Journal of Convex Analysis
Volume 25 (2018), No. 4, 1139-1158

Some Geometric and Proximinality Properties
in Banach Spaces

P. Shunmugaraj

Dept. of Mathematics and Statistics, Indian Inst. of Technology, Kanpur 201816, India
psraj@iitk.ac.in

V. Thota

Dept. of Mathematics and Statistics, Indian Inst. of Technology, Kanpur 201816, India
vamst@iitk.ac.in

Received: February 14, 2017
Revised manuscript received: July 07, 2017
Accepted: August 03, 2017

We present some geometric and approximation theoretic characterizations of locally uniform
convex, compactly locally uniformly convex, nearly uniformly convex, compactly uniformly
convex and uniformly convex Banach spaces. The approximation theoretic characterizations
of compactly locally uniformly convex spaces presented in this paper provide some answers
to a question posed by F.Deutsch and J. Lambert in their paper “On continuity of metric
projections”, J. Approx. Theory 29 (1980) 116-131.

Keywords: Compactly locally uniformly convex, nearly uniformly convex, compactly uni-
formly convex, approximative compactness, metric projection.

2000 Mathematics Subject Classification: 41A65, 46B20

1. Introduction

Let X be a real Banach space and X* its dual. The closed unit ball and
unit sphere of X are denoted by Bx and Sx respectively. For z* € Sy« and
0<d <1, let S(X,z%,0) ={z € Bx : *(z) > 1 — 6} and S(X*™,2%,0) =
{z** € Bxw : 2™ (2*) > 1—0}. The sets S(X, z*,0) and S(X*™, x*,0) are called
slices of Bx and Bx=~ respectively defined by z* and 9.

For a non-empty subset M of X and z € X, let Py(x) ={y e M : ||z —y| =
d(x, M)}, the set of best approximations of z in M. Here, d(x, M) denotes the
distance from z to M. If Py(x) # 0 for a given z € X, we say that M is
proziminal at x and if Py;(x) is a singleton then we say that M is Chebyshev at
x. A sequence (x,) in M is called a minimizing sequence with respect to z € X,
if ||x — z,|| — d(x, M). We say that M is approximatively compact at x € X, if
every minimizing sequence in M with respect to z has a convergent subsequence
converging to an element of M. The set M is said to be approximatively compact
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if it is approximatively compact at all points of X. Proximinal and Chebyshev
subsets are defined similarly. If M is proximinal then the set-valued mapping
x +— Py(z) is called the metric projection onto M. All subsets we consider in
this paper are non-empty.

We say that the space X has the Kadec-Klee property if for any sequence on
Sx, the weak and strong convergence coincide. The space X is called strongly
convez [16] if it is reflexive, strictly convex and it has the Kadec-Klee property.

Consider the following well known characterizations of uniform convexity and
strong convexity in terms of a geometric property and a proximinality property
respectively.

Theorem 1.1. The following three statements are equivalent.

(1) X is uniformly conver.

(2) For every e > 0, there exists § > 0 such that diam(S(X,x*,0)) < € for all
T e SX*.

(3) For every € > 0, there exists § > 0 such that diam(C) < € for any convex
subset C' of Bx such that d(0,C) > 1— 6.

Theorem 1.2. The following two statements are equivalent.
(1) X s strongly conver.
(2) Ewvery closed convex subset of X is approzimatively compact and Chebyshev.

The implication (2) = (3) of Theorem 1.1 follows from the separation theorem
whereas (3) = (2) is obvious and (1) < (2) of Theorem 1.1 is well known (see
e.g. [24]). The implications (1) < (3) of Theorem 1.1 are also proved in [1, 10].
Theorem 1.2 is due to Fan and Glicksberg [10] (see e.g. [16]).

Characterizations which are similar to the preceding results are also obtained
for some other geometric properties in literature. For instance, it is shown in
[18, 23] that nearly uniform convexity (i.e., reflexivity with uniform Kadec-Klee
property) has characterizations analogous to Theorem 1.1 (see Theorem 4.1 of
this paper). A characterization analogous to Theorem 1.2 is obtained for mid
point locally uniformly convex space (in short, MLUC) in [17, Theorem B.§]
which states that X is MLUC if and only if By is approximatively compact
and Chebyshev. We refer to [13, 21, 22] for similar characterizations.

It is natural to ask whether characterizations analogous to Theorem 1.1 or/and
Theorem 1.2 exist for well known geometric properties such as local uniform
convexity, compactly uniform convexity, compactly local uniform convexity,
nearly uniform convexity and uniform convexity. Such a question is not new
and has already been raised in literature (see e.g. [6, page 119]). In this paper,
we show that such characterizations exist and we present them with some
of their consequences. The definitions of the geometric properties mentioned
above are presented in Section 2.
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We refer to the recent papers [3, 5, 8, 13, 21, 22, 27] and also [6, 10, 17, 19, 26]
for some results, which relate some geometric and proximinality properties in
Banach spaces.

The paper is organized as follows. In Section 2, we recall several notions which
are needed for the rest of the sections. In Section 3, we present some charac-
terizations of compactly local uniform convexity and local uniform convexity
which are analogous to Theorems 1.1 and 1.2. The proximinality results pre-
sented in this section provide some answers to a question posed by Deutsch and
Lambert in [6, page 119]. Approximation theoretic properties of nearly uniform
convexity are discussed in Section 4. Section 5 deals with some geometric and
proximinality properties of compactly uniform convexity. Section 6 is devoted
to uniform convexity.

