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We prove that if every bounded subset of X* is w*-separable, X is compactly locally uni-
formly convex, X is 2-strictly convex and X is nonsquare, then there exists a sequence
{n}22 of dentable points of B(X) such that S(X) C U2, B(zy,ry), where r, < 1 for all
n € N. Moreover, we also prove that if A is a bounded closed convex subset of X, then
x € A is a strongly exposed point of A if and only if x is a dentable point of A and x is a
w*-exposed point of A®*.
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1. Introduction and preliminaries

Let (X, - ||) be a real Banach space. S(X) and B(X) denote the unit sphere
and unit ball of X, respectively. By X* denotes the dual space of X. B(z,r)
denotes the open ball centered at 2 and of radius r > 0. C(C¥, C*") denotes
closed hull of C(weak closed hull, closed hull weak* closed hull). dist(z,C')
denote the distance of x and C. Let N, R and R* denote the sets of natural
number, reals and nonnegative reals, respectively.

The study of geometric and topological properties of unit balls of Banach spaces
plays a central role in the geometry of Banach spaces. Almost all properties
of Banach spaces, such as convexity, smoothness, reflexivity and the Radon-
Nikodym property, can be viewed as properties of the unit ball. We should
mention here that there are many topics studying behavior of ball collections.
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For example, the Mazur intersection property, the packing sphere problem of
unit balls, the measure of non-compactness with respect to topological degree,
and the ball topology have also brought great attention of many mathemati-
cians.

Starting with a different viewpoint, a notion of ball-covering property is intro-
duced by Cheng in [2].

Definition 1.1. A Banach space is said to have the ball-covering property if
its unit sphere can be contained in the union of countably many balls off the
origin.

In [2], Cheng proved that if X is smooth and with dimX = n < oo, in partic-
ular, X = R", then the sphere can be covered by n + 1 balls. In [3], Cheng
proved that if X is locally uniformly convex and B(X™*) is w*-separable, then
X has the ball-covering property. In [4], Cheng and Liu proved that by con-
structing equivalent norms on [*°, there exists a Banach space (I°°, | - ||°) such
that (1%, - ||°) has not the ball-covering property. In [7], Cheng proved that
for every ¢ > 0, every Banach space with a w*-separable dual has an 1 + e-
equivalent norm with the ball-covering property. In [11], Shang and Cui proved
that if a separable space X has the Radon-Nikodym property, then X* has the
ball-covering property. In [12], Shang and Cui proved that if X is separable, X
is locally 2-uniformly convex and X is uniformly nonsquare, then there exists
a sequence {x,}>2, of strongly extreme points such that U®, B(z,,r,) is a
ball-covering of X.

Let us recall some geometrical notions and lemmas which will be used in the
further part of the paper.

Definition 1.2. A Banach space X is said to be nonsquare if for any x,y €
S(X), we have min{||z + y||, [|[x — y||} < 2.

Definition 1.3. Given A C X, a point € A is said to be a dentable point of
A if for any € > 0, we have x ¢ co(A\B(z,¢)).

Definition 1.4. Given G C X*, a point 2* € G is said to be a w*-exposed point
of G if there exists x € S(X) such that x*(z) > y*(x) whenever y* € G\ {z*}.

Definition 1.5. Given A C X, a point x € A is said to be an exposed point of
A if there exists 2* € S(X*) such that z*(z) > *(y) whenever y € A\ {z}.

Definition 1.6. Given C' C X, a point x € C is said to be a strongly exposed
point of C' if for any {z,}°°, C C, there exists z* € S(X*) such that z,, — =
whenever z*(x,,) — sup{z*(z) : x € C}.

Definition 1.7. Given A C X, a point z € A is said to be a pc-point of A if
the identity mapping (A, w) — (A, ] - ||) is continuous at .
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Definition 1.8. A point x € S(X) is called a smooth point if it has an unique
supporting functional f,. If every x € S(X) is a smooth point, then X is called
smooth.

Definition 1.9. A point z € A is said to be an extreme point of A if 2x = y+z
and y,z € A imply y = z. The set of all extreme points of A is denoted by
ExtA. If ExtB(X) = S(X), then X is said to be a strictly convex space.

