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We study the quasi-Newton method by using set-valued approximations for solving gener-
alized equations without smoothness assumptions. The set-valued approximations appear
naturally when dealing with nonsmooth problems, or even in smooth cases, data in almost
concrete applications are not exact. We present a generalization of the classical Dennis-Moré
theorem, which gives a characterization of the q-superlinear convergence of the quasi-Newton
iterates. The local linear and superlinear convergences of the method, especially, a modi-
fication of the Broyden update method are investigated. We present an example showing
that the classical Broyden update method is no longer linearly convergent when the function
involved in the nonlinear equation is not smooth. A modified version of the Broyden update
is proposed and its convergence is proved. These results are new, and can be considered as
both an improvement and an extension of some results appeared recently in the literature
on this subject.
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1. Introduction and preliminaries

We consider the following generalized equation

Find x ∈ X such that 0 ∈ f(x) + F (x), (1)

where f : X → Y is a mapping and F : X ⇒ Y is a multifunction between
Banach spaces X,Y. The model of generalized equations (1) (this terminology
∗The research of this author is supported by NAFOSTED, under Grant: 101.01-2016.27.
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is due to Robinson) covers a large number of problems in applied mathematics
such as nonlinear equations, variational inequalities, complementarity prob-
lems, variational inclusions, optimality conditions in constrained optimization,
etc. When F is the zero mapping, inclusion (1) reduces to equation f(x) = 0.
In the literature of applied mathematics, engineering and sciences, it is well-
known that the Newton’s method and as well as the quasi-Newton method is
one of the most famous and effective method for solving numerically nonlinear
equations f(x) = 0, for a given function f : Rm −→ Rm (see e.g. [10] and [18]).
The study of generalized equations was initiated by Robinson (1980). Later, Jo-
sephy [13] investigated the local convergence of the Newton and quasi-Newton
methods for the variational inequality of the form 0 ∈ f(x) +NC(x), where C
is a closed convex subset of Rm and NC stands for the forward-normal cone
of C in the sense of convex analysis. The extension of Newton’s method to
generalized equations were considered by many authors, for example, Dontchev
[7], Dontchev and Rockafellar [9] and the references therein.
When f is a smooth function, Newton’s method starts from some point x0 near
a solution x∗ ∈ X of inclusion (1) and generates a sequence (xk) defined by
solving the following auxiliary problem

0 ∈ f(xk) +Df(xk)(xk+1 − xk) + F (xk+1), (2)

where, Df denotes the Fréchet derivative of f . Under the assumptions that f
is of classe C1 and F has closed graph with (f +F )−1 being Aubin continuous
at (x∗, 0), Dontchev [7] has established the local q-quadratic convergence of
Newton’s method.
Besides the Newton method, the quasi-Newton methods for solving nonlinear
equations and optimization problems have attracted the study of many re-
searchers (see, e.g. [5], [8], [14], [15], [16], [21], [22] and references therein).
The quasi-Newton methods, consist of replacing the derivative Df(xk) (or its
kind of generalizations such as, e.g., subdifferentials) in the auxiliary problems
(2) by a continuous linear operator Bk which is constructed in a specific way.
One of central questions related to the quasi-Newton methods is how to update
the sequence (Bk) to ensure the (at least linear) convergence of the generated
sequence? A classical result due to Dennis-Moré ([6], Theorem 2.2) gave a char-
acterization of the q-superlinear convergence of the quasi-Newton method for
solving smooth equations f(x) = 0. More precisely, it establishes for F ≡ 0 a
characterization of the q-superlinear convergence of the quasi-Newton iterates

lim
k→+∞

∥xk+1 − x∗∥
∥xk − x∗∥

= 0,

under the smoothness of the function f and the nonsingularity of its Jacobian
∇f(x∗) at the solution x∗. This result was generalized recently to the quasi-
Newton methods for solving generalized equations in [8] under the assumption
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that that the mapping x 7→ f(x∗)+∇f(x∗)(x−x∗)+F (x) is strongly subregular
at (x∗, 0).
In this paper, we consider the generalized quasi-Newton method by using set-
valued approximations for solving generalized equation (1): Given a starting
point x0 ∈ X, and to generate a sequence (xk)k∈N iteratively by taking xk+1 to
be a solution to the auxiliary inclusion

0 ∈ f(xk) + Bk(xk+1 − xk) + F (xk+1) for k ∈ N, (3)

where Bk : X ⇒ Y is a multifunction from X to Y. Let (γk)k∈N be a given
sequence of positive reals. An inexact version of (3) is given by

0 ∈ f(xk) + Bk(xk+1 − xk) + F (xk+1) + γkBY for k ∈ N. (4)

The set-valued approximations used in (3) appears naturally when one deals
with nonsmooth equations (see e.g. [1] and [23]) or even in smooth cases, data in
almost real-world problems are not exact. An important special case, when each
Bk is generated by a family of continuous linear operators from X to Y , is given
by semismooth (quasi-)Newton methods. In this work, we are interested in the
local convergence around the reference point. The aim of the paper is twofold.
Firstly, we show that the classical Dennis-Moré theorem can be extended to the
generalized quasi-Newton method (3) using set-valued approximations. This
set-valued version generalizes some results established recently in the papers
[5] and [8]. Secondly, we investigate the local linear/superlinear convergence
of the quasi-Newton method when the sequence (Bk) is updated in a suitable
way. We give an example showing that the classical Broyden update method
is no longer linearly convergent when the function defining the equation is
not smooth. A modified version of the Broyden update is proposed and its
convergence is proved.
Below we recall some notations and definitions which are needed in the sequel.
Let X be a Banach space endowed with norm ∥ · ∥, denote by [x, y] the closed
line segment with endpoints x, y ∈ X and by B(x, r), BX the open ball centered
at x with radius r > 0, the unit ball in X, respectively. The convex hull of
C ⊆ X is denoted by coC. Given α ∈ R, we set αC = {αx : x ∈ C}. The
Minkowski sum of sets A and B in X is the set A+B := {a+b : a ∈ A, b ∈ B},
and the excess of A beyond B is defined by

e(A,B) = sup
x∈A

d(x,B) = inf{τ > 0 : A ⊂ B + τBX},

with the convention that e(∅, B) := 0 when B ̸= ∅, and that e(∅, ∅) := +∞.
The Pompeiu-Hausdorff distance between A and B is then defined by

h(A,B) = max {e(A,B), e(B,A)} = inf{τ > 0 : A ⊂ B+τBX , B ⊂ A+τBX}.

For two Banach spaces X,Y , as usual, denote L(X,Y ), the space of continuous
linear operators between the Banach spaces X and Y. For a set-valued map
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F : X ⇒ Y , the graph of F , denoted by gphF , is defined by

(x, y) ∈ gphF iff y ∈ F (x), x ∈ X, y ∈ Y.

In the sequel, we need some regular properties of multifunctions. Recall (see
e.g. [17], [19]) that a mapping F : X ⇒ Y is called metrically regular at
(x̄, ȳ) ∈ gphF with a constant κ > 0 on a neighborhood U × V of (x̄, ȳ) in
X × Y if

d
(
x, F−1(y)

)
≤ κd(y, F (x)) whenever (x, y) ∈ U × V. (5)

The mapping F is metrically regular at (x̄, ȳ) ∈ gphF , if there is a constant
κ > 0 along with a neighborhood U ×V of (x̄, ȳ) in Y such that F is metrically
regular at (x̄, ȳ) with the constant κ on the neighborhood U × V . If F is
metrically regular at (x̄, ȳ) and F−1 has a localization at (ȳ, x̄) which is single
valued, then F is called strongly metrically regular at (x̄, ȳ). In case of a single
valued mapping f : X → Y we simply speak about (strong) metric regularity
at x̄. Let us recall also a weaker property than the strong metric regularity,
called the strong metric subregularity: A multifunction F : X ⇒ Y is said
to be strongly metric subregular at (x̄, ȳ) with (x̄, ȳ) ∈ gph F if there are a
constant κ > 0 and a neighborhood U of x̄ such that

∥x− x̄∥ ≤ κd(ȳ, F (x)) for all x ∈ U. (6)

We also need the following uniform properties of the metric regularity and the
strong metric subregularity when considering a collection F of multifunctions
F : X ⇒ Y and a point (x̄, ȳ) ∈ X×Y such that (x̄, ȳ) ∈ gph F for all F ∈ F .
We say that F is uniformly metrically regular (strongly metrically subregular,
respectively) at (x̄, ȳ) if there exists a constant κ > 0 and a neighborhood U×V
of (x̄, ȳ) in X × Y (a neighborhood U of x̄ in X, respectively) such that (5)
((6), respectively) holds for all F ∈ F .
Finally, recall that a sequence (xk) of elements in a Banach space X which
converges to x̄ ∈ X is said to be

• at least q-linearly convergent if lim sup
k→∞

∥xk+1 − x̄∥
∥xk − x̄∥

< 1;

• q-superlinearly convergent if lim
k→∞

∥xk+1 − x̄∥
∥xk − x̄∥

= 0;

• q-quadratically convergent if lim sup
k→∞

∥xk+1 − x̄∥
∥xk − x̄∥2

< +∞.

