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In the literature of variational inequalities, there has been a lot of studies about the role of
gap functions in the development of error bounds specially for the case where the variational
inequality is described by a strongly monotone mapping. However the role of the dual gap
function in devising error bounds, to the best of our knowledge, has not been thoroughly
investigated. In this article we focus on the dual gap function for monotone variational
inequalities. We highlight some properties of the dual gap function which are not shared
by the other gap functions and also show how it can be used to develop error bounds for
strongly monotone variational inequalities with convex and compact feasible sets.
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1. Introduction and Motivation

Consider a continuous vector function f : Rn → Rn and a non-empty closed
convex set C. The variational inequality problem V I(f, C) consists of finding
x̄ ∈ C such that

⟨f(x̄), x− x̄⟩ ≥ 0, ∀x ∈ C.

If f is assumed to be strongly monotone over C then the V I(f, C) has a unique
solution. Let us recall f is called strongly monotone over the set C if there
exists µ > 0 such that for all x, y ∈ C,

⟨f(y)− f(x), y − x⟩ ≥ µ||y − x||2.
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In this article we focus on variational inequalities where f is strongly mono-
tone over the set C. Our aim is to develop error bounds in terms of the so
called dual gap function which we will soon describe below. Error bounds are
important since they allow to estimate the distance of a feasible point from
the solution by providing an upper bound. This becomes helpful in numerical
computation since it can be used as a stopping criterion or can also be used to
judge the quality of the approximate solution generated by an iterative process.
Gap functions are the main vehicles of devising error bounds for variational in-
equalities. A gap function h is a numerical function on Rn such that h(x) ≥ 0
for all x ∈ C and

h(x̄) = 0
x̄ ∈ C

}
⇐⇒ x̄ solution of V I(f, C).

There are numerous gap functions available in the literature. See for example
Auslender [3], Peng [17], Fukushima [14], Auchmuty [1], Yamashita, Taji and
Fukushima [22], Dutta [11], Aussel and Dutta [4], and the references therein.
The notion of the gap function suggests an optimization reformulation of the
variational inequality problem V I(f, C). If we minimize the function h over C
and the infimal value is zero and there exists a minimizer of h over C, then
that minimizer is a solution of V I(f, C). Consider the following function

gD(x) = sup
y∈C

⟨f(y), x− y⟩.

It is not difficult to see that if f is monotone over C then gD is a gap function
for V I(f, C). Further it is important to note that the dual gap function that
we discuss in this paper was first suggested and studied in [24] and [25]. This
dual gap function gD has been also studied in [16] and used in [23] in order to
derive the finite convergence of algorithms for variational inequalities. However
it need not be finite for each x unless there is some addditional assumption on
C or f . If C is compact or, as will be shown in the next section, f is strongly
monotone on C, then gD is finite-valued. This fact is important since we will
focus on the strongly monotone case. The fact that gD is finite in this case
makes it an ideal vehicle for devising error bounds. Further observe that since
C is non-empty, gD never takes the value −∞. Note also that gD, being the
supremum of a family of affine functions in x, is convex over Rn. Thus when
f is strongly monotone over C then gD is also continuous. The figures below
show gD for f(x) = cos x, x3, ex with corresponding C = [0, π], [−7, 1], [−4, 4],
respectively.
In general gD is a gap function for the Minty variational inequality, which seeks
to find x ∈ C such that

⟨f(y), y − x⟩ ≥ 0, ∀y ∈ C.

When f is monotone then the solution sets of the Minty variational inequality
coincides with the solution set of V I(f, C). At this point it is worthwhile to
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mention that in the literature V I(f, C) is usually known as the Stampacchia
variational inequality.
It is interesting to notice that the variational inequality, as a separate problem,
was considered after the pioneering works of Fichera [13] and Stampacchia [19].
while the set-valued formulation of the variational inequalities was first consid-
ered in [9]. On the other hand, the above called Minty variational inequality
was first studied in Debrunner-Flor [10], where the first existence result for this
problem has been obtained.
Now, in contrast, the Auslender gap function ( [3] [24], [25]):

θ(x) = sup
y∈C

⟨f(x), x− y⟩

is a gap function for V I(f, C) regardless of the nature of f . This gap function
was also first suggested in [24], [25]. However it is important to know that
unless we assume some conditions like compactness of C, it is not possible to
guarantee the finiteness of the Auslender gap function even if f is strongly
monotone. For example consider C = Rn

