmﬁg
weV

Lo
wly +1 - a|w|v

/ 1
< sup {Cg|§ Dot olwlt, +1— —]wﬁ’/} :
we

Ch

Choosing ¢ = - and using assumption (A2), we get

U*(€) < sup{CIe[r. +1} = CIEf. +1 < Cl [l + C.
weV

Thus, substituting it into (34), we can choose ¢ = ¢(T, ) (depending on 1) and
T, but not on ¢) sufficiently small to obtain

T T T T
/’w@+/|wm+/<wwsc+c/'m9 (36)
0 0 0 0
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Therefore, u is uniformly bounded in W'?(0, T; V') and hence in C([0,T]; V) by

c+C fOT lv[},. As a consequence of assumption (A3), we obtain the following
estimate:

T
1l 2020y 1m0 rx) < CAHL(C+C0llo07v))) (1+ i M’@) - (37)

Remark 3.4. We can prove estimate (37) in an easier way. Indeed, using
the nonnegativity of ¢ and u(0) = up € V, we can deduce from (32) that

1 o010y < C’+CfOT |v]},. By substituting (35) into (31) and by integrating

both sides over (0,7), we get fOT o(u) <C+C fOT lv[}- and thus (37) by virtue
of (A3). However, the argument starting from (33) to derive estimate (37) will
be used later (see (39) and (47) below). O

3.1.2. The map S: LP(0,T;V) — LP(0,T;V) is continuous

We recall that S is the composition of two maps: S: v — w = f(v) — u.
We notice that, as a consequence of (28), the map v — f(v) is demicontin-
uous from LP(0,T;V) into LP (0,7;V*). Thus, we are only left to prove that
the solution operator w — u is weakly-strongly continuous from L (0,T;V*)
into LP(0,T;V). Let {w,} be a sequence in L¥(0,T;V*) such that w;, —
w weakly in L” (0,7;V*) as h — 0. Then, there exists C' independent of
h such that [|wh| 1+ < C and estimate (37) implies that the family
{up, = argminI,,, } of minimizers is uniformly bounded in W?(0,7;V) N
L™(0,T; X) << LP(0,T;V), and hence, we deduce that, up to a subsequence
kp, ug, — w strongly in LP(0,7; V). In order to identify the limit u, we prove
that the corresponding WED functionals I, ,, converge to I., in the sense of
I'-convergence in the strong topology of LP(0,T;V) (see, e.g, [22]). Indeed let
{un} € LP(0,T;V) be such that u, — u strongly in LP(0,7;V). Then, as ¢
and ¢ are convex and l.s.c., we find that

h—0 h—0
> 1. (u).

For each v € K(up) N L™(0,7;X), we simply set u, = u as a recovering
sequence. Then, one can immediately check that

T
lim inf I. o, (up) = lim inf /0 exp(—t/e) (e0b(u}) + d(uun) — (wn, un)y)

flg% Iy (u) = I ().

As a consequence of the I'-convergence of the WED functionals along with the
convergence ug, — u strongly in LP(0,7; V'), we deduce that u minimizes I, .
We recall that for every w the minimizer of I, is unique (due to the strict
convexity of I.,,). Thus, the convergence holds for the whole sequence {uy}.
This proves continuity of .S.
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3.1.3. Compactness

We here prove the compactness of the map S: LP(0,7;V) — L?(0,7;V). Let
{vn} < LP(0,T;V) be a bounded sequence and let u; be the minimizer of
I. #(v,) - Then, as a consequence of estimate (37), the family {u} is uniformly
bounded in W'?(0,T;V) N L™(0,T; X) << LP(0,T;V), and hence, up to a
subsequence, u, — u strongly in LP(0,7; V).

3.1.4. Boundedness of {v € L?(0,T;V) : v = aS(v) for a € [0, 1]}

In order to apply the Schaefer fixed-point theorem (see Theorem A.4 in Ap-
pendix), we are only left to prove that the set A := {v € LP(0,T;V) : v =
aS(v) for a € [0,1]} is bounded. Note that A is bounded if and only if
{v e LP(0,T;V):v/a = S(v) for a € (0,1]} is bounded. Hence, we shall prove
that B = {v € LP(0,T;V) : v = S(aw) for a € (0,1]} is bounded. This yields
the boundedness of A.

In case B = (), we immediately find that A = {0}, and hence, nothing remains
to be proved. In case B # (), let v € B. Then, there exists « € (0, 1] such that
v = S(av). Let u be the minimizer of I, f(a.), i.e. u = S(av) (= v). Then, u
solves

—ef'+&+n=f(aw) = f(au) in X* a.e. in (0,7), (38)
where £ = dy¢(u) and n € Oxéx(u) a.e. in (0,7). We shall prove that
solutions to (38) are bounded in LP(0,T’; V') uniformly in « for e small enough.
Testing (38) with v’ and integrating both sides over (0,t), we get

t

— [ Gr©o+ [+ [ Fow = [ (e,

(see also Remark 3.3). As a consequence of (9) and (A5), we get

() + bt (E0)) + / WP+ 6 (u (1)) — & (ug) < (30)

t t
’;*soﬂ/ |u'|’;+c/ ul?.
2 0 0

Proceeding as in Section 3.1.1, one can derive formula (33) with v = u and
thus (for ¢ > 0 small enough) formula (36)—(37) with v = 0. In particular,
HUHLP(O,T;V) < C, where C does not depend on ¢ and a.

t t
sc+f/ |u'|%+0/ Flow)
2 0 0

Thanks to the Schaefer fixed-point theorem (see Theorem A.4 in Appendix),
the map S has a fixed point u. for € > 0 small enough. Furthermore, the fixed
point u. of S solves (22)—(24) and satisfies the relation,

e = angmin | exp(—t/2)(£0() + (@) (/0. 3)).

ﬁEK(uo)

This completes the proof of Proposition 3.2.
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3.2. The causal limit

We shall now prove that solutions u,. of the elliptic-in-time regularized equations
(22)—(24) converge, up to a subsequence, to a solution of the target equation
(16)—(18), in case ¢ is convex (i.e. p?> = 0). More precisely, we prove the
following proposition:

Proposition 3.5. Assume (A1)—(A5), (13) and ¢* = 0. For each ¢ > 0
small enough, let u. be a solution of the elliptic-in-time reqularized equation
(22)-(24). Then, there exist a sequence €, — 0 and a limit w € L™(0,7;X) N
WP(0,T;V) such that u., — u weakly in L™(0,T;X) N W(0,T;V) and
strongly in C([0,T]; V) and the limit u solves (16)—(18).

