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1. Introduction and motivation

Let H be a real Hilbert space with inner product and its reduced norm ∥ · ∥,
and C be a nonempty closed convex set in H. A mapping T : C → C is said to
be nonexpansive on C, if ∥T (x)−T (y)∥ ≤ ∥x− y∥ for every x, y ∈ C. It is said
to be quasi-nonexpansive [1] on C if ∥T (x)− p∥ ≤ ∥x− p∥ for every x ∈ C and
every fixed point p of T whenever T admits a fixed point. It is clear that every
nonexpansive mapping (operator) having a fixed point is quasi-nonexpansive,
but the converse is not true. Quasi-nonexpansive mappings have been studied
by some authors and some solution methods for finding a fixed point of quasi-
nonexpansive mappings have been developed in the literature (see e.g. the
monograph [4] and the papers [1, 6, 8, 13, 16]).
The approach based on the fixed point of nonexpansive and generalized non-
expansive mappings are commonly used in various fields of mathematics. In
[5] Combettes et al. have introduced a nonexpansive mapping Pf , called the
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proximal operator, by taking for each x ∈ H

Pf (x) := {z ∈ C : f(z, y) +
1

r
⟨y − z, z − x⟩ ≥ 0 ∀y ∈ C}

where r > 0 and f : C × C → R. Under the assumptions that f is monotone,
lower semicontinuous, convex on C with respect to the second argument and
hemicontinuous on C with respect to the first argument, they have proved,
among others, that Pf is single valued, nonexpansive on C, and that the fixed
point set of Pf coincides the solution set of the equilibrium problem

EP(C, f) find x∗ ∈ C : f(x∗, y) ≥ 0 ∀y ∈ C.

It is worth mentioning that Problem EP(C, f), although it has a simple for-
mulation, contains a lot number of problems such as optimization, variational
inequality, the Kakutani fixed point, Nash equilibrium models as special cases
(see e.g. [2, 3, 14]). The proximal operator Pf becomes a powerful tool for
the monotone variational inequality, equilibrium problem and related topics.
However, for pseudomonotone bifunctions, this operator, in general, is not non-
expansive, even its values may not be convex. Motivated by this fact, in this
paper, based upon the extragradient method introduced by Korpelevich [11] to
the saddle point problem, we define mappings for pseudomonotone bifunctions
with and without a Lipschitz-type condition. We show that these mappings are
quasi-nonexpansive, demi-closed and that their fixed point sets coincide with
the solution set of the equilibrium problem defined by the bifunction. This re-
sult thus allows that the existing results for quasi-nonxpansive mappings can be
applied to pseudomonotone equilibrium problems and their special cases such
as variational inequalities, the Nash equilibira, optimization and other related
problems.
The remaining part of the paper is organized as follows. The next section
contains some preliminaries. In the third section we define a quasi-nonexpansive
mapping for a bifunction satisfying a Lipschitz-type condition, and investigate
some properties concerning its fixed point set. The last section is devoted to
the case when the bifunction is not required to be Lipschiz-type.

2. Preliminaries

In what follows, for a real Hilbert space H, by xn → x and xn ⇀ x, we denote
the strong and weak convergence of a sequence {xn} to x in H, respectively. For
a mapping T : C → C, by Fix(T ), we denote the set of fixed points of T , i.e.,
Fix(T ) = {x ∈ C : T (x) = x}. The mapping T : C → C is called demi-closed
at zero if, for every sequence {xn} contained in C, one has

xn ⇀ x and ∥T (xn)− xn∥ → 0 =⇒ x ∈ Fix(T ).

The following well-known definitions are widely used (see e.g. [5, 12]).
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Definition 2.1. A bifunction f : H×H → R ∪ {+∞} is said to be
(a) β-strongly monotone on C if there exists β > 0 such that

f(x, y) + f(y, x) ≤ −β∥x− y∥2 ∀x, y ∈ C;

(b) monotone on C if

f(x, y) + f(y, x) ≤ 0 ∀x, y ∈ C;

(c) pseudomonotone on C

f(x, y) ≥ 0 =⇒ f(y, x) ≤ 0 ∀x, y ∈ C;

(d) Lipschitz-type on C with constants c1 > 0 and c2 > 0, if

f(x, y) + f(y, z) ≥ f(x, z)− c1∥x− y∥2 − c2∥y − z∥2 ∀x, y, z ∈ C.