2. Preliminaries

In this section, we first recall the notion of measure of non-compactness and
present some elementary known results involving convergence of sequence of
subsets which are needed. We then recall the definitions of the classes of Banach
spaces which are used in this paper.

Let A be a subset of X. The complement, closure and diameter of A are denoted
by A¢, A and diam(A) respectively. For € > 0, let B.(A) = {z € X : d(z,A) <
e}. If Ais bounded, let

a(A) =inf{d > 0: A C Bs(F) for some finite set F' C X}.

The number «(A) is called the Hausdor(f index of measure of non-compactness

of A. Tt is known [2] that a(A) = a(A).

Definition 2.1. Let (C,,) be a sequence of subsets of X and Cj a subset of X.

We say that

(1) (C,) converges to Cy in the upper Hausdorff sense, denoted by C,, <55 C,
if for every € > 0, C,, C C, + €¢Bx eventually;

(2) (C,) converges to Cy in the upper Vietoris sense, denoted by C,, % Cp,
if C,, C V eventually whenever Cy C V for some open subset V of X.

We need the following result which follows from Proposition 2.2 and Corollary
2.3 of [4].

Proposition 2.2. Let (C),) be a sequence of closed bounded subsets of X sat-
isfying the condition that C,11 C C,, for alln and let C' = N2 ,C,. Consider
the following statements.

(1) «(C,) —0.

(2) Every sequence (x,) with x,, € C,,n € N, has a convergent subsequence.
(3) C is non-empty compact and C,, 2= C.
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(4) C is non-empty compact and C,, 5 C.
(5) diam(C,) — 0.

Then (1) & (2) & (3) & (4). If C is a singleton, then (4) < (5).

For x € Sy and 0 <0 <1, let
Clz,0] ={y € Sx : HxTwH >1-46}.

Definition 2.3. A Banach space X is said to be

(1) locally uniformly convex (LUC) if x, — x whenever x,z, € Sx and
ln + ]| = 2;

(2) compactly locally uniformly convex (CLUC), if (x,) has a convergent sub-
sequence whenever z,z, € Sy and ||z, + z| — 2;

(3) nearly uniformly conver (NUC) if it is reflexive and uniformly Kadec-Klee
(i.e, for every e > 0 there exists § € (0,1) such that ||z| < § whenever (z,,)
in By, z, — x weakly and inf{||z,, — || : n # m} > ¢€);

(4) compactly uniformly convex (CUC) if for every € > 0 there exists 6 > 0
such that a(Clz,d]) < € for all x € Sy;

(5) wuniformly convex (UC) if ||z, — yn|| — 0 whenever z,,y, € Sx and
|Zn + ynll — 2.

Remark 2.4. (1) It is clear from the definitions that UC = LUC = CLUC.
If X is CLUC and strictly convex then it is LUC'.

(2) It follows from [7, 18, 23] that UC' = CUC = NUC and from the definition
of NUC' that NUC' spaces are reflexive.

(3) It is observed in [7] that CUC = CLUC.

(4) It is also known that none of the implications mentioned above can be
reversed. For instance, we refer to

(a) [20, Example 4.1 | for CLUC' % LUC;,
(b) [20, Example 4.2] for CLUC # NUC;
(c) [20, Example 4.2] for CLUC % CUC,
(d) [16, Example 5.3.6] for LUC = UC;
(e) [21, Example 2.8] for CUC =+ LUC;
(f) [21, Example 2.9] for NUC = CLUC.

3. LUC and CLUC spaces

In this section, we present some geometric and proximinality properties of
CLUC and LUC. LUC spaces are well known [16] and CLUC spaces are dis-
cussed in [6, 7, 19, 20, 21, 26].
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3.1. Geometric properties of CLUC and LUC

We first present a characterization of CLUC in terms of slices of X and X™**
which is analogous to (1) < (2) of Theorem 1.1.

The following notations are needed.
For z € Sx, let J(z) = {a* € Sx+ : 2*(z) = 1} and for 0 < § < 1, let
As(X™, x) = U{S(X™,2%,0) : 2" € Sx» and z € S(X™,2%,0)}.
Note that Ag(X**,x) = U{S(X*,2*,0): 2" € J(x)}. Let
As(X,z) =U{S(X,z",0) : 2" € Sx+ and x € S(X,z",9)}.

and Ao(X,z) = U{S(X,z*,0) : z* € J(x)}. It is clear that As(X,z) =
As(X*,2) N X. Observe that for 0 < § < g and x € Sx, As(X*™,z) C
Ag(X*™,x) and As(X,z) C Ag(X,x). We will denote As(X,z) simply by
Ag(l‘)

For x € Sy and 0 <0 <1, let
Diz,0]) ={y € Bx : HxT—i_yH >1-0}.

Observe that C|x, 6] = D|x, 6] N Sx.

We say that X is CLUC at x € Sx if (x,) has a convergent subsequence
whenever (x,) in Sx and ||252|| — 1. LUC at x € Sx is defined similarly.

It follows from the definitions and Proposition 2.2 that

1 1
X isCLUC at ¢ < «a(Dlz,—-]) -0 < a(C[z,—]) = 0.
n

n

1
Similarly, X is LUC at * < diam(C[z,—]) — 0 < diam(D|z,
n

1
n
Lemma 3.1. Let x € Sx and 0 < § < 1. Then D[z, %] C As(z) C D[z, 4] and

As(z) C Dz, §].

