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The concept of h-convexity extends the notion of classical convexity, using some nonnegative
function h of the weights on the right-hand side in the defining inequality. The aim of
the present note is to show that nonconstant h-affine functions appear only in the classical
convexity case. Affine and convex separation problems are also studied, without any further
restrictions on h. The obtained results suggest that, in view of Convex Geometry or Convex
Analysis, the notion of h-convexity may have only particular importance.
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1. Introduction

In his fundamental papers [11] and [12], Jensen declares: "It seems to me that
the notion of convexr function is just as fundamental as positive function or
increasing function. If I am not mistaken in this, the notion ought to find
its place elementary expositions of the theory of real functions.” Definitely,
he was not mistaken. Convexity has found its place in introductory courses.
Moreover, it has initiated independent branches like Convex Geometry [2] or
Convex Analysis [13]. In the field of Real Analysis, convexity still motivates
many investigations and generalizations. Among the various extensions, the
notion of h-convexity is in our focus:

Definition 1.1. Let D be a convex subset of a real vector space X and let
h:[0,1] — R be nonnegative. A function f: D — R is said to be h-convez if,
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for all t € [0,1] and z,y € D,

fltz+ (1 =t)y) < h(t)f(z) +h(1—1)f(y).
If the inequality above holds with equality, then f is termed to be h-affine.

This generalization is due to Varosanec [19] and was studied intensively, among
many others, by Hazy [9]. The concept of h-convexity subsumes several earlier
attempts of extensions. Clearly, the choice h = id reduces to the classical
setting. Similarly, the cases of Breckner-convexity [6], (with h(t) = t*, where
t €]0,1] and s € R), Godunova-Levin-convexity [8], (with h(t) = 1/t where
t €]0, 1[), and P-convexity [18], (with h = 1) are also included.

Affine and convex separation problems play a central role in the theory of
convexity. A result of Baron, Matkowski, and Nikodem [1] describes those
pairs of functions that can be separated by a convex one. A correspondence for
the existence of an affine separator is due to Nikodem and Wasowicz [15]. The
main motivation of the forthcoming investigations is also a separation result
which has recently been obtained by Olbry$ [16]. This result characterizes pairs
of functions possessing an h-convex separator. In the particular setting h = id,
its statement reduces to the dimension-free version of the Baron—Matkowski—
Nikodem Theorem. Let us recall here the statement of the Olbrys Theorem
explicitly:

Theorem 1.2. Let D be a conver subset of a real linear space X and let
h:[0,1] — R be multiplicative, furthermore let f,g: D — R be given. There
exists an h-convex function ¢: D — R fulfilling f < ¢ < g if and only if, for all
1, ., Ty € D and A, ..., N\, €10,1] with \y + -+ -+ X, = 1 the next inequality
is satisfied:

f(i: Akxk) < Zn:h()\k)g(xk)-

Remarkable, that in the standard and finite dimensional setting, the length of
the involved convex combinations is controlled uniformly. This phenomenon
is a consequence of the Carathéodory Theorem [7]. Concerning the result of
Olbrys, the next problems are posed evidently.

o What can be stated about h-affine separation?

e Can the length of the convex combinations be reduced if X is finite dimen-
sional?

o Can the assumption on multiplicativity be relazed?

In this note, we are going to give complete answers to these questions. The
first two problems are closely related to the structure of h-affine functions.
According to one of our main results, there are two possibilities: either h-affine
functions are rather simple, or h-convexity is just the classical one. In the
first case, h-affine separation problems are (almost) trivial, while the second
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case coincides to the Nikodem-Wasowicz Theorem. For similar reasons, the
Carathéodory Theorem has no correspondence if the set of h-affine functions
is poor. Therefore, the convex combinations must have arbitrary length in the
Olbry$ Theorem. Finally, our other main result gives positive answer to the
third question.

The lack of h-affine functions has serious consequences. If h # id, then h-convex
functions cannot be reconstructed via their supports anymore, and the duality
between convexity of functions and convexity of epigraphs disappears. These
facts suggest that, at least in view of Convex Geometry or Convex Analysis,
the notion of h-convexity may have only particular importance.