The concepts of monotonicity and Lipschitz-type for bifunctions are general-
izations of the following definitions for operators:
Definition 2.2. A mapping F : C → H is said to be
(a) β-strongly monotone on C if there exists β > 0 such that

⟨F (x)− F (y), x− y⟩ ≥ β∥x− y∥2 ∀x, y ∈ C;

(b) monotone on C if

⟨F (x)− F (y), x− y⟩ ≥ 0 ∀x, y ∈ C;

d) pseudomonotone on C if

⟨F (x), y − x⟩ ≥ 0 =⇒ ⟨F (y), y − x⟩ ≥ 0 ∀x, y ∈ C;

(e) L-Lipschitz continuous on C if there exists L > 0 such that

∥F (x)− F (y)∥ ≤ L∥x− y∥ ∀x, y ∈ C.

It is easy to see that the bifunction f(x, y) := ⟨F (x), y−x⟩ is β-strongly mono-
tone (resp. monotone, pseudomonotone) on C if and only if F is β- strongly
monotone (resp. monotone, pseudomonotone) on C.
It has been proved [17] that if F is L-Lipschitz continuous on C, then f(x, y) : =
⟨F (x), y − x⟩ is Lipschitz-type on C with constants c1 = c2 = L/2. Note that
if f(x, y) = φ(y)− φ(x), then it is Lipschitz-type for any function φ.
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3. A quasi-nonexpansive mapping and its properties

In what follows we suppose that f : H × H → R ∪ {+∞} and that C × C ⊆
domf := {(x, y) : f(x, y) < +∞}. Let Sol(C, f) denote the solution set of the
equilibrium problem EP(C, f). Let us define the mapping Tf from C to itself
by taking, for every x ∈ C,

Tf (x) := argmin
{
λf(s(x), y) +

1

2
∥y − x∥2 : y ∈ C

}
,

where λ > 0 fixed and

s(x) := argmin
{
λf(x, y) +

1

2
∥y − x∥2 : y ∈ C

}
.

Proposition 3.1. Suppose that
(A0) Either intC ̸= ∅ or, for each x ∈ C, the function f(x, .) is continuous at

a point of C;
(A1) f(x, ·) is lower semicontinuous, convex on H, subdifferentiable on C and

f(x, x) = 0 for all x ∈ C;
(A2) f is pseudomonotone on C;
(A3) f is Lipschitz-type on C with constants c1 > 0 and c2 > 0.
Then the mapping Tf is well defined and, for every x∗ ∈ Sol(C, f), one has

∥Tf (x)−x∗∥2 ≤ ∥x−x∗∥2− (1− 2λc1)∥x− s(x)∥2− (1− 2λc2)∥s(x)−Tf (x)∥2.

Proof. First, note that since f(x, ·) is lower semicontinuous, convex on the
closed convex set C, both problems defining Tf (x) and s(x) are uniquely solv-
able. It is obvious that

s(x) = argmin
y∈C

{
λf(x, y) +

1

2
∥y − x∥2

}
= argmin

y∈H

{
f̂(x, y) := λf(x, y) +

1

2
∥y − x∥2 + δC(y)

}
,

where δC stands for the indicator function of C. Then s(x) solves the latter
unconstrained optimization problem if and only if 0 ∈ ∂2f̂(x, s(x)), where
∂2f̂(x, s(x)) denotes the subdifferential of the convex function f̂(x, .) at s(x).
Since C ⊆ domf(x, .), using Assumption (A0), we can apply the Moreau-
Rockafellar theorem [7, p. 47], to obtain

0 ∈ ∂2

(
λf(x, y) +

1

2
∥y − x∥2

)
(s(x)) +NC(s(x)),

where NC(s(x)) is the (outward) normal cone of C at s(x) ∈ C. Thus, there
exist w ∈ ∂2f(x, s(x)) and w ∈ NC(s(x)) such that

0 = λw + s(x)− x+ w.
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Since w ∈ NC(s(x)), we have ⟨w, y − s(x)⟩ ≤ 0 for all y ∈ C. Note that
w = x− λw − s(x) we can write