Proof. Suppose y € D[z, 2]. Find z* € Sx- such that 2*(%¥) = || ££2||. Since

; 2
yE D[(L’, §]7
(L +y >1-— é
2 - 2
This implies that *(z) > 1 —§ and 2*(y) > 1 — 0. Hence y € As(x).

Let y € As(z). Then, there exists * € Sx» such that 2*(z) > 1 — ¢ and
x*(y) > 1 — 6. Therefore

Tty Tty
> o >1-4.
V= ()2

Hence y € Dlz,6]. Observe: Dz, d] is a closed set and As(x) C Dz, d]. O
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Observe from the preceding result that for any z € Sy, Ag(z) = D[z,0] =
Clz,0]. It is easy to see that D[z, 0] is a non-empty closed subset of Sy for
every r € Syx.

Lemma 3.2. If A1 (z)5 Ag(z) for some x € Sx, then Ag(x) is compact and
Ax(z) 55 Ag(z).

n

Proof. Suppose A1 (z) Y5 Ag(z). Let z € Sx and (z,) be a sequence in
Ap(z). Then there “exdsts x} € Sx» such that z}(z,) = 1 and 2z} (z) = 1 for
all n. For each n, define y, = (1 — +)x,. Note that y, € A%(x)\Ag(x) and
|Zn — Yull = % for all n. If (y,) does not have a convergent subsequence, then
Ap(z) C {y, : n € N} which contradicts the fact that A%(x) V5 Ag(z).

Therefore (y,,) has a convergent subsequence and hence (x,) has a convergent

subsequence. This shows that Ag(x) is compact. It follows from Lemma 3.1
that Ai(z) X5 Ay(z). O

For a subset A of X, let w* — cl(A) denote the w*-closure of A in X**.

Theorem 3.3. Let x € Sx. Then the following statements are equivalent.
1) Xis CLUC at x.

(
(2) a(Aijn(z)) — 0.

(3) As(0)LS Ag(a).

(4) AL(X™, )5 Ag(X*, ).
(5) a(A1/(X**,2)) — 0.

(6) X*™* is CLUC at x.

Proof. (1) < (2): These implications follow from Lemma 3.1.
(2) < (3): These implications follow from Lemma 3.2 and Proposition 2.2.

(3) = (4): Suppose (3) holds true and € > 0. Then by (3) there exists 6 > 0
such that As(x) C Ag(x)+eBx and by Lemma 3.2, Ag(x) is compact. Suppose
r* € Sy« and x € S(X**, 2*,0). Observe that x € S(X,z*,§). Since Ag(z) +
€ By« is w*-compact, by Lemma 2.1 of [11],

S(X™,x%,0) Cw" —c(S(X,x",0)) Cw" —cl(As(x)) C Ao(x) + eBxns.
Since the previous inclusion is true for all z* € Sy« satisfying x € S(X**, z*,J),
As(X™, x) C Ag(x) + €Bxsr € Ag(X™,x) + €Bxs».

From the above inclusion, note that Ay(X*™*, z) C Ag(x) + €eBx+. This shows
that a(Ag(X™,z)) < 2e. Hence Ao(X*,x) is compact. Observe that

A(S(X**,Qj) g AO(X**,.CE) + GBX**.
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Therefore (4) follows from Proposition 2.2.
< (2) & (3).

(4) < (5) < (6): These implications follow from (1
C A:(X*, z) for every n. [

)
(5) = (2): This follows from the fact that A1 (z) C A1

We now present some consequences of the preceding result.

The following known result [21, Proposition 2.5] can also be obtained as an
immediate consequence of Theorem 3.3 and Proposition 2.2.

Corollary 3.4. If X is CLUC at © € Sx, then a(S(X,z*, 1)) — 0 for all
z* e J(x).

The characterization of LUC in terms of slices is addressed in the next result.

Corollary 3.5. Let x € Sx. Then the following statements are equivalent.
(1) Xis LUC at x.

(2) diam(Ay/n(x)) — 0.

(3) diam(Ay/(X*,x)) — 0.

(4) X is LUC at x.

Proof. (1) < (2): Observe that X is strictly convex if and only if Ag(x) = {z}
for every x € Sx. The implications follow from Theorem 3.3 and Proposition
2.2.

(2) = (3): Suppose (2) holds true. The proof of (3) = (4) of Theorem 3.3
implies that for e > 0, Ag(X*™,z) C Ag(z) + eBx+. Since diam(Ay(z)) = 0,
Ao(X**, ) = {x}. The rest follows from Theorem 3.3 and Proposition 2.2.

(3) = (2): This is obvious.

(3) < (4): These implications follow from (1) < (2). O

We now present some geometric characterizations of CLUC which is analogous
to (1) < (3) of Theorem 1.1 as a consequence of Theorem 3.3. We need the
following definition.

For z,y € X and = # y, let [z,y] = { A+ (1 — Ny : A € [0,1]} and (x,y) =
A+ (1-=Ny:Ae(0,1)}.

Definition 3.6. A subset C' of X is said to be convex at x if [x,y] C C
whenever y € C.

Theorem 3.7. Let x € Sx. The following statements are equivalent.

(1) X is CLUC at x.

(2) If (Cy) is a sequence of subsets of Bx which are convezr at x and assume
d(0,C,) = 1, then C,, Y25 Ay(z).