Definition 1.10. A Banach space X is said to be compactly locally uniformly
convexif for any x € S(X) and {z,}22, C S(X), if ||z, + x| — 2, then {z,}22,
has a Cauchy subsequence.

Definition 1.11. A Banach space X is said to be k-strictly conver if for any
k+ 1 elements 1, x9, -+ ,xp41 € S(X), if ||x1 + 29+ -+ - + 2p41]| = k£ + 1, then
X1, %9, , T are linearly dependent.

L. Singer defined the k-strictly convex spaces in [15]. It is well known that X is
strictly convex if and only if X is 1-strictly convex. Moreover, it is well known
that if x € A is a strongly exposed point of A, then x is a dentable point of A.

Lemma 1.12. (see [9]) Suppose that A is a bounded closed convezr subset of
X. Then x € A is a dentable point of A if and only if

(1) = € A is an extreme point of A;

(2) = € A is a pc-point of A.

In this paper, we prove that if every bounded subset of X* is w*-separable, X is
compactly locally uniformly convex, X is 2-strictly convex and X is nonsquare,
then there exists a sequence {z,}>, of dentable points of B(X) such that
S(X) c U, B(xy,ry,), where 1, < 1 for all n € N. Moreover, we also prove
that if A is a bounded closed convex set, then x € A is a strongly exposed
point of A if and only if x is a dentable point of A and x is a w*-exposed point
of Av". The topic of this paper is related to the topic of [11]-[13].

2. Main results
Theorem 2.1. Suppose that
(1) Ewvery bounded subset of X* is w*-separable;

(2) X is compactly locally uniformly convex and 2-strictly convez;

(3) X is nonsquare.

Then there exists a sequence {x,}5°, of dentable points of B(X) such that
S(X) Cc U B(xy, ), where v, < 1 for alln € N.

Proof. (a) We will prove that if x € J(z*), then J(z*) Nco(B(X)\Uju+)) =0
for any open set U+ O J(x*), where

J(@%) ={r e X :a™(x) = |27 = [l=| = 1}.
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We claim that there exists k(z*) > 0 such that
k(z*) <1 —sup{z*(z): x € B(X)\Uj@ } (1)

for any open set Uj(,+) D J(2*). Otherwise there exists a sequence {z,};>; C
B(X)\U (g such that 2*(z,) — 1 as n — oco. Pick x € J(2*). Then

2 > limsup ||z, +z| > hmlnf |zn + || > hmmf(x T, + )

n—oo
= lim z*(z,) + lim z*(x) = 2.
%

n—o0

This implies that ||z, + x| — 2 as n — oo. Since X is compactly locally
uniformly convex, we obtain that there exists a subsequence {n;} of {n} such
that z,, — y as k — oo. Hence y € S(X) and z*(y + ) = 2. It is easy
to see that y € J(z*). This implies that x,, € U~ for enough large k, a
contradiction. Therefore, by formula (1), we obtain that

o*(z) — k(z*) > sup{a*(z):z € B(X)\Usu)}
= sup {x*(iﬁ X € co ( \UJ )}
= sup {x* () :x ( XN\U(ar )}

for any « € J(«*). This implies that « ¢ €o(B(X)\Uyj=)) for any open set
Uy O J(z*). Hence J(z*) No(B(X)\Uyju+)) = 0 for any open set Ujp+) D
J(x").

(b) We will prove that if * € S(X*) is norm attainable on S(X), then the set
J(x*) is a line segment or a singleton. In fact, for any z; € J(z*), 25 € J(z%)
and z3 € J(z*), we have

3> |lz1 4+ 22 + 23] > 2" (21 + 22 + 23) =3 = ||z1]| + || 22| + ||zs]] -
Since X is 2-strictly convex, we may assume that z3 = ty2; + t329. Thus
1 =x"(z3) = 2%(t121 + taze) = t12™(21) + tox™(22) = t1 + to.
Since J(x*) is compact, there exist x1 € J(z*) and x5 € J(z*) such that
sup {[lz —yll : z € J(2"),y € J(27)} = [lo1 — 22|,

Let &1 = x9. Then J(z*) is a singleton. Let z1 # x5. Then, for any y € J(z*),
if 1 =ty + (1 — t)xq, then t # 0. Otherwise, we obtain that 1 = z5. Hence,
for any y € J(z*), we obtain that y = ax; + (1 — a)ze. Suppose that a < 0.
Then x5 = y/(1 — a) + (—ax1)/(1 — ). Hence