λ⟨w, y − s(x)⟩ ≥ ⟨x− s(x), y − s(x)⟩ ∀y ∈ C. (1)

Since w ∈ ∂2f(x, s(x)), we have

f(x, y)− f(x, s(x)) ≥ ⟨w, y − s(x)⟩ ∀y ∈ C,

which together with (1) implies

λ[f(x, y)− f(x, s(x))] ≥ ⟨x− s(x), y − s(x)⟩ ∀y ∈ C. (2)

Substituting y = Tf (x) ∈ C in (2) we obtain

λ[f(x, Tf (x))− f(x, s(x))] ≥ ⟨x− s(x), Tf (x)− s(x)⟩. (3)

Similarly, from

Tf (x) = argmin
{
λf(s(x), y) +

1

2
∥y − x∥2 : y ∈ C

}
,

we can show that

λ[f(s(x), y)− f(s(x), Tf (x))] ≥ ⟨x− Tf (x), y − Tf (x)⟩ ∀y ∈ C. (4)

Since x∗ ∈ Sol(C, f) and f is pseudomonotone on C, we have f(s(x), x∗) ≤ 0.
Then substituting y = x∗ ∈ C into (4), we obtain

⟨Tf (x)− x, x∗ − Tf (x)⟩ ≥ λ[f(s(x), Tf (x))− f(s(x), x∗)]

≥ λf(s(x), Tf (x)).
(5)

Now applying the Lipschitz-type condition of f on C with constants c1 > 0
and c2 > 0 and (3), we get

λf(s(x), Tf (x)) ≥
≥ λ[f(x, Tf (x))− f(x, s(x))− c1∥x− s(x)∥2 − c2∥s(x)− Tf (x)∥2]
≥ ⟨x− s(x), Tf (x)− s(x)⟩ − λc1∥x− s(x)∥2 − λc2∥s(x)− Tf (x)∥2,

which together with (5) implies

⟨Tf (x)− x, x∗ − Tf (x)⟩ ≥ (6)
≥ ⟨x− s(x), Tf (x)− s(x)⟩ − λc1∥x− s(x)∥2 − λc2∥s(x)− Tf (x)∥2.

Taking into account (6) and

⟨Tf (x)− x, x∗ − Tf (x)⟩ =
1

2
[∥x∗ − x∥2 − ∥Tf (x)− x∥2 − ∥x∗ − Tf (x)∥2],
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⟨x− s(x), Tf (x)− s(x)⟩ = 1

2
[∥x− s(x)∥2 + ∥Tf (x)− s(x)∥2 − ∥Tf (x)− x∥2],

we deduce that

∥Tf (x)−x∗∥2 ≤ ∥x−x∗∥2− (1− 2λc1)∥x− s(x)∥2− (1− 2λc2)∥s(x)−Tf (x)∥2,

which completes the proof.
Remark 3.1 Assumptions (A1) is commonly used for equilibrium problems, see
e.g., the survey paper [2]. In the variational inequality case, where f(x, y) :=
⟨F (x), y − x⟩, this assumption is automatically satisfied. The Lipschitz-type
assumption (A3) was first used in [12] and then in some papers, see e.g., [14].
Note that if f(x, y) := ⟨F (x), y − x⟩, then f is Lipschitz-type on C if and only
if so the operator F is.
If H is finite dimensional, Assumption (A0) can be replaced by

riC ∩ ri(domf(x, .)) ̸= ∅,

see e.g. [18, Theorem 23.8].
Proposition 3.2. Under the assumptions (A0)− (A3) of Proposition 3.1, for

0 < λ < min
{ 1

2c1
,
1

2c2

}
, the fixed point set of Tf coincides with the solution

set of the equilibrium problem
EP(C, f) find x∗ ∈ C : f(x∗, y) ≥ 0 ∀y ∈ C,
provided the solution set Sol(C, f) of EP(C, f) is nonempty.