Our proof is divided into two steps.

3.2.1. A priori uniform estimates

Testing equation (22) with v’ = u. and integrating it over (0,t), we get

t

t d t d t
— [ G+ [+ [ fot = [ .,

(see also Remark 3.3). As a consequence of assumption (9), we obtain

() + e (£(0)) + / WP 4 6 (ue (£)) — 6 (up) <

1 t t ,
§C+—/ |u;|€+0/ Pl
2 0 0

By repeating the same argument as in Section 3.1.4 (with a = 1), we can
obtain, for € > 0 sufficiently small, the estimate,

[uellwro oy + el oy < C-

Due to the assumptions (A1)—(A5), we have

HWEHLW(O,T;X*) <C, HszLp’(o,T;v*) <C, Hf(uE)HLP’(O,T;V*) <C,

and, by comparison of each term in (22),

Hgéé ”LP/([)7T;V*)+Lm’ (O,T;X*) S C
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3.2.2. The passage to the limit

From the a priori estimate obtained above, we can derive, along some not-
relabeled subsequence, the following convergences:

ne = n weakly in L™ (0,T; X*),
€. — € weakly in LP (0, T; V"),
g€l — 0 weakly in LP (0, T;V*) + L™ (0,T; X*),
u. — u weakly in W'P(0,7;V) and in L™(0,T; X),
flue) = f* weakly in L (0,T;V*),
and hence, thanks to Aubin-Lions-Simon’s compactness lemma (see [50]),
us — u strongly in C ([0,T]; V). (40)

In particular, wu.(t) — w(t) strongly in V for all ¢t € [0, 7] and u (0) = ug. As
a consequence of the continuity of f: V' — V* (see also Remark 2.1) and the
strong convergence (40), we have f* = f(u) and

f(ue) = f(u) strongly in L (0,T;V*). (41)
Thus,

E+n—f(u)=0in X* a.e. in [0,T]. (42)
From the final condition &.(7") = 0 and the convergences above, it follows that

T T
—(&(t),v) x = </ 5§;(s)ds,v> = / (e€l(s),v)yds = 0

¢ x Jt
for all v € X, which yields e£.(t) — 0 weakly in X* for each t € [0,T].

We now check the inclusion 7(t) € dy¢(u(t)) for a.e. t € (0,7"). Since n and u
have sufficient regularity, thanks to [10, Proposition 2.1], it is sufficient to show
a (weak) relation n(t) € dx¢x(u(t)) for a.e. t € (0,7). By comparison in (22),
integrating by parts (cf. [10] for a rigorous proof of the integration-by-parts
formula) and using the convergences obtained so far, we have

/OT (Nes ue) x = /OT (€l uc) x — /OT (&oue)y + /OT (Flu),ue)y =

— —¢ <§5(0),UO>X—/OT <e§5,u;>v—/0T <€€,u€>v+/0T (f(ue), ue)y
— —/OT<€,U>V+/OT(f(U)aU>v-

Hence, we particularly get

limsup/OT Moy ue) x < —/OT (&, u)y ‘|‘/0T (f(u),u)y, = /OT (n,u) 5 .

e—0
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By the demiclosedness of the maximal monotone operator dx¢x and by apply-
ing [27, Proposition 1.1], we conclude that n(t) € Ox¢x (u(t)) fora.e. t € (0,7).
We finally show &(t) = dy¢(v/(t)) for almost all ¢t € (0,7). Combining [8, Theo-
rem 5.1] and [10, Theorem 3.3, Lemma A.1], we get the following inequality:

ety < =teO o)y +2000) - ounle) +
’ (43

T o) + / (f (), 1y

which can be formally obtained by substituting identity (22) into the left-hand
side of (43) and by integrating it by parts. Thus, from the convergences above
(in particular, (41)), using the lower semicontinuity of ¢ and recalling that
n € LP(0,T;V) (by comparison of each term in (42)) and that £&.(7T) = 0, we
deduce that

T T
lim sup/0 (Ee ul)y < (11_{% e (0) — lirari}glfqﬁ (us(T)) + P(ug) + li_l}ré/o(f(ua),ugv

e—0

< —¢(u(T))+ ¢ (uo) + /0 (f(uw),u)y

-/ i)y + / ., - / ey

Thus, £(t) = dyy(u'(t)) for a.e. t € (0,7, and hence, u solves (16)—(18) with
2
n* = 0.

4. Nonconvex energies: Proof of Theorem 2.4

This section is devoted to the proof of Theorem 2.4 for general nonconvex en-
ergy functionals. To this end, we shall employ the Moreau- Yosida regularization
for convex functionals (equivalently, the Yosida approzimation for subdifferen-
tials) to approximate the target equation in order to reduce the problem to the
convex energy setting of Proposition 3.2. Finally, we shall pass to the limit of
approximated solutions and obtain a solution to the target equation.

4.1. The Moreau-Yosida regularization.

We first regularize equation (19): for every A > 0, we define the Moreau-Yosida
regularization of p? by

p p

+ ¢ (yu),
1%

u— Jyu
A

u—v

A

+ w%)) = %

A
2 i [ D
o (1) = E;Iélxl/l (p

|4
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where J), denotes the resolvent for dyp? (see (79) in Appendix), and consider
the following approximate equations for (19)—(21):

—sﬁé)\ + &+ 77;7)\ — 775’/\ — f(uex) =01in X* a.e. in (0,7), (44)
Eepn=dvp(uly), My € Oxox(uen), 12y = Oves(uen), (45)
us,)\(0> = Up, gs,/\(T> = 0. (46>

Note that dyv¢3(u): V — V* is single-valued and demicontinuous, and it sat-
isfies assumption (6) (see Section A.l in Appendix for details). Moreover,
the mapping Qx: u + Jdypi(u) from LP(0,T;V) to L¥(0,T;V*) also satis-
fies the demicontinuity (28). Indeed, let w, — w strongly in LP(0,7; V') and
fix v € LP(0,T;V). Then, by demicontinuity of dy¢3(-) from V into V*, we
see that (Jy i (un(t)),v(t))y — (Oves(u(t)),v(t))y for a.e. t € (0,T). Thus,
the family of functions ¢ — (Jy 3 (un(t)),v(t))y is pointwise convergent to
t = (Ov3(u(t)),v(t))y on (0,T). Moreover, by virtue of (6) with f = 9y 3,
it is uniformly integrable. Thanks to Vitali’s convergence theorem (see, e.g.,
[44, page 133]), the function ¢ — (Jy3 (u(t)), v(t))y turns out to be integrable
on (0,7, and moreover, (Oy 3 (un(-)),v(-))v = (Ovei(u(-)),v(+))y strongly in
LY(0,T). Therefore, the mapping @y is demicontinuous from LP(0,7T;V) into
LP(0,T;V*). Applying Proposition 3.2 with f replaced by f-+dy 32, we deduce
existence of (at least) a solution u. ) to (44)—(46).