2. Generalized Dennis-Moré theorem

Let (xk)k∈N be a sequence generated by (4). For a given point x̄ ∈ X (which
maybe is not yet a solution of the inclusion (1)), set

ek := xk − x̄, dk := xk+1 − xk.
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Firstly, we state the following theorem which is a set-valued version of the
classical Dennis-Moré theorem for smooth nonlinear equations.
Theorem 2.1. Let (γk) be a sequence of positives. Let Bk : X ⇒ Y, k ∈ N be
a sequence of multifunctions from X to Y. Suppose that the sequence (xk)k∈N0

generated by (4) converges to x̄. Let (Ak)k∈N be a sequence of multifunctions
Ak : X ⇒ Y such that

lim
k→∞

sup
wk∈Akdk

∥f(xk+1)− f(xk)− wk∥

∥dk∥
= 0. (7)

Assume further that limk→∞ γk/∥ek∥ = 0. Then one has
(i) If xk → x̄ q-superlinearly, then

lim
k→∞

e(Akdk, f(xk+1) + Bkdk + F (xk+1))

∥dk∥
= 0. (8)

In addition, if f + F is sub-Lipschitz around x̄, in the sense that there
exist L, δ > 0 such that f(x) +F (x) ⊆ f(x̄) +F (x̄) +L∥x− x̄∥BY , for all
x ∈ B(x̄, δ), then

lim
k→∞

e(Akdk, f(x̄) + Bkdk + F (x̄))

∥dk∥
= 0.

(ii) Conversely, suppose that

lim
k→∞

e(Bkdk,Akdk)

∥dk∥
= 0. (9)

If the gph (f+F ) is closed, then x̄ is a solution of the generalized equation
(1). In addition, if f + F is strongly metrically regular at (x̄, 0), then
xk → x̄ q-superlinearly.

Proof. For (i), suppose that (xk) converges to x̄ q-superlinearly, then for each
ε > 0, there is k0 such that

γk ≤ ε∥ek∥; ∥ek+1∥ ≤ ε∥dk∥ < δ for all k ≥ k0, (10)

from which follows that ∥ek∥ ≤ ∥ek+1∥+ ∥dk∥ ≤ (1 + ε)∥dk∥ ∀k ≥ k0. By (7),
for given ε > 0, when k is sufficiently large, say k ≥ k0, one has

∥f(xk+1)− f(xk)− wk∥ ≤ ε∥dk∥ for all k ≥ k0, wk ∈ Akdk. (11)

Since 0 ∈ f(xk) + Bkdk + F (xk+1) + γkBY , k = 0, 1, ..., then for all k ∈ N,

f(xk+1)− f(xk) ∈ f(xk+1) + Bkdk + F (xk+1) + γkBY .
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Therefore, for all wk ∈ Akdk, one has

d(wk, f(xk+1) + Bkdk + F (xk+1)) ≤ ∥f(xk+1)− f(xk)− wk∥+ γk. (12)

From (10), (11), one has

d(wk, f(xk+1) + Bkdk + F (xk+1)) ≤ (2 + ε)ε∥dk∥ ∀k ≥ k0, ∀wk ∈ Akdk. (13)

which shows (8). Assume now f + F is sub-Lipschitz around x̄, i.e. there are
L > 0, and δ > 0 such that

f(x) + F (x) ⊆ f(x̄) + F (x̄) + L∥x− x̄∥BY , for all x ∈ B(x̄, δ).

Without loss of generality, we can assume ε∥dk∥ < δ, for all k ≥ k0. Then, by
(13), for all wk ∈ Akdk, one has

d(wk, f(x̄) + Bkdk + F (x̄)) ≤ d(wk, f(xk+1) + Bkdk + F (xk+1)) + L∥ek+1∥
≤ (L+ 1 + ε)ε∥dk∥,

and (8) has already been proved.
Let us now prove (ii). Assume that (9) is fullfilled. For each index k, there
exists vk ∈ Bkdk such that

0 ∈ f(xk) + vk + F (xk+1) + γkBY ,

equivalently,

f(xk+1)− f(xk)− vk ∈ f(xk+1) + F (xk+1) + γkBY . (14)

By (7) and (9), we have

lim
k→∞

[f(xk+1)− f(xk)− vk] = 0,

This together with (14) and the closedness of the graph of f + F imply 0 ∈
f(x̄)+F (x̄). Assume now that f+F is strongly metrically subregular at (x̄, 0),
say, there are τ, δ > 0 such that

∥x− x̄∥ ≤ τd(0, f(x) + F (x)), for all x ∈ B(x0, δ).

Let k0 be an index such that xk ∈ B(x̄, δ). Then

∥xk+1 − x̄∥ ≤ τd(0, f(xk+1) + F (xk+1)), for k ≥ k0. (15)

By (9), and the fact that γk/∥ek∥ → 0 as k → ∞, for each ε ∈ (0, 1/(5τ)), we
can find, say k0 such that

γk ≤ ε∥ek∥, e(Bkdk,Akdk) ≤ ε∥dk∥ ∀k ≥ k0.
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Therefore, for vk as in (14), there exists wk ∈ Akdk such that

∥vk − wk∥ ≤ e(Bkdk,Akdk) + ε∥dk∥ ≤ 2ε∥dk∥ for k ≥ k0.

From this equality as well as (11), (14, (15), one has the following estimations,
for k ≥ k0,

∥xk+1 − x̄∥ ≤ τ∥f(xk+1)− f(xk)− vk∥+ γk

≤ τ (∥f(xk+1)− f(xk)− wk∥+ ∥vk − wk∥+ ε∥ek∥)
≤ τ(ε∥dk∥+ 2ε∥dk∥+ (1 + ε)ε∥dk∥) = τ(4 + ε)ε∥dk∥.

As ∥dk∥ ≤ ∥ek+1∥+ ∥ek∥, then

∥ek+1∥
∥ek∥

≤ τ(4 + ε)ε

1− τ(4 + ε)ε
.

Therefore, lim
k→∞

∥ek+1∥
∥ek∥

= 0, and the proof of Theorem 2.1 is completed.

Remark 2.2. When f is Fréchet differentiable in a neighborhood of x̄, and
the derivative mapping is continuous at x̄, then (Ak) with Ak := Df(xk)
verifies relation (7). Therefore, Theorem 2.1 covers Theorem 3 in [8]. Still,
the essential difference between the above theorem and Theorem 3.2 in [5] is
that the conditions used in Theorem 2.1 involve general set-valued approxi-
mations Ak : X ⇒ Y, without added assumption on Ak. While Theorem 3.2
in [5] uses linear approximations Ak ∈ L(X,Y ) along with a multifunction
H : X ⇒ L(X,Y ) which satisfies a certain condition of a strict pre-derivative
of f at x̄ (see its definition below). We note that relation (8) is different
from the one used in (3.5) Theorem 3.2 in [5] in which f(x̄) is used instead
of f(xk+1). Our condition (8) is more realistic than (3.5) Theorem 3.2 in [5],
which involves the unknown solution x̄. Hence, Theorem 2.1 can be seen as
both an improvement and an extension of Theorem 3.2 in [5].

Next, we consider an extension of the Dennis-Moré to generalized equations
involving semismooth functions. We need to recall some notions and back-
grounds from nonsmooth analysis. For a locally Lipschitz continuous function
f : Rn → Rm, thanks to Rademacher’s Theorem, the set of points x ∈ Rn

at which the derivative f ′(x) does not exist, has Lebesgue measure zero. The
B-subdifferential of g at u ∈ Rn, denoted by ∂Bg(x), is the set defined by

∂Bg(x) =

{
M ∈ Rm×n : M= lim

k→+∞
f ′(xk) for some (xk)k∈N converging to x

}
.

The set ∂f(x) := co ∂Bf(x) is referred to the Clarke generalized Jacobian of f at
x. Recall that a mapping f : Rn → Rm is called semismooth (see [10, Section
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7.4]) at x ∈ Rn if it is locally Lipschitz continuous around x, directionally
differentiable near x, and the following condition is satisfied

lim
0 ̸=v→0

sup
M∈∂g(x+v)

∥f(x+ v)− f(x)−Mv∥

∥v∥
= 0. (16)

For a given map f : X → Y, recall from [12] that, a positively homogeneous
set-valued mapping G : X ⇒ Y (i.e., gph G is a cone in X × Y ) is called the
strict pre-derivative of f at x0 ∈ X if for each c > 0, there exists δ > 0 such
that

f(x1) ∈ f(x2) +G(x1 − x2) + c∥x1 − x2∥BY whenever x1, x2 ∈ B(x0, δ). (17)

An important special case, a strict pre-derivative is generated by a family of
continuous linear operators, that is, there is a subset S of L(X,Y ) such that
G(x) = {S(x) : S ∈ S} for each x ∈ X. In this case, one sets G := S. It is
well known that when X, Y are finite dimensional spaces, ∂Bf(x), ∂f(x) are
strict pre-derivatives of f at x. Note that both the two mappings ∂Bf and ∂f
are upper semicontinuous in the sense of set-valued maps.
Denote by F(X,Y ) the set of multifunctions from X to Y. We introduce a
generalization of the semismooth notion, associated to a mapping H : X ⇒
F(X,Y ).

