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Let A ⊂ Rn be a closed set and let S ⊂ Rn be a set containing A. In this paper, we
study a new regularity class for A, called S-convexity, introduced in [10] where an inner
approximation of a closed set by sets satisfying the interior sphere condition is given. We
prove that this new class covers several known regularity properties including the proximal
smoothness, the exterior sphere condition and the union of closed balls. As an application
of such results, we provide a new sufficient condition for the equivalence between proximal
smoothness and the exterior sphere condition studied in [11].
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1. Introduction

Let A be a nonempty and closed subset of Rn. For a ∈ A a boundary point
and ζ ∈ Rn a unit vector, we recall that ζ is said to be proximal normal to A
at a if there exists r > 0 such that

B

(
a+ r

ζ

∥ζ∥
; r

)
∩ A = ∅,

where B(z; ρ) denotes the open ball of radius ρ centered at z. In this case, we
say that ζ is realized by an r-sphere. The set of all proximal normals to A at a
is a convex cone, and we denote it by NP

A (a).
For r > 0, the set A is said to be r-proximally smooth if for any boundary point a
of A and for all 0 ̸= ζ ∈ NP

A (a), ζ is realized by an r-sphere. The set A is simply
∗Corresponding author.

ISSN 0944-6532 / $ 2.50 © Heldermann Verlag



1060 C. Nour, J. Takche / A New Class of Sets Regularity ...

said to be uniformly proximally smooth if A is r-proximally smooth for some
positive r. The uniform proximal smoothness was first introduced by Federer
[9] under the name positive reach. In Clarke, Stern and Wolenski [6] (see also
Canino [1] and Shapiro [20]), the proximal smoothness was studied in depth in
a Hilbert space setting, and equivalence were made with uniquenesses of the
metric projection mapping and smoothness properties of the Euclidean distance
function on an open tube around A. Other properties related to proximal
smoothness are φ-convexity; see Colombo and Marigonda [7] and Colombo,
Marigonda and Wolenski [8], and prox-regularity; see Poliquin and Rockafellar
[16], Poliquin, Rockafellar and Thibault [17] and Rockafellar and Wets [19].
For r > 0, we say that A satisfies the exterior r-sphere condition if for any
boundary point a of A, there exits 0 ̸= ζ ∈ NP

A (a) such that ζ is realized by an
r-sphere. Paralleling the terminology above, we simply say that A satisfies the
uniform exterior sphere condition if it satisfies the exterior r-sphere condition
for some r > 0. Clearly, when A equals to the closure of its interior, then the
uniform exterior sphere condition coincides with the uniform interior sphere
condition of the complement of the interior of A. The latter condition is a well
known one in control theory, and is important in deriving regularity properties
of the minimal time function; see e.g. Cannarsa and Frankowska [2], Cannarsa
and Sinestrari [3, 4] and Sinestrari [21].
The relationship between proximal smoothness and the exterior sphere condi-
tion was studied, apparently for the first time, in Nour, Stern and Takche [11].
The nonequivalence between these two properties, unless epi-Lipschitzness (or
wedgedness) is assumed, was verified via counterexamples, thus clarifying a
semantic ambiguity in the control theory literature.
Another important regularity property related to proximal smoothness and the
exterior sphere condition is the union of uniform closed balls property. Indeed,
the equivalence between the interior sphere condition and the union of uniform
closed balls property was stated as a conjecture in Nour, Stern and Takche
[11, 12] and proved two years later by the same authors in [14].
The goal of this paper is to study the new regularity property, called S-convexity
for S ⊃ A, introduced in [10] where an inner approximation of a closed set by
sets satisfying the interior sphere condition is given. We prove that this new
regularity class contains (for a suitable and remarkable choice for S) several
known regularity properties including the proximal smoothness, the exterior
sphere condition and the union of closed balls. As an application, we provide a
new sufficient condition for the equivalence between proximal smoothness and
the exterior sphere condition.
The paper is organized as follows. In the next section we present some no-
tations, definitions and preliminaries from nonsmooth analysis. Section 3 is
devoted to the study of the S-convexity and its relation to some other known
regularity properties.