4.2. Uniform estimates

In order to pass to the limit of solutions as A — 0, and then, as ¢ — 0, we first
establish some (uniform in A and ¢) estimates. Hereafter, C' and ¢ will denote
positive constants not depending on ¢ and A which may vary even within the
same line. Testing equation (44) with u_ , and integrating it over (0,t), we get

—c tiw*(g )+/t<€ ul > _‘_/ti 1(u )_/ti 2<u )_
. dt e\ . g, ) Ye X Vv o dt(p £,A o dt@)\ eN) —

— /Ot <f(ug,,\)> u;,/\>v

(see Remark 3.3). By virtue of (9), we estimate

—eyp*(Een(t)) + €™ (Ea(0)) + C/o Ul 7 + @ (uen (1) — @R (uen(t) <

%
V*o

c t . t
< M) = lun) + O+ 5 [ Tl +C [ 1fwen)
0 0

and thus, by using assumption (A6),
t

= U (Eaalt) 4 0 (Ean0) 4 ¢ [ LAl + (1 R wea(®) <
0

C t ¢ ’
< 1) = o) + C (ueal}y + D+ 5 [ sl +C [ 1)l
0 0
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Here we note that, for any u > 0 and w € W(0,T;V),

L1l = pulwlt Lol
— W w w
< pulwlf!

which yields, by integrating over (0, 1),

[w'ly < (p = D" [wlfy + '],

@ < ulwO)f + (p - Dy / jwlt, + / W'ty for t € [0,T).

Substituting the inequality above into (47) with x> 0 large enough, we obtain
= 0 (€l + 0 En0)+ 5 [ WAL + (L= B a9 <

v (6)
v, < (48)

< M ug) + C (Jugll +1) + C / uenll, + C / (o)
0 0

(6) t
< ' (uo) + C (Jugly, + 1) + C (/ |uealf + 1) :
0

Repeating the argument of the last section, we obtain for € small enough
T T T
[ttt [+ [ et e <c
0 0 0

||u€v>‘||W17P(O,T;V) + ||u57>\||Lm(O,T;X) S C, 49

(49)
<C, (50)
(51)
(52)

and thus

||?7€17)\HLW’(O,T;X*) =
”ge}\”Lp’(o,T;v*) < Ca

||f(u5,>\)||Lp/(0,T;V*) S C.

In particular, |[ueal|¢ o7y < €. Substituting ¢ = T" into estimate (48) and

o1
52

recalling & \(T') = 0, we get
! (ue (1)) < C,
which along with the assumptions (A3), (A4), and (A6) implies
un(D)lx <C, nen(Dlx- < C, 2\ (T)lyv- < C.
By using assumption (A6) again, we get

Hni)\HLp/(o,T;V*) < O’ (53)

/0 ©*(uep) < C. (54)

Finally, by comparison in equation (44),

<.

/
Hgg“HL”’(O,T;V*)+Lm’(0,T;X*) -
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4.3. The passage to the limit as A — 0.

Owing to the obtained uniform estimates, up to some (not relabeled) subse-
quence A — 0, we have

niy — 1. weakly in L™(0,T; X*),

?7?7)\ —n? weakly in Lp/(O,T; V*)

o — & weakly in LP (0, T; V)

¢\ — & weakly in L (0, T; V*) + L™ (0,T; X™),

U. ) — u. weakly in W'(0,T;V) and in L™(0,T; X),
ue (1) — v. weakly in X,

)

Y

2 \(T) — ¢ weakly in V*,
fluey) — f* weakly in L' (0, T; V*),
and hence, thanks to Aubin-Lions-Simon’s compactness lemma (see [50]),

us \ — u. strongly in C([0,T]; V), (55)
& — & strongly in C([0,T7]; X™). (56)

In particular, w.(t) — wuc(t) strongly in V for all ¢ € [0,T], which also
yields v, = u(T), u. (0) = up, and &(T") = 0. By virtue of the continuity of
f:V — V* and the convergence (55) (see also Remark 2.1), we get f* = f(u.)

and
f(uen) — f(ue) strongly in L (0,T; V*). (57)

Thus, we assure that

—el+ &+t —n— f(u) =0. (58)

The inclusions n? € dy¢?(ue) and ¢2 € Oy p?(u.(T)) follow by a standard
monotonicity argument (see, e.g. [13, Chap. II, Section 1.2]) as a consequence
of the strong convergence (55). We shall now identify the limit 7! as n! €
Ox o (u:) ae. in (0,7). By a standard argument for monotone operators,
from the weak convergences obtained above it follows that

t t

i n / (Wt > / () (59)
t t

lim inf / (Eertily), > / (€ ul)y (60)

A—=0
forall0 < s <t <T. Let us note that the quantity a(t) = liminf,_,q & 1 (%) ]{”//*,
belongs to the space L'(0,7T) by Fatou’s Lemma and estimate (51). In partic-
ular, a(t) < oo for a.a. t € (0,7T), and for such ¢, we can take a subsequence
AL (possibly depending on t) such that

Eee () = &-(t) weakly in V™.



880 G. Akagi, S. Melchionna / Elliptic-Regularization of Nonpotential ...

Thus, thanks to the convergence (55), we observe that the set £ C (0,7)
defined by

t is a Lebesgue point for t — (£.(t), u.(t)), , and

L:=Ste(0,T) for any sequence A\, — 0 there exists a subsequence

X, such that (&, (£), uen, (£)),, — (E(), u=(t)),

has the full (Lebesgue) measure. Thus, by virtue of the convergences above
and of (60), we deduce, for arbitrary t;,t; € L, to > t; and a (not-relabeled)
subsequence A — 0 (possibly depending on the choice of ¢;,t5), that

to

. 1

hmsup/ <n57/\,u5,,\>X =
t1

A—0
to t2
= hm sup {_ / <£E,)\7 ue,A)v + / <€ ;,)\7 us,/\>X +
A—0 t1 t1

"‘/tltz(f(um Ue )y / <775,\,Ue,\>v}_

/ 2 <€€,Aaus,>\>v + / 2 <f(uz-:,>\)7us,)\>v + / <77527)\7 UE,A>V} +

t1 t1 t1

glim{—
A—0
Flim (e6nt), |12~ limint / (ctoriil), <
to to
<- / (Eu)y + / (), )y + / (Pous), +
t1 t1 t1
t t2
T (et )yl — / (cboril)y <
t1
to
S/ <77517u6>X
t1