Definition 2.3. Let f : X → Y be a mapping between two Banach spaces,
and let H : X ⇒ F(X,Y ) be given. The mapping f is said to be H-semismooth
at x̄ ∈ X if

lim
x→x̄
x/∈x̄

sup
w∈H(x)(x̄−x)

∥f(x̄)− f(x)− w∥

∥x− x̄∥
= 0. (18)

We make use of the following assumption for a set-valued mapping H : X ⇒
F(X,Y ) under consideration at a reference point x̄ ∈ X.

Assumption (A1).
(A1.1) For each x ∈ X, H(x) is positively homogeneous and

H(x)(u1 + u2) ⊆ H(x)(u1) +H(x)(u2), ∀u1, u2 ∈ X.

(A1.2) The mapping H is upper semicontinuous at x̄ ∈ X in the sense that
for all ε > 0, there is δ > 0 such that

H(x)u ⊆ H(x̄)u+ εBY , ∀x ∈ B(x̄, δ), ∀u ∈ BX .

Obviously, if H(x) ⊆ L(X,Y ), for all x ∈ X, then (A1.1) is automatically
satisfied. In this case, the following assumption of upper semicontinuity which
is stronger than (A1.2) is made use of:
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(A1.2’) For any ε > 0, there is δ > 0 such that
H(x) ⊆ H(x̄) + εBL(X,Y ), ∀x ∈ B(x̄, δ).

In particular, if f : Rn → Rm is semismooth at x̄ then both ∂f and ∂Bf satisfy
Assumption (A1.2’).
A general version of the Dennis-Moré theorem for generalized equations asso-
ciated to H-semismooth functions f is stated in the following theorem.
Theorem 2.4. Let (γk) be a sequence of positive reals and let x̄ ∈ X be given.
Let f : X → Y be H-semismooth with respect to H : X ⇒ F(X,Y ) for which,
(A1) is satisfied and H(x̄)(BX) is bounded. Let Bk : X ⇒ Y, k ∈ N be a sequence
of multifunctions from X to Y. Suppose that the sequence (xk)k∈N0 generated
by (3) converges to x̄ and limk→∞ γk/∥ek∥ = 0.

(i) If xk → x̄ q-superlinearly then one has

lim
k→∞

e(H(xk)dk, f(x̄) + Bkdk + F (xk+1))

∥dk∥
= 0. (19)

(ii) Suppose that

lim
k→∞

e(Bkdk,H(xk)dk)

∥dk∥
= 0. (20)

Then x̄ is a solution of (1) provided F has closed graph. Moreover, if the
multifunction f(x̄) +H(x̄)(· − x̄) + F (·) is strongly metrically subregular
at (x̄, 0), then xk → x̄ q-superlinearly.

Proof. (i). For ε > 0 be given, let an index k0 ∈ N such that
γk ≤ ε∥ek∥; ∥ek+1∥ ≤ ε∥dk∥ < δ for all k ≥ k0. (21)

Since f is H-semismooth, assume that
∥f(xk)− f(x̄) + w∥ ≤ ε∥xk − x̄∥ for all k ≥ k0, w ∈ H(xk)(−ek). (22)

Since H(x̄)(BX) is bounded, and by virtue of (A1.2), H(xk)(BX) is bounded
when k is sufficiently large. So assume that for some L > 0,

∥w∥ ≤ L for all w ∈ H(xk)(BX) with k ≥ k0.

Let k ≥ k0 and wk ∈ H(xk)dk be given. According to (A1.1), there is w1,k ∈
H(xk)ek+1 and w2,k ∈ H(xk)(−ek) such that wk = w1,k + w2,k. By

0 ∈ f(xk) + Bk(xk+1 − xk) + F (xk+1) + γkBY ,

one has
d(wk, f(x̄) + Bkdk + F (xk+1)) ≤ ∥f(xk)− f(x̄) + w2,k∥+ ∥w1,k∥+ γk

≤ ε∥ek∥+ L∥ek+1∥+ ε∥ek∥
≤ (L+ 2 + 2ε)ε∥dk∥,

which implies (19).
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(ii). By virtue of (A1.2), for ε > 0, there is δ0 > 0 such that

H(x)u ⊆ H(x̄)u+ εBY ∀x ∈ B(x̄, δ0), ∀u ∈ BX . (23)

For each index k ≥ k0, let vk ∈ Bk(xk+1 − xk) = Bkdk be such that

0 ∈ f(xk) + vk + F (xk+1) + γkBY . (24)

Let an index k0 such that xk ∈ B(x̄, δ0) and γk ≤ ε∥ek∥ for all k ≥ k0. By
relation(20), we can find wk ∈ H(xk)dk such that

∥vk − wk∥ ≤ ε∥dk∥, for all k ≥ k0.

Then, by (A1.1), there are w1,k ∈ H(xk)ek+1 and w2,k ∈ H(xk)(−ek) such that
wk = w1,k + w2,k. Suppose gph F is closed. Relation (24) yields

−f(xk) + f(x̄)− w2,k ∈ f(x̄) + (vk − wk) + w1,k + F (xk+1) + γkBY . (25)

Since H(x̄) is bounded, relation (23) yields limk→∞ w1,k = 0. By this and since
gph F is closed, and

lim
k→∞

[−f(xk) + f(x̄)− w2,k] = lim
k→∞

(vk − wk) = lim
k→∞

γk = 0,

relation (25) implies 0 ∈ f(x̄) + F (x̄).

Assume now that the multifunction f(x̄) +H(x̄)(· − x̄) + F (·) is strongly met-
rically subregular at (x̄, 0), that is, there are κ, δ > 0 such that

∥x− x̄∥ ≤ κd(0, f(x̄) +H(x̄)(x− x̄) + F (x)) for all x ∈ B(x̄, δ). (26)

Let ε ∈ (0, 1/2κ) be given, and pick δ0 ∈ (0, δ) such that (23) holds. Then by
(26) along with (23), one has

∥xk+1 − x̄∥ ≤ κd(0, f(x̄) +H(x̄)ek+1 + F (xk+1))

≤ κd(0, f(x̄) +H(xk)ek+1 + F (xk+1)) + κε∥ek+1∥ for all k ≥ k0.

Thus, ∥xk+1 − x̄∥ ≤ 2κd(0, f(x̄) + w1,k + F (xk+1)) for k ≥ k0.
As f(x̄)− f(xk)− vk + w1,k ∈ f(x̄) + w1,k + F (xk+1) + γkBY , one has

∥ek+1∥ ≤ 2κ(∥f(x̄)− f(xk)− w2,k∥+ ∥vk − wk∥) + κγk

≤ 2κε(∥ek∥+ ∥dk∥) + κε∥ek∥
≤ 2κε(∥ek∥+ ∥ek∥+ ∥ek+1∥) + κε∥ek∥.

Hence, ∥ek+1∥
∥ek∥

≤ 5κε

1− 2κε
, which shows the superlinear convergence of (xk).

The proof is thereby complete.
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Remark 2.5. Consider the special case in which H(x) is generated by a subset
of L(X,Y ).

(1) When H(x̄) is a compact set, then the strong metric subregularity of the
multifunction

ΦH(x̄) := f(x̄) +H(x̄)(· − x̄) + F (·)

is equivalent to the strong metric subregularity of all multifunctions

ΦH := f(x̄) +H(· − x̄) + F (·),

with H ∈ H(x̄), at (x̄, 0). Indeed, assume that for each H̄ ∈ H(x̄), there
are τH̄ , δH̄ > 0 such that

∥x− x̄∥ ≤ τH̄d(0, f(x̄) + H̄(x− x̄) + F (x))

for all x ∈ B(x̄, δH̄). Then, by setting εH̄ := 1/(2τH̄), one has, for all
H ∈ B(H̄, εH̄) and for all x ∈ B(x̄, δH̄)

∥x− x̄∥ ≤ τH̄d(0, f(x̄) +H(x− x̄) + F (x)) + ∥H − H̄∥∥x− x̄∥
≤ τH̄d(0, f(x̄) +H(x− x̄) + F (x)) + εH̄∥x− x̄∥.

Hence, for all x ∈ B(x̄, δH̄), H ∈ B(H̄, εH̄), one has

∥x− x̄∥ ≤ 2τH̄d(0, f(x̄) +H(x− x̄) + F (x)) + ∥H − H̄∥∥x− x̄∥

Because of the compactness of H(x̄), there exists a finite collection of balls
B(Hi, εHi

), i = 1, ..., n, with Hi ∈ H(x̄) such that

H(x̄) ⊆
n∪

i=1

B(Hi, εHi
).