1 -
Ty — — T
! 1—ay 1—a1

|21 — $2|| =

= <l I
1—a 1 Yy 1 Yyl
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a contradiction. Similarly, we have 1—a > 0. This implies that J(z*) = [x1, o).
We claim that z; is an extreme point of B(X). In fact, suppose that there exist
y1 € B(X) and yo € B(X) such that 221 = y; + yo. Hence

2=2"221) = 2" (y1 + ¥2) = 2" (1) + 2" (o). (2)

This implies that z*(y1) = 2*(y2) = 1. Then y; € J(z*) and y, € J(x*).
Noticing that J(x*) = [z, xs], we obtain that x; = y; = yo. This implies that
x7 is an extreme point of B(X).

(¢) We next will prove that z; is a pe-point of B(X). Let {xs}aen C B(X)
be a net and z, ﬂ)l’l. Suppose that {x,}aca dose not converge to z;. Then
there exists ¢ > 0 such that for any a € A, there exists § > «, for which

|z5 — x1]| > e. Hence we define a subnet {23}, of {Za}aca. By za— 21,
we obtain that for any weak neighbourhood V' of x, there exists oy € A such
that z, € V whenever o > «. Therefore, by the definition of {zs}gecna,, there
exists By > ap such that zg € V whenever § > [y > ap. This implies that

x3 = r1. Put

there exists a subnet {zz} of {z4}aca
such that [z — z1|| > e, z5— x; '

5w1:sup{s>0:

Then €,, > 0. Moreover, it is easy to see that the net {z,}sea does not
converge to z, where z € (z1,22] = {Az1 + (1 — X)z2: A € [0,1)}. Put

there exists a subnet {3} of {z4}aen
€, =supge>0: )

such that |lzg — z|| > ¢, 25— 2
where z € (x1,29]. Then it is easy to see that €, > 0. We claim that
n=inf{e, > 0:z € [z1,25]} > 0. (3)

Otherwise, there exists a sequence {z,}5°, C [z1, 9] such that ¢, — 0 as
n — oo. Since the set [zq,xs] is compact, we may assume without loss of
generality that z, — zy € [r1,25] as n — oo. Therefore, by £, — 0 and
Z, — 2, we obtain that there exists a natural number n(0) such that

1 1
||Zn(0) — Z()H < Zgzo and €Zn<0) < Zezo (4>

From the previous proof, there exists a subnet {zg} of {xs}aea such that

x5 — z0|| > (3/4)e., and 25— x1. Therefore, by formula (4), we obtain that

1 1

1530 = ESZO.

3
25 = zn0)l| 2 les = 20ll = |20 = 20| 2 7220 =
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This implies that €., ) > (1/2)e.,, which contradict formula (4). Hence there
exists a finite set {y;}*_, such that

1

k
{yitio) C [z1,20) C Z,ng(yz‘, 577)-

From the previous proof there exists a subnet {zg, } of {x,} such that ||z5, — v1||
> nand 25, — . From the previous proof, there exists a subnet {z3,} of {3, }

such that ||z, — y1| >, |25, — v2|| > 7 and 5, — x1. Hence there exists a
subnet {xg,} of {z,} such that

lzs, —vill > 0. llwg, —voll =0, s llzg, —vall >0 and x5, a1 (5)
Let
1

k
UJ(x*) = ing(yiu 577) ) [951,$2] = J(x*)

Then, by formula (5), we obtain that Uj,-)N{zs,} = 0. Therefore, by {xs,} C
B(X) and U+ N{zs,} = 0, we have {z5,} C B(X)\U,+). Moreover, by the
proof of (a), we obtain that

J(z*) Neo(B(X)\Uy(s)) = 0.

Therefore, by the separation theorem, there exist y* € S(X*) and r > 0 such
that

inf{y*(z) : x € J(a*)} —r > sup {y*(z) : 2 € @0 (B(X)\Uj(r) } -

Since {zg,} C B(X)\Uj+), we obtain that y*(x1) —r > sup{y*(z) : =z €

{25,.}}, which contradict x5, — ;. This implies that z, — z;. Hence we
obtain that x; is a pe-point of B(X). Since x; is an extreme point of B(X),
by Lemma 1.12, we obtain that z; is a dentable point of B(X). Similarly, we
obtain that x, is a dentable point of B(X).