C. Nour, J. Takche / A New Class of Sets Regularity ... 1061

2. Preliminaries

We denote by ∥·∥, ⟨·, ·⟩, B and B, the Euclidean norm, the usual inner product,
the open unit ball and the closed unit ball, respectively. For ρ > 0 and x ∈ Rn,
we set B(x; ρ) := x + ρB and B(x; ρ) := x + ρB. The segment joining two
points x and y in Rn is denoted by [x, y], that is,

[x, y] := {(1− λ)x+ λy : λ ∈ [0, 1]}.

For a set A ⊂ Rn, Ac, intA, ∂A, and clA are the complement (with respect
to Rn), the interior, the boundary, and the closure of A, respectively. We also
denote by A′ the complement of the interior of A, that is, A′ = (intA)c. The
distance from a point x to a set A is denoted by dA(x), and proj A(x) denotes
the set of closest points in A to x, that is, the set of points a ∈ A satisfying
∥a− x∥ = dA(x). For x ∈ Rn a point and ζ ∈ Rn a unit vector, the directional
distance from x to a closed set A in the direction ζ, denoted by dA(x, ζ), is
defined by

dA(x, ζ) := min{t ≥ 0 : x+ tζ ∈ A}.
Note that here the minimum of an empty set is taken to be ∞.
Now we provide certain definitions from proximal analysis. Our general refer-
ence for these constructs is Clarke, Ledyaev, Stern and Wolenski [5]; see also
[15] and [19]. Let A be a nonempty and closed subset of Rn. For x ∈ A, a
vector ζ ∈ Rn is said to be proximal normal to A at x provided that there exists
σ = σ(x, ζ) ≥ 0 such that

⟨ζ, s− x⟩ ≤ σ∥a− x∥2 ∀a ∈ A. (1)

The relation (1) is commonly referred to as the proximal normal inequality. No
nonzero ζ satisfying (1) exists if x ∈ intA, but this may also occur for x ∈ ∂A,
as is the case when S is the epigraph of the function f(z) = −|z| and x = (0, 0).
For such a point, the only proximal normal is ζ = 0. In view of (1), the set of
all proximal normals to A at x is a convex cone, and we denote it by NP

A (x).
Now let x ∈ ∂A, 0 ̸= ζ ∈ Rn and r > 0 be such that

B

(
x+ r

ζ

∥ζ∥
; r

)
∩ A = ∅. (2)

Then ζ is a proximal normal to A at x and we say that ζ is realized by an
r-sphere. Note that ζ is then also realized by an r′-sphere for any 0 < r′ < r.
One can show that ζ being realized by an r-sphere is equivalent to the proximal
normal inequality holding with σ = 1/2r; that is,⟨

ζ

∥ζ∥
, a− x

⟩
≤ 1

2r
∥a− x∥2 ∀a ∈ A. (3)

For r > 0, the set of all boundary points of A that have at least one proximal
normal vector realized by an r-sphere will be denoted by ∂rA, and the set of
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all points x ∈ A′ that belongs to a closed r-ball in A′ will be denoted by A′(r).
Finally, for x ∈ ∂A, r > 0 and 0 ̸= ζ ∈ NP

A (x), we define

r(x, ζ) := max{r′ > 0 : r′ ≤ r and ζ is realized by an r′-sphere}. (4)

We proceed to introduce two well-known regularity properties for a nonempty
and closed subset A of Rn: the uniform interior sphere condition and the uni-
form proximal smoothness. For more information about these two properties,
we invite the reader to see the papers [1, 6, 9, 11, 13].
Definition 2.1. For r > 0, a nonempty and closed set A ⊂ Rn is said to
satisfy an exterior r-sphere condition if and only if for all x ∈ ∂A there exits
0 ̸= ζ ∈ NP

A (x) such that ζ is realized by an r-sphere, that is,⟨
ζ

∥ζ∥
, a− x

⟩
≤ 1

2r
∥a− x∥2 ∀a ∈ A.

We simply say that A satisfies the uniform exterior sphere condition if it satisfies
the exterior r-sphere condition for some r > 0.

Remark 2.2. Using the equivalence between (2) and (3), we get that the
exterior r-sphere condition is equivalent to the existence, for each boundary
point x, of yx ∈ Ac such that B (yx; r) ⊂ Ac and ∥yx − x∥ = r.

Definition 2.3. For r > 0, a nonempty and closed set A ⊂ Rn is said to be
r-proximally smooth if and only if for all x ∈ ∂A and 0 ̸= ζ ∈ NP

A (x), ζ is
realized by an r-sphere, that is,⟨

ζ

∥ζ∥
, a− x

⟩
≤ 1

2r
∥a− x∥2 ∀a ∈ A.