Here, we also used the integration-by-parts formula

Ceoud = [ gty = [ (61)

t1 t1

derived in [10]. This fact together with (59) yields

t t
/l\li%/s <77517/\,u57)\>x = /S <7781,uE>X forae 0<s<t<T,

and hence, n} € Oxp¥ (u:) a.e in (0,7).
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Let us now show the inclusion & = dy4 (u'). For arbitrary t1,ty € L, ty > ty,
by integration by parts, we compute, up to a (not-relabeled) subsequence,

to t2
limsup/ <§£>\, 8/\>V = hm (Ecns Ue ,\>V‘ n hmmf/ <fém ua,\>
t

A—=0 t1 A—0

1. ("
= <§€7U5>V|i? -~ hin <§a,)\_ni)\_f (ue,)\) 7UE,A>V__ hm/ <775 Aaus)\
t1

g A—0

As a consequence of the convergence above and of identity (58), we get

to
limsup/ <§:,A,UQ7A>V =
t1

A—0

N R A 1 [t
= <§57U5>V t1 E/t <§s - 773 - f (us) 7us>v - g/t <77;7U5>X
= (el = [ @ ey

t1

In particular, by virtue of (60),

hm/ <55A, 6,\ /j (e, ul)y,

From the arbitrariness of t1,t2 € L, we conclude that & = dy¢ (ul) a.e. in
(0,7T). This proves the first half of Theorem 2.4.

Before moving on to the causal limit as ¢ — 0, let us derive an energy inequality
for later use. Repeating the same argument as in (43), we have

[ ity < e (ot uta), + 000) -

M (uen(t)) + ¢ (o) + / (s + f (o) i),

Thus, thanks to the convergences obtained above, to the lower semicontinuity
of ¢!, and to identity (58), we obtain (recalling that & ,(T) = 0)

T T T
/O (€ uc)y < liminf /0 (€ ter)y < limsup /O (Eens il n )y, (62)
< e(0) — lirgl i(I)lf gol(u&)\(T)) + o (u)
—

T
+ limsup @3 (ue A (T)) — ©*(ug) + lim/ (f(uen), U;A>V :
50 A=0 Jo ’

Note that, by definition of subdifferential and by using the convergences ob-
tained above, we have, as A — 0,

P (uea(T)) < @R (ue(T) + (EA(T), = (T) — ue(T) )y, = ™ (ue(T))
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(we also used the fact that u.\(T) € D(p') C D(¢?) by (A6)), i.e.,

lim sup P (uep(T)) < @*(ue(T)).

Thus, substituting the above into (62), we get
T
| ety <000 =) + (63)
T
+ ¢ (w0) + PelT) = ) + [ ()il

4.4. The causal limit as ¢ — 0

We now deal with the passage to the limit as ¢ — 0. We first note that, thanks
to the estimates mentioned above and the weak lower semicontinuity of norms,
we have

[uellwrnorany + uellpmorx < € 772 worxy = 6
||§aHLp’(o,T;v*) <C, ||f(u€)||LP'(0,T;V*) <C,

HﬁSHLp/(O,T;V*) <C, Hf'f;HLp’(o,T;V*)+Lm’(0,T;X*) <C,

lus(T)lly < C, lezlly. < €

where ¢* € v ¢*(u-(T)) (see Section 4.3). Up to a (not relabeled) subsequence,
we get the following convergence results

n! —n'  weakly in Lml(O,T;X*),
0,73 V"),
0,73 V"),
g€l -0 weakly in LP (0, T;V*) + L™ (0, T; X*),
& — 0 strongly in C([0,T]; X™),
U —> U weakly in W'?(0,T;V) and in L™(0,T; X),
strongly in C'([0,T]; V),
u(T) — v weakly in X,

/

> —n®  weakly in L?

/

& — & weakly in L

/

¢ —¢*  weakly in V¥,
f(us) — f(u) strongly in L¥ (0,T;V*).
In particular, v = u(T"), and u (0) = up, and moreover,
E4+nt—n*—f(u)=0 in X*, 0<t<T. (64)

As a consequence of the strong convergence u. — u in C([0,T];V) and the
weak convergence of n? (respectively, ¢?), by the demiclosedness of maximal
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monotone operators (see also [27, Proposition 1.1]), we obtain the relation
n*(t) € Oyp?(u(t)) for a.e. t € (0,T) (respectively, ¢*> € dyp?(u(T))). Repeat-
ing the same argument as in Section 3, we can obtain

T T
limsup/ <77;,U3>X S/ <771,U>X’
0 0

e—0

which proves n' € dx¢% (u), and hence, n' € dyp'(u) by ' = f(u)+n* - € €
LP(0,T;V*) (see [10]). In order to prove the relation & = dy+(u'), we pro-
ceed as follows. By definition of subdifferential and by using the convergences
obtained so far, we have, as ¢ — 0,

p*(ue(T)) < @*(u(T)) + (2, ue(T) — u(T)),, = *(u(T)),

i.e.limsup. o ©*(u.(T)) < ¢*(u(T)). Thus, by the convergences above along
with the semicontinuity of ¢!, estimate (63) and identity (64), we derive

T
lim Sup/ (&, ul)y < limey(0) — liminf o' (u(T)) + ' (ug) +
0 e—0 e—0

e—0
T

+ lim sup @*(ue(T)) — p*(up) + ll_f)% (fue), ul)y

e—0 0

<~ (ulT)) + 9 () + GP(u(T)) — () + / (f(w) o)y = / i)y

Here we also used the chain rule developed in [10] (cf. (61)). Thus, £(t) =
dy(u/'(t)) for a.a. t € (0,7).