+ which corresponds to a classical
complementarity problem (see [12] for details). In this particular case we have
θ(x) = ⟨f(x), x⟩ if f(x) ∈ Rn

+ and θ(x) = +∞ otherwise. This happens even
if f is strongly monotone, the class of functions which are amenable to the
development of error bounds.
There has been a lot of studies about the role of gap functions in the literature
of variational inequalities and their role in the development of error bounds
specially for the case where the variational inequality is described by a strongly
monotone mapping. However the role of the dual gap function in devising error
bounds, to the best of our knowledge, has not been thoroughly investigated.
The only result involving the dual gap function in an error bound seems to have
appeared in Marcotte and Zhu [16]. It is also to be noted that Marcotte and
Zhu [16] develops the error bound for a weak-sharp solution of a variational
inequality when the underlying map f is monotone plus (see [16] for details).
Thus one of our main focus would be to develop error bounds for V I(f, C)
when f is strongly monotone without any additional assumption on the nature
of the solution. Though this is one of our major goals we nevertheless start our
article by discussing some basic properties of the dual gap function. We can
conclusively show that gD is a gap function V I(f, C) when f is monotone. We
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also discuss some key properties of the gD namely its finiteness and continuity
which are the two crucial properties needed to develop error bounds. From
a very practical point of view one might also feel that computing the value
of gD at a given x is indeed very difficult since one needs to solve a non-
convex optimization problem. This disadvantage possibly may offset the fact
that gD is indeed a convex function while other gap functions known in the
literature are not. For example the Auslender gap function mentioned above
though not convex is more easy to compute as one needs to maximize an affine
function over a convex set. But as we have mentioned above gD is always finite
when f is strongly monotone, while the Auslender gap function θ is not. Thus
again from a theoretical point of view we believe that it would be interesting
to investigate the role of gD in devising error bounds for strongly monotone
variational inequality problem.
The article is arranged as follows. In section 2 we mainly discuss the finiteness
of gD. As mentioned above we show that when f is strongly monotone gD is
finite. In this section we shall show that just having monotonicity of f need not
give us finiteness over all the feasible set. We demonstrate this by giving two
important examples of variational inequalities with monotone maps which are
not strongly monotone. One of them is generated through the primal-dual pair
of linear programming problems and the other one through the primal-dual pair
of semidefinite programming problems. In fact for primal-dual pair of points in
both these cases the function gD can be explicitly computed and is nothing but
the duality gap and is +∞ everywhere else. These two examples are important
examples because the associated variational inequalities cannot be represented
as an optimality condition for any convex optimization problem. In Section
3 we present the error bounds for V I(f, C) when f is a strongly monotone
and the set C is convex and compact. We end Section 3 with some simple
examples of V I(f, C), where f is strongly monotone and gD can be explicitly
computed. Finally a concluding remark is given in Section 4 where, based on
a very simple example, we suggest a possible extension of this work to non
convex optimization problems.

2. Finiteness of the dual gap function

In this section we briefly comment on the relation between the Auslender’s
gap function and the dual gap function and show that when f is strongly
monotone the dual gap function is always finite. To begin let us recall the
standard definition of a monotonicity of a function f : Rn → Rn. The function
f is monotone on C if for any x, y ∈ C we have

⟨f(y)− f(x), y − x⟩ ≥ 0.

This simply shows that gD(x) ≤ θ(x) for all x ∈ Rn. The fundamental differ-
ence between these two gap functions is the following: In order to compute the
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value at a given point for the function θ we need to maximize an affine func-
tion over the convex set C while for the dual gap function one needs to solve
a non-convex minimization problem. We have however shown that for simple
cases one can use a modern mathematical package and at least approximately
compute the gap function gD. Consider the graph of the function gD for the one
dimensional examples in Section 1. We admit however that it will be difficult
to compute gD in higher dimensional cases but one may be able to make some
upper approximations of the value of gD at each point. Fortunately one of the
main strengths of gD is that when f is strongly monotone, it is finite without
any boundedness assumption on the set C. This is what we show below.
Proposition 2.1. Let f be continuous and µ-strongly monotone on a non-
empty closed and convex subset C. Then gD is finite-valued on C.