2. Notions, notations, basic properties

Throughout in this note, N denotes the set of positive integers, while R, stands
for the set of nonnegative reals; that is, R, = [0, +oo[. We shall need the next
concept, as well. Assume that D is a set in a real linear space X. A point
p € D is an algebraic interior point, if, for all v € X, there exists ¢ > 0 such
that p 4+ tv € D whenever t €]0,¢[. The set D is called algebraic open, if its
points are algebraic interior points. Our first three propositions formulate some
easy but important properties of h-convex and h-affine functions. Their proofs
are omitted.

Proposition 2.1. Let D be a convex subset of a real vector space X and

h:[0,1] — R.

(1) If h(t) + h(1 —t) > 1 for some t € [0,1], then any h-convex function on
D s nonnegative.

(it) If h(t) + h(1 —t) < 1 for some t € [0,1], then any h-convex function on
D is nonpositive.

In particular, if (1) and (i) are fulfilled simultaneously, then the only h-convex
function is the constant zero function.

Proposition 2.2. Let D be a convex subset of a real vector space X and
h:[0,1] = R. Then, the next assertions are equivalent:

(i)  there exists a nonzero constant h-affine function;
(ii) each constant function is h-affine;

(i1i) h(t) +h(1l —t) =1 holds for all t € [0, 1].

Proposition 2.3. The set of h-convex functions, acting on a convexr subset
D of a real vector space X, forms a cone. This cone is closed under taking
mazximum. Furthermore, if id < h, then any convex function is h-convex.

Let us note, that the cone of h-convex functions, in general, is not invariant
under shifting by scalars. Some authors do not assume the nonnegativity of h
in the definition. As it has been indicated, Proposition 2.1 and Proposition 2.2
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are still valid without this assumption. However, the cone of h-convex functions
in Proposition 2.3 is not necessarily closed under taking maximum if we drop
nonnegativity. The next nontrivial proposition remains also true without any
restriction on the range of h.

Proposition 2.4. Assume that D is an algebraic open convex subset of a real
vector space X, furthermore f: D — R and h: [0,1] — R satisfy the functional
equation

fltz+ (1 =t)y) = h(t)f(z) + h(1 - 1) f(y).

If h has a continuity point and f is nonconstant, then h = id.

Proof. Assume that D is an open interval, and f is a solution to the functional
equation above. Substituting x = y and then subtracting it from the original
one, the term h(1 — ) f(y) cancels, and the next equation is obtained:

fltz+(1=t)y) = fy) = h(®)(f(z) = f(y)), @yeD; tel0,1. (1)

The main point of this equation is that the variables x, y and t appear separately
on the right hand-side. This phenomenon allows to develop the regularity
properties of the involved functions f and h step by step, still the standard
methods of differential equations can be applied.

Claim 1: Continuity of h at a single point of [0,1] implies continuity of f
everywhere.

Fix ug € D arbitrarily. Assume first that ¢y, €]0, 1] is a continuity point of h.
Since D is open, there exist elements x < y of D such that ug = tox + (1 —to)y.
Take a sequence (u,,) from D such that u,, — uy. Then, for large enough indices,
up, €]z, y[ holds, providing the convex representation u, = t,x + (1 —t,)y with
some t,, € [0,1]. Therefore, |u, — uo| = |t, — to|ly — z|, yielding the property
tn — to. Applying now (1), one can arrive at the identity

flun) = f(ug) = f(taz + (1 —tn)y) — f(tox + (1 —to)y)
= (fltaz+ (1 =ta)y) — f(W) — (f(tox + (L —to)y) — f(y))
= (h(tn) = h(to)) (f(x) — f(y))-

The latter term tends to zero as n tends to infinity, since ty is a continuity
point of h and t, — to also holds. This results f(u,) — f(ug), the continuity
property of f at ug. Now assume that ¢ty = 1. Then choose x = uy and y € [
such that < y. Then a similar argument to the previous one guarantees that
f is continuous from the right at ug. The left continuity of f at ug can be
obtained analogously, choosing now y < z. The case ty = 0 can be investigated
in the same way, and the proof of the first claim is completed.

Claim 2: Continuity of f implies differentiability of h everywhere.