(3) If (C,) is a sequence of convex subsets of Bx such that x € C,, for all n
and d(0,C,,) — 1 then C, BAN Ap(x).
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(4) If (C,) is a sequence of convex subsets of Bx such that x € C,, for all n
and d(0,C,) — 1 then every sequence (x,,) satisfying x,, € C,, for alln has
a convergent subsequence.

Proof. (1) = (2): Let V be an open subset of X such that Ay(z) C V. By (1)
and Theorem 3.3, there exists 0 > 0 such that As(x) C V. Let C be a subset
of By such that C' is convex at  and d(0,C) > 1 — 2. Suppose y € C. Then
[z,y] C C. Since [z,y] C (B[0,1 — d])¢, by separating [z, y] and B[0,1 — J], we
find some z* € Sx- such that z,y € S(X,2*,0). This shows that C C As(x)
and hence C' C V' which proves (2).

(2) = (3): This is obvious.

(3) = (4): We first show that Ay(z) is compact. Let (x,) be in Ag(z). Then,
for each n, there exists z} € Sx« such that z}(x,) = 1 and z(z) = 1. Let
Cn = S(X,a}, L) for each n. It is easy to verify that d(0,C,) — 1. Hence,

by (3), C, Y5 Ag(z). For each n, consider y, = (1 — Lz, in C,\Ag(z).
Following the argument involved in the proof of Lemma 3.2, we show that
Ap(z) is compact.

Suppose (C,) is a sequence of convex subsets of Bx such that x € C,, for all
n and d(0,C,) — 1. By (3), C,, X% Ag(z). Let (z,) be such that z, € C,
for all n. If a subsequence of (x,) is in Ag(x), then by compactness of Ay(x),
(x,) has a convergent subsequence. Suppose x, € C,\Ao(z) for every n. If
(x,) does not have a convergent subsequence, then Ay(z) C {z, : n € N}¢
which contradicts the fact that C, Y Ay(z). Hence (z,) has a convergent
subsequence.

(4) = (1): Let z, € D[z, 5] for all n. Then, by Lemma 3.1, z,, € Ai(x)
for each n. Therefore, for each n, there exists z} € Sx« such that z,,x €
S(X,z;, ). For each n, let C, = S(X,z},2). By (4), (z,) has a convergent

)y Mn ’Yn)

subsequence. Therefore, by Proposition 2.2, «(D]x, %]) — 0 which implies
that X is CLUC at x. [

The following corollary which is a consequence of Corollary 3.5 and Theorem
3.7 provides some variants of the statement of Theorem 2.7 of [1].

Corollary 3.8. Let x € Sx. The following statements are equivalent.

(1) X is LUC at x.

(2) If (C,) is a sequence of subsets of Bx which are convex at x and d(0, C,) —
1 then diam(C,) — 0.

(3) If (Cy) is a sequence of convex subsets of Bx such that d(0,C,) — 1 and
x € C, for every n, then diam(C,,) — 0.

(4) For every € > 0 there exists 6 > 0 such that for any convex subset C' of Bx
satisfying the conditions d(0,C) > 1 —0 and x € C, diam(C) < e.

(5) If (Cy) is a sequence of convex subsets of Bx such that d(0,C,,) — 1 and
x € C, for every n, then every sequence (x,) satisfying x, € C,, for alln
converges to x.
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Proof. It is easy to verify that each of the preceding five statements implies
that Ag(z) = {z}. Hence the corollary follows from Theorem 3.7. O
We remark that (1) < (4) of the preceding corollary is observed in [10].

For z € X and r > 0, we denote {y € X : ||z —y|| < r} by Bx[z,r] and
{ye X :|lx —y|| <r} by Bx(z,7).

We now see another consequence of Theorem 3.3. For z € Sx, 0 < r < 1 and
0 > 0, consider the lenses

N:*(l‘, (S) = BX**\BX**[—T.T, 1 +7r— 5]
in X** and N,(z,0) = N*(z,0)N X in X.

Lemma 3.9. Forx € Sx, 0 <r <1land 0 < § < r, Ny(z,0) C A
As(x) C No(2,20), Ni*(x,0) C As (X*, ) and As(X™,x) C N*(z,2)).

(),

3o

Proof. Let y** € N}*(z,d). Find y € Sx«~ such that y(y™* +rz) = ||y +rz|.
Since

L7 =6 <|ly™[[ +ry(z) <1+ ry(z),
1— 2 < g(x). Further, since §(y**) +ry(z) > 1+r—46,Jy™*) >1-§ > 1-2.
Therefore y*™* € As (X**, ).

Let y*™* € As(X*, ). Then there exists T C Sx+ C Sy« such that we have
r e S(X*,7,6) and y** € S(X*™,7,0). Hence

ly +rz|| >y +rz) >14+r—(1+7r))d >14+r—20

which implies that y** € N;*(z, 26).

The other two inclusions now follow easily. [

In the following result C'LUC' is characterized in terms of lenses in X and X**.
The equivalences (1) < (3) of the next result are known [15].

Proposition 3.10. Let x € Sx. Then the following statements are equivalent.
(1) Xis CLUC at .

(2) For every 0 <r <1, a(N*(z,
(3) For every 0 <r <1, a(Ny(z,+
(4) For every 0 <r <1, a(N,(z, L) N Sx) — 0.
(5) a(N.(z,2)NSx) =0 for some r € (0,1).

Proof. (1) = (2): This follows from Theorem 3.3 and Lemma 3.9.

(2) = (3) = (4) = (5): These implications are immediate.