Proof. Since f is µ-strongly monotone we have for any x, y

⟨f(x)− f(y), x− y⟩ ≥ µ||y − x||2.

This shows that

sup
y∈C

{⟨f(x), x− y⟩ − µ||y − x||2} ≥ gD(x).

Note that we have

sup
y∈C

{⟨f(x), x− y⟩ − µ||y − x||2} = − inf
y∈C

{⟨f(x), y − x⟩+ µ||y − x||2}.

But, for any fixed x, the function y 7→ ⟨f(x), y − x⟩ + µ||y − x||2 is strongly
convex and thus has a unique minimizer over C since C is closed and convex.
Thus gD(x) is finite for any x ∈ C.

Example 2.2. We shall now give an example of a strongly monotone varia-
tional inequality with non-compact C and show that the Auslender gap func-
tion can fail to be finite but the dual gap function will be finite. Consider the

V I(f, C) with f : R → R given as f(x) = −1+ x and C = R+. Then at x =
1

2

we have gD(12) =
1

16
while θ(1

2
) = +∞.

The following example which is in Borwein and Dutta [7] highlights the fact that
if f is just monotone the dual gap function gD need not be finite everywhere.
In fact the variational inequality in the following example is important since in
this case f cannot be expressed as the gradient of any convex function.
Example 2.3. In this example we shall look into a very special type of affine
variational inequality. Thus we consider V I(f, C) with f(x) =Mx+q where M
is a n× n skew-symmetric matrix. One of the major source of such variational
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inequalities comes from the primal-dual pair of linear programming problems.
This was discussed in the recent work of Borwein and Dutta [7] and also in
Borwein and Lewis [8]. Borwein and Dutta [7] has also calculated the dual gap
function for such a variational inequality explicitly. Consider now the following
pair of primal-dual linear programs. The primal problem denoted as (LP) is
given as

min⟨c, x⟩ subject to Ax ≥ b, x ≥ 0,

and the dual problem denoted as (DP ) is given as

max⟨b, y⟩ subject to ATy ≤ c, y ≥ 0.

Consider the following affine variational inequality V I(M̂z + q, Rn
+ × Rm

+ ),
where

M̂ =

[
0 −AT

A 0

]
and z = (x, y). It was proved in [7] that the solution set of the above men-
tioned affine variational inequality coincides with the primal-dual solution set
of the primal-dual pair of linear programming problem when both of them are
non-empty. Let us denote the primal-dual feasible set of the pair of linear pro-
gramming problem (LP)-(DP) by S and the primal-dual solution set as S. In
fact it has been shown in [7] that when (x, y) ∈ S then

gD(x, y) = ⟨c, x⟩ − ⟨b, y⟩,

and gD(x, y) = +∞ when (x, y) ̸∈ S.

We shall now show that a similar thing can happen if we consider a variational
inequality constructed using the a primal-dual pair of semidefinite programming
problems.
Example 2.4. We begin by considering the space Sn of all n×n real symmetric
matrices, Sn

+ the cone of all positive semidefinite matrices and Sn
++ be the cone

of positive definite matrices. The inner product of two matrices X and Y in
Sn is defined by ⟨X,Y ⟩Sn = trace(XY ) An important feature of the cone Sn

+ is
that it is not polyhedral and it is self-dual, which means that it coincides with
its dual cone. The dual cone of Sn

+ is denoted as (Sn
+)

∗ and is given as

(Sn
+)

∗ = {W ∈ Sn : ⟨W,V ⟩ ≥ 0, ∀V ∈ Sn
+}.

The semidefinite programming problem (SDP) is given as follows:

min⟨C,X⟩Sn+ , subject to , ⟨Ai, X⟩Sn ≥ bi, i = 1, . . . ,m, X ∈ Sn
+,
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where C,A1, . . . Am ∈ Sn. The dual problem of (SDP) which we denote by
(DSDP) is given as

max⟨b, y⟩, subject to C −
m∑
i=1

yiAi ∈ Sn
+, y ∈ Rm

+ .

Given the matrices A1, . . . Am ∈ Sn we can define the linear operator A : Sn →
Rm as

AX = (⟨A1, X⟩Sn , . . . , ⟨Am, X⟩Sn).

We can also define the adjoint of the operator A. The adjoint of A is denoted
as A∗ : Rm → Sn, is given as

A∗y = y1A1 + · · · ymAm.