Remark 4.1. Thanks to the results of Section 3.2 and to the uniform estimates
obtained in Section 4, one can pass to the limit also in the opposite order: first
let ¢ — 0 and then let A — 0. O

5. WED principle for doubly-nonlinear flows of nonconvex energies

In this short section, as a by-product, we develop a variational characterization
based on WED functionals for doubly-nonlinear flows of nonconvex energy func-
tionals (i.e., the case f = 0). The WED variational principle has been mainly
studied for convex (at most A-convex) energy functionals. Nonconvex energy
functionals have not yet been treated except in [7], where standard gradient
flows (i.e., with quadratic dissipation potential ?)) of non(A-)convex energy
functionals are considered. In particular, doubly-nonlinear flows with noncon-
vex energies have never been studied so far. The following theorem provides
a generalization of the results in [7] to doubly-nonlinear flows of nonconvex
energies.
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Theorem 5.1. Assume (A1)—(A6) and let f = 0. Then, for every e > 0, the
WED functional W, defined by

W () = { Jo e7E (v +60) — ) I € K(uw) 1L O.75),

admits at least one global minimizer over the set K (ug) := {u € W (0,T;V) :
u(0) = ug}. Furthermore, every local minimizer u. solves (19)—(21), and more-
over, u. — u weakly in W2(0,T; V)NL™ (0, T; X) and strongly in C([0,T]; V),
where the limit u solves (16)—(18).

Proof. We shall follow the strategy for proving [7, Theorem 4.1]. For all A > 0,
let us define regularized WED functionals W, x: L?(0,7;V) — RU {oo} by

W () = { fOT et (ep(u') + ' (u) — p3(u)) if ue K(ug)NL™(0,T;X),

00 otherwise,

and decompose them as the difference W, z(u) = Cl(u) — C2,(u) of convex
functionals

CHu) := { fOT e e (ep(u) + () if uwe K(ug)NL™(0,T;X),

00 otherwise,
T
ciw) = [ e R w)
0

where 3 denotes the Moreau-Yosida regularization of ¢? as in Section 4. Note
that C! is lower semicontinuous in L? (0,T;V). Moreover, for all sequences
u, — u strongly in L?(0,T;V), we have CZ,(u,) — CZ,(u). Indeed, by
convexity and lower semicontinuity of 3, one has

lim inf C2 5 (un) > C2 5 (u).

Furthermore, by definition of subdifferential, we get

limsup C2, (u,) < C2,\(u) + li_1>n (Ore0m;v)Cen(Un), tn — )

LP(0,T;V)
n—oo

= Cy( + Jim [ exp(=t/2) (O ) w — )y = Caw) (69

(see also Section A.1 in Appendix). Thanks to (7) and the fact that ¢3(u) <
©*(u) for all u € D (¢?), We, is bounded from below. Let {u,} be a mini-
mizing sequence of W, . Thus, by using the coercivity assumptions (3), (5),
and assumption (7) (see also [7]), we can deduce that the sequence {u,} is
uniformly bounded in W'(0,7; V)N L™ (0,T; X), and up to a (not relabeled)
subsequence, u,, — u y strongly in C([0,T]; V') for some u. , € WHP(0,T;V) N
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L™(0,T; X). Thus, by using the lower semicontinuity of C! and (65), we con-
clude that w, ) is a minimizer of W, y. In particular, u. ) solves
0 € Opvior:v)Wer (Uen) = o) C2 (e ) — drwiorv) C2 5 (uen)

which is equivalent to (44)—(46) with f = 0 (see [10]). Thus, as in Section 4, we
are ready to prove that (up to subsequences) u. y — u. weakly in W'(0,T; V)N
L™(0,T;X) for A — 0 and that the limit u. solves (19)—(21). Furthermore,
by lower semicontinuity, we have liminfy o C!(u. ) > C!(u.), and as in [7,
Theorem 4.1],

T T
limsup C2, (ug ) < lim sup/ e 5% (u, ) < / e 2 (uy).
A—0 A0 Jo 0

Moreover, W, \(v) — W.(v) for all v € D(W,) as A\ — 0. Thus, u. minimizes
W.. Indeed, let v € D(W;). Then, it follows that

T
We(u.) = C’al(ua) —/ e_t/€g02(u€) < liminf W, 5 (u. ) < lim W, 5 (v) = We(v).
0 A—0 A—0

This proves existence of a minimizer u. of the WED functional W, such that
u. solves the Euler-Lagrange equation (19)—(21) (with f = 0) of W, (or the
elliptic-in-time regularized equation).

We next prove that every local minimizer of W, solves (19)—(21) by using a
penalization argument (cf. [7]). To this aim, let 4. be a local minimizer of W
and define the penalized functional,

with o
@' (u) = ' (u) + » u — .y,

for some o > 0. Then, arguing as in [7, Theorem 4.2] one can check that, for
o = a(a.) sufficiently big, the functional W, admits a unique global minimizer
ii.. Note that ¢! satisfies assumption (A3), (A4), and (A6). Thus, by apply-
ing the results obtained so far, for each A > 0, there exists a minimizer . ) of
the regularized WED functional,

A

Wo(u) = / e~U/% (etp(u) + () — @3 ()

such that . ) solves the Euler-Lagrange equation,
—el - EnH i+ ATer — 72y = 0in X" ae. in (0,7),
en = dyep(al,), iy € Oxex(Uen), 025 = Oves(ticn),
Fer = ltiep — el Fy (T — 1)

. 5(0) = ug, EA(T) =0.
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Indeed, the functional u — fOT e t2L|u(t) — a.(t)[}. is Fréchet differentiable in
P

LP(0,T;V) and its Fréchet derivative at 1. ) is given as e*t/ﬁa,\. We can now

derive uniform estimates for . and prove convergence of . ) to a limit .

which minimizes We and solves
—ef &+ — P +0a% =0in X* ae in (0,7),
£ = dvip(al), n: € Oxpx (i), 72 € dvyp*(ae),
:Yz-: = |ae - a€|€/72FV (ae - ae) 5

1.(0) = ug, &(T) =0.

Recall that, by penalization, the unique minimizer of W, is . (see also [8]).
Thus, 4. = u. and, as a consequence, we have that 4. = 0. Hence, u. solves
(19)—(21).

Finally, the limiting procedure as ¢ — 0 has already been proved in Section 4.
This completes the proof. [

6. An alternative approach

In this section, we exhibit a slightly different approach. More precisely, we shall
prove the assertion of Theorem 2.4 under different assumptions on f and 2.