Let κ := 2min{τHi
: i = 1, ..., n}, δ := min{δHi

: i = 1, ..., n}. For any
H ∈ H(x̄), then H ∈ B(Hi, εHi

) for some i ∈ {1, ..., n}, and therefore one
has

∥x− x̄∥ ≤ κd(0, f(x̄) +H(x− x̄) + F (x)) for all x ∈ B(x̄, δ),

which implies immediately the strong metric subregularity of the multi-
function f(x̄) +H(x̄)(· − x̄) + F (·) at (x̄, 0).

(2) In [5], an assumption to guarantee the strong metric regularilty of the mul-
tifunction ΦH(x̄) is given. That assumption which is weaker than the com-
pactness of H(x̄), concerns the relationship between the so-called mesure
of noncompactness of H(x̄) and modulus of the strong subregularity of ΦH̄ ,
H̄ ∈ H(x̄).
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3. Convergence analysis of generalized semismooth quasi-Newton
methods

Consider the quasi-Newton method (3) along with a sequence of sets of contin-
uous linear operators Bk ⊆ L(X,Y ). In what follow we assume that f : X → Y
is a continuous mapping and F : X ⇒ Y is a closed multifunction. We consider
in this section and the next one the convergence of the quasi-Newton method
when the sequence (Bk) is updated in a suitable way. When f is a continu-
ously differentiable function, some updated ways ensuring the convergence (at
least q-linear) are available in the literature (see, e.g, [2] and references given
therein). However, there are few results related to this questions when f is
not continuously differentiable, but rather semismooth, even for nonsmooth
equations without set-valued part. We establish in this section a sufficient con-
dition ensuring the local (at least q-linear) convergence of the quasi-Newton
iteration (3). In the next section, we consider an extension of the Broyden
update method.
We make use of the following result established in [1] on the stability of the
metric regularity when the multifunction under consideration is perturbed by
set-valued mappings. In fact, in the proof of the following convergence re-
sult, we need only the stability established by Dontchev-Rockafellar ([9]) under
single-valued perturbation mappings. However, since the parameters in these
results are different, we shall make use of the following result given in [1].
Theorem 3.1. [Theorem 3.4, [1]] Given Banach spaces X and Y , let Φ : X ⇒
Y be a set-valued mapping with closed graph and let (x̄, ȳ) ∈ gph Φ. Suppose
that Φ is metrically regular at (x̄, ȳ) with a constant κ > 0 on a neighborhood
B(x̄, a) × B(ȳ, b) of (x̄, ȳ) for some a > 0 and b > 0. Let δ > 0, L ∈ (0, κ−1),
and set τ = κ/(1− κL). Let β > 0 be such that

βτ < min{a, δ/2}, β(τ + κ) < δ, β(1 + cτ) < min{b, δ}, (27)

with c := max{1, 1/κ}. Then for any set-valued mapping G : X ⇒ Y with closed
graph and a point z̄ ∈ G(x̄) such that

e
(
G(x1) ∩ B(z̄, δ), G(x2)

)
≤ L∥x1 − x2∥ whenever x1, x2 ∈ B(x̄, δ), (28)

one has

d
(
x̄, (Φ+G)−1(y)

)
≤ τd(y, Φ(x̄) + z̄) for all y ∈ B(ȳ + z̄, β). (29)

Theorem 3.2. Let x̄ ∈ X be a solution to the generalized equation (1). Let
H : X ⇒ L(X,Y ) be such that the assumptions (A1.2’) is fullfilled. Suppose
that f is H-semismooth at x̄ and that the collection of multifunctions{

ΦH̄(x) := f(x̄) + H̄(x− x̄) + F (x), x ∈ X, H̄ ∈ H(x̄)
}

is uniformly metrically regular at (x̄, 0). Let c, s ∈ [0, 1], γ > 0 be given.
Consider the quasi-Newton (3) with a starting point x0 ∈ X. Then there exist
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a neighborhood U of x̄ and r0 > 0 such that for any starting point x0 ∈ U, and

e(B0,H(x0)) < r0,

there is a sequence (xk)k∈N generated by (3) along with the sequence (Bk) ⊆
L(X,Y ) updated for k = 0, 1, ... in the following way

e(Bk+1,H(xk+1)) ≤ se(Bk,H(xk)) + c(∥xk − x̄∥γ + ∥xk+1 − x̄∥γ), (30)

converging linearly to x̄. Moreover, if s < 1, then there is a sequence (xk)k∈N
generated by (3) converging superlinearly to x̄.

Proof. By the assumption of the uniform metric regularity, there are κ > 0,
a > 0 and b > 0 such that for each H̄ ∈ H(x̄) the mapping ΦH̄ is metrically
regular at (x̄, 0) with the constant κ on B(x̄, a)× B(0, b). Let β > 0 such that
(27) is satisfied. Then, fix L, ε, r0, r > 0 and µ ∈ (0, 1) such that

2κ
(
ε+ r0 +

3crγ

1−µγ

)
1− κ

(
r0 +

3crγ

1−µγ + L
) ≤ µ;

(
ε+ r0 +

3crγ

1− µγ

)
r < β. (31)

By (A1.2’) as well as the H-semismoothness of f, there is δ > 0 such that

∥f(x)− f(x̄)− A(x− x̄)∥ ≤ ε∥x− x̄∥ for all x ∈ B(x̄, δ), A ∈ H(x), (32)
H(x) ⊂ H(x̄) + LBL(X,Y ) whenever x ∈ B(x̄, δ) ⊂ domH. (33)

Set U = B(x̄, r). Let x0 be an arbitrary point in U. Let B0 ∈ B0 be given. Then,
there is A0 ∈ H0 such that ∥B0 − A0∥ < r0. By (33), we can find H̄ ∈ H(x̄)
such that

∥B0 − H̄∥ ≤ ∥B0 − A0∥+ ∥A0 − H̄∥ < r0 + L.

Applying Theorem 3.1 with Φ := ΦH̄ , G(x) := f(x0) + B0(x − x0) − f(x̄) −
H̄(x− x̄), z̄ := G(x̄) = f(x0) +B0(x̄− x0)− f(x̄), one has

d(x̄, (ΦH̄ +G)−1(y)) ≤ κ

1− κ(r0 + L)
d(y, (ΦH̄ +G)(x̄))

=
κ

1− κ(r0 + L)
d(y, z̄ + f(x̄) + F (x̄)) (34)

≤ κ

1− κ(r0 + L)
∥y − z̄∥ ∀y ∈ B(z̄, β).

Since

∥z̄∥ = ∥f(x0) +B0(x̄− x0)− f(x̄)∥
≤ ∥f(x0) + A0(x̄− x0)− f(x̄)∥+ ∥B0 − A0∥∥x̄− x0∥
≤ (ε+ r0)∥x0 − x̄∥ < β
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there is x1 ∈ (ΦH̄+G)−1(0)), which means that 0 ∈ f(x0)+B0(x1−x0)+F (x1),
such that

∥x1 − x̄∥ ≤ 2κ

1− κ(r0 + L)
∥z̄∥ ≤ 2κ(ε+ r0)

1− κ(r0 + L)
∥x0 − x̄∥ ≤ µ∥x0 − x̄∥.

Assume that for an index k, we have founded x1, ..., xk ∈ U, verifying

0 ∈ f(xi) + Bi(xi+1 − xi) + F (xi+1), i = 0, ..., k − 1, (35)

and
∥xi+1 − x̄∥ ≤ µ∥xi − x̄∥, i = 0, ..., k − 1. (36)

By (30),

e(Bk,H(xk)) ≤ ske(B0,H(x0)) + c
k∑

i=1

sk−i(∥xi − x̄∥γ + ∥xi−1 − x̄∥γ)

≤ skr0 + 2c
k∑

i=0

∥xi − x̄∥γ

≤ r0 + 2c∥x0 − x̄∥γ
∞∑
k=0

µγi

≤ r0 +
2crγ

1− µγ
. (37)

Consequently, for any Bk ∈ Bk, there exist Ak ∈ H(xk) and H̄k ∈ H(x̄) such
that {

∥Bk − Ak∥ < r0 +
3crγ

1−µγ

∥Bk − H̄k∥ ≤ e(Bk,Hk) + e(H(xk),H(x̄)) < r0 +
3crγ

1−µγ + L.

As

∥f(xk) +Bk(x̄− xk)− f(x̄)∥ ≤
≤ ∥f(xk) + Ak(x̄− xk)− f(x̄)∥+ ∥Bk − Ak∥∥x̄− xk∥

≤ (ε+ r0 +
3crγ

1− µγ
)∥xk − x̄∥ < β,

by applying again Theorem 3.1 with Φ := ΦH̄k
= f(x̄) + H̄k(x− x̄) + F (x),

G(x) = Gk(x) := f(xk) +Bk(x− xk)− f(x̄)− H̄k(x− x̄),

z̄ = z̄k := Gk(x̄) = f(xk) +Bk(x̄− xk)− f(x̄),
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one obtains

d(x̄, (ΦH̄ +Gk)
−1(0)) ≤ κ

1− κ(r0 +
3crγ

1−µγ + L)
d(0, (ΦH̄k

+Gk)(x̄))

=
κ

1− κ(r0 +
3crγ

1−µγ + L)
∥z̄k∥. (38)

Therefore, there is xk+1 ∈ (ΦH̄k
+Gk)

−1(0), that is,

0 ∈ f(xk) +Bk(xk+1 − xk) + F (xk+1),

such that

∥xk+1 − x̄∥ ≤ 2κ

1− κ(r0 +
3crγ

1−µγ + L)
∥z̄k∥

≤
2κ(ε+ r0 +

3crγ

1−µγ )

1− κ(r0 +
3crγ

1−µγ + L)
∥xk − x̄∥ (39)

≤ µ∥xk − x̄∥.