We shall now define an inner product in the space Sn × Rm. Consider any
(X, y) and (Z,w) in Sn × Rm then

⟨(X, y), (Z,w)⟩ = ⟨X,Z⟩Sn + ⟨y, w⟩.

Once we are equipped with this definition it is easy to argue that A∗ is indeed
an adjoint operator of the linear operator A. Note that

⟨AX, y⟩ =
∑
i=1

yi⟨Ai, X⟩Sn = ⟨
m∑
i=1

yiAi, X⟩Sn = ⟨A∗y,X⟩Sn .

Let us consider the following operator F : Sn × Rm → Sn × Rm described as

F(X, y) = (−A∗y,AX) + (C,−b).

It is important to note that for any (X, y) ∈ Sn × Rm we have

⟨(−A∗y,AX), (X, y)⟩ = 0. (1)

We shall consider the variational inequality V I(F , Sn
+ ×Rm

+ ). It is not difficult
to show that F is a monotone operator. Our first aim is to compute gD for
V I(F ,Sn

+ ×Rm
+ ). Let V denote the primal-dual feasible set to the primal-dual

pair (SDP) and (DSDP) which is naturally given as

V = {(X, y) ∈ Sm
+ × Rm

+ : AX ≥ b, C −A∗y ∈ Sn
+},

where ≥ denotes component-wise ordering. The primal-dual solution set will
be denoted by V . Thus we have

gD(X, y) = sup
(X′,y′)∈Sn+×Rm

+

⟨F(X ′, y′), (X, y)− (X ′, y′)⟩.
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A simple calculation and keeping in mind (1) we have

gD(X, y) = sup
(X′,y′)∈Sn+×Rm

+

⟨C,X⟩Sn − ⟨b, y⟩+ ⟨−A∗y′, X⟩Sn +

+ ⟨AX ′, y⟩ − ⟨C,X ′⟩Sn + ⟨b, y′⟩.

Further simplifying allows us to conclude that

gD(X, y) = ⟨C,X⟩Sn − ⟨b, y⟩+ sup
(X′,y′)∈Sn+×Rm

+

⟨(A∗y − C, b−AX), (X ′, y′)⟩).

If (X, y) ∈ V that is primal-dual feasible then it is simple to see that

gD(X, y) = ⟨C,X⟩Sn − ⟨b, y⟩.

Further if (X, y) ̸∈ V then we have gD(X, y) = +∞.

As a byproduct of the computation of the dual gap function in Example 2.4 we
get the following result which is of independent interest.
Proposition 2.5. Let SVI (F ,Sm

+ ×Rm
+ ) denote the solution set of VI (F ,Sm

+ ×
Rm

+ ). Let as before V denote the primal-dual solution set of the primal-dual pair
of semi-definite programs (SDP)–(DSDP). Assume that both solution sets are
non-empty. Further assume that the Slater condition holds for (SDP), which
means that there exists X̂ ∈ Sn

++ such that ⟨Ai, X̂⟩Sn > bi for all i = 1, . . . ,m.
Then

V = SV I(F , Sm
+ × Rm

+ )

Proof. Let (X, y) ∈ SV I(F ,Sm
+ × Rm

+ ) . Then we have gD(X, y) = 0. Note
that one must have (X, y) ∈ V or else gD(X, y) = +∞. This implies that
⟨C,X⟩Sm = ⟨b, y⟩. Hence the strong duality holds for (SDP)-(DSDP) and
thus it is simple to show that X solves (SDP) and y solves (DSDP). Hence
(X, y) ∈ V . Conversely assume that X solves (SDP) and y solves (DSDP) and
thus (X, y) ∈ V . Since Slater condition holds for (SDP) then strong duality
holds (see for example Tuncel [20]) and we have ⟨C,X⟩Sm = ⟨b, y⟩. Thus
gD(X, y) = 0 showing that (X, y) ∈ SV I(F ,Sm

+ × Rm
+ )). Hence the result.