(d) We first define a set
A(X™) = {z" € S(X™) : 2" is norm attainable on S(X)}.

Let diamJ(z*) = sup{||z —y|| : z € J(2*), y € J(z*)}. Since X is a nonsquare
space, we obtain that

min{|lz +y|[, |z — y[[} < 2.
for any z € S(X) and y € S(X). Moreover, if x € J(z*) and y € J(z*), then
22> |z +yll = 2"z +y) =2"(z) +2"(y) = 2.

This implies that ||z — y|| = min{||z — y|, ||z + y||} < 2 for all z € J(z*) and
y € J(x*). Since J(x*) is a line segment or a singleton, we have diamJ(z*) < 2
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for all z* € J(X*). Moreover, there exists a dense subset {r(i)}2; of [1/8,2).
It is easy to see that 167 (i) — [2 — r(i)] < 16r(i) for all i € N. Put

H: = {aj* € AX") :r(i) — %[2 —r(i)] < diamJ(z*) < T(Z)} :

1
H* = {:c* € A(X™) : diamJ(z") < g},
H; ={x € S(X) : there exists * € H; such that z*(z) = 1}

and
H = {x € S(X): there exists z* € H* such that z*(z) = 1}.

Since every bounded set of X* is w*-separable, we obtain that H; and H*
are w*-separable. Hence there exist two sequences {z*(n)}>2, C H* and
{z*(i,n)}22, C H} such that {z*(i,n)}>2, is a w*-dense subset of H} and
{z*(n)}2, is a w*-dense subset of H*. Let J(x*(i,n)) = [z(1,i,n),z(2,i,n)]
and J(z*(n)) = [x(1,n),2(2,n)]. We define open balls

B (x(l,z',n), -2 zg(i)) , B (I(Q,i,n), 2 _1g<i>>

B (x(l,n), %) B (m(?,n), %)

for all i,n € N. From the proof of (c), we obtain that z(1,i,n), z(2,i,n),
z(1,n) and z(2,n) are dentable points of B(X) for all i,n € N. We next will
prove that

S(X) j@u@’l ol {B <x(j,i,n), 2 ‘1(75"(“) UB (:c(j, n), %) } .

It is easy to see that S(X) C (UX,H}) U H. For clarity, we will divide the
proof into two cases.

and

Case 1. Let x € U2, H;. Then there exists a natural number ¢y € N such that
x € H;,. Hence there exists y; € J(x) such that y; € H; , where

J(z) ={a" € S(X*) : 2" (x) = ||z|]| = 1} .

Since {x*(ip, 1)}, is a w*-dense subset of H; , there exists a net {o} }aea C
{z*(ip, n) }22; such that = LN y5- Then there exists a subsequence {x*(ig, nx) }32 4

of {z*(ip,n)}2, such that z*(ig, ny) = ¥ as k — oo. Otherwise, there exists

a weak* neighborhood U of yj such that {z*(ig,n)}5>, N U = (). This implies
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that {z%}aea NU = 0, which contradict 7 s ys. Hence, for every k € N, we
define a weak™ neighborhood

1
V= {2 € X ) i)l < 5 )

. . w? . .
of y§. Since x*(ig, nk) — y§ as k — oo, we may assume without loss of generality
that x*(ig, ny) € Vi. Then

. . 1 1
(* (g, nk), ) > yo(z) — o > 1- T

This implies that

1
2> ||I(17207nk) +x|| = (x*<i0,nk>,$(1,i0,nk) + J}') >2- E

and

1

2 > ||z (2,40, ) + || = (2" (do, nk), (2, do, k) + ) > 2 — T

Hence ||z(1,i9,n%) + z|| = 2 and ||z(2, 40, nx) + z|| — 2 as k — co. Since X is

compactly locally uniformly convex, we may assume without loss of generality
that

lim z(1,i9,n%) = z(1,i9)  and lim x(2, g, n%) = 2(2,140)- (6)
k—o0 k—o0

Since (z*(ig, nx), x(1, 49, nx)) = 1 and klim x(1,179,nx) = x(1,4p), we obtain that
— 00

o
IA

| (2 (io, k), (1, o)) — 1
= |(x*(i07nk)v IB(l,io)) - (x*(i()»nk)v :E(lviOv nk))|
< 2" (o, ne) || - |2 (1,40, nk) — z(L,40)|| =0  as  n— oo.