(5) = (1): Let z,y, € Sx and ||*£=|| — 1. Suppose a(N,(z, )N Sy) — 0 for
some r € (0,1). We claim that for every § > 0, y,, € N,(z, (5) N Sx eventually.
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Suppose this is not true. Then, for some 6 > 0, there exists a subsequence (yy, )
of (y,) such that y,, does not belong to N,(z,d) N Sx for every ny. Observe
that ||yn, + rz| <14 r —¢ for all n,. Hence, for every ny,

T+ Yny,
2

S(1—7’)_|_1+7“—(5:1_§
2 2 2 2 2

_ "(1—r):c+rx+ynk

which is a contradiction. Therefore, for every § > 0, y,, € N,(x,d) N Sx even-
tually. Since (N, (z, 1) N Sx) — 0, by Proposition 2.2, (y,) has a convergent
subsequence. [

From Proposition 3.10 we can obtain a characterization of LUC which can
be stated by replacing the measure of non-compactness « into diam in the
statements of the preceding result.

3.2. Proximinality properties of LUC and CLUC

In this subsection we present some approximation theoretic characterizations
of LUC and CLUC which provide some answers to a question posed in [6, page
119)].

For a non-empty subset M of X, x € X and ¢ > 0, let
Pu(2,0) = {y € M : ||z — yl| < d(z, M) + ).
Note that Py(z,0) = Py(x).

We now present a characterization of CLUC which is analogous to Theorem
1.2. The following lemma which is used in the next theorem is also needed for
Section 5.

Lemma 3.11. Let 0 < < 1.
(1) For0<r <1, Ps,(rz,r0) C Clx,0] for all z € Sx.

(2) Fory e Sx and x € Cly, 4], llz—fé\\ € Ps, (4,0).
Proof. (1) Let 2 € Sy and y € Ps, (rx,rd). Then y € Sx and
|lre —y|| < (1 —7r)+7rd.
Find y* € Sx+ such that y*(y) = 1. Then
l=y"(y—re+re) <|y—rz||+ry*(z) <1—7r+7rd+ry*(z)

which implies that y*(z) > 1 — §. Therefore

2

T+y LTty 1 1 )
> > (1 — .
|20 (552) 23000515200

which shows that y € Clz, d].
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(2) Let © € Cly,d]. Then ||%¥|| > 1 -6 and d(%%,Sx) < 6. Let z = 242

llz+yll*
Then d(%}¥, Sx) = |52 — z|| and

b B et K P LSS
I5-# <) =" -4 [zl <o+ 5
Therefore z € Ps, (4, 6) which proves (2). O

Theorem 3.12. The following statements are equivalent.
(1) Xis CLUC.
(2) Sx is approximatively compact at every x € X\{0}.

Proof. (1) = (2): Let € Sx and r > 1. Let us verify that Sx is approxi-
matively compact at rx. Let x,, € Sx for all n and |[rz — z,|| = r — 1. Let
x* € Sx~ be such that z*(z) = 1. Since

r—1<z*(re—x,) <|re— .|,

z*(x,) — 1. Observe that 1 > || #Z=f2] > 2*(%2%) and this implies that
| &2 (] — 1. Since X is CLUC, (z,) has a convergent subsequence.

Let 0 < r < 1 and (x,) be a minimizing sequence in Sx with respect to rx.
Then, for all n, z, € Ps, (rz,rd,) for some (J,) such that d§, > 0 for all n
and 0, — 0. By Lemma 3.11, z, € C|z,d,] and hence (z,) has a convergent
subsequence.

(2) = (1): Let @,,y € Sx be such that ||| — 1. It is easy to verify that
x, € Cly,d,] for some (d,) such that ¢, > 0 for all n and 4,, — 0. By Lemma

3.11, ﬁ € Psy(%,6,) for all n. Since Sy is approximatively compact at

T (Hi"iz”) has a convergent subsequence and hence (z,) has a convergent
n
subsequence. O

As a consequence of the preceding result, we present a characterization of LUC.
We need the following elementary observation.

Lemma 3.13. The following statements are equivalent.
(1) X is strictly convex.

(2) For every x € Sx, Ps, (rz) = {z} for allr > 0.

(3) For every x € Sx, Ps, (rz) ={z} for all0 <r < 1.

Proof. To prove (1) = (2), it is sufficient to show that Ps, (x) is a singleton
for all z € Bx\{0}. Let z € Bx\({0} U Sx). Suppose y,z € Ps,(z). Then
ly =2l =1 = lzll = llyll = ll=[l and hence |ly[| = |ly — || + [[z[|. By strict
convexity, there exists a > 0 such that y — x = ax. Similarly, there exists
f > 0 such that z — 2z = fz. Since y = (1 + o)z, z = (1 + )z and |ly|| = ||z],
a = f. To prove (3) = (1), let [y, 2] C Sx for some y,z € Sx and y # 2.
Let x = Y2, Then |jz|| = 3, d(z, Sx) = 1 and =, 22 € Py (2) which is a
contradiction. O
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Theorem 3.14. Consider the following statements.

(1) Xis LUC.

(2) Foreveryxz € Sx andr > 0, Sx is approximatively compact and Chebyshev
at rx.

(3) Foreveryx € Sx andr > 1, Sx is approzimatively compact and Chebyshev
at ra.

(4) X is MLUC.
Then (1) < (2) = (3) < (4).