In fact in order to develop an error bound or even if we try to minimize the gap
function it is important that the gap functions are continuous. If C is compact
then both θ and gD are continuous. If C is compact the continuity of gD is
immediate since gD is finite and convex. On the other hand we need a bit more
work to show that θ is continuous when C is compact. However if C is not
compact we cannot say anything about the continuity of θ even if we have f to
be strongly monotone. Nevertheless from Proposition 2.1 we see that when f
is strongly monotone, without any compactness assumption on the set C, gD
is continuous since it is convex and finite.
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3. Error bounds

Though the dual gap function is convex it has hardly been studied in the
literature on the gap function for variational inequalities. In this section we
will try to develop an error bound in terms of gD where C is a compact set. We
will have two different assumptions on f . In the first case we shall consider f
to be strongly monotone over the set C and in the second case f is additionally
Lipschitz on the set C.
Theorem 3.1. Let us consider the problem V I(f, C) , where C is a nonempty
compact convex set. Further assume that f is µ-strongly monotone (µ > 0)
over the set C. Let x̄ be the unique solution of V I(f, C). Then for any x ∈ C
we have

||x− x̄|| ≤ 2

√√√√ ||f(x)||
µ

√
gD(x)

µ
− gD(x)

µ
. (2)

Proof. Since C is a compact set and f is continuous it is clear that for any
x the set Y (x) = argmaxy∈C⟨f(y), x − y⟩ ̸= ∅. Consider y ∈ Y (x). Let us
consider x ̸= x̄ since if x = x̄ the error bound given in (2) holds trivially.
Note that x ̸∈ Y (x) since if x ∈ Y (x) then gD(x) = 0 and therefore x = x̄.
This also shows that y ̸= x. Consider any λ ∈ (0, 1) and construct the point
y′ = x+ λ(y − x). By convexity of C, y′ ∈ C and since y ∈ Y (x) we have

⟨f(y), x− y⟩ ≥ ⟨f(y′), x− y′⟩.

Note that x−y′ = λ(x−y). Thus from the previous expression we deduce that

1

λ
⟨f(y), x− y⟩ ≥ ⟨f(y′), x− y⟩. (3)

From the µ-strong monotonicity of f and since y−y′ = (1−λ)(y−x), we have

⟨f(y)− f(y′), y − y′⟩ ≥ µ(1− λ)2||y − x||2.

Now replacing y − y′ by (1 − λ)(y − x) in the left hand side of the above
expression we get

⟨f(y), y − x⟩ − ⟨f(y′), y − x⟩ ≥ µ(1− λ)||y − x||2

and thus combining the previous inequality with (3) and since y ∈ Y (x), we
get

(
1

λ
− 1) gD(x) ≥ (

1

λ
− 1)⟨f(y), x− y⟩ ≥ µ(1− λ)||y − x||2.

This shows that

||y − x||2 ≤ gD(x)

λµ
.
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As λ ↑ 1 we have

||y − x|| ≤

√
gD(x)

µ
. (4)

Now by strong monotonicity of f and Cauchy-Schwarz inequality we have

||f(x)||.||x− y|| − µ||x− y||2 ≥ ⟨f(y), x− y⟩. (5)

For k ∈ (0, 1) consider the point x′ = x+ k(x̄− x) of C. Since y ∈ Y (x) from
(5) we have

||f(x)||.||x− y|| − µ||x− y||2 ≥ ⟨f(x′), x− x′⟩ = k⟨f(x′), x− x̄⟩. (6)

Again using the strong monotonicity of f we have

⟨f(x′), x′ − x̄⟩ ≥ µ||x′ − x̄||2 + ⟨f(x̄), x′ − x̄⟩.

Now by definition of x̄, we have ⟨f(x̄), x′− x̄⟩ ≥ 0 and thus using that x′− x̄ =
(1− k)(x− x̄) we get

⟨f(x′), x− x̄⟩ ≥ µ(1− k)||x− x̄||2.

Therefore combining with (6) we have for any k ∈ (0, 1)

||f(x)||.||x− y|| − µ||x− y||2 ≥ µk(1− k)||x− x̄||2. (7)

Note that the function ψ(k) = k(1 − k) attains its maximum over (0, 1) at

k =
1

2
. Thus from (7) we have

||f(x)||.||x− y|| − µ||x− y||2 ≥ µ

4
||x− x̄||2.

A simple manipulation proves that(
||f(x)||
2µ

− ||x− y||
)2

≤ ||f(x)||2

4µ2
− 1

4
||x− x̄||2.

This shows that

||f(x)||
2µ

≤ ||y − x||+

√
||f(x)||2
4µ2

− 1

4
||x− x̄||2.