We simply say that A is uniformly proximally smooth if A is r-proximally
smooth for some positive r.

The relationship between proximal smoothness and the exterior sphere condi-
tion was studied, apparently for the first time, in Nour, Stern and Takche [11].
The authors proved, by several counterexamples see [11, Section 2], that these
two properties are not equivalent unless epi-Lipschitzness (or wedgedness) is
assumed on the set A, see [11, Corollary 3.12].
On the other hand, one can easily verify that if A′ is the union of closed r-balls
(in this case we say that A′ is the union of uniform closed balls) then A satisfies
the exterior r-sphere condition. The reverse implication is not necessarily true
(for the same radius r) as it is shown in [11, Example 4.7]. Nour, Stern and
Takche proved in [14] that the reverse implication holds if we replace r by r/2,
that is, if A satisfies the exterior r-sphere condition then A′ is union of closed
balls with same radius r/2. A strong version of this result (in which r/2 is
replaced by nr/2

√
n2 − 1) remains an open question, see [14, Conjecture 1.3].
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3. S-convexity

Let S ⊂ Rn be a nonempty and closed set. In [10], Nour, Saoud and Takche
gave sufficient conditions for the existence of an inner approximation for S by
sets satisfying the interior sphere condition. One of these sufficient conditions
was the existence of a closed set A ⊂ S satisfying a new geometric property
called S-convexity. The following is the definition.
Definition 3.1. Let A be a closed and nonempty subset of Rn and let S be a
set containing A. We say that A is S-convex if and only if for all s ∈ S ∩ Ac

and a ̸= a′ ∈ ∂A satisfying

∥s− a∥ ≤ d∂S

(
a,

s− a

∥s− a∥

)
and ∥s− a′∥ ≤ d∂S

(
a′,

s− a′

∥s− a′∥

)
, (5)

we have s− a ̸∈ NP
A (a) or s− a′ ̸∈ NP

A (a
′).

Remark 3.2. The two conditions of (5) are equivalent to [a, s] ⊂ S and
[a′, s] ⊂ S, respectively. Hence if for a ∈ ∂A, ζ ∈ NP

A (a) and t ≥ 0, the
segment [a, a+ tζ] is called normal segment to A at a, then the S-convexity of
A means that no two normal segments to A (at two distinct points) contained
in S, intersect in S. See Figure 3.1.

A is S1-convex

A

S1

A is not S2-convex

A

S2

Figure 3.1: S-Convexity

Let us illustrate Definition 3.1 with some basic properties and examples. We
begin by the following proposition in which we give some straightforward prop-
erties.
Proposition 3.3. Let A and S be two nonempty sets in Rn such that A is
closed and A ⊂ S. Then we have the following:
(i) A is convex if and only if A is Rn-convex.
(ii) If A is S-convex and A ⊂ S1 ⊂ S then A is S1-convex.
(iii) If A is S-convex and s ∈ S such that [s, projA(s)] ⊂ S, then s has a unique

projection on A.

In the following example, we will prove that the converse of (iii) (of the pre-
ceding proposition) is not necessarily true. More precisely, we will provide a
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closed set A ⊂ R2 and a set S ⊃ A such that any point in S has a unique
projection on A but A fails to be S-convex.

A

S

-2 2

-

3

2

1

Figure 3.2: Example 3.4

Example 3.4. Let S := {(x, y) ∈ R2 : y ≥ 0} and let A be the set of points
inside S but outside the ellipse x2

4
+ y2 = 1, that is,

A :=

{
(x, y) ∈ R2 :

x2

4
+ y2 ≥ 1 and y ≥ 0

}
.

One can easily prove that each point in S has a unique projection on A. In
fact, all the points in R2, except the points of the red curve (see Figure 3.2),
have a unique projection. But A fails to be S-convex since the origin (0, 0)
belongs to the two normal segments [(−2, 0), (0, 0)] and [(2, 0), (0, 0)].

We proceed to introduce three special sets that will play an important role in
our study. For A ⊂ Rn a nonempty and closed set and r > 0 we denote by Ar

the set of all point x ∈ Rn with distance to A less than r, that is,

Ar =: {x ∈ Rn : dA(x) < r}.