So by induction, we constructed a sequence (xk) generated by (3) satisfying

∥xk+1 − x̄∥ ≤ µ∥xk − x̄∥, for all k ∈ N.

That is, (xk) converges linearly to x̄.

Suppose now s < 1. By (37), one has

e(Bk,H(xk)) ≤ ske(B0,H(x0)) + c
k∑

i=1

sk−i(∥xi − x̄∥γ + ∥xi−1 − x̄∥γ)

≤ ske(B0,H(x0)) + 2c∥x0 − x̄∥γ s
k

µγ

k∑
i=0

(
µγ

s

)i

= ske(B0,H(x0)) + 2c∥x0 − x̄∥γ s
k+1 − µγ(k+1)

µγ(s− µγ)
,

which implies limk→∞ e(Bk,H(xk)) = 0. Therefore, for any ε > 0, there is an
index k0 such that for any Bk ∈ Bk, we can find Ak ∈ H(xk) such that

∥f(xk) +Bk(x̄− xk)− f(x̄)∥ ≤ ∥f(xk) + Ak(x̄− xk)− f(x̄)∥+
+∥Bk − Ak∥∥x̄− xk∥ ≤ ε∥xk − x̄∥ ∀ k ≥ k0.

Combining this relation with (39) one obtains

∥xk+1 − x̄∥ ≤ 2κ

1− κ(r0 +
3crγ

1−µγ + L)
ε∥xk − x̄∥.

As ε is arbitrary, this shows that (xk) converges superlinearly to x̄.
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Remark 3.3. As was shown in Theorem 4.3, [1], if H(x̄) is a compact set,
then the uniform metric regularity of{

ΦH̄(x) := f(x̄) + H̄(x− x̄) + F (x), x ∈ X, H̄ ∈ H(x̄)
}

is equivalent to the metric regularity of all multifunctions ΦH̄(x), H̄ ∈ H(x̄) at
(x̄, 0). When f is Fréchet differentiable at x̄, then by taking H(x) = {Df(x̄)},
which satisfied obviously (A1), the preceding theorem implies Theorem 3.1, [2].

4. Convergence of the Broyden update method

Let X be a Hilbert space endowed with scalar product ⟨·, ·⟩ and let Y be a
Banach space. As before, let f : X → Y, F : X ⇒ Y be a continuous mapping
and a closed multitifunction between spaces X,Y. Consider the quasi-Newton
iteration for solving the inclusion 0 ∈ f(x) + F (x):

0 ∈ f(xk) +Bk(xk+1 − xk) + F (xk+1), k ∈ N. (40)

Where (Bk) is a (updated) sequence of continuous linear operators. The well-
known Broyden update for (Bk) is defined by [3]

Bk+1 = Bk +
(f(xk+1)− f(xk)−Bkdk)⟨dk, ·⟩

∥dk∥2
,

here, dk = xk+1 − xk. In the finite dimensional setting, the superlinear con-
vergence of the Broyden method for solving the smooth nonlinear equations
has been established by Broyden-Dennis-Moré in [4]. The convergence of this
method for smooth equations in the infinite dimensional settings was estab-
lished by several authors, e.g., by Kelly-Sachs [14], Sachs [21]. An interesting
discussion on the history and the effectiveness of the Broyden updating was
given in [11]. Recently, the Broyden method for solving generalized equations
was considered in [2]. In that paper, the authors have established some re-
sults on the (linear and superlinear) convergence of the method when X,Y are
Hilbert spaces and the function f is assumed to be Fréchet differentiable around
the reference point and its derivative is Lipschitz continuous with respect to
the Hilbert-Schmidt norm.
In this final section, we consider a modified Broyden update method for solving
the generalized equations (1) when f is a semismooth function associated to
a multifunction H : X ⇒ L(X,Y ) which, in addition the Assumption (A1),
verifies the following assumption.
Assumption (A2). There are a neighborhood U of x̄, c > 0 and γ ∈ (0, 1]
such that
(A2.1) for each x ∈ U \ {x̄}, there exists sx > 0 such that

H(x) ⊆ H(x′) + c∥x− x̄∥γBL(X,Y ), for all x′ ∈ B(x, sx);
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(A2.2) ∥f(x)− f(x̄)−H(x− x̄)∥ ≤ c∥x− x̄∥1+γ for all x ∈ U, H ∈ H(x).

For each x ∈ U \ {x̄}, set

rx := sup{sx : sx verifies (A2.1)}. (41)

The modified Broyden update is stated as follows.
(MBA) Let (θk) be a sequence of reals with θk ∈ (0, 1), converging to 0.

Giving a starting point x0 ∈ X; B0 ∈ L(X,Y ) with

d(B0,H(x0)) ≤ c∥x0 − x̄∥γ, (42)

at the kth iteration, let pk be a solution of the auxiliary inclusion

0 ∈ f(xk) +Bkpk + F (xk + pk). (43)

If ∥pk∥ < rk := rxk
, then xk+1 = xk + pk, otherwise,

xk+1 = xk +
rk(1− θk)

∥pk∥
pk,

Bk+1 = Bk +
(f(xk+1)− f(xk)−Bkdk)⟨dk, ·⟩

∥dk∥2
, k = 0, 1, ..., (44)

where, dk := xk+1 − xk.

Remark 4.1. Note that if f is differentiable at x̄ and that

∥f(x)− f(x̄)−Df(x̄)(x− x̄)∥ ≤ c∥x− x̄∥1+γ for all x ∈ U,

then we can take H(x) = Df(x̄) for all x ∈ X, Obviously, for this H, (A1),
(A2) are fulfilled, and for this case, one has rx = +∞ for all x ∈ X. It is worth
to note that in the modified Broyden update, one can replace rk by its lower
bound. In general, the quantity rx is unknown, however, in some important
particular cases, for example, when f is the Fischer-Burmeister gap function
for complementarity problems (see e.g. [10] p. 629), it is possible to compute
explicitly a lower bound of the quantity rx.

An examination of the proof of Theorem 2.4, allows us to have the follow-
ing sufficient condition of Dennis-Moré type for the superlinear convergence of
(MBA).
Lemma 4.2. Let x̄ ∈ X be a solution of the generalized equation (1). Let
f : X → Y be H-semismooth for H : X ⇒ L(X,Y ). Suppose that the sequence
(xk)k∈N0 generated by (MBA) converges to x̄. Suppose that Assumption (A1.2’)
is satisfied, the multifunction

ΦH(x̄)(x) := f(x̄) +H(x̄)(x− x̄) + F (x), x ∈ X
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is strongly metric subregular at x̄ for 0 and that

lim inf
x→x̄

rx
∥x− x̄∥

≥ 1, (45)

if

lim
k→∞

d(Bkdk,H(xk)dk)

∥dk∥
= 0, (46)

where dk = xk+1 − xk, then xk → x̄ q-superlinearly.

Proof. Let κ, δ > 0 such that

∥x− x̄∥ ≤ κd(0, f(x̄)+H(x− x̄)+F (x)) for all H ∈ H(x̄), x ∈ B(x̄, δ). (47)

Let ε ∈ (0, 1/6κ) be given. By (A1.2’), there is δ0 ∈ (0, δ) such that

H(x) ⊆ H(x̄) + εBL(X,Y ) ∀x ∈ B(x̄, δ0). (48)

We consider an index k0 such that xk ∈ B(x̄, δ0) for all k ≥ k0. By relation(46),
we can find Ak ∈ H(xk) such that ∥Bkdk − Akdk∥ ≤ ε∥dk∥, for all k ≥ k0.
Consequently, ∥Bkpk − Akpk∥ ≤ ε∥pk∥, for all k ≥ k0.
For k ≥ k0, pick Āk ∈ H(x̄) such that ∥Ak − Āk∥ ≤ ε. Then by (47), one has,
for all k ≥ k0,

∥xk + pk − x̄∥ ≤ κd(0, f(x̄)+Āk(xk + pk − x̄)+F (xk + pk))

≤ κd(0, f(x̄)+Ak(xk + pk − x̄)+F (xk + pk))+κε∥xk + pk − x̄∥.

Thus,

∥xk + pk − x̄∥ ≤ 2κd(0, f(x̄) + Ak(xk + pk − x̄) + F (xk + pk)) for k ≥ k0.