Proof. The implications (1) < (2) follow from Theorem 3.12 and Lemma 3.13.
It is clear that (2) = (3). The proofs of the implications (3) < (4) follow from
the proof of Theorem 5.3.28 of [16]. O

We now present some consequences of Theorem 3.12 and Theorem 3.14. We
need the following definitions.

Definition 3.15. (1) (see [6]) Let M be a proximinal subset of X. The
metric projection Py is said to be outer radially lower semicontinuous (in
short, o.r.l.s.c.) at xq if for every yo € Py(z9) and an open set V satisfying
V' N Py(xg) # 0 there exists a neighborhood U of xy such that V N Py (x) # 0
for all x in U N{zo + A(zo — yo) : A > 0}.

(2) Let M be a proximinal subset of X. An element z € X is called a DL-point
of M if z € (z,y) for some x € X and y € Py(x).

The implication (1) = (2) in each of the next two results are proved in [6, Theo-
rem 2.6 and Theorem 2.2]. We discuss the reverse implications as consequences
of Theorems 3.12 and 3.14.

Theorem 3.16. The following two statements are equivalent.
(1) Xis CLUC.

(2) Ewvery proximinal subset M of X is approzimatively compact at all DL-
points of M.

Proof. It is sufficient to show (2) = (1). Let M = Sx. It is clear that M is
proximinal and all the points of M“\{0} are DL-points of M. Therefore, by
(2), Sx is approximatively compact at all x € X\{0}. By Theorem 3.12, X is
CLUC. O

Theorem 3.17. Consider the following statements.

(1) Xis CLUC.

(2) For any proximinal subset M of X and x € X, if Py is o.r.l.s.c. at x and
Py(z) is compact then M is approximatively compact at x.

Then (1) = (2). If X is strictly convex then (2) = (1).
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Proof. Let X be strictly convex, M = Sx and z € Sx. By Lemma 3.13,
Ps, (rz) = {x} for all r > 0. Hence Py is o.r.l.s.c. at all points of X\{0}.

Hence by (2), Sx is approximatively compact at all points of X\{0}. By
Theorem 3.14, X is LUC. [

4. Nearly uniformly convex spaces

In this section we present some proximinality properties of NUC spaces. We
refer to [14, 18, 21, 23] for some examples and properties of NUC spaces.

The following result which is analogous to Theorem 1.1 is proved in [18, 23].

Theorem 4.1. The following three statements are equivalent.

(1) X is nearly uniformly convex.

(2) For every € > 0, there exists 6 > 0 such that a(S(X,z*,6)) < € for all
r* € Sx-.

(3) For every e > 0, there exists 6 > 0 such that o(C) < € for any convex
subset C' of Bx such that d(0,C) > 1— 6.

Proximinality properties of NUC are derived in the next result.

For a subset A of X and 0 < < 3, let DS(A) = {x € X : y < d(z,A) < B}
and D;(A) ={zr € X : d(z,A) = 1}.

Theorem 4.2. The following statements are equivalent.
(1) Xiis NUC.

(2) Foreverye >0 and0 <y < 3, there exists § > 0 such that a(Pa(x,0)) < €
for any closed convex subset A of X and x € Dg(A).

(3) For every € > 0 there exists § > 0 such that a(Py(x,0)) < € for any
hyperplane M = {y € X : x*(y) = 0}, * € Sx« and x € D1(M).

(4) For every € > 0 there exists § > 0 such that a(Py(0,0)) < € for any
H={ye X :a2*(y) =1}, a* € Sx~.

Proof. (1) = (2): Let € > 0. Since X in NUC, by Theorem 4.1, there exists
0 > 0 such that a(S(X,z*,d)) < € for all z* € Sx-. We assume that § < 1.
Let 0 < v < B for some v and 8 and let A be a closed convex subset of X.
We show that «(Pa(z,7vd)) < 28e for all z € DF(A). Suppose x € DS(A) and
d(x,A) = d. Let C = A — x and observe that d(0,C) = d. Find z* € Sx-~
such that z*(y) > d for all y € C. We now show that a(Px(0,dd)) < 25e.
Choose y € Po(0,dd) and let § = ﬁ. Then y € S(X,x*,6). This shows
that Po(0,dd) C d(1+ 6)S(X,2*,9). Therefore

a(Po(0,dd)) < d(1+0)e < 2de < 2[3e.

Since Pa(x,dd) —x = Pc(0,dd) we get a(Pa(z,dd)) < 28¢, which implies that
a(Pa(x,v9)) < 2fe.



1152 P. Shunmugaraj, V. Thota / Some Geometric and Proziminality ...

(2) = (3) : This is immediate.

(3)=(4): Leta* € Sx», H={r e X :2*(z) =1}, M ={x € X : 2*(x) =0}
and zy € H. Observe that d(0,H) = d(xo, M) = 1 and Pg(0,0) = zo —
Pyr(zo,d) for any 6 > 0. The rest follows from (3).

(4) = (1): Let € > 0. Then by (4), there exists § > 0 such that § < e and
a(Pg(0,6)) < € for any H = {y € X : 2*(y) = 1} defined by some z* € Sx-.
Let 2 € Sx- and Hy = {z € X : zj(z) = 1}. Suppose o € S(X, z}, $). Since
d(xg, Hy) < 6, find T € Hy such that ||zg — T|| < §. Note that

IZ] < llzoll + llwo — [ <1+

Therefore T € P, (0,6). Since |lzo — Z|| < €, a(S(X,2*,2)) < 2e. By Theorem
41, X is NUC. O

We now discuss a continuity property of the metric projection in NUC spaces.