Since z*(ig, ng) ”“”—?yg; and (x*(ig, ng), z(1,i9)) — 1 as k — oo, we obtain that
(yg,x(1,40)) = 1. Similarly, we have (y5, z(2,49)) = 1. Noticing that yj € J(z),
we have x(1,4) € J(v5), ©(2,40) € J(y5) and x € J(y;). Moreover, by formula
(6), there exists kg € N such that

' ' 2—r( . . 2—r(
|2 (1, i0, nky) —2(1,30) || < 642( 0)’ 2(2, 0, ny ) — (2, 40) || < % (7)
and
' j ; , 2—r(i
(L 0) — 2(2,io)| — o(L, o, mae) — (2, 0, ma )| < 0] ()

642
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Since J(x§(io, nky)) = (1,70, Nk ), (2,40, Nk, )] C HY, we obtain that

107

||x(17i07nk0) - x(27i07nk0)” > T(i[)) - %6[2 - T<i0)]'

Therefore, by formula (8), we obtain that

. . . . 2—r(
o (Li0) — (2, 0)| > (Lo, i) — (2, )|~ e )
Q—T(io) 2—7"(20)

> r(ig) —
> 7(io) 16 642

(9)

Moreover, by ys € H;, we have diam.J(y;) < r(i9). Therefore, by z(1,4) €
J(yg) and ©(2,14) € J(y;), we obtain that

|2(1,i0) — 2(2,i0)|| < diam.J(yg) < 7(do). (10)
Suppose that x € [x(1, 1), x(2,40)]. Then, by formulas (7) and (10), we obtain
that
[ = @(1, ig, o) || + [l — (2,40, 10, ) |
< e = 2L, i)l + (L, ) — 2(L,ig, ma)l| + ll2 — (2, 0)]
+ ||l‘<2, iO) - I<27 7:07nk0)||
= ||z(1,40) — 2(2,40) || + [[2(1,i0) — 2(1, d0, no) || + [|2(2, 40) — 2(2, 40, 121y |

< rlig) + 2 ;Eio) 2 ;Zéio) < (1 - 2_1—;@0)) + (1 — 2_1—2@0)) .

This implies that

2 — T(io)
16

2 — T(ig) '

or |z —x(2,ip,nk)|| <1— T

l — @ (1, dg, g )| < 1 —

Hence

2_1—2(20)) UB (“"(27@'07%)’ b 2_1—7;5(2()>> |

Suppose that x ¢ [x(1,4),x(2,40)]. Then, by formulas (9) and (10), we obtain
that

reB <x(1,i0,nk0), 1-

JofLio) = 2ol € (rti) 25 = 250 i) )

Let J(y3) = [y1,y2). Then x(1,ip) € [y1,y2] and x(2,4y) € [y1,y2]. Noticing
that y; € H; , we obtain that

107

Iwy—wHE(N%%—EZEQQ,N%O. (12)
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Since = ¢ [x(1,40),2(2,40)], [2(1,40),2(2,%0)] C [y1,y2] and = € [y1,ys], we
obtain that

z(1,4) € [x,2(2,10)] C [y1,92] or z(2,4) € [x(1,40), 2] C [v1,92].  (13)
We we may assume that z(1,40) € [z, 2(2,4)] C [y1,y2]. Then ||z — z(1,io)|| <
[2 — r(ip)]/8. Suppose that ||z —x(1,ip)| > [2 — 7(i)]/8. Then, by formulas
(11)-(13), we obtain that

lyr = wall = llz = 2(L o) || + [l (1L, d0) — (2, 40|

2 — 7 (ip) . 2 —r(ip) 2 —r(io)
e e
= r(ip) + 2 _12(20) 2 _612(20) > (i),

which contradict formula (12). Therefore, by formula (7), we obtain that

”I - x(laiO’nko)H < ||:L" - m(lviO)H + ||£E(1,i0) - x(lai()?nko)n
2 — T(io) 2 — T(io) 2 — T(io)
<l———=

8 * 642 16

This implies that

2—r(1 2 r(i
v 8 (atinm) 1 = 2 ) U (a2 i) 1 - 2 ).