Proof. Suppose that u∗ ∈ Sol(C, f) then f(u∗, y) ≥ 0 for all y ∈ C. From
f(x, x) = 0 for every x ∈ C, it follows that

s(u∗) = argmin
{
λf(u∗, y) +

1

2
∥y − u∗∥2 : y ∈ C

}
= u∗,

Tf (u
∗) = argmin

{
λf(s(u∗), y) +

1

2
∥y − u∗∥2 : y ∈ C

}
= argmin

{
λf(u∗, y) +

1

2
∥y − u∗∥2 : y ∈ C

}
= u∗,

which implies u∗ ∈ Fix(Tf ). Hence Sol(C, f) ⊆ Fix(Tf ).
Conversely, suppose that u∗ ∈ Fix(Tf ). Then Tf (u

∗) = u∗. From Proposition
3.1, for x∗ ∈ Sol(C, f), we have

∥u∗ − x∗∥2 ≤ ∥u∗ − x∗∥2 − (1− 2λc1)∥u∗ − s(u∗)∥2 − (1− 2λc2)∥s(u∗)− u∗∥2.

Since 0 < λ < min
{ 1

2c1
,
1

2c2

}
, it follows from the last inequality that s(u∗) =

u∗. Thus, from (2) with x = u∗, we have f(u∗, y) ≥ 0 for all y ∈ C, i.e., u∗ ∈
Sol(C, f). Hence Fix(Tf ) ⊆ Sol(C, f). Combining with Sol(C, f) ⊆ Fix(Tf ),
we obtain Fix(Tf ) = Sol(C, f).
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Proposition 3.3. Suppose the bifunction f satisfies the conditions (A1)−(A3)
of Proposition 3.1 and, additionally, the following conditions:
(A4) f is jointly weakly continuous on C × C in the sense that, if x, y ∈

C and {xn}, {yn} ⊂ C converge weakly to x and y, respectively, then
f(xn, yn) → f(x, y) as n → ∞.

(A5) The solution set Sol(C, f) of the equilibirum problem EP (C, f) is non-
empty.

Then the mapping Tf is quasi-nonexpansive on C with 0 < λ < min
{ 1

2c1
,
1

2c2

}
and demi-closed at zero.

Proof. By Proposition 3.2, we have Fix(Tf ) = Sol(C, f), which together with

Proposition 3.1 and the fact that 0 < λ < min
{ 1

2c1
,
1

2c2

}
imply

∥Tf (x)− x∗∥ ≤ ∥x− x∗∥ ∀x ∈ C, ∀x∗ ∈ Fix(Tf ).

Thus the mapping Tf is quasi-nonexpansive on C.
To prove demiclosedness we suppose that sequence {xn} ⊂ C, xn ⇀ x and
∥Tf (xn) − xn∥ → 0. We will show that x ∈ Fix(Tf ). First, we see that since
{xn} ⊂ C, xn ⇀ x and C is closed and convex, it is also weakly closed, and
thus x ∈ C. Since xn ⇀ x, the sequence {xn} is bounded. Since Tf is quasi-

nonexpansiveness, {Tf (xn)} is bounded. Since 0 < λ < min
{ 1

2c1
,
1

2c2

}
, from

Proposition 3.1, with x∗ ∈ Sol(C, f), we have

(1− 2λc1)∥xn − s(xn)∥2 ≤ ∥xn − x∗∥2 − ∥Tf (xn)− x∗∥2

≤ (∥xn − x∗∥+ ∥Tf (xn)− x∗∥)∥xn − Tf (xn)∥.

Using the above inequality, the boundedness of {xn}, {Tf (xn)} and ∥Tf (xn)−
xn∥ → 0, we have

lim
n→∞

∥xn − s(xn)∥ = 0. (7)

From (2), it follows that

λ[f(xn, y)− f(xn, s(xn))] ≥ ⟨xn − s(xn), y − s(xn)⟩ ∀y ∈ C. (8)

Since {xn} is bounded and lim
n→∞

∥xn − s(xn)∥ = 0, the sequence {s(xn)} is
bounded too. Applying the Cauchy-Schwarz inequality and using the bound-
edness of {s(xn)} and (7), we get lim

n→∞
⟨xn − s(xn), y − s(xn)⟩ = 0. From

xn ⇀ x and (7), we have s(xn) ⇀ x. Now, using (8), the jointly weak con-
tinuity of f and the weak convergence of the two sequences {xn}, {s(xn)} to
x and lim

n→∞
⟨xn − s(xn), y − s(xn)⟩ = 0, we obtain f(x, y) ≥ 0 ∀y ∈ C, i.e.