Definition 4.3. [12] Let F': X — 2% be a set valued mapping and C' C X.
We say that F' is uniformly a-upper semi-continuous on C' C X if for every
€ > 0 there exists § > 0 such that a(F(Bx(z,0) N C)) < € for every x € C.

The argument of the proof of the next result will also be used in Section 5.

Corollary 4.4. Let X be NUC and A a closed convex subset of X. The metric
projection Py is uniformly a-upper semi-continuous on DE(A) for any v and

B satisfying 0 < v < B.

Proof. Let A be a closed convex subset of X, 0 < v < § and € > 0. By
Theorem 4.2, there exists § > 0 such that a(Pa(z,0)) < € for all z € DS(A).

Let 29 € DY(A) and x € Bx(zo, ) and y € Py(z). Then

1) d O
|20 —yll < [lzo — 2| + [z —y|| < 3 +d(z,A) < 513 + d(z0, A).

Therefore y € Pa(x9,0) and hence Pa(x) C Pa(zo,d). Since z is an arbi-
trary element in Bx(zg,3), U{Pa(z) : © € Bx(zo,3)} € Pa(xo,6). By the
assumption, a(Pa(Bx (o, 2))) < €. O

A proximinality property of the closed unit ball of any NUC space is observed
in the following result. We will also use the next result in Section 5.

Proposition 4.5. Consider the following statements.

(1) Xis NUC.

(2) For every e > 0 there exists 6 > 0 such that o(Pg,(x,0)) < € for every
reX.

Then (1) = (2).
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Proof. Let ¢ > 0. Since X is NUC, by Theorem 4.1, there exists § > 0 such
that a(S(X,2%,0)) < € for all 2* € Sx«. Let z € X\Bx and = € Pp,(z,0).
Observe that d(z, Bx) = ||z|| — 1. Find z* € Sx~ such that z*(z) = ||z||. Then

vz =) <lz — 2| < (=] = 1) + 4.

This implies that z € S(X,z*, ) and hence a(Pp, (z,9)) < €. O

5. Compactly uniformly convex spaces

We present some geometric and proximinality properties of CUC spaces. CUC
spaces are discussed in [7, 15, 21].

The proof of the following result follows from the proof of Theorem 3.3.
Theorem 5.1. The following statements are equivalent.

(1) Xis CUC.

(2) For every € > 0 there exists 6 > 0 such that a(As(z)) < € for all z € Sx.

(3) For every € > 0 there exists 6 > 0 such that a(As(X**,z)) < € for all
T € Sx.

The following well known result is immediate from Theorem 4.1 and Theorem
5.1.

Corollary 5.2. Fvery CUC space is NUC.

Proof. Let 2* € Sx+- and 6 > 0. Choose z € S(X,2*,d) N Sx. Then
S(X,z*,0) C As(x). Apply (2) of Theorem 5.1 to get (2) of Theorem 4.1. [

We now derive a result which is analogous to Theorem 1.1 and Theorem 4.1.

Theorem 5.3. The following statements are equivalent.

(1) Xis CUC.

(2) For e > 0 there exists 6 > 0 such that for any x € Sx, a(U{C : C is a
convez subset of Bx, v € C and d(0,C') > 1—0}) <e.

Proof. (1) = (2): Let € > 0. By Theorem 5.1, there exists § > 0 such that
a(As(x)) < eforall z € Sx. Let x € Sx. Suppose C'is a convex subset of By,
z € C and d(0,C) > 1 — 2. By following the proof of (1) = (2) of Theorem
3.7, we show that C' C Ags(z) which proves the implication.

(2) = (1): Observe that for a given 6 > 0 and = € Sy,
As(x) CU{C : Cis a convex subset of Bx,x € C and d(0,C) > 1 — ¢}.

Hence (2) = (1) follows from Theorem 5.1. O

Remark 5.4. We remark that Corollary 5.2 can also be obtained from Theo-
rem 5.3 as follows. We show that (3) of Theorem 4.1 can be obtained from (2)
of Theorem 5.3. Suppose (2) of Theorem 5.3 holds true. Let € and ¢ be as in
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(2) of Theorem 5.3. Suppose C' is a convex subset of Bx and d(0,C) > 1 — 6.
By separating C' and B[0,1 — 4] by some z* € Sx«, find x € Sx N S(X, z*, )
and let Cj be the convex hull of {x} U C. Hence Cj is a convex subset of Bx
containing x and d(0,Cy) > 1 — 0. Therefore, by the assumption a(C) < e.

In the following result we present a proximinality property of CUC spaces.

Theorem 5.5. The following statements are equivalent.
(1) Xis CUC.

(2) For every r > 0 and € > 0 there exists 6 > 0 such that o(Ps, (rz,0)) < €
for all x € Sx.

Proof. (1) = (2): Let » > 1. In this case, the implication follows from
Corollary 5.2 and Proposition 4.5. Suppose 0 < r < 1. In this case, the
implication follows from Lemma 3.11 and the definition of CUC.

(2) = (1): Let ¢ > 0 and 0 < r < 1. Then there exists 6 > 0 such that
a(Ps, (rz,d)) < e for all z € Sx. Assume that § < € and let © € Sx. Define

M, (x,0) = Bx[rz,1 —r+ 6]\Bx(0,1).