According to the continuity, f has an antiderivative F'. Let xy € D be fixed,
and denote F' that particular antiderivative, which vanishes at xy. Substituting
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x = u into (1) and then integrating the sides between zy and any element x of
D, the next formula follows:

/ " F (et (1= ty)du — (2 — 20) f(y) = h(0) (F(2) — (x — 20)f(). ()

o

If F(x) — (z —x0)f(y) = 0 for all x € D, then, after differentiating, f(z) =
f(y) is obtained. In this case, f is a constant function. Assume now that
F(z) — (x — x0) f(y) # 0 for some x € D. Then substituting v = tu + (1 — t)y
and applying change of variables, one can arrive at

/ a1 = ty)du =1 /t e

o t zo+(1—t)y

= 2(F(tz + (= 1)) = Fltmo + (1~ 1))

The last expression, due to the continuity of f again, is differentiable on |0, 1].
Therefore, the left hand-side of (2) is differentiable with respect to ¢ on ]0, 1].
Moreover, a similar reasoning gives that it is differentiable on the entire [0, 1].
Hence the left hand-side of (2) is differentiable with respect to ¢, as well. Then,
the assumption F'(x) — (x — o) f(y) # 0 guarantees that h is differentiable on
its domain.

Claim 3: Differentiability of h implies differentiability of f everywhere.

This statement can be proved via the same methods that have been already
applied in Claim 1. Details are omitted.

Having the differentiability property of f, differentiate (1) with respect to the
variable = and then substitute y = x. This process yields the equation

tf'(z) = h(t)f'(x); xeD, tel0,1].

If f/(z) =0 for all z € D, then f must be a constant function. If this is not
the case, there exists some x € D such that f'(z) # 0. After canceling this
term, h(t) =t follows for all ¢ € [0, 1], which was to be proved.

Now assume that D is an algebraically open convex subset of a real linear space
X. Fix zy € D, and let x € D \ {zo} be arbitrary. Then the line determined
by x and xy meets D in an open interval, so the previous part completes the
proof. O

This proposition will be reformulated into a more adequate form in the next
section. However, in its present form, Proposition 2.4 has immediate conse-
quences for the classes of Breckner-, Godunova—Levin-, and P-convex functions.
In each cases, the sets of the corresponding affine functions are constant. More
precisely, they consist of only the zero function.
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The next proposition can be considered as a generalization of the Cantor In-
tersection Theorem. In fact, its statement is a direct consequence of the Helly
Theorem [10]. To make the paper self-contained, we present here an indepen-
dent and direct proof. Finally, a separation theorem via constant functions is
presented. Its role is going to be enlightened later.

Proposition 2.5. If H is a family of compact intervals such that each two
members of H intersect, then (\H is nonempty, as well.

Proof. The first ingredient of the proof is known as the Riesz Lemma on
compactness: If H is a family of closed sets in a topological space such that
any finite subcollection of H intersects, and H contains a compact member,
then " # (. Indeed, assume to the contrary, that (JH = (). Then the
complements of the members in H cover the entire space. In particular, these
complements provide an open covering for the compact member K. Then, due
to the compactness, a finite family of the complements also covers K. However,
in this case, the corresponding original members and K form such a disjoint
family which consists of finite members. This is a contradiction.

In view of Riesz’ Lemma, only the finite intersection property should be verified
in the second step. Consider a finite subsystem {[ax,bx] € H | k = 1,...,n},
where the intervals are labeled in increasing order of their left endpoints: a; <
.-+ < a,. Since any two members are intersect, therefore a,, € [ay, bx] holds for
all k € {1,...,n}, yielding the desired property. H

Proposition 2.6. If f,g: D — R are given on a nonempty set D, then the
necessary and sufficient condition for the existence of ¢ € R fulfilling f < c¢ < g
is that f(x) < g(y) holds for all z,y € D.

Proof. If there exists some ¢ € R fulfilling f < ¢ < g, then f(x) < g(y) holds
evidently for all elements x,y € D. For the converse implication, consider the
family

H = A{[f(z),9(x)] | x € D}.

Clearly, ‘H consists of nonempty compact intervals. Moreover, any two mem-
bers of H intersect. Indeed, suppose to the contrary that [f(x;),g(x1)] and
[f(z2),g(x2)] are disjoint. Then, there are two possibilities: either g(x;) <
f(za) or g(za) < f(z1). However, both one contradict to the assumption
f(z) < g(y). Therefore, Proposition 2.5 finishes the proof. N

It is worth mentioning that Proposition 2.6 follows from other results if D is a
real interval. For details and further references, consult the papers [4] and [5].
Besides some cited ones, these papers clarify the role of the Helly Theorem in
separation problems.
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3. Affine and convex separation by h-convex functions

The first main result states that nonconstant h-affine functions appear only in
the classical convexity case. The key tool of the proof is the next fact: If a
Jensen-affine function (in other words, a midpoint affine function) is bounded
on an interval, then it is affine in the usual sense. This fact is an immediate
consequence of the celebrated Bernstein-Doetch Theorem [3].