Now using (4) we have

||f(x)||
2µ

−

√
gD(x)

µ
≤

√
||f(x)||2
4µ2

− 1

4
||x− x̄||2. (8)
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We claim that

||f(x)||
2µ

−

√
gD(x)

µ
≥ 0.

Note that using the strong monotonicity of f and the fact that y ∈ Y (x) shows
that

⟨f(x), x− y⟩ ≥ µ||y − x||2 + gD(x).

Since we have already shown that y ̸= x, we have using the Cauchy-Schwarz
inequality that

||f(x)|| ≥ µ||y − x||+ gD(x)

||x− y||
.

Since both sides of the above inequality are non-negative we have by squaring
both sides

||f(x)||2 ≥ µ2||x− y||2 + 2µgD(x) +
gD(x)

2

||x− y||2
. (9)

But one clearly has

gD(x)
2

||x− y||2
+ µ2||x− y||2 ≥ 2µgD(x).

Therefore from (9), ||f(x)||2 ≥ 4µgD(x) and the claim is proved. Since both
sides of (8) are non-negative, by squaring both sides and from simple manipu-
lations we obtain

1

4
||x− x̄||2 ≤ ||f(x)||

µ

√
gD(x)

µ
− gD(x)

µ

and the proof is complete.

Through the following example we shall illustrate the error bound in Theorem
3.1 in two simple cases.
Example 3.2. In this example we plot the left-hand side (LHS) and the right-
hand side (RHS) of Theorem 3.1 for ex, 4x3 which is strongly monotone over
C = [−1, 2], [2, 5] with µ = 1

e
, 48, respectively. Observe that there are two

curves in each diagram with one curve always staying above the other. The
top curve represents the values of the RHS of the error bound and lower curve
represents the LHS, which is the distance to the solution.
It is interesting to observe that near the solution, the RHS value drops towards
zero faster than the LHS.
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Remark 3.3. Let us observe that from Theorem 3.1 we immediately obtain
that for any x ∈ C,

gD(x) ≤
||f(x)||2

µ
.

If, in addition to strong monotonicity, f also satisfies a Lipschitz property, then
an alternative error bound can be proved in terms of the dual gap function gD.
That is the aim of the following theorem.
Theorem 3.4. Let us consider the problem V I(f, C) where C is a convex
compact set and f is µ-strongly monotone on C. Further assume that f is
Lipschitz on C with Lipschitz rank L. Let x̄ be the unique solution of V I(f, C).
Then for any x ∈ C we have

||x− x̄|| ≤ (1 +
L

µ
)

√
gD(x)

µ
. (10)

Proof. As in the proof of Theorem 3.1, by considering x ∈ C, x ̸= x̄, we
immediately get that x ̸∈ Y (x), this latter set being nonempty by compactness
of C. Consider y ∈ Y (x). Our main step is to show that

L||x− y|| ≥ µ||y − x̄||. (11)

Consider k ∈ (0, 1) and let y′ = x̄ + (1 − k)(y − x̄). Clearly y′ ∈ C and since
y ∈ Y (x) we have ⟨f(y), x− y⟩ ≥ ⟨f(y′), x− y′⟩ and thus

⟨f(y)− f(y′), x− y⟩ ≥ ⟨f(y′), y − y′⟩.

A simple calculation shows that y − y′ = k(y − x̄) =
k

1− k
(y′ − x̄) and thus

⟨f(y)− f(y′), x− y⟩ ≥ k

1− k
⟨f(y′), y′ − x̄⟩.

Now by using the strong monotonicity of f on C we have

⟨f(y)− f(y′), x− y⟩ ≥ k

1− k

(
⟨f(x̄), y′ − x̄⟩+ µ||y′ − x̄||2

)
.
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But since x̄ is the solution of V I(f, C) we can deduce, together with the Cauchy-
Schwarz inequality, that

||f(y)− f(y′)||.||y − x|| ≥ ⟨f(y)− f(y′), x− y⟩ ≥ µk

1− k
||y′ − x̄||2.

The fact that f is Lipschitz on C with rank L allows us to conclude that

L||y − y′||.||x− y|| ≥ µk

1− k
||y′ − x̄||2

or in other words

Lk||y − x̄||.||x− y|| ≥ µk

(1− k)
(1− k)2||y − x̄||2.