x ∈ Sol(C, f). So x ∈ Fix(Tf ). Thus Tf is demi-closed at zero.
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Conditions for which Sol(C, f) ̸= ∅, thereby Fix(Tf ) ̸= ∅, can be found, for
example, in [2, 3].
An important special case of Tf occurs in variational inequality problems. In
this case f(x, y) := ⟨F (x), y − x⟩, where F is a mapping from C to H. The
mapping Tf then takes the form

Tf (x) = PC(x− λF (PC(x− λF (x)))),

where PC stands for the metric projection mapping onto C. It is well known [17]
that if F is pseudomonotone and Lipschitz continuous on C, then the bifunction
f(x, y) := ⟨F (x), y−x)⟩ is Lipschitz-type on C. In this case Problem EP (C, f)
is reduced to the variational inequality problem
VIP(C, F) find x∗ ∈ C : ⟨F (x∗), y − x∗)⟩ ≥ 0 ∀y ∈ C.

4. Avoiding the Lipschitz-type condition

So far we have supposed that f is Lipschitz-type which may not always be
satisfied. In this section, without the Lipschitz-type condition for the bifunction
f , we define a quasi-nonexpansive mapping as follows:
For a fixed number η ∈ (0, 1), define the mapping Lf

η : C → C by taking, for
each x ∈ C,

Lf
η(x) :=

{
x if x = y,

PC(x− σg), otherwise,
(9)

where
y := argmin

{
f(x, t) +

1

2
∥t− x∥2 : t ∈ C

}
,

g ∈ ∂2f(z, x), σ :=
f(z, x)

∥g∥2
, with z := (1 − ηm)x + ηmy, and m being the

smallest nonnegative integer number k satisfying

f((1− ηk)x+ ηky, x)− f((1− ηk)x+ ηky, y) ≥ ∥x− y∥2

2
.

We need the following lemma for proving the main results of this section.
Lemma 4.1. ([19] Proposition 4.3) Let ∆ ⊆ H be an open convex set contain-
ing C and f : ∆×∆ → R be a bifunction satisfying conditions (A1) on C and
(A4) on ∆×∆. Let x, z ∈ ∆ and {xn}, {zn} be two sequences in ∆ converging
weakly to x, z, respectively. Then, for any ε > 0, there exist γ > 0 and nε ∈ N
such that

∂2f(zn, xn) ⊂ ∂2f(z, x) +
ε

γ
B,

for every n ≥ nε, where B denotes the closed unit ball in H.
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Proposition 4.2. Suppose that f : ∆×∆ → R be a bifunction satisfying con-
ditions (A1), (A2) on C, (A4) on ∆ × ∆ and (A5), where ∆ ⊆ H is an open
convex set containing C. Then the mapping Lf

η in (9) is well defined and the
followings hold true:
(i) If y ̸= x and x∗ ∈ Sol(C, f), then ∥Lf

η(x)− x∗∥ < ∥x− x∗∥;
(ii) For all x ∈ C and x∗ ∈ Sol(C, f) one has ∥Lf

η(x)− x∗∥ ≤ ∥x− x∗∥;
(iii) Fix(Lf

η) = Sol(C, f);
(iv) Lf

η is demi-closed at zero, that is, for every sequence {xn} contained in
C, one has

xn ⇀ x and ∥Lf
η(xn)− xn∥ → 0 =⇒ x ∈ Fix(Lf

η).

Proof. (i): We first show that the number m is finite. Suppose by contra-
diction that, for every nonnegative integer m and zm = (1 − ηm)x + ηmy one
has

f(zm, x)− f(zm, y) <
∥x− y∥2

2
.

Taking the limit as m → ∞, from zm → x as m → ∞, it follows that

−f(x, y) ≤ ∥x− y∥2

2
. (10)

Since y = argmin
{
f(x, t) +

1

2
∥t− x∥2 : t ∈ C

}
, from (2), we have

f(x, t)− f(x, y) ≥ ⟨x− y, t− y⟩ ∀t ∈ C. (11)

Choose t = x ∈ C, we get −f(x, y) ≥ ∥x− y∥2.