We recall that, in Section 3, we introduced the map S defined by

S: LP(0,T; V) — LP(0, T, V),
S:vw:= f(v) — u,

where u is the global minimizer of I.,, and looked for a fixed point of S to
construct a solution of the elliptic-in-time regularization (26)—(27). Note that
the map S is the composition of two different maps: v — f(v) and w — u :=
argmin /. ,,. Alternatively, one may consider a map S which is the composition
of the same maps in the opposite order, namely

S: LP(0,T;V*) — LF(0,T;V*),

S:vu—s f(u),

where u is the global minimizer of I, ,. Note that if S has a fixed point v, then
the minimizer of I. , solves (26)—(27). In order to apply the Schaefer fixed-point
theorem to S, one has to check the (strong) continuity of Sin Lp/((), T;V*) asin
Section 3.1.2. Furthermore, as for nonconvex energies, f is replaced by f+0y 3
above. In case V is a Hilbert space, one can prove the (strong) continuity of S
by employing the Lipschitz continuity of Yosida approximations in the Hilbert
space setting. On the other hand, in case V is a Banach space, it seems
somewhat difficult to prove the (strong) continuity of S, due to the lack of
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(strong) continuity of the Yosida approximation dy¢3: V — V* in a Banach
space setting (it is only demicontinuous. See Appendix and [13]). Hence in
order to recover the continuity of S, we assume that

©? is of class C'(V;R)

(in the sense of Fréchet derivative). Then, 0y ? is single-valued and continuous
from V into V*. Hence, it is no longer necessary to employ the Yosida approx-
imation of dy¢?. On the other hand, the growth and the continuity conditions
in (A5) can be relaxed as follows:

(A5’) f: X — V* satisfies

|f ()P, < C(1L+ " () + [ufl,) for all u € X (66)

and some positive constant C. Moreover, if u € L™(0,T; X)NW?P(0,T;V),
then f(u) € L¥'(0,T;V*). Furthermore, if u,, — u weakly in L™(0,T}; X)
and in W'?(0,T;V), and (f(u,)) is bounded in L? (0, T;V*), then, up to
a (not relabeled) subsequence, f(u,) — f(u) strongly in L¥ (0, T;V*).

Note that these assumptions guarantee the continuity of S corresponding to
nonconvex energies. In particular, one may prove the following:

Theorem 6.1. Let assumptions (A1l)—(A4), (A5’), and (A6) be satisfied.
Assume either that ©? is of class C' in 'V or that V is a Hilbert space. Then,
there exists €9 > 0 such that for each ¢ € (0,e9) the system (19)—(21) admits
a solution u.. Moreover, there exists a sequence €, — 0 such that u., — u
weakly in L™(0,T; X)NW?P (0, T; V) and strongly in C ([0,T); V') and the limit
u solves (16)—(18).

Proof. Let us start with the case ¢ = 0, i.e., ¢ = p'. Our proof follows
the scheme of the proof of Theorem 2.4 for convex energies given in Section 3.
Let S: LY (0,T;V*) — L” (0, T; V*) be defined as above. Fix v € L” (0,T;V*)
and let u be the global minimizer of I.,. Then, f(u) = S(v) € L¥(0,T;V*).
Following the procedure of Section 3.1.1, one can prove that w is uniformly
bounded in W'?(0,T;V) N L™(0,T; X) in terms of [[v]|mp.y+- This fact
together with the (weak-strong) continuity assumption on f in (A5’) ensures
both continuity and compactness of the map S. Let now v € L (0,T;V*),
a € (0,1], and v = argmin I, , be such that

v=aS(v)(= af(u)).
Then, wu solves system (22)—(24) with f(u) replaced by af(u). By testing
equation (22) with u’ and proceeding as for (32)—(33), we get, for ¢ € (0,7
T T /
|k <cee [ arwi-
0 0

u(t)ff, + d(ut)) < C + C / af@lt. +C / [al?, + ey (€(1)).
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Using the growth assumption on f in (A5’), we obtain

A|w@gc+cl<mm+mmm (67)
wmm+¢wm>sc+cl<w€+mwwfw&m> (68)

Thanks to Gronwall’s Lemma, we get

\mww+¢ww>sc+ew&@»+03/ewgy

0

By substituting the latter into (68), integrating both sides over [0, 7], taking
the sum with (67), and substituting again the latter into the right hand side,
we obtain

T T T t T
/ |u’|7€/+/ |u|f;+/ ¢(u)§C+C’5/ aw*<£)sc+ca/ P
0 0 0 0 0

Here we used estimate (35). For e sufficiently small this yields a bound of
|w|lw.e 0,7 )nLm (0, x) uniform in € and o and hence an uniform bound on
| f(u)ll o o7.v+) thanks to (A5’). Thus, the set

{v € L7 (0,T;V*) : v = aS(v) for some a € |0, 1]}

is bounded. The Schaefer’s fixed-point theorem allows us to conclude that S
has a fixed point v. As a consequence u = argmin I, f(,) solves system (22)-
(24). Being independent of € the above estimates, together with the continuity
assumption in (A5’), suffice also to pass to the causal limit ¢ — 0 by following
the scheme presented in Section 3.2. The case ©? # 0 follows from an argument
analogous to the one presented in Section 4. O

7. Applications to nonlinear PDEs

In this section, we apply our abstract theory to a couple of concrete nonlinear
PDEs.

7.1. System of doubly-nonlinear parabolic equations

We emphasize again that systems of PDEs may not have any full gradient-flow
structure; however, some of them can be reduced to a nonpotential perturbation
problem for a (doubly-nonlinear) gradient flow. The following system of doubly-
nonlinear differential equations falls within the scope of the abstract theory
developed in the present paper (see also [31]). Let 2 be a bounded domain of
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R? with a smooth boundary 99 and consider

a;(uy) — A%, = gi(ug, ..., ux) in Q x (0,7 for 1=1,...,k, (69)
Oui _ on 9 x (0,7] for i=1,...k  (70)
on

ui‘t:() = Up; in for ¢ = 1, ...,k, (71)

where n denotes the outward unit normal vector on 02 and «a;: R — R are

maximal monotone operators such that there exist p > 1 and a positive constant
C such that

1 S
—|s|P — C < Ai(s) ::/ a;(r)dr
¢ 0
and |og(s)P < C(|s|P+1) forallseR, i=1,...k,

and A% is the so-called m-Laplace operator with a coefficient function a;: 2 —
R given by
Ay =V - (a;(z)|Vo|"*Vv), 1<m < 0.

Here we also assume ug; € WH™(Q), a; € L®(Q) and a1 < a;(z) < @y a.e. in Q
for some @y, a, > 0, for all i = 1,..., k. Finally, we assume g¢;: R* — R* to be
continuous and to satisfy

k
|memmﬂs00+§]wﬂ

=1

for some positive constant C'. In order to apply the abstract theory, we set
V = (LP(Q)F, X = (WEm(Q))*, and note that X is compactly embedded in
V for all p < m* :=md/(d —m)* < co. We define

k
Y(u) = Z/{)Al(uz) forueV

and
1 k
o) = - :/ai|Vui|m for all u e X. (72)
m < Q
i=1

Then (A3) holds. Indeed, we find that |ul} < Co(u) + |u[fmq)-
In case p > m, (A3) follows immediately by using |-[zm @) < C|-|r@) = C|-|v.