Case 2. Let x € H. Analogous to the proof of Case 1, we obtain that there
exists a subsequence {ny} of {n} such that

lim z(1,n5) = (1) and lim z(2,ng) = x(2).

k—o0 k—o0
Then there exists kg € N such that [|z(1,ng,) —2(1)|| < 1/16. Analogous to
the proof of Case 1, we obtain that there exists z* € H* such that z(1) € J(z*%),
z(2) € J(z*) and = € J(z*). Since z* € H*, we obtain that diamJ(z*) < 1/8.
Hence

1 1 1

[ = (L) [| < o = (D + [|2(1) = (1, n)[| < 5+ = < 5

8§ 16 2
This implies that x € B(z(1,ng,),1/2). Combing Case 1 with Case 2, we
obtain that there exists a sequence {z,}>>, of dentable points of B(X) such
that S(X) C U2 B(zp, ), where r,, < 1 for all n € N. O

Theorem 2.2. Suppose that A is a bounded closed convexr subset of X. Then
x € A is a strongly exposed point of A if and only if

(1) = € A is a dentable point of A;

(2) z € A is a w*-exposed point of Av*.
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Proof. Necessity. Let x € A be a strongly exposed point of A. Then x € Ais a
dentable point of A. Moreover, since A is a closed convex subset of X and z € A
is a strongly exposed point of A, there exists z* € S(X*) such that z, — z
whenever {z,}°2, C A and z*(z,) — sup{z*(y) : y € A} as n — oco. Suppose
that there exists 2 € Av" \ {z} such that 2*(2**) = 2*(z). Since 2** # z,
there exist a weak® neighborhood V' of z** and a weak* neighborhood U of x
such that U NV = (). Hence, for any n € N, we define a weak* neighborhood

1
Vo=Vn {z** e X"z (2™) — 2" (a™)] < ﬁ}

of **. Since ™ € A", there exists a sequence {x,}>°, C A such that z,, € V,
for all n € N. This implies that U N'V,, = (). Moreover, it is easy to see that

lim z*(z,) = 2*(2™) = 2" (z) = sup{z*(y) : y € A}.

n—oo
Since x € A is a strongly exposed point of A, we obtain that x,, — z asn — oo.
Then there exists a natural number ng € N such that x,, € U, a contradiction.
Hence z*(z) > x*(y**) whenever y** € Av" \ {z}. This implies that x € A is a
w*-exposed point of Av".

Sufficiency. Since z € A is a w*-exposed point of A", there exists z* €
S(X*) such that x*(z) > 2*(y**) whenever y** € Av". Let z*(z,) — 2*(2) =
sup{z*(y) : y € A} as n — oo. Suppose that z,, dose not converge to x.
Then we may assume without loss of generality that there exists ¢ > 0 such
that ||z, — x| > €. Since {x,}32, is a bounded sequence. there exists z** €
Av” such that z** is a weak* accumulation point of {x,}%° . Since z*(z,) —
z*(z) = sup{z*(y) : yv € A} as n — oo, we obtain that z*(z*™) = x*(x)

and there exists a net {Zq}aea C {2,152, such that z, —z**. Since z is a

w*-exposed point of A¥*, we obtain that z** = z. Hence z, — z. Since z is
a dentable point of A, we obtain that x ¢ ¢o(A\B(z,¢)). Therefore, by the
separation theorem, there exist y* € S(X*) and r > 0 such that

y*(z) —r > sup{y*(y) : y € co(A\B(w,¢))}. (14)

Since {Z}taea C {zn}02, C c0(A\B(z,¢)), by formula (14), we have y*(x) —
r > y*(z,), a contradiction. Hence x € A is a strongly exposed point of A. [

Definition 2.3. (see [9]) A Banach space X is said to be nearly very convex
if for any z* € S(X*), if ™ (x*) = ||**|| = 1, then z** € S(X).

Theorem 2.4. Suppose that X is a nearly very convex space. Then x € S(X)
is a strongly exposed point of B(X) if and only if

(1) z € S(X) is a dentable point of B(X);

(2) z € S(X) is a exposed point of B(X).
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Proof. Necessity. Let x be a strongly exposed point of B(X). Then, by
Theorem 2.2, we obtain that z € S(X) is a dentable point of B(X) and = €
S(X) is a w*-exposed point of B(X)"" = B(X**). This implies that z is a
exposed point of B(X).