As

f(x̄)− f(xk)− vk + Ak(xk + pk − x̄) ∈ f(x̄) + Ak(xk + pk − x̄) + F (xk + pk),

one has

∥xk + pk − x̄∥ ≤ 2κ(∥f(x̄)− f(xk) + Ak(xk − x̄)∥+ ∥Bkpk − Akpk∥)
≤ 2κε(∥xk − x̄∥+ ∥pk∥)
≤ 2κε(∥xk − x̄∥+ ∥xk − x̄∥+ ∥xk + pk − x̄∥).

Hence,

∥xk + pk − x̄∥ ≤ 4κε

1− 2κε
∥xk − x̄∥. (49)
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Consequently,(
1− 4κε

1− 2κε

)
∥xk − x̄∥ ≤ ∥pk∥ ≤

(
1 +

4κε

1− 2κε

)
∥xk − x̄∥.

If lim infx→x̄
rx

∥x−x̄∥ > 1, then ∥pk∥ < rk when k is sufficiently large, and therefore
xk+1 = xk + pk. Therefore, the conclusion follows from (49). Otherwise,

lim inf
x→x̄

rx
∥x− x̄∥

= 1,

and one has

∥xk+1 − x̄∥ ≤ ∥xk + pk − x̄∥+ |1− rxk
(1− θk)/∥pk∥|∥pk∥

≤
(

4κε

1− 2κε
+ 2|1− rxk

(1− θk)/∥pk∥|
)
∥xk − x̄∥,

which implies the desired assertion.
Theorem 4.3. Let X be a Hilbert space and let Y be a Banach space and let
x̄ ∈ X be a solution of the generalized equation (1). Let x̄ ∈ int(domH) and
the assumptions (A1.2’), (A2) be fulfilled. Suppose further that H(x̄) is a closed
set in L(X,Y ) and the collection{

ΦH̄(x) := f(x̄) + H̄(x− x̄) + F (x), x ∈ X, H̄ ∈ H(x̄)
}

is uniformly metrically regular at (x̄, 0) and

lim inf
x→x̄

rx
∥x− x̄∥

> 0. (50)

Then there exists a neighborhood U of x̄ such that for any starting point x0 ∈ U
and B0 verifying (42), there is a sequence (xk)k∈N generated by (MBA) along
with the sequence (Bk) updated in the way (44), converging linearly to x̄.

Moreover, if (45) is satisfied and Φ−1
H(x̄)(0) = {x̄}, where

ΦH(x̄)(x) = f(x̄) +H(x̄)(x− x̄) + F (x), x ∈ X,

and for every H̄ ∈ H(x̄), B0 − H̄ is a compact operator, then the sequence
(xk)k∈N converges superlinearly to x̄.

Proof. By the uniform metric regularity, there are κ > 0, a > 0 and b > 0
such that for each H̄ ∈ H(x̄) the mapping ΦH̄ is metrically regular at (x̄, 0)
with the constant κ on B(x̄, a)× B(0, b). Let β > 0 such that (27) in Theorem
3.1 is satisfied. By (50), assume that, for some θ ∈ (0, 1), δ > 0,

rx > θ∥x− x̄∥ for all x ∈ B(x̄, δ). (51)
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Then, fix L, ε, r ∈ (0, δ) and µ ∈ (0, 1) such that

6κ(1 + ε)c(1 + 2(1− η)−1)rγ

(1− ηγ)
[
1− κ

(
2c(1+2(1−η)−1)rγ

1−ηγ
+ L

)] ≤ µ,
3c(1 + 2(1− η)−1)r1+γ

1− ηγ
< β,

η := max{1 + 2µ− θ(1− θk) : k = 0, 1, ...} < 1. (52)

By (A1.2’), there is, say, r > 0 such that

H(x) ⊂ H(x̄) + LBL(X,Y ) for all x ∈ B(x̄, r). (53)

Assume also that (A2) holds for U := B(x̄, r). Let x0 be an arbitrary point in
U. Let B0 ∈ L(X,Y ) such that

d(B0,H(x0)) ≤ c∥x0 − x̄∥γ.

By (53), we can find H̄ ∈ H(x̄) such that

∥B0 − H̄∥ ≤ L+ c∥x0 − x̄∥γ < L+ crγ. (54)

Applying Theorem 3.1 with Φ := ΦH̄

G(x) := f(x0) +B0(x− x0)− f(x̄)− H̄(x− x̄), and
z̄ := G(x̄) = f(x0) +B0(x̄− x0)− f(x̄),

one has

d(x̄, (ΦH̄ +G)−1(y)) ≤ κ

1− κ(L+ crγ)
d(y, (ΦH̄ +G)(x̄))

=
κ

1− κ(L+ crγ)
d(y, z̄ + f(x̄) + F (x̄)) (55)

≤ κ

1− κ(L+ crγ)
∥y − z̄∥ ∀y ∈ B(z̄, β).

In view of (A2.2) and (54),

∥z̄∥ = ∥f(x0) +B0(x̄− x0)− f(x̄)∥ ≤ 2c∥x0 − x̄∥1+γ < 2cr1+γ < β.

Thus, there is p0 ∈ X with x0 + p0 ∈ (ΦH̄ +G)−1(0)), i.e.,

0 ∈ f(x0) +B0(p0) + F (x0 + p0),

such that

∥x0+ p0− x̄∥ ≤ 2κ(1 + ε)

1− κ(L+ crγ)
∥z̄∥ ≤ 2κ(1 + ε)c

1− κ(L+ crγ)
∥x0− x̄∥1+γ ≤ µ∥x0− x̄∥.

Thus
(1− µ)∥x0 − x̄∥ ≤ ∥p0∥ ≤ (1 + µ)∥x0 − x̄∥.
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By the definition of (xk), if p0 < r0, then

∥x1 − x̄∥ = ∥x0 + p0 − x̄∥ ≤ µ∥x0 − x̄∥,

otherwise,

∥x1 − x̄∥ ≤ ∥x0 + p0 − x̄∥+ (1− r0(1− θ0)/∥p0∥)∥p0∥
≤ (µ+ (1− θ(1− θ0)(1 + µ)−1)(1 + µ)∥x0 − x̄∥ (56)
= (1 + 2µ− θ(1− θ0))∥x0 − x̄∥.

Therefore, ∥x1 − x̄∥ ≤ η∥x0 − x̄∥, and

∥d0∥ ≥ ∥x0 − x̄∥ − ∥x1 − x̄∥ ≥ (1− η)∥x0 − x̄∥ ≥ (1− η)η−1∥x1 − x̄∥.

According to (A2.1), for any A0 ∈ H(x0), there is A1 ∈ H(x1) such that

∥A0 − A1∥ ≤ c∥x0 − x̄∥γ.

Observe that∥∥∥∥u− ⟨x, u⟩x
∥x∥2

∥∥∥∥2

= ∥u∥2 − ⟨x, u⟩2

∥x∥2
≤ 1 ∀x ∈ X, ∀u ∈ BX .

Therefore, ∥∥∥∥(B0 − A0)−
(B0 − A0)d0⟨d0, ·⟩

∥d0∥2

∥∥∥∥ ≤ ∥B0 − A0∥, k ∈ N.

In consequence of relation (44) and (A2.2), by making of use of the latter
inequalities, we obtain the following estimation

d(B1,H(x1)) ≤ ∥B1 − A1∥

≤
∥∥∥∥B0 − A0 −

(B0 − A0)d0⟨d0, ·⟩
∥d0∥2

∥∥∥∥+ ∥A0 − A1∥+
∥f(x1)− f(x0)− A0d0∥

∥d0∥

≤ ∥B0 − A0∥+ c∥x0 − x̄∥γ + ∥f(x1)− f(x̄)− A1(x1 − x̄)∥
∥d0∥

+

+
∥f(x0)− f(x̄)− A0(x0 − x̄)∥

∥d0∥
+

∥A1 − A0∥∥x1 − x̄∥
∥d0∥

≤ ∥B0 − A0∥+ c∥x0 − x̄∥γ + cη(1− η)−1∥x1 − x̄∥γ +
+ c(1− η)−1∥x0 − x̄∥γ + cη(1− η)−1∥x0 − x̄∥γ

≤ ∥B0 − A0∥+M (∥x1 − x̄∥γ + ∥x0 − x̄∥γ) , (57)

where M := c(1 + (1− η)−1 + η(1− η)−1). Thus,

d(B1,H(x1)) ≤ d(B0,H(x0)) +M (∥x1 − x̄∥γ + ∥x0 − x̄∥γ) .
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Assume by induction that for an index k, we have founded x1, ..., xk ∈ U,
verifying

0 ∈ f(xi) +Bi(xi+1 − xi) + F (xi+1), i = 0, ..., k − 1, (58)
∥xi+1 − x̄∥ ≤ η∥xi − x̄∥, i = 0, ..., k − 1 (59)

and, for i = 0, ..., k − 1,

d(Bi+1,H(xi+1)) ≤ d(Bi,H(xi)) +M (∥xi − x̄∥γ + ∥xi+1 − x̄∥γ) . (60)

Therefore,

d(Bk,H(xk)) ≤ M

k∑
i=1

(∥xi − x̄∥γ + ∥xi−1 − x̄∥γ) ≤ 2M
k∑

i=0

∥xi − x̄∥γ

< 2M∥x0 − x̄∥γ
∞∑
k=0

(ηγ)k ≤ 2c(1 + 2(1− η)−1)rγ

1− ηγ
. (61)

Consequently, we can find Ak ∈ H(xk) and H̄k ∈ H(x̄) such that{
∥Bk − Ak∥ < 2c(1+2(1−η)−1)rγ

1−ηγ
;

∥Bk − H̄k∥ ≤ d(Bk,Hk) + e(H(xk),H(x̄)) < 2c(1+2(1−η)−1)rγ

1−ηγ
+ L.