Using the definition of r(a, ζ), see (4), one can easily verify that

Ar = A ∪
∪

a∈∂A, ζ∈NP
A (a)

r(a,ζ)=r

[a, a+ r(a, ζ)ζ[∪
∪

a∈∂A, ζ∈NP
A (a)

r(a,ζ)<r

[a, a+ r(a, ζ)ζ].

We also denote by Ãr and Ār the following two sets:

• Ãr := A∪
∪

a∈∂A, ζ∈NP
A (a)

[a,a+r(a,ζ)ζ]⊂A′(r)

[a, a+ r(a, ζ)ζ[ ∪
∪

a∈∂A, ζ∈NP
A (a)

[a,a+r(a,ζ)ζ] ̸⊂A′(r)

[a, a+ r(a, ζ)ζ],

• Ār := A∪
∪

a∈∂rA, ζ∈NP
A (a)

[a, a+r(a, ζ)ζ[ ∪
∪

a∈∂A∩(∂rA)c, ζ∈NP
A (a)

[a, a+r(a, ζ)ζ].
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Proposition 3.5. Let A ⊂ Rn be a nonempty and closed set and let r > 0.
Then Ār ⊂ Ãr ⊂ Ar.

Proof. The inclusion Ār ⊂ Ãr follows directly from the following facts:

• A∪
∪

a∈∂rA, ζ∈NP
A (a)

[a, a+ r(a, ζ)ζ[ ∪
∪

a∈∂A∩(∂rA)c, ζ∈NP
A (a)

[a, a+ r(a, ζ)ζ[⊂ Ãr.

• If x = a0 + r(a0, ζ0)ζ0, where a0 ∈ ∂A ∩ (∂rA)
c and ζ0 ∈ NP

A (a0), then
a0 ̸∈ A′(r) and hence a0 ∈ ∂A, ζ0 ∈ NP

A (a0) and [a0, a0 + r(a0, ζ0)ζ0] ̸⊂
A′(r). Therefore

x ∈
∪

a∈∂A, ζ∈NP
A (a)

[a,a+r(a,ζ)ζ] ̸⊂A′(r)

[a, a+ r(a, ζ)ζ] ⊂ Ãr.

For the inclusion Ãr ⊂ Ar, it is sufficient to remark the following:
• For all x ∈ [a, a+ r(a, ζ)ζ[, where a ∈ ∂A and ζ ∈ NP

A (a), we have

d(x,A) ≤ d(x, a) < r(a, ζ) ≤ r,

and then

A∪
∪

a∈∂A, ζ∈NP
A (a)

[a,a+r(a,ζ)ζ]⊂A′(r)

[a, a+ r(a, ζ)ζ[ ∪
∪

a∈∂A, ζ∈NP
A (a)

[a,a+r(a,ζ)ζ] ̸⊂A′(r)

[a, a+ r(a, ζ)ζ[⊂ Ar.

• If a ∈ ∂A and ζ ∈ NP
A (a) then

[a, a+ r(a, ζ)ζ] ̸⊂ A′(r) =⇒ r(a, ζ) < r.

Hence for x := a0 + r(a0, ζ0)ζ0, where a0 ∈ ∂A, ζ0 ∈ NP
A (a0) and

[a0, a0 + r(a0, ζ0)ζ0] ̸⊂ A′(r),

we get that
d(x,A) ≤ d(x, a0) = r(a0, ζ0) < r.

This gives that x ∈ Ar.
The details are left to the reader.

Example 3.6. In Figure 3.3 and for the same set A (the region outside the
three blue circles), we give three examples (by increasing the radius r) for
possible relations between the sets Ār, Ãr and Ar. More precisely:
• In Figure 3.3a, the three sets coincide.
• In Figure 3.3b, the sets Ār and Ãr coincides but are proper subsets of Ar

(the three red segments are in Ar but not in Ãr).
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A

r

(a) Ār = Ãr = Ar

A

r

(b) Ār = Ãr ( Ar

A

r

(c) Ār ( Ãr ( Ar

Figure 3.3: Example 3.6

• In Figure 3.3c, Ār is a proper subset of Ãr (the three red segments are
in Ãr but not in Ār) and Ãr is a proper subset of Ar (the three blue
segments are in Ar but not in Ãr).