Combining with (10) yields ∥x − y∥2 ≤ ∥x− y∥2

2
, which is in contradiction

to the fact that x ̸= y.
Since f is convex with respect to the second argument, we have

(1− ηm)f(z, x) + ηmf(z, y) ≥ f(z, (1− ηm)x+ ηmy) = f(z, z) = 0,

which implies

f(z, x) ≥ ηm(f(z, x)− f(z, y)) ≥ ηm∥x− y∥2

2
> 0. (12)

If 0 ∈ ∂2f(z, x) then f(z, t)− f(z, x) ≥ 0 for all t ∈ C. Choose t = z ∈ C to
get f(z, x) ≤ 0, which contradicts (12).
Thus 0 /∈ ∂2f(z, x). Then, it follows from g ∈ ∂2f(z, x) and f(z, x) > 0 that

g ̸= 0, σ =
f(z, x)

∥g∥2
> 0. (13)
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Let x∗ ∈ Sol(C, f) and z ∈ C, then f(x∗, z) ≥ 0. Using the pseudomonotonicity
of f , we obtain

f(z, x∗) ≤ 0. (14)

It follows from g ∈ ∂2f(z, x) that f(z, t)− f(z, x) ≥ ⟨g, t− x⟩ for all t ∈ C.
Replacing t = x∗ ∈ C in the above inequality, from (14), we can write

⟨g, x− x∗⟩ ≥ f(z, x)− f(z, x∗) ≥ f(z, x). (15)

Since the projection operator PC is nonexpansive, by (15) and (13), we have

∥Lf
η(x)− x∗∥2 = ∥PC(x− σg)− PC(x

∗)∥2 ≤ ∥x− σg − x∗∥2 (16)
= ∥x− x∗∥2 + σ2∥g∥2 − 2σ⟨g, x− x∗⟩ ≤ ∥x− x∗∥2 + σ2∥g∥2 − 2σf(z, x)

= ∥x− x∗∥2 + σ2∥g∥2 − 2σ2∥g∥2 = ∥x− x∗∥2 − (σ∥g∥)2 < ∥x− x∗∥2.

Thus
∥Lf

η(x)− x∗∥ < ∥x− x∗∥.

(ii): The assertion follows from (i) and Lf
η(x) = x if y = x.

(iii): If x ∈ Sol(C, f) then f(x, t) ≥ 0 for all t ∈ C. Since f(x, x) = 0, it
follows that

y = argmin
{
f(x, t) +

1

2
∥t− x∥2 : t ∈ C

}
= x.

From the definition of Lf
η , we have Lf

η(x) = x, i.e., x ∈ Fix(Lf
η). Hence

Sol(C, f) ⊆ Fix(Lf
η).

Conversely, suppose that x ∈ Fix(Lf
η), then Lf

η(x) = x. If y ̸= x then from
(i), we have ∥Lf

η(x)− x∗∥ < ∥x − x∗∥, where x∗ ∈ Sol(C, f). This contradicts
to the fact that Lf

η(x) = x. Thus y = x. From (11), we find f(x, t) ≥ 0 for
all t ∈ C, i.e., x ∈ Sol(C, f). Hence Fix(Lf

η) ⊆ Sol(C, f). Combined with
Sol(C, f) ⊆ Fix(Lf

η), we obtain Fix(Lf
η) = Sol(C, f).

(iv): Suppose that sequence {xn} ⊂ C, xn ⇀ x and ∥Lf
η(xn) − xn∥ → 0. We

will prove that x ∈ Fix(Lf
η). First, we observe that from {xn} ⊂ C, xn ⇀ x

and C is closed and convex, it follows x ∈ C. Since xn ⇀ x, the sequence {xn}
is bounded. Thus, from (ii), the sequence {Lf

η(xn)} is bounded too.
Case 1 : Suppose that there exists a subsequence {xni

} of {xn} such that
Lf
η(xni

) = xni
for all i. In this case xni

∈ Fix(Lf
η) = Sol(C, f). Thus

f(xni
, y) ≥ 0 ∀y ∈ C. (17)