This leads to the expression L||x− y|| ≥ (1− k)µ||y− x̄|| and as k ↓ 0 we have
L||x − y|| ≥ µ||y − x̄|| thus establishing the claimed inequality (11). Now the
proof is complete since, by (11), we have

||x− x̄|| ≤ ||x− y||+ ||y − x̄|| ≤ (1 +
L

µ
)||y − x||.

The result is now a direct consequence of inequality (4) of the first part of
Theorem 3.1.

It will be important to note that though for a monotone f , gD ≤ θ, a straight-
forward comparison between the error bounds obtained through these two gap
functions as they appear cannot be made. Further the next important question
would be how to develop an error bound when C is not compact. Surprisingly
we found that it could be done for the strongly convex case by regularizing the
dual gap function in a particular way. However we also found that Yamashita
and Fukushima [21] had already published a similar result in 1997. Consider
the following function

hβ(x) = sup
y∈C

{⟨f(y), x− y⟩+ β∥y − x∥2}.

If f is strongly monotone function with µ > 0 as the modulus of strong mono-
tonicity, then it was shown in [21] that hβ(x) is gap function for V I(F,C) if
0 < β ≤ µ. Further they have also showed that when f is strongly monotone
and < β ≤ µ, one has

∥x− x̄∥ ≤

√
hβ(x)

β
,

where x ∈ C and x̄ is the unique solution of V I(f, C) Surprisingly no error
bounds were developed for gD in [21] even with C compact. However it is im-
portant to note that in Marcotte and Zhu [16] (see Theorem 4.1) a very simple
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error bound has been developed in the case C is compact f is pseudomono-
tone plus and the solution set is weak-sharp. In fact the existence of such an
error bound was shown to be the necessary condition for the variational in-
equality with pseudomonotone plus map. A map f : Rn → Rn is said to be
pseudomonotone plus on C if f is pseudonomotone and for x, y ∈ C we have

⟨f(x), y − x⟩ ≥ 0 and ⟨f(y), y − x⟩ = 0, =⇒ f(y) = f(x).

In fact it is simple to observe that if f is strongly monotone then f is pseu-
domonotone plus. If f is strongly monotone then it is easily seen to be pseu-
domonotone plus. Further noting the definition of weak-sharp solution for a
variational inequality from [16] we can deduce that when f is strongly monotone
then its unique solution x∗ is weak-sharp if

−f(x∗) ∈ intNC(x
∗).

Thus we can use the Theorem 4.1 in Marcotte and Zhu [16] in order to get the
following result.
Proposition 3.5. Consider the variational inequality V I(f, C) where f is
strongly monotone and C is compact. Let x∗ ∈ C be the unique solution of
V I(f, C). Then x∗ is weak-sharp if and only if there exists α > 0 such that

d(x, SV I(f, C)) ≤ gD(x)

α
,

where SV I(f, C) is the solution set of V I(f, C) and d is the distance function.

Further when f is Lipschitz on C and C is compact and C is written as the
Cartesian product of several compact convex sets then if f is a unuiformly P-
function then one can develop an error bound for V I(f, C) using the natural
residual map. See Proposition 6.3.1 in [12]. Note that a strongly monotone
map is also uniformly-P function.
We would like to end this section by showing two simple examples where the
dual gap function gD can be explicitly computed.
Example 3.6. The dual gap function in the strongly monotone case.
In this example we will compute the dual gap function explicitly in two cases
where the function f would be strongly monotone over C. We will consider the
set C to be compact as required by our main results on error bounds in terms
of gD.
Our first problem is one dimensional. Consider the V I(f, C) where f : R → R,
is given as f(x) = ex and C = [0, 1] ⊂ R. In fact this V I(f, C) is in fact
equivalent to the problem minimizing the function φ(x) = ex over the set [0, 1].
We shall begin by showing that ex is strongly convex on C = [0, 1] with ρ = 1

e

showing that f(x) = φ′(x) = ex is strongly monotone with ρ = 1
e
.



D. Aussel, J. Dutta, A. C. Xu / The Dual Gap Function ... 1135

In order to show that φ(x) = ex is strongly monotone with ρ = 1
e

it is enough
to show that the function ψ(x) = ex − 1

e
∥x∥2 is convex on [0, 1]. Note that

ψ′′(x) = e2 − 2

e
.