The main result of this paper is the following theorem in which we prove that
the three properties, uniform proximal smoothness, uniform exterior sphere
condition and the union of uniform closed balls, belong to the class of S-
convexity.
Theorem 3.7. Let A and S be two nonempty sets in Rn such that A is closed
and A ⊂ S. For r > 0, the following equivalences hold:
(i) A is r-proximally smooth ⇐⇒ A is Ar-convex.
(ii) A satisfies the exterior r-sphere condition ⇐⇒ A is Ār-convex.
(iii) A′ is the union of closed r-balls ⇐⇒ A is Ãr-convex.

Proof. (i) “⇐=”: If A is Ar-convex then by (iii) of Proposition 3.3, each point
in Ar has a unique projection on A. This gives, using [6, Theorem 4.11], that
A is r-proximally smooth.
(i) “=⇒”: Assume that A is not Ar-convex. Then, by Remark 3.2, there exist
x ∈ Ar ∩ Ac and a ̸= a′ ∈ ∂A such that
• x− a ∈ NP

A (a) and x− a′ ∈ NP
A (a

′),

• [a, x] ⊂ Ar and [a′, x] ⊂ Ar.

We claim that ∥x− a∥ ≤ r. Indeed, if not then we have

a+ r
x− a

∥x− a∥
∈ [a, x] ⊂ Ar,

and then

dA

(
a+ r

x− a

∥x− a∥

)
< r. (6)
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But the proximal normal vector x− a

∥x− a∥
is realized by an r-sphere, then

B

(
a+ r

x− a

∥x− a∥
; r

)
⊂ Ac,

which gives that

dA

(
a+ r

x− a

∥x− a∥

)
= r.

This contradicts (6). Therefore, ∥x−a∥ ≤ r. Now, using again that the proximal

normal vector x− a

∥x− a∥
is realized by an r-sphere, we have that

B(x; ∥x− a∥) ⊂ B

(
a+ r

x− a

∥x− a∥
; r

)
⊂ Ac.

Hence dA(x) = ∥x − a∥ and then a ∈ proj A(x). Similarly, we have a′ ∈
proj A(x). But this contradicts the r-proximal smoothness of A since x has
now two distinct projections on A, the points a and a′ (see [6, Theorem 4.11]).
The proof of (i) is terminated.

(ii) “=⇒”: Since A satisfies the exterior r-sphere condition we have that ∂rA =
∂A. Then

Ār := A ∪
∪

a∈∂A, ζ∈NP
A (a)

[a, a+ r(a, ζ)ζ[. (7)

Assume that A is not Ār-convex. Then there exist x ∈ Ār∩Ac and a ̸= a′ ∈ ∂A
such that
• x− a ∈ NP

A (a) and x− a′ ∈ NP
A (a

′),

• [a, x] ⊂ Ār and [a′, x] ⊂ Ār.

Since x ∈ Ār ∩ Ac and using (7), we get the existence of a0 ∈ ∂A and ζ0 ∈
NP

A (a0) such that x ∈ [a0, a0 + r(a0, ζ0)ζ0[. But ζ0 is realized by an r(a0, ζ0)-
sphere, hence we have

B(x; ∥x− a0∥) ⊂ {a0} ∪B(a0 + r(a0, ζ0)ζ0; r(a0, ζ0)) ⊂ {a0} ∪ Ac. (8)

Clearly we can assume that a ̸= a0. We denote by ζ :=
x− a

∥x− a∥
.

Case 1: ∥x− a∥ ≤ r(a, ζ).

Then B(x; ∥x− a∥) ⊂ B(a+ r(a, ζ)ζ; r(a, ζ)) ⊂ Ac, which gives that dA(x) =
∥x− a∥. Hence ∥x− a0∥ ≥ ∥x− a∥. Then using (8) we get that

a ∈ B(x; ∥x− a0∥) ⊂ {a0} ∪ Ac.

This gives the desired contradiction.
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Case 2: ∥x− a∥ > r(a, ζ).

Then the point x′ := a + r(a, ζ)ζ ∈ [a, x] ⊂ Ār. But x′ ̸∈ A ∪ [a, a + r(a, ζ)ζ[,
then there exists a1 ∈ ∂A and ζ1 ∈ NP

A (a1) such that x′∈ [a1, a1 + r(a1, ζ1)ζ1[,
and a1 ̸= a. Since ζ1 is realized by an r(a1, ζ1)-sphere, we have

B(x′; ∥x′ − a1∥) ⊂ {a1} ∪B(a1 + r(a1, ζ1)ζ1; r(a1, ζ1)) ⊂ {a1} ∪ Ac.