Theorem 3.1. If D is a convex subset of a real linear space X, then either
each h-affine function on D is a constant function, or h = id.

Proof. Assume that D is a real interval, and f is a nonconstant h-affine
function. Then, for simplicity, there exist elements x < y of D such that
f(z) < f(y). Consider now the identities

[tz + 1 —t)y) — fly) = (f(x) — f(y))h(t),
fltz+ (1 —1t)y) — f(x) = (f(y) — f(z))h(L —1).

Since h is nonegative, the right-hand side of the first equation is nonpositive,
while the right-hand side of the second one is nonnegative. This proves that
f is bounded on the interval [z,y]. On the other hand, by subtracting these
identities, the nonzero term f(x) — f(y) can be canceled, and

W) +h(1—1) =1, te0,1]

follows. In particular, h(1/2) = 1/2 holds, resulting in the Jensen-affinity of f.
However, Jensen-affinity and boundedness together give that f(u) = au +
for all u € [z,y]. Moreover, a # 0 since f is supposed to be nonconstant.
Substituting this form of f into the equation

[tz + (1 —t)y) — fly) = (f(x) = f(y))h(t),

the left hand-side turns out to be at(z — y), while the right-hand side is equal
to ah(t)(x —y). Thus h(t) =t for all t € [0, 1], as it has been stated.

Assume now that D is a convex subset of a real linear space X having at least
two elements. Fix xy € D, and let © € D\ {x¢} be arbitrary. Then the line
determined by x and xy meets D in an interval, so the previous part completes
the proof. O

Using Theorem 3.1 and Proposition 2.2, there are two possibilities for h-affine
separation in the case h # id. The first one is when h(t)+h(1—t) # 1 holds with
some t € [0,1]. Then, the only h-affine function is the constant zero function.
Hence two given functions possess an h-affine separator if and only if one of
them is nonegative, while the other one is nonpositive. The second case is when
h(t) + h(1 —t) = 1 holds for all ¢ € [0, 1]. Then, the set of h affine functions
coincides with the set of constant functions. In this case, Proposition 2.6 gives
the complete answer for the existence of h-affine separator between two given
functions.
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Similarly, Theorem 3.1 suggests that the length of the involved convex com-
binations cannot be uniformly controlled in the result of Olbrys. Indeed, for
fixed n € N, define

S, = {(Al,...,An) e [0,1]" | i)\k - 1}, Hy .o ) = ih(Ak),

and (3 :=supg H. Assume now that 1 < < +o00. For example, this occurs
in the case of P-convexity. Then Proposition 2.1 guarantees that the range of
h-convex functions is nonnegative. In particular, there is no h-convex separator
between the functions f = —f and ¢ = —1, where f and ¢ are defined in a
convex subset of a real linear space. On the other hand, the inequality of the
Olbrys$ Theorem is fulfilled if the length of the convex combination is at most
n. Indeed, if m € N and m < n, then

m

P ) = =B< =3 hw) = 3 hwg(z).

k=1

There is another significant result of Olbry$ [17] which worth to compare with
Theorem 3.1. If D is an algebraic open, convex subset of a real linear space
X, and h: [0,1] — R satisfies h(t) + h(1 —t) = 1 for all t € [0,1], then
either each h-convex function is a constant function, or h = id. Observe that
nonnegativity on h is not assumed here.

In the particular case when D is an open and connected subset of a real or
complex normed space X, Theorem 3.1 can also be reduced from a result of
Maksa and Pales [14]. In their paper, the functional equation

[tz +sy) = pf(x) + qf (y)

has been studied, which is an obvious generalizaton of the defining equation
of h-affine functions. The authors express the solution its terms of additive
functions. In our opinion, these result of Olbry$ [17] and of Maksa and Péles
[14] belong definitly to the deepest results of the topic.