In case p < m, by interpolation and the Sobolev inequality, we have that

1-0

[ulpm) < C|U’%p(9)’U\Lm*(

o < Juldful}?
for some 6 € (0,1) and C' > 0. Hence, by Young’s inequality,

1
SJul} < Colu) + Cluly,
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and hence, (A3) follows. On the other hand, one can easily check (A4). Set
fz(U) = g7;<'LL1, ,’U,k) for all i = 1, ey k.
Then, f := (f1,..., fx) satisfies assumption (A5).

We refer the reader to Section 7 of [10] for checking that assumptions (A1)—
(A4) are satisfied. Thus, by applying Theorem 2.4, we prove the following:

Theorem 7.1. Let1 <m < oo, 1 <p<m*:=md/(d—m)T < oo, and let the
above assumptions be satisfied. Then, for every € > 0 sufficiently small there
exists (at least) one solution {w;.}; to the elliptic-in-time reqularized equation

—e (o () + as(u)) — A%u; = gi(uy, ...,u) in Qx (0,T]  fori=1,.. k,

Qi _ on O x (0,T] fori=1,.. .k,

on
u;(0) = ug; in ) fori=1,..k,
ea;(u)(T)) =0 in Q fori=1,.. k.

Moreover, w;e — u; strongly in C([0,T]; LP(R2)) for eachi = 1,2,...,k, and the
limit {u;}; solves system (69)—(71). As for the Dirichlet problem (namely, the
Neumann boundary condition is replaced by u;|oq = 0), all the assertions above
hold true.

Remark 7.2. Nonlinear equations such as (69)-(71) are also treated only for
p > 21in [2], where a perturbation theory for doubly-nonlinear abstract equation
is developed in a framework based on the Gel’fand triplet, V — H = H* C V*.
Indeed, the assumption p > 2 stems from the triplet, and it cannot be removed
in the framework. On the other hand, our abstract theory is developed without
using such a triplet, and therefore, the case 1 < p < 2 can also be handled. []

7.2. Biharmonic equation

The abstract theory developed in the current paper can be also applied to the
quadratic dissipation potential ¥(u) = %\uﬁ/ in a Hilbert space V', and then,
(1) reads

u' + 06(u) = f(u). (73)

The WED approach to nonpotential perturbation problems (73) has been de-
veloped in [31], where equation (73) is formulated in a (single) Hilbert space
setting. On the other hand, the following example does not fall within the
scope of the theory of [31]:

w4+ (A)’u=p8-Vu inQx (0,7, (74)
u=0 on 02 x (0,77, (75)
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ou
o 0 on 082 x (0,77, (76)
u(0) = ug in Q, (77)

where n denotes the outward normal on 0f). Indeed, the nonpotential term
f(u) := B - Vu in the right-hand side is not well-defined on the whole of the
Hilbert space H = L?(f2). However, this obstacle can be overcome in the
current setting. Indeed, by following the approach presented in Section 6, we
just require f to be defined over the effective domain of the energy potential
X = D(¢") (cf. (A5%)). To apply our theory, we assume that € is a bounded
subset of R? with sufficiently smooth boundary 0Q, ug € H*(Q) N H}(Q) with
% =0 on 99, and B € L>=(2,R?%). Moreover, we set two spaces V = L%(),
X = H?*(Q2) N Hg(Q2) and the energy functional

Aul?
P(u) = /‘ QU| if we H*(Q)NH(Q) and gt =0 on 99,
- Q

00 otherwise.

Furthermore, set ¢ (u) = |uf}, and f: X — V* defined by f(u) = 8- Vu
and p = m = 2. Note that the map f satisfies assumption (A5’). Indeed it
is straightforward to check the growth condition (66). Furthermore, thanks to
the compact embeddings X << H'(Q) << V and to Aubin-Lions-Simon’s
compactness lemma (see [50]), we have that the space L*(0,T; X)NH(0,T;V)
is compactly embedded into L?(0,7T; H'(2)). Thus, for all u, — u weakly in
L*(0,T; X) N HY(0,T;V) there exists a (not relabeled) subsequence such that
Vu, — Vu strongly in L*(0,T; L*(Q2)). Recalling that V = L?(Q) = V* we
then have that f(u,) = 8- Vu, — 8-Vu = f(u) strongly in L?(0,T;V*).
Finally, by uniqueness of the limit the convergence holds true for the whole
sequence. Thus, assumption (A5’) is satisfied. By applying the preceding
abstract theory, and more precisely Theorem 6.1, we obtain the following result:

Theorem 7.3. Let the assumptions mentioned above be satisfied . Then, for
every € > 0 sufficiently small, there ezists (at least) one solution u. to equation

—eu’ +u' + (A)’u=5-Vu inQx(0,T)

u=0 on 09 x (0,7,

%:0 on 09 x (0,7,
u(0) = g in Q,
e (T)=0 in Q.

Moreover, u. — u strongly in C'([0,T]; L*(Q)) and the limit u is a solution of
equation (74)—(77).

Here, we dealt with a linear equation just for simplicity. However, we remark
that doubly-nonlinear variants of (74)—(77) and the case where -V is replaced
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by a nonlinear gradient term also fall within the framework of the preceding
abstract results.

A. Appendix
A.1. Moreau-Yosida regularization with p-modulus duality mappings

In this section, we collect the definition and some properties of the Moreau-
Yosida regularization of convex functionals defined on a Banach space. To this
aim, we refer to [26], [19], [13].

Let V be a strictly convex, reflexive, and separable Banach space such that its
dual space V* is strictly convex. For every p € (1, 00), we define the p-modulus
duality mapping F: V — V* by [19]

-a (1)

Note that, as | - [{; is strictly convex, F'(0) = {0}. Since V* is strictly convex,
we have that I is single-valued (see, e.g., [26], [28]). Moreover,

(F(u),u)y, = [uff, = [F(u)[?.. (78)

Given a maximal monotone graph A of V' xV*, we define the resolvent Jy: V —
D(A) (with respect to F) by

Uy — U

A

Ju = uy g F ( ) +A(U)\) 350 (79)

for each w € V and the Yosida approximation Ay: V — V* (with respect to

F) by
Ay(uw) = F (“ _A‘M) .