This gives since a ̸∈ {a1} ∪ Ac that ∥x′ − a∥ > ∥x′ − a1∥. Hence

a1 ∈ B(x′; ∥x′ − a∥) = B(a+ r(a, ζ)ζ; r(a, ζ)) ⊂ Ac.

The desired contradiction is reached.
(ii) “⇐=”: Assume that A does not satisfy the exterior r-sphere condition.
Then ∂rA ̸= ∂A. Let a ∈ (∂rA)

c∩∂A. Since the set of points x ∈ ∂A for which
NP

A (x) ̸= {0} is dense in ∂A (see [6, Corollary 1.6.2]) and ∂rA is closed, we can
assume that NP

A (a) ̸= {0}. Let 0 ̸= ζ ∈ NP
A (a). Since a ̸∈ ∂rA, we have by the

definition of Ār that

[a, x] ⊂ Ār where x := a+ r(a, ζ)ζ. (9)

The fact the ζ is realized by an r(a, ζ)-sphere gives that B(x; r(a, ζ)) ⊂ Ac.
Case 1: There exists a′ ̸= a such that a′ ∈ B(x; r(a, ζ)) ∩ ∂A.

Let ζ ′ := x− a′

∥x− a′∥
. Clearly ζ ′ ∈ NP

A′(a′) and ζ ′ is realized by an r(a, ζ)-sphere.

Then we have r(a′, ζ ′) ≥ r(a, ζ) and hence

[a′, x[⊂ [a′, a′ + r(a′, ζ ′)ζ ′[⊂ Ār.

Therefore
• x− a ∈ NP

A (a) and x− a′ ∈ NP
A (a

′),
• [a, x] ⊂ Ār and [a′, x] ⊂ Ār.

This contradicts the Ār-convexity of A.
Case 2: B(x; r(a, ζ)) ∩ ∂A = {a} (see Figure 3.4).
Since a ̸∈ ∂rA we have that r(a, ζ) < r. Let r′ ∈ ]r(a, ζ), r[. Using the definition
of r(a, ζ) we get

B(x′; r′) ∩ A ̸= ∅ where x′ := a+ r′ζ.

Let y′ ∈ B(x′; r′) ∩A. Clearly y′ ∈ intA. Since x′ ̸∈ A (we can assume this by
taking r′ close to r(a, ζ)), we get that the line joining y′ to x′ intersects ∂A at
a point b′ ̸= y′. We have

∥x′ − b′∥ < ∥x′ − y′∥ < r′ = ∥x′ − a∥.
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xx¢x0

A

Ζ

Ζ¢

a¢

a0

b¢
y¢

a

Figure 3.4: B(x; r(a, ζ)) ∩ ∂A = {a}

Now let a′ ∈ projA(x′) and ζ ′ :=
x′ − a′

∥x′ − a′∥
. Clearly we have

• ζ ′ is a proximal normal vector to A at a′ realized by a ∥x′ − a′∥-sphere,
• ∥x′ − a′∥ ≤ ∥x′ − b′∥ < r′ < r,

• a ̸= a′.

Case 2.1: ∃ r0 ∈ ]r(a, ζ), r[ such that ∀ r′ ∈ ]r(a, ζ), r0] we have a′ ̸∈ ∂rA.
Then, using the definition of Ār, we get

[a′, a′ + r(a′, ζ ′)ζ ′] ⊂ Ār for all r′ ∈ ]r(a, ζ), r0].

But r(a′, ζ ′) ≥ ∥x′ − a′∥, then

x′ ∈ [a′, a′ + r(a′, ζ ′)ζ ′] ⊂ Ār for all r′ ∈ ]r(a, ζ), r0]. (10)

Hence for x0 := a+ r0ζ, we have

[a, x0] = [a, x]∪]x, x0] = [a, x]∪]a+ r(a, ζ)ζ, a+ r0ζ]

= [a, x] ∪
∪

r′∈ ]r(a,ζ),r0]

{a+ r′ζ} = [a, x] ∪
∪

r′∈ ]r(a,ζ),r0]

{x′} ⊂ Ār,

where the last inclusion follows from (9) and (10). On the other hand, the
inclusion (10) also gives that [a0, x0] ⊂ Ār, where a0 denotes the point a′ that
corresponds to the choice x0 for x′. Therefore
• x0 − a ∈ NP