Sufficiency. Let z € S(X) be a dentable point of B(X) and be a exposed point
of B(X). Then there exists 2* € S(X*) such that z*(x) > z*(y) whenever
y € B(X) \ {z}. Since X is nearly very convex, we obtain that if z**(z*) =
|lz*|| = 1, then x** € S(X). This implies that z*(x) > x*(y**) whenever
y* € B(X*)\ {z}. Hence x is a w*-exposed point of B(X)" = B(X**).
Therefore, by Theorem 2.2, we obtain that x is a strongly exposed point of
B(X). O

Corollary 2.5. Suppose that X is reflevive. Then x € S(X) is a strongly
exposed point of B(X) if and only if

(1) z € S(X) is a dentable point of B(X);

(2) z € S(X) is a exposed point of B(X).

3. Some examples

Suppose that every bounded subset of X* is w*-separable, X is compactly
locally uniformly convex and X is 2-strictly convex. Then the conclusion of
Theorem 2.1 is not necessarily true.

Example 3.1. Let (R, []..) = {(z,3) : 2.5 € R, |, 9) ., = max(|a] ,|y)}.

It is easy to see that (R?,-||..) is compactly locally uniformly convex and is 2-

strictly convex. Moreover, it is easy to see that {(1,1), (1, —1),(=1,—1),(=1,1)}
is the set of dentable points of S(R?, ||-|| ). Suppose that there exist 0 < 71 < 1,

0<ry<1,0<r3<1landO0<ry <1 such that

S((sz H”oo)) - B((la 1))"1) UB((17 _1>’T2) UB((_17 _1>a T3) UB((_L 1)7T4)'
It is easy to see that
(0,1) ¢ B((1,1),r1) UB((1,—=1),r) U B((—=1,—1),r3) U B((—1,1),r4),

a contradiction.

Suppose that every bound subset of X* is w*-separable, X is compactly locally
uniformly convex, X is 2-strictly convex and X is nonsquare. Then by Theorem
2.1 and Theorem 2.2, it is very natural to ask whether for any J(z*) = [z1, x2],
x1 and x5 are strongly exposed points of B(X). Unfortunately, it is not true.

Example 3.2. Let A = {(z,y) € R*: (x—1/2)? +y*> < 1}, B = {(z,y) €
R*: (x4 1/2)*+y* <1} and C = co(A U B). Define

(4 1o) = { ) € 7 ol =int {ae R: S e o},
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Then, by the definition of smooth space, it is easy to see that (R?|-||,) is
smooth. Since (R?,[-|,) is a 2-dimensional space, we obtain that (R?,|-||,) is
compactly locally uniformly convex and 2-strictly convex. Moreover, it is easy
to see that (R?-||,) is nonsquare. Since [(—1/2,1),(1/2,1)] € S ((R%ly)),
we obtain that (R?]|,) is not strictly convex. Hence there exists z* €
S ((R%|llp)") such that A(z*) = [(z1,5), (22,92)] and (z1,31) # (22,90).
Therefore, by Theorem 2.1, we obtain that (x1,y;) is a dentable point of
B ((R*||'lp))- Suppose that (z1,y1) is a strongly exposed point of B ((R?, ||-[|,))-

Then we obtain that (z1,1) is a w*-exposed point of B((R?, ||||0)*)w by The-
orem 2.2. Since (R?|-||,) is reflexive, we obtain that (z1,v:) is an exposed
point of B ((R?, |-l,)). Hence there exists h* € S ((R?, ||-||,)") such that

L= (k" (z1,31)) > (I", (z,y)) whenever (z,y) € B ((B,|[l) \ {(z1.9)}-

Since (R?, ||-|l,) is smooth, we have h* =z*. Then (h* (z2,y2)) = (2% (2, y2)) =1,
a contradiction. This implies that (x1,;) is not a strongly exposed point of

B (72 llo))-

Corollary 3.3. There exist a finite dimensional Banach space X and x €
S(X) such that z is a dentable point of B(X) and x is not a strongly exposed
point of B(X).
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