By (A2.2),

∥f(xk) +Bk(x̄− xk)− f(x̄)∥ ≤
≤ ∥f(xk) + Ak(x̄− xk)− f(x̄)∥+ ∥Bk − Ak∥∥x̄− xk∥

≤ 3c(1 + 2(1− η)−1)rγ

1− ηγ
∥xk − x̄∥ < β,

By applying again Theorem 3.1 with Φ := ΦH̄k
= f(x̄) + H̄k(x− x̄) + F (x):{

G(x) = Gk(x) := f(xk) +Bk(x− xk)− f(x̄)− H̄k(x− x̄);

z̄ = z̄k := Gk(x̄) = f(xk) +Bk(x̄− xk)− f(x̄),

one obtains

d(x̄, (ΦH̄k
+Gk)

−1(0)) ≤ κ

1− κ(2c(1+2(1−η)−1)rγ

1−ηγ
+ L)

d(0, (ΦH̄k
+Gk)(x̄))

=
κ

1− κ
(

2c(1+2(1−η)−1)rγ

1−ηγ
+ L

)∥z̄k∥. (62)

Therefore, there is pk ∈ X with xk + pk ∈ (ΦH̄k
+Gk)

−1(0), that is,

0 ∈ f(xk) +Bk(pk) + F (xk + pk),
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such that

∥xk + pk − x̄∥ ≤ 2κ(1 + ε)

1− κ(2c(1+2(1−η)−1)rγ

1−ηγ
+ L)

∥z̄k∥

≤ 6κ(1 + ε)c(1 + 2(1− η)−1)rγ

(1− ηγ)
[
1− κ

(
2c(1+2(1−η)−1)rγ

1−ηγ
+ L

)]∥xk − x̄∥ ≤ µ∥xk − x̄∥,

Hence, by the definition of xk+1, using the same argument as in (56), one
obtains ∥xk+1 − x̄∥ ≤ η∥xk − x̄∥. Then, ∥dk∥ ≥ (1− η)∥xk − x̄∥.

By virtue of (A2.1), for any Ak ∈ H(xk), there is Ak+1 ∈ H(xk+1) such that

∥Ak+1 − Ak∥ ≤ c∥xk+1 − xk∥γ ≤ c(∥xk+1 − x̄∥γ + ∥xk − x̄∥γ).

As ∥∥∥∥(Bk − Ak)−
(Bk − Ak)dk⟨dk, ·⟩

∥dk∥2

∥∥∥∥ ≤ ∥Bk − Ak∥, k ∈ N,

similar to estimation (57), we obtain
d(Bk+1,H(xk+1)) ≤ ∥Bk+1 − Ak+1∥ ≤

≤
∥∥∥(Bk − Ak)− (Bk−Ak)dk⟨dk,·⟩

∥dk∥2

∥∥∥+ ∥Ak − Ak+1∥+ ∥f(xk+1)−f(xk)−Akdk∥
∥dk∥

≤ ∥Bk − Ak∥+ ∥Ak − Ak+1∥+ ∥f(xk+1)−f(x̄)−Ak+1(xk+1−x̄)∥
∥dk∥

+

+∥f(xk)−f(x̄)−Ak(xk−x̄)∥
∥dk∥

+ ∥Ak+1−Ak∥∥xk+1−x̄∥
∥dk∥

(63)

≤ ∥Bk − Ak∥+ c(∥xk − x̄∥γ + ∥xk+1 − x̄∥γ) + cη(1− η)−1∥xk+1 − x̄∥γ

+c(1− η)−1∥xk − x̄∥γ + cη(1− η)−1(∥xk − x̄∥γ + ∥xk+1 − x̄∥γ)

≤ ∥Bk − Ak∥+M (∥xk+1 − x̄∥γ + ∥xk − x̄∥γ) .

As Ak ∈ H(xk) is arbitrary, we obtain

d(Bk+1,H(xk+1)) ≤ d(Bk,H(xk)) +M (∥xk − x̄∥γ + ∥xk+1 − x̄∥γ) . (64)

By induction, we constructed a sequence (xk) generated by (3) satisfying

∥xk+1 − x̄∥ ≤ η∥xk − x̄∥, for all k ∈ N. (65)

That is, (xk) converges linearly to x̄.

For the second part, suppose now (45) is satisfied, B0−H̄ is a compact operator,
and for all H̄ ∈ H(x̄), Φ−1

H̄
(0) = {x̄}. The later property along with the

fact that {ΦH̄ : H̄ ∈ H(x̄)} is uniformly metrically regular at (x̄, 0) imply
immediately the strong metric subregularity of the multifunction ΦH(x̄) at (x̄, 0).
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According to Lemma 4.2, it suffices to show that there exists a sequence (Ak)
with Ak ∈ H(xk) such that

lim
k→∞

∥(Bk − Ak)dk∥
∥dk∥

= 0. (66)

Pick A0 ∈ H(x0) with ∥A0 − B0∥ ≤ c∥x0 − x̄∥γ. By the definition of the
sequence (xk) as well as assumption (A2.1), at the step k, when Ak is defined,
we can find Ak+1 ∈ H(xk+1) such that

∥Ak+1 − Ak∥ ≤ c∥xk − x̄∥γ.

Since
∞∑
k=0

∥xk − x̄∥γ ≤ ∥x0 − x̄∥γ

1− ηγ
< ∞,

then (Ak) is a Cauchy sequence in L(X,Y ), therefore, by the upper semicon-
tinuity of H at x̄, as well as the closedness of H(x̄), which converges to some
A ∈ H(x̄), and one has, for all k ∈ N,

∥Ak−A∥ ≤
∞∑
i=0

∥Ak+i−Ak+i+1∥ ≤ c
∞∑
i=0

∥xk+i− x̄∥γ ≤ c

1− ηγ
∥xk− x̄∥γ. (67)

Hence,
∥f(xk+1)−f(xk)−Adk∥

∥dk∥
≤ ∥f(xk+1)−f(x̄)−Ak+1(xk+1−x̄)∥

∥dk∥
+ ∥f(xk)−f(x̄)−Ak(xk−x̄)∥

∥dk∥
+

+∥Ak+1−A∥∥xk+1−x̄∥
∥dk∥

+ ∥Ak−A∥∥xk−x̄∥
∥dk∥

(68)

≤ c(∥xk+1 − x̄∥γ + ∥xk − x̄∥γ + η(1− η)−1(1− ηγ)−1∥xk+1 − x̄∥γ

+(1− η)−1(1− ηγ)−1∥xk − x̄∥γ) ≤ ρ∥xk − x̄∥γ,
where,

ρ := c
(
1 + ηγ + η1+γ(1− η)−1(1− ηγ)−1 + (1− η)−1(1− ηγ)−1

)
.

By virtue of the estimation(63), one has

∥Bk+1 − Ak+1∥ ≤ ∥Bk − Ak∥+M (∥xk+1 − x̄∥γ + ∥xk − x̄∥γ) k ∈ N.

This implies that the sequence (Bk − A) is bounded.
Relation (66) follows from the following two claims whose proofs are similar to
Theorem 6.3 in [22] and Lemma 2.4 in [14], respectively.

Claim 1. For all y∗ ∈ Y, one has lim
k→∞

⟨y∗, (Bk − A)dk⟩
∥dk∥

= 0.
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Proof of Claim 1. Set yk = f(xk+1) − f(xk), for any u ∈ X, with ∥u∥ = 1,
one has

⟨y∗, (Bk+1 − A)u⟩ = ⟨y∗, (Bk − A)u⟩+ ⟨dk,u⟩
∥dk∥2

⟨y∗, yk −Bkdk⟩
=

⟨
y∗, (Bk − A)

(
u− ⟨dk,u⟩

∥dk∥2
dk

)⟩
+ ⟨dk,u⟩

∥dk∥2
⟨y∗, yk − Adk⟩.

By setting ak := (Bk − A)∗y∗, k ∈ N, where (Bk − A)∗ denotes the adjoint
operator of Bk − A, one has

sup
∥u∥=1

⟨
y∗, (Bk − A)

(
u− ⟨dk, u⟩

∥dk∥2
dk

)⟩
= sup

∥u∥=1

⟨
ak, u− ⟨dk, u⟩

∥dk∥2
dk

⟩
=

= sup
∥u∥=1

⟨
ak −

⟨ak, dk⟩
∥dk∥2

dk, u

⟩
=

∥∥∥∥ak − ⟨ak, dk⟩
∥dk∥2

dk

∥∥∥∥ =

(
∥ak∥2 −

⟨ak, dk⟩2

∥dk∥2

)1/2

.