A (a) and x0 − a0 ∈ NP
A (a0),

• [a, x0] ⊂ Ār and [a0, x0] ⊂ Ār.
This contradicts the Ār-convexity of A.
Case 2.2: ∀ r0 ∈ ]r(a, ζ), r[ ∃ r′ ∈ ]r(a, ζ), r0] such that a′ ∈ ∂rA.
Then there exists a sequence r′n ∈ ]r(a, ζ), r[ such that r′n converges to r(a, ζ)
and for all n, a′n, the a′ that corresponds to r′n, belongs to ∂rA. Hence we have
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• x′
n = a+ r′nζ converges to x,

• a′n ∈ projA(x′
n) converges to a point a′0 ∈ ∂rA ∩ projA(x),

• ∥x− a′0∥ ≤ r(a, ζ) (since ∥x′
n − a′n∥ < r′n).

But B(x; r(a, ζ))∩A = {a} then a′0 = a. This gives that a ∈ ∂rA, contradiction.
The proof of (ii) is terminated.
(iii) “=⇒”: Since A′ is the union of closed r-balls, we get that A satisfies
the exterior r-sphere condition and then ∂rA = ∂A. Moreover, A′(r) = A′.
Therefore,

Ār = Ãr = A ∪
∪

a∈∂A, ζ∈NP
A (a)

[a, a+ r(a, ζ)ζ[.

By (ii), we have A is Ār-convex and then Ãr-convex.
(iii) “⇐=”: Assume that A′ is not the union of closed r-balls. Then A′(r) ( A′.
Let y0 ∈ A′∩ (A′(r))c. Since A is Ãr-convex and Ār ⊂ Ãr (by Proposition 3.5),
we have that A is Ār-convex. Then by (ii), A satisfies the exterior r-sphere
condition. This gives that ∂rA = ∂A and hence y0 ̸∈ ∂A. Now let a ∈ projA(y0)

and let ζ :=
y0 − a

∥y0 − a∥
∈ NP

A (a). Since y0 ̸∈ A′(r) we have r(a, ζ) < r. Hence

[a, y] ⊂ Ãr where y := a+ r(a, ζ)ζ. (11)

Claim 1: There exists r0 > 0 such that B(y0; r0) ⊂ A′ and B(y0; r0)∩A′(r) = ∅.
Indeed, if not then, using the fact that B(y0; ∥y0 − a∥) ⊂ A′, there exists a
sequence yn satisfying

yn ∈ B

(
y0;

1

n

)
∩ A′(r). (12)

Since yn ∈ A′(r), there exists a sequence zn such that

yn ∈ B(zn; r) ⊂ A′. (13)

Clearly the sequence zn is bounded and then it has a convergent subsequence
(we do not relabel). Let z0 be the limit of zn. By (12) we have that yn converges
to y0 and then (13) yields

y0 ∈ B(z0; r) ⊂ A′.

This yields y0 ∈ A′(r) – a contradiction. Hence, Claim 1 holds.
Claim 2: projA(y) = {a}.
Indeed, if not, there exists a′ ∈ projA(y0) such that a′ ̸= a. Clearly we have
• y − a ∈ NP

A (a) and y − a′ ∈ NP
A (a

′),

• [a, y] ⊂ Ãr (by (11)) and [a′, y] = [a′, y[∪{y} ⊂ Ãr (by definition of Ãr).
This contradicts the Ãr-convexity of A and hence, Claim 2 holds.
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Figure 3.5: projA(y) = {a}

We proceed by defining for each t ∈ ]0, r − r(a, ζ)] the point

xt := a+ (t+ r(a, ζ))ζ = y + tζ,

and at to be a point in projA(xt), see Figure 3.5. By the definition of r(a, ζ),
we get

at ̸= a for all t ∈ ]0, r − r(a, ζ)],

and
∥xt − at∥ < ∥xt − a∥ = t+ r(a, ζ) ≤ r.

This gives, for ζt :=
xt − at
∥xt − at∥

, that r(at, ζt) ≥ ∥xt − at∥ and then

[at, xt[⊂ [at, at + r(at, ζt)ζt[⊂ Ãr.

When t → 0, we have xt → y and then by Claim 2, at → a. Hence there exists
t0 ∈ ]0, r − r(a, ζ)] such that

∥at − a∥ ≤ r0 for all t ≤ t0.