Let y € M,(x,6). Then ||y|| > 1and |re—y| < 1—r+46. Let z = [rz,y]NSx.
Since ||rx — z|| > ||re — x|, |ly — z|| < J. Observe that

z € M, (xz,6) N Sx C P, (rz,9).

This shows that a(M,(x,0)) < a(Ps, (rz,0))+0. By assumption we know that
a(M,.(z,06)) < 2e. It follows from Theorem 2 of [15] and Proposition 2.5 of [7]
that X is CUC. H

6. Uniformly convex space

We present some geometric and proximinality properties of uniform convexity
in this section. In the next two characterizations of uniform convexity, we
include some known equivalences for the sake of completeness.

Proposition 6.1. The following statements are equivalent.
(1) X is uniformly convez.
(2) For every € > 0 there exists 6 > 0 such that diam(S(X**,z*,9)) < € for

all x* € Sx«.

(3) For every e > 0 there exists 6 > 0 such that diam(S(X,x*,0)) < € for all
r* € Sy-.

(4) For every ¢ > 0 there exists 6 > 0 such that diam(As(x)) < € for all
T € Sx.

(5) For every € > 0 there exists 6 > 0 such that diam(As(X*™,z)) < € for all
x e Sx.
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(6) For every € > 0 and every r with 0 < r < 1 there exists 6 > 0 such that
diam(N,(z,9)) < € for all x € Sx.

(7) For every € > 0 and every r with 0 < r < 1 there exists 6 > 0 such that
diam(N;*(x,8)) < e for all z € Sx.

Proof. (1) < (2) < (3): This is known (see e.g. Proposition 6.6 of [4]).

(3) = (4): Let e > 0. It follows from (3) that there exists § > 0 such that
diam(S(X,z*,9)) < e for all 2* € Sx«. Let x € Sy and y € As(z). Since
y € As(z), there exists #* € Sy« such that y € S(X,2*,§) and x € S(X,z*,9).
Hence y C B(x,2¢) and therefore As(x) C B(x, 2¢).

(4) = (3): This is obvious.
2)= 6
(5) < (6

(5): The proofs are similar to the proofs of (3) < (4).
(6)

< (7): The proofs follow from Lemma 3.9. O

We remark that the implication (1) < (6) of Proposition 6.1 is known (see
e.g. [15]).

Recall that for a non-empty closed subset A of X and v > 0 the notation
Dj(A) ={z € X : d(z,A) <~} is used.

Definition 6.2. Let A be a closed subset of X and B be a subset of X. We
say that A is uniformly strongly Chebyshev on B if for € > 0 there exists § > 0
such that diam(Pa(z,9)) < € for all z € B.

We present some proximinality properties of uniform convexity.

Theorem 6.3. The following statements are equivalent.

(1) X is uniformly convex.

(2)  For a given € > 0 there exists 6 > 0 such that diam(Pg(0,9)) < € for any
H={ye X :a*(y) =1} defined by some x* € Sx-.

(3)  For a given € > 0 there exists 6 > 0 such that diam(Py(z,0)) < € for any
hyperplane M = {y € X : 2*(y) =0}, * € Sx« and x € D;(M).

(4)  Fora givene > 0 andy > 0, there exists 6 > 0 such that diam(Pa(x,0)) <
e for any closed convex subset A of X and x € DJ(A).

(5) Ewvery closed convex subset A of X is uniformly strongly Chebyshev on
Dy (A) for any v > 0.

(6) Ewvery closed convex subset is uniformly strongly Chebyshev on any boun-
ded subset of X.

(7)  The unit ball is uniformly strongly Chebyshev on 2Sx.
(8)  The unit ball is uniformly strongly Chebyshev on X .
(9)  The unit sphere is uniformly strongly Chebyshev on %SX.
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(10) For a given € > 0 there exists § > 0 such that Py(z,0) C B.(Puy(x))
holds for every closed subspace M of X and x € D1(M).

(11) For a given € > 0 there exists 0 > 0 such that Py(z,6) C B.(Puy(x))
holds for every closed hyperplane M of X and x € Dy(M).

Proof. (1) = (4): Let € > 0 and v > 0. Since X is uniformly convex,
by Theorem 6.1, there exists 6 > 0 such that diam(S(X,z*,d)) < € for all
x* € Sx«. Let A be any closed convex subset of X. By following the proof
of (1) = (2) of Theorem 4.2, we show that diam(Pa(x,~vd)) < 2ve for all
x € DJ(A). We now show that diam(Pa(z,70)) < 2ve for all z € Dj(A). Let
y € Dg(A\(DI(A) U A), X = apm and z = Ay + (1 — A)Pa(y). Then it is
easy to verify that z € DJ(A) and Pa(y,79) € Pa(z,79). This shows that
diam(Pa(y,~9)) < e for all y € DJ(A).

)= (3

This is immediate.

(4 ):

(3) = (2): The proof is similar to the proof of (3) = (4) of Theorem 4.2.

(2) = (1): The proof is similar to the proof of (4) = (1) of Theorem 4.2.

(4) = (5) = (6) = (7): These are immediate.

(7) = (8) = (9) = (1): These implications are proved in [25].

(1) < (10) < (11): These implications are proved in [9]. O

Corollary 6.4. If X is uniformly convex and A is a closed convex subset of X
then the metric projection Py is uniformly continuous on {x € X : d(x, A) <~}

for every v > 0. In particular, Py is uniformly continuous on bounded subsets
of X.

Proof. The proof is similar to the proof of Corollary 4.4. [
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