By virtue of (68), one also has

sup
∥u∥=1

⟨dk, u⟩
∥dk∥2

⟨y∗, yk − Adk⟩ ≤ ρ∥y∗∥∥xk − x̄∥γ.

From the latter relations, we obtain

∥ak+1∥ ≤
(
∥ak∥2 −

⟨ak, dk⟩2

∥dk∥2

)1/2

+ ρ∥y∗∥∥xk − x̄∥γ

≤ ∥ak∥ −
⟨ak, dk⟩2

2∥dk∥2∥ak∥
+ ρ∥y∗∥∥xk − x̄∥γ.

As (ak) is bounded and
∑∞

k=0 ∥xk − x̄∥γ is finite, this relation implies that

∞∑
k=0

⟨ak, dk⟩2

2∥dk∥2∥ak∥
< ∞.

Hence, lim
k→∞

⟨ak, dk⟩2

∥dk∥2∥ak∥
= 0.

By the boundedness of (ak), one has lim
k→∞

⟨ak, dk⟩
∥dk∥

= 0, and the claim is showed.

Claim 2.
∞∪
k=0

(Bk − A)BX is relatively compact in Y.

Proof of Claim 2. Set vk =
f(xk+1)− f(xk)− Adk

∥dk∥
, k ∈ N. From the

relations (68) and (65), one has

∥vk∥ ≤ ρ∥xk − x̄∥γ ≤ ρηγk∥x0 − x̄∥γ, ∀k ∈ N0.
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It follows that
∑∞

k=0 ∥vk∥ < +∞. By the definition of Broyden’s update, we
have

Bk+1 − A = (Bk − A)− (Bk − A)
dk⟨dk, ·⟩
∥dk∥2

+
vk⟨dk, ·⟩
∥dk∥

.

Since ∥∥∥∥u− ⟨x, u⟩x
∥x∥2

∥∥∥∥2

= ∥u∥2 − ⟨x, u⟩2

∥x∥2
≤ 1 ∀x ∈ X, ∀u ∈ BX ,

one has (Bk+1 − A)BX ⊆ (Bk − A)BX + [−1, 1]vk for all k ∈ N. Therefore,

∞∪
k=0

(Bk − A)BX ⊆ (B0 − A)BX +
∞∑
k=0

[−1, 1]vk.

Since (B0 − A) is relatively compact, it suffices to show that the set C :=∑∞
k=0[−1, 1]vk is compact. Indeed, let (un) be a sequence of elements in C with

un =
∞∑
k=0

αk,nvk, n ∈ N,

where, αk,n ∈ [−1, 1] for all k, n ∈ N0. For each k ∈ N, let us pick a subsequence
(αk,n)n∈Ik (Ik is an infinite subset of N) of (αk,n)n∈N which converges to some
αk ∈ [−1, 1]. Of course, we can take the index sets Ik such that Ik+1 ⊆ Ik
for all k ∈ N. Denote by nk the k-th element in Ik, k ∈ N, we show that the

subsequence (unk
)k∈N of (un) converges to u =

∞∑
k=0

αkvk ∈ C.

Let ε > 0 be given arbitrarily. Since
∑∞

k=0 ∥vk∥ < +∞, we can find an index
k0 ∈ N such that ∑

k≥k0+1

∥vk∥ < ε.

Since (αk,n)n∈Ik → αk, for each k ∈ N, there exists an index k1 ≥ k0 such that

|αk,n − αk| < ε ∀k = 0, ..., k0, ∀n ∈ Ik, n ≥ k1.

Hence, for k ≥ k1, one has

∥unk
− u∥ ≤

k0∑
j=0

|αj,nk
− αj|∥vj∥+

∞∑
j=k0+1

|αj,nk
|∥vj∥+

∞∑
j=k0+1

|αj|∥vj∥

≤ ε
∞∑
j=0

∥vj∥+ 2ε.

This shows that (unk
)k∈N converges to u.
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Let us return to the proof of the theorem, by Claim 1, the sequence ((Bk −
A)(dk/∥dk∥)) converges weakly to 0. On the other hand, every subsequence
of this sequence has a strongly convergent subsequence. Thus, the sequence
((Bk − A)(dk/∥dk∥)) converges strongly to 0. Finally, as the sequence (Ak)
converges strongly to A, (66) holds and the proof is completed.
Remark 4.4. In [2], the authors have established the linear/superlinear con-
vergence of the quasi-Newton method with the Broyden update for generalized
equations in Hilbert spaces when the function f is assumed to be Fréchet differ-
entiable on a neighborhood of x̄ such that Df is Lipschitz continuous around x̄
with respect to the Hilbert-Schmidt norm and B0−Df(x̄) is a Hilbert-Schmidt
operator. As mentioned in the preceeding remark, if f is Fréchet differentiable
at x̄ such that

∥f(x)− f(x̄)−Df(x̄)(x− x̄)∥ ≤ c∥x− x̄∥1+γ for all x ∈ U,

for some c > 0, γ ∈ (0, 1], a neighborhood U of x̄, then assumptions (A1), (A2)
are satisfied for H(x) = {Df(x̄)} for all x ∈ X, and moreover, in (41), rx =
+∞. Since a Hilbert-Schmidt operator is also a compact operator, Theorem 4.3
covers with weaker assumptions the result established in ([2], Theorem 4.9).

The following example gives a semismooth equation for which, the modified
Broyden method is q-superlinearly convergent, although the standard Broyen
method is not even q-linearly convergent.
Example 4.5. Let f : R → R be a function defined by

f(x) =

{
x− x2 if x ≥ 0,
−x+ x2 if x < 0.

We have,

H(x) := ∂Bf(x) =


{1− 2x} if x ≥ 0,
{1,−1} if x = 0,
{−1 + 2x} if x < 0.

Consider the equation f(x) = 0 with a solution x̄ = 0. Obviously, f is H-
semismooth at 0; the collection of functions

{ΦH̄ : H̄ ∈ H(0)} = {x,−x},

is uniformly strongly metrically regular at (0, 0), and the assumptions (A1),
(A2) are fulfilled. Moreover, by checking directly, assumption (A2) is verified
with c = 2, γ = 1 and rx = |x| for all x ∈ R\{0}. Therefore, the condition (45)
is satisfied, and the modified Broyden update method (MBA) applied to the
equation f(x)=0 is locally q-superlinearly convergent to the solution 0. Despite
of this, all iterative sequences generated by the standard Broyden update (SBA,
shortly) do not q-linearly convergent to 0. Indeed, assume to the contrary that
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there is a iterative sequence (xk) with x0 ̸= 0, generated by (SBA) converging
q-linearly to 0, that is, there are η ∈ (0, 1) and k0 ∈ N such that

∥xk+1∥ ≤ η∥xk∥ for all k ≥ k0.

Obviously, xk ̸= 0 for all k ∈ N. For k ≥ k0, consider the case xk > 0 (the case
xk < 0 is similar). One has

Bk+1 = Bk +
(f(xk+1)− f(xk)−Bk(xk+1 − xk))(xk+1 − xk)

|xk+1 − xk|2

=
f(xk)− f(xk+1)

xk − xk+1

.

If xk+1 < 0, then

Bk+1 =
xk − x2

k + xk+1 − x2
k+1

xk − xk+1

≥ xk − x2
k − ηxk − η2x2

k

(1 + η)xk

=
1− η − (1 + η2)xk

1 + η
.

From
f(xk+1) +Bk+1(xk+2 − xk+1) = 0, (69)

we derive
xk+2

xk+1

=
1 +Bk+1

Bk+1

− xk+1

Bk+1

,

which shows that |xk+2| > |xk+1| when k is sufficiently large, a contradiction.
If xk+1 > 0, one has

Bk+1 =
xk − x2

k − xk+1 + x2
k+1

xk − xk+1

= 1− xk − xk+1.

Therefore, by (69),

xk+1 − x2
k+1 + (1− xk − xk+1)(xk+2 − xk+1) = 0,

which implies that xk+2 =
−xkxk+1

1−xk−xk+1
< 0, when k is sufficiently large.

By repeating the preceeding arguments for xk+2 instead of xk+1, we derive a
contradiction that |xk+3| > |xk+2|.

5. Concluding remarks

In this contribution, we derive a general version of the Dennis-Moré theorem for
generalized equations associated to semismooth functions. This result allows us
to obtain a new superlinear convergence results for generalized quasi-Newton



S. Adly, H. V. Ngai / Quasi-Newton Methods ... 1103

type methods, especially for the Broyden update method. The results estab-
lished in the paper furnish a methodology for considering quasi-Newton type
methods for solving generalized equations by using tools from modern varia-
tional analysis. As pointed by one of the reviewers, it would be interesting to
study, from a computational point of view, all the numerical methods proposed
in this paper. This is out of the scope of this manuscript and will be the subject
of a futur research project.
Acknowledgement. The authors would like to thank the reviewers for their
careful reading and for their insightful comments, which helped us to improve
the initial version of our manuscript.
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