From (17) and the weak convergence of the sequence {xni
} to x, we get f(x, y) ≥

0 for all y ∈ C, i.e. x ∈ Sol(C, f) = Fix(Lf
η).
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Case 2 : Suppose that there exists a subsequence of {xn}, which for simplicity
we denote also by {xn}, such that Lf

η(xn) ̸= xn for all n. Let {mn} be the
sequence of the smallest non-negative integers such that, for all n

f((1− ηmn)xn + ηmnyn, x)− f((1− ηmn)xn + ηmnyn, yn) ≥
∥xn − yn∥2

2
.

where
yn = argmin

{
f(xn, t) +

1

2
∥t− xn∥2 : t ∈ C

}
,

and zn = (1− ηn)xn + ηnyn, ηn = ηmn . From (16) we get

∥Lf
η(xn)− x∗∥2 ≤ ∥xn − x∗∥2 − (σn∥gn∥)2,

where gn ∈ ∂2f(zn, xn) and σn =
f(zn, xn)

∥gn∥2
. Thus

(σn∥gn∥)2 ≤ ∥xn − x∗∥2 − ∥Lf
η(xn)− x∗∥2

≤ (∥xn − x∗∥+ ∥Lf
η(xn)− x∗∥)∥xn − Lf

η(xn)∥.

This inequality together with the boundedness of two sequences {xn}, {Lf
η(xn)}

and the fact ∥Lf
η(xn)− xn∥ → 0 imply

lim
n→∞

σn∥gn∥ = 0. (18)

Now, we prove that {yn} is bounded. From

yn = argmin
{
f(xn, t) +

1

2
∥t− xn∥2 : t ∈ C

}
,

it follows that

f(xn, t) +
1

2
∥t− xn∥2 ≥ f(xn, yn) +

1

2
∥yn − xn∥2 ∀t ∈ C.

With t = xn the above inequality becomes

f(xn, yn) +
1

2
∥yn − xn∥2 ≤ 0.

For every ζn ∈ ∂2f(xn, xn), since yn ∈ C, it holds that f(xn, yn) ≥ ⟨ζn, yn−xn⟩.

Thus ⟨ζn, yn − xn⟩+
1

2
∥yn − xn∥2 ≤ 0, which implies

−∥ζn∥.∥yn − xn∥+
1

2
∥yn − xn∥2 ≤ 0.
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Hence ∥yn − xn∥ ≤ 2∥ζn∥. (19)

Since xn ⇀ x, in virue of Lemma 4.1, the sequence {ζn} is bounded. Combining
this fact with the boundedness of {xn} and (19), we see that the sequence {yn} is
also bounded. The sequence {zn}, being a convex combination of the sequences
{xn} and {yn} is also bounded, and therefore there exists a subsequence of {zn},
that for simplicity we also denote by {zn}, converging weakly to z ∈ C. Since
gn ∈ ∂2f(zn, xn), from Lemma 4.1 we deduce that {gn} is bounded. So from
(18) and f(zn, xn) = σn∥gn∥2 = (σn∥gn∥).∥gn∥, we obtain f(zn, xn) → 0 as
n → ∞. From (12), we have

f(zn, xn) ≥
ηn∥xn − yn∥2

2
. (20)

Letting lim
n→∞

f(zn, xn) = 0, (20), we obtain

lim
n→∞

ηn∥xn − yn∥2 = 0. (21)

From (11), it follows that

f(xn, t)− f(xn, yn) ≥ ⟨xn − yn, t− yn⟩ ∀t ∈ C. (22)

Now we distinguish two cases:
Case 2.1 : lim sup

n→∞
ηn > 0. In this case, there exist η and a subsequence of

{ηn}, denoted by {ηni
} such that ηni

→ η. Then, by (21), we obtain that
lim
i→∞

∥xni
− yni

∥ = 0. Since xni
⇀ x we have yni

⇀ x. It follows from (22) that

f(xni
, t)− f(xni

, yni
) ≥ ⟨xni

− yni
, t− yni

⟩ ∀t ∈ C. (23)

Applying the Cauchy-Schwarz inequality, we get

|⟨xni
− yni

, t− yni
⟩| ≤ ∥xni

− yni
∥.∥t− yni

∥. (24)

Since ∥xni
− yni

∥ → 0 and the sequence {yni
} is bounded, from (24), it ensures

that lim
i→∞

⟨xni
− yni

, t − yni
⟩ = 0. So, using (23) and the weak convergence of

the two sequences {xni
}, {yni

} to x, we get

f(x, t) ≥ 0 ∀t ∈ C,

i.e. x ∈ Sol(C, f) = Fix(Lf
η).