In order to give the answer to the last motivating question, the notion of h-
convexity has to be refined:

Definition 3.2. Let D be a convex subset of a real vector space X and let
h:[0,1] — R, be given. For a fixed n € N, a function f: D — R is said to
be h,-convex if, for all A,..., \, € [0,1] fulfilling \; +---+ A\, = 1 and for all

x1,...,%, € D, the next inequality holds:

P30 M) < D hOW )

We say that f is ho,-conver, if it is h,-convex for all n € N.
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In this framework, h-convexity coincides to hs-convexity. If m < n, then h,,-
convexity implies h,,-convexity. Contrary to the classical setting, ho-convexity
does not provide h.-convexity in general. However, as Olbry$ has proved [16],
this implication is still valid whenever h is multiplicative. Now the second main
result reads as follows.

Theorem 3.3. Let D be a convex subset of a real vector space X and assume
that h: [0,1] — Ry fulfills h(1) = 1. If, for alln;mq, ..., m, € N, the functions
f,9: D — R satisfy the inequalities

n  mg

(Z ) < 30T hOw)g

k=1 j=1

whenever xy,...,x, € D and \; € [0, 1] with \g = A1+« .- Mgy, and Ay +- - -+
An = 1, then there exists a hoo-convex separator ¢: D — R fulfilling f < ¢ < g.

Proof. For convenience, denote the set of convex coefficients by S and the set
of product representations of « € [0, 1] by P(«), respectively; that is,

Se=JN 02" [ A= (\)poy, M4+ X =1},

neN
Pa) == J{A€[0,1]" | A= (\)ieys Adieooo- Ay =al.
neN
Define
n mg
oz —mf{ZHh Aij)g(an) |z = ZAka:k, ()it €8, ()™ € P()\k)}
k=1 j=1

The assumption of the theorem guarantees that ¢: D — R is a function, indeed.
It is also clear that f < ¢ holds. The property h(1) = 1 implies the inequality
¢ < g. The only task is to verify the h,,-convexity of ¢. To do this, fix ¢ > 0
and let z = A\jzy + -+ + \,x, be a convex representation. Since ¢(zy) + € is
not an infimum, there exist coefficients \;;;, € [0, 1] and vectors x;, € D

n(k) m(lk)
o(xr) +e > h(Nijr) 9k, (3)

=1 j

~

m

—~

Il
—

where
n(k)

Ty = Z AT, 1= Z Ak, Ak = H )\ljk
=1

For k€ {1,...,n} and l € {1,...,n(k)}, consider the coefficients

m(l,k)
Lk = AN = H Nijks Aok = A

=0
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Then, (A, )\ljk);n:(ll’k) € P(uy). Moreover,

Z Z HkTie = Z Ak Z ATk = Z Ay = 1,

k=1 =1 k=1
and
n n(k)
ZZM!k—ZAkZ)\m—ZM—l
k=1 1=1 k=1 =

This proves that the value

n n(k) m(l,k n  n(k) m(l,k)

)
Y= ZZ(}LO"“) U h(/\ij) Tk ) = H h( )\ljk (@)

k=1 1=1 k=1 =1 ;=0

belongs to the defining set of ¢(z), and hence ¢(z) < y remains true. Therefore,
multiplying the sides of (3) by the nonnegative value h()\;) and then summing
the obtained inequalities,

n  n(k) m(l,k)

Zh()\kﬁb(xk) —|—€Zh()\k) > Z H h(Nijk)g(z) =y > ¢(x).

k=1 I=1 j=0
Passing to the limit for ¢ — 0, the desired convexity property is obtained. [J

Observe that Theorem 3.3 is a generalization of the Olbry$ Theorem and hence
the result of Baron, Matkowski, and Nikodem [1]. Indeed, if A is multiplicative,
then h is nonnegative, fulfills the condition h(1) = 1, further h-convexity and
hoo-convexity are equivalent as it has already been mentioned (see [16] for
details). Therefore the inequality of Theorem 3.3 reduces to that of Olbrys.
On the other hand, Theorem 3.3 is not only sufficient, but also necessary if h
is multiplicative. This part is a straightforward calculation.

Note also that the inequality in Theorem 3.3 suggests a possible definition of
e-h-convexity. A similar result to stability property in [16] also remains true in
this situation. The details are omitted.

Acknowledgment. The authors wish to express their gratitude to Professor
Zsolt Pales and Judit Mako for the fruitful conversations on the topic.
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