Now let ut := εtat + (1− εt)xt where

εt :=
∥xt − y0∥
∥xt − a∥

=
∥xt − y0∥

∥xt − y0∥+ ∥y0 − a∥
< 1.

Clearly we have ut ∈ [at, xt]. Moreover,

∥ut − y0∥ = ∥εtat + (1− εt)xt − y0∥ = ∥εt(at − xt) + xt − y0∥
= ∥εt(at − xt) + εt(xt − a)∥ = ∥εt(at − a)∥
≤ εtr0 < r0 for all t ≤ t0.
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Hence using Claim 1 we get that for all t ≤ t0

ut ∈ B(y0; r0) =⇒ ut ̸∈ A′(r) =⇒ [at, xt] ⊂ Ãr. (14)

On the other hand,

[a, xt0 ] = [a, y]∪]y, xt0 ] = [a, y] ∪
∪

0<t≤t0

{xt} ⊂ Ãr ,

where the last inclusion follows from (11) and (14). Therefore
• xt0 − at0 ∈ NP

A (at0) and xt0 − a ∈ NP
A (a),

• [at0 , xt0 ] ⊂ Ãr (by (14)) and [a, xt0 ] ⊂ Ãr.
This contradicts the Ãr-convexity of A, and the proof of (iii) is complete.

In [11], Nour, Stern and Takche studied the equivalence between the uniform
proximal smoothness and the uniform exterior sphere condition. They proved,
via counterexamples see [11, Section 2], that these two properties are not neces-
sarily equivalent. Moreover, they provided the following result, see [11, Corol-
lary 3.12], in which a sufficient geometric condition for the equivalence is given.
We recall that a closed set A ⊂ Rn is said to be wedged (or epi-Lipschitz) if
for any boundary point a of A, the set A can be viewed, after application of
an orthogonal linear transformation, as the epigraph of a Lipschitz continuous
function. This geometric definition was introduced by Rockafellar in [18], and
is also characterizable in terms of the nonemptiness of the topological interior
of the Clarke tangent cone, which is in turn equivalent to the pointedness of
the Clarke normal cone ; see [5, 19].
Theorem 3.8. ([11], Corollary 3.12) Let A ⊂ Rn be a nonempty and wedged set
with compact boundary. Assume that A satisfies an exterior r-sphere condition.
Then A is uniformly proximally smooth.

In the following corollary, we provide a new sufficient condition for the equiv-
alence between the proximal smoothness and the exterior sphere condition.
Corollary 3.9. Let A ⊂ Rn be a nonempty and closed set satisfying the exte-
rior r-sphere condition. Assume the existence of r′ ≤ r such that Ār′ = Ar′.
Then A is uniformly proximally smooth.

Proof. Since A satisfies the exterior r-sphere condition, we have by Theorem
3.7 that A is Ār-convex and then Ār′-convex. But Ār′ = Ar′ , then A is Ar′-
convex which gives, by Theorem 3.7, that A is r′-proximally smooth.

Remark 3.10. In this remark, we will prove that our new result, Corollary
3.9, is more general than the previous one, Theorem 3.8. More precisely, we
will prove the following:
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(i) If A is wedged with compact boundary and satisfies the exterior r-sphere
condition then there exists r′ ≤ r such that Ār′ = Ar′ .

(ii) If A satisfies the exterior r-sphere condition and there exists r′ ≤ r such
that Ār′ = Ar′ then A is not necessarily wedged.

For (i), assume that A is wedged with compact boundary and satisfies the
exterior r-sphere condition. Then by Theorem 3.8, there exists r′ (can be taken
to be less than r) such that A is r′-proximally smooth. Therefore, ∂A = ∂r′A
and r(a, ζ) = r′ for all a ∈ ∂A and ζ ∈ NP

A (a). This gives, using the definition
of Ar and Ār′ , that

Ār′ = Ar′ = A ∪
∪

a∈∂A, ζ∈NP
A (a)

[a, a+ r(a, ζ)ζ[.

For (ii), let A be the curved triangle of Figure 3.6 (the two curves are part
of two tangent circles with same radius r0). Clearly A satisfies the r0-exterior
sphere condition and Ār0 = Ar0 . But A fails to be wedged due to the cusp
points.

A

A
-

r0
=Ar0

Figure 3.6: Curved triangle
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