Hence, by (78),

u— Sl

A

| Ax(u) (80)

P
Ve =

|

Let now ¢: V' — [0, 00| be a proper, lower semicontinuous, and convex func-
tional. For simplicity, we assume 0 € D(¢). Define the Moreau- Yosida regular-
ization of ¢, also known as Moreau envelope (see [26] for an analogous definition
with p replaced by 2), by

u—uvl|?

A

ox(u) = inf {5

veV |'p

+ ¢(v)} forueV. (81)

14

Note that, for every u € V, the subdifferential of the convex functional v —
A
P

= |]‘D/ + ¢(v) is the operator v — F (*52) 4 dy¢(v) from V into V*. Then,
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the infimum in (81) is achieved at Jyu, where J) is the resolvent for dy ¢, thus,
the following relation is satisfied

F (‘] *“A_ “) + Ave(Jyu) 3 0. (82)

In particular, the subdifferential of the Moreau-Yosida regularization of ¢ cor-
responds to the Yosida approximation of dy¢. Moreover, by testing relation
(82) with Jyu, we see that

u—Jw|’ 2 ul?,
), S 16(0) + 205 Y (83)
Thus, thanks to identity (80),
v 2 July,
|a\/¢>\(u) Vo S XQS(O) + 20_)\17 . (84)

Hence Jy: V — V and Oy ¢y: V — V* turn out to be bounded operators (for
each A fixed).

We are now ready to prove demicontinuity of 0y ¢,.

Lemma A.1. For every fired A > 0, Oy oy is demicontinuous, i.e., for every
sequence u, — u strongly in 'V, it holds that Oy ¢x(u,) — Ovoa(u) weakly in
V.

Proof. Let u,, — uwin V. Let v, = dydx(u,). Since F((Jyu, — uy,) /A) + v, =
0, it follows that

(Tt — 1) — (Jyt — tiyy) , F (P20 =) (Iatom = )\
A A\ y

(It = TNt U = Vi)y = (i — U, F atn = un (It = U )\
A A ”

As a consequence of the strong convergence u,, — u and of the boundedness
|z — Jaxll, < C(N)(1+ |z[},), we observe that

i (w, —w, F (20 =) g (Atm = m _o.
m,n—o0 )\ )\ %

Thus, as dy ¢, and F' are monotone and Oy ¢y (u) € dyd(Jyu), we get

and limy, ;00 (atn — AU, Uy — Up)y, = 0. From estimates (83) and (84),
there exists a (not-relabeled) subsequence such that Jyu, — @ weakly in V|
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v, — v weakly in V* and F((Jyu, — u,) /A) = w weakly in V* for some u € V
and v,w € V*. Then, by [13, Lemma 1.3, pp. 42], one can conclude that
v € Oyp(u) and F((a — u) /\)+v = 0. Thus, @ = Jyu, and hence, v = dy ¢ (u).
Since the limits are unique, Jyu, — Jyu weakly in V" and 0y ¢, (u,,) — Oy oa(u)
weakly in V* along the whole sequences u,, and Oy ¢y(u,), respectively. Thus,
Oy ¢ turns out to be demicontinuous. ]

A.2. Auxiliary theorems

For the reader’s convenience, we collect here some known results which we used
in the analysis.

Theorem A.2. (Gronwall’s Lemma) Let o,u € L'(0,T) and B > 0. Assume
that

u(t) < aft) + /Ot Bu(s)ds for a.a. t € (0,T). (85)

Then

u(t) < aft) + /Ot Ba(s)exp(B(t — s))ds  for all t €[0,T]. (86)

Proof. Define v(t) := exp (—Bt) fot Bu(s)ds. Then, v € WH(0,T), v(0) = 0,
and

v'(t) = Bexp (—Bt) (u(t)—/JBu(s)ds) < Bexp(—Bt)a(t) for a.a.t € (0,7T).

Thus, integrating over (0,%), we get

¢ t
eXp(—Bt)/ Bu(s)ds = v(t) S/ Bexp (—Bs) a(s)ds,
0 0
which yields

¢ t
/ Bu(s)ds < / Bexp (B(t — s)) a(s)ds. (87)

0 0
By substituting (87) into (85), we get (86). O

We now give a proof of

Lemma A.3. Under (A3) and (A4), it holds that D(¢') = D(dxpk) = X.

Moreover, ' is continuous in X.

Proof. One readily observes that ol is proper and convex. We first show the
lower semicontinuity of ¢ in X. Let A\ € R and let u,, € [p} < )] :={w €
X: ol (w) < A} be such that u, — u strongly in X. Then, it follows that
A > liminf % (u,) = liminf @' (u,) > o' (u) = % (u)
n—oo

n—o0
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by the lower semicontinuity of ¢! in V' and the continuous embedding X — V.
Hence, we have u € [pY < A]. Therefore, ¢ is lower semicontinuous in X.

We next claim that D(dx¢Y%) is closed in X. Indeed, let u, € D(9xp%) and
u € X besuch that u, — ustrongly in X. Then, there exists a sequence {7, } in
X* such that n, € dx¢%(u,), and moreover, (A4) implies |n,|x~ < C. Hence,
we deduce that 7, — n weakly in X* up to a (not-relabeled) subsequence. From
the demicontinuity of dx¢%, we obtain u € D(dxpY). Therefore, D(dxpl) is
closed.

Now, we are ready to show that D(¢') = X. First, note that (A3) means
D(¢') € X. Hence it suffices to show the inverse relation. Let u € X. Then,
it holds that Fx(Jyu — u) + Adxpk(Jau) 3 0, where Jy: X — D(dxek) is
the resolvent of dx ¢} and Fy is the duality pairing between X and X*. Fix
vo € D(p%). Test the equation above by Jyu — vy and use the definition of
subdifferential to get |Jyu|x < C. Moreover, test the same equation by Jyu —u
and apply (A4) to derive

[T — ulx < Ma(|Jaulv)™ (| wul% +1D)Y™ < Cx =0,

which implies that u € D(dx¢%) by the closedness. Thus, we conclude that
X C D(dx¢Y), which also yields D(¢') = X.

Finally, combining the lower semicontinuity of ¢% in X and the fact that the
interior of D(pY) coincides with X, we deduce by [13, Proposition 2.2 that
@k is continuous in X. O

Finally, we recall Schaefer’s fixed-point theorem (see, e.g., [23]) below.

Theorem A.4. (Schaefer’s fixed-point theorem) [23, Thrm. 4, Chap. 9]
Let B be a Banach space and let S: B — B be continuous and compact. Suppose
that {u € B :u= aS(u) for a € [0,1]} is bounded. Then, S has a fized point.
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