Note that as x ∈ [0, 1] we have ex ≥ 1 and as e ≥ 2 we have that ψ′′(x) ≥ 0 and
thus ψ is convex on [0, 1] showing that φ(x) = ex is strongly convex in [0, 1]
and hence f(x) is strongly monotone with ρ = 1

e
. Further note that ex is not

strongly convex over the whole real line R and thus f is not strongly monotone
over the whole real line R. We shall now calculate gD for the above mentioned
variational inequalities. We gave

gD(x) = sup
y∈[0,1]

ey(x− y).

We shall show that for all x ∈ [0, 1] we can explicitly compute x. Let us set for
each x ∈ [0, 1] the function

px(y) = xey − yey.

Thus we have
p′x(y) = (x− 1)ey − yey.

Hence, for x = 0, we get p′0(y) = −ey−yey < 0 for all y ∈ [0, 1]. Thus p0(y) is a
strictly decreasing function in y and thus the function achieves it maximum at
y = 0. Thus gD(0) = 0. Hence x = 0 is the unique solution of the variational
inequality. For 0 < x < 1 we have

p′y(x) = (x− 1)ey − yey.

Thus, when 0 < x < 1, we see that p′(y) < 0 for all y ∈ [0, 1]. Hence px(y)
is strictly decreasing and thus y = 0 is the maximizer and hence we have
gD(x) = x.
Now we shall consider the case x = 1. In this case p1(y) = (1 − y)ey. For
y = 0 we have p1(0) = 1 and p1(1) = 0. The function is strictly decreasing
for y ∈ (0, 1) and thus noting the continuity of the function we conclude that
y = 0 is the maximizer of p1(y) over [0, 1]. Thus gD(1) = 1.
The previous discussion allows us to conclude that gD(x) = x for all x ∈ [0, 1].
We shall now turn our attention to the two dimensional case. Let us consider
f : R2 → R2 , given as f(x1, x2) = (x1, x2) and C = [0, 1] × [0, 1]. In this case
we have

gD(x1, x2) = sup
(y1,y2)∈C

⟨(y1, y2), (x1, x2)− (y1, y2)⟩

= sup
(y1,y2)∈C

y1(x1 − y1) + y2(x2 − y2)

= − inf
(y1,y2)∈C

{(y1 −
x1
2
)2 + (y2 −

x2
2
)2 − x21

4
− x22

4
}.
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Thus for any (x1, x2) ∈ C = [0, 1]× [0, 1] it is simple to see that

gD(x1, x2) =
x21
4

+
x22
4
.

We would like to note that we have shown that for very simple cases we can ex-
plicitly compute the value of gD over C. However for more complex and higher
dimensional cases it might not be always simple to compute gD. The compu-
tation of gD and using it solve a monotone and strongly monotone variational
inequalities will be one of our future research goals.

4. A final remark

As illustrated in the previous sections, the dual gap function enjoys some very
interesting properties like convexity, finiteness and porwerful error bounds if
the involved function f is strongly-monotone. thus wherever considering an
optimization problem with differentiable strongly convex objective function h,
the dual gap function can also be used since the associated variational inequality
is defined by the monotone map f(x) = ∇h(x). However, by the following
example, we would like to suggest that the dual gap function gD(f) can also
be used for non convex optimization, while other gap functions can fail to
be efficient. Let simply consider the problem of minimizing the differentiable
function h : x 7→ x3 over the interval C = [−1, 1]. The associated variational
inequality is of course defined by the map f(x) = ∇h(x) = 3x2 and the subset
C. Then the Auslender function θ(x) = 3x2(x+1) cannot act as a gap function
for the minimization problem because actually θ(x) = 0 admits two solutions,
x = −1 and x = 0 while the minimization problem has only x = −1 as
a solution. But since gD(x) = 3x + 3 this point is the only one verifying
gD(x) = 0 thus showing that gD perfectly plays the role of a gap function for
this problem. An important characteristic of this simple example is that the
objective function h is clearly not convex, it is only quasiconvex. Note that
the function f = ∇h in this case is also not monotone. So here the dual gap
function succeeded in selecting, between the different “stationary points” the
one that is a solution of the initial optimization problem. A open question is
on which class of non convex optimization problems the dual gap function can
make such a selection.
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