Case 2.2 : lim
n→∞

ηn = 0. From the boundedness of {yn}, without loss of gener-
ality, we may assume that yn ⇀ y as n → ∞. Since ηn = ηmn → 0, it follows
that mn > 1 for n sufficiently large and consequently, that

f(zn, xn)− f(zn, yn) <
∥xn − yn∥2

2
, (25)
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where zn = (1− ηmn−1)xn + ηmn−1yn. Choose t = xn in (22) to obtain

−f(xn, yn) ≥ ∥xn − yn∥2. (26)

From (25) and (26) we can write

f(zn, xn)− f(zn, yn) < −1

2
f(xn, yn). (27)

Since {xn} and {yn} are bounded and ηn → 0, we have

∥zn − xn∥ =
ηn
η
∥xn − yn∥ → 0.

From xn ⇀ x and ∥zn − xn∥ → 0, it follows that zn ⇀ x. Since yn ⇀ y, from
(27), we have

−f(x, y) ≤ −1

2
f(x, y).

Thus
f(x, y) ≥ 0. (28)

From (26) follows
f(xn, yn) ≤ 0. (29)

Since xn ⇀ x, yn ⇀ y, from (29), we have f(x, y) ≤ 0. In combination with
(28) we obtain f(x, y) = 0. Note that

lim
n→∞

f(xn, yn) = f(x, y) = 0.

Thus from (26) we can write lim
n→∞

∥xn − yn∥ = 0.

Since xn ⇀ x we have yn ⇀ x. From ∥xn− yn∥ → 0 and the boudedness of the
sequence {yn} , it follows that lim

k→∞
⟨xn − yn, t− yn⟩ = 0. So, by using (22) and

the weak convergence of the two sequences {xn}, {yn} to x, we obtain

f(x, t) ≥ 0 ∀t ∈ C,

i.e. x ∈ Sol(C, f) = Fix(Lf
η).

Remark 3.2 (1) A contraction fixed point approach for strongly monotone
equilibrium problem (EP) has been studied in [15] by defining the following
mapping

s(x) := argmin{ρf(x, y) + ∥y − x∥2 : y ∈ C},

where ρ > 0.
It has been proved [15] that if f is strongly monotone, Lipschitz-type on C,
then one can find ρ > 0, depending on the strongly monotone modulus and
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Lipschitz-type constant, such that s is contractive on C and its fixed point is
the unique solution of equilibrium problem EP(C, f) ;
Another fixed point formulation for equilibrium problems has been used in [5]
by defining a mapping as

Pf (x) := {z ∈ C : f(z, y) +
1

r
⟨y − z, z − x⟩ ≥ 0 ∀y ∈ C}.

It has been shown that if f is a monotone bifunction satisfying certain as-
sumptions, then Pf is single-valued, nonexapansive on C and its fixed point set
coincides with the solution set of Problem EP(C, f). However for pseudomono-
tone bifunctions the mapping Pf , in general, is multi-valued, even its values
may not be convex.
(2) The extragradient method introduced by Korpelevich [11] for the sad-
dle point problem has been extended and modified for solving the equilibrium
problem EP(C, f) and its special cases such as variational inequality, see e.g.
[9, 10, 17, 19, 20] and the references therein. The results obtained in the
above propositions give a quasi-nonexpansive fixed point approach to the extra-
gradient method for pseudomonotone equilibrium problems with and without
Lipschitz-type condition. The existing results for quasi-nonexpansive mappings
in real Hilbert spaces thus can be applied to pseudomonotone equilibrium as
well as variational inequality problems.

5. Conclusion

We have introduced quasi-nonexpansive mappings for a pseudomonotone mono-
tone equilibrium problem defined by a convex set C and a bifunction f in real
Hilbert spaces and investigated some properties concerning their fixed point
sets related to the solution set of the problem.
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