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We introduce the notion of uniform rotundity of a normed space with respect to a finite
dimensional subspace as a generalization of uniform rotundity in a direction. We discuss
several characterizations of this property and obtain a series of new classes of normed spaces
which in a natural way generalize normed spaces that are uniformly rotund in every direction.
Indeed for each positive integer k we get normed spaces that are uniformly rotund with
respect to every k-dimensional subspace (URE) with & = 1 reducing to uniform rotundity
in every direction. Also UREj implies UREy41 but not conversely. We show that UREj
spaces turn out to be exactly those in which the Chebyshev center of a nonempty bounded
set is either empty or is of dimension at most k — 1 thus extending a well known result
of Garkavi. These spaces have normal structure which is a sufficient condition for fixed
property for nonexpansive maps on weakly compact convex sets. In addition, there is a
common fixed point in the self-Chebyshev center of a weakly compact convex set for the
collection of all isometric selfmaps on the set. Uniform rotundity with respect to a finite
dimensional subspace is defined based on Sullivan’s notion of k-uniform rotundity in the
same fashion as uniform rotundity in a direction is based on Clarkson’s uniform rotundity.
But a characterization of the same in terms of Milman’s modulus of k-uniform rotundity is
also discussed.
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1. Introduction

Given a real normed space X and a nonempty bounded subset K of X, let
R(z,K) =supfllz —yl| :y € K}, z€X.

If A is any nonempty set in X, then R(A, K) = inf{R(z, K) : © € A} is said
to be the Chebyshev radius of K relative to A and the set C(A, K) ={z € A:
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R(xz,K) = R(A, K)} is called the Chebyshev center of K in A. In particular
R(X,K) and C(X, K) are called the Chebyshev radius and Chebyshev center
of K respectively while R(K, K) and C(K, K) are called the self-Chebyshev
radius and self-Chebyshev center of K respectively. We denote R(K, K) by
R(K) and C(K,K) by C(K). For any A and K as taken above, C'(A4, K)
is bounded. Since the map = — R(z, K) is continuous and convex, the set
C(A, K) is closed if A is closed and is convex if A is convex. Throughout this
article, we consider only real normed spaces which we simply refer to as normed
spaces.

In [11], it is proved that a normed space is uniformly rotund in every direction if
and only if the Chebyshev center of any nonempty bounded set contains at most
one point. From [8], we know further that if a normed space is uniformly rotund
in every direction, then for any nonempty bounded set K and nonempty convex
set A, the convex set C'(A, K) has at most one point. In [16] a generalization of
Chebyshev centers called the asymptotic centers was introduced. For a nested
sequence (K,) (i. e. K,11 C K, for all n € Z™) of nonempty bounded subsets
of X, let

R(z, (K,)) = nh_{ﬁlo R(z,K,), ze€X.
If A is any nonempty set in X, then R(A, (K,,)) = inf{R(x,(K,)) : x € A} is
said to be the asymptotic radius of (K,) relative to A and C'(A, (K,)) = {z €
A: R(z,(K,)) = R(A, (K,))} is said to be the asymptotic center of (K,) in A.
If X is uniformly rotund in every direction then for any nonempty convex set
A and nested sequence (K,,) of bounded sets, the convex set C'(A, (K,)) has at
most one point [16].

In [14], it is proved that in a normed space that is k-UR, for any nonempty
convex set A and a nested sequence (K,) of bounded sets, the convex set
C(A, (K,)) is either empty or is of dimension at most k — 1. By dimension of a
nonempty convez set C' we mean the dimension of the linear space span(C — x)
for any x € C. In [28], it is proved that the same is true if the set of all
directions in which a normed space is not uniformly rotund is contained in a
countable union of (k£ — 1)-dimensional subspaces. As a consequence of this
property it is observed in [28] that in such spaces every isometric selfmap on
a weakly compact convex set K maps the set C'(K) onto itself and there is a
common fixed point in C'(K) for the collection of all isometries from K into K.

The main purpose of this article is to give a characterization analogous to that
in [11] of normed spaces in which for a given positive integer k, the Chebyshev
center of any nonempty bounded set is either empty or is of dimension at
most k — 1. We introduce the notion of uniform rotundity with respect to
a k-dimensional subspace based on the idea of k-uniform rotundity [27]. We
shall prove that a normed space is uniformly rotund with respect to every k-
dimensional subspace if and only if the Chebyshev center of any nonempty
bounded set is either empty or is of dimension at most kK — 1. Also we show
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that in this case for any nonempty convex set A and nested sequence (K,,) of
bounded sets, the convex set C'(A, (K,,)) is either empty or is of dimension at
most k — 1. From the above characterization it follows that uniform rotundity
with respect to every k-dimensional subspace implies uniform rotundity with
respect to every (k4 1)-dimensional subspace. However, we shall give examples
to show that the converse is not true. Also k-uniform rotundity implies uniform
rotundity with respect to every k-dimensional subspace but the converse is not
true. While the former implies reflexivity in a Banach space, the latter does
not for any k. We shall construct an equivalent norm on I, to illustrate this.
We shall also show that even a reflexive space that is uniformly rotund with
respect to every k-dimensional subspace need not be n-uniformly rotund for
any n.

We would like to note that the concept of uniform rotundity with respect to
finite dimensional subspaces considered in this paper is different from a concept
with a similar name considered in [1] and [9]. In these papers, the authors
study uniform rotundity in every direction of a subspace of a normed space.
But we shall show that uniform rotundity with respect to a finite-dimensional
subspace as we consider it is weaker than uniform rotundity in every direction
of the subspace.

Before defining uniform rotundity with respect to a finite-dimensional subspace
we recall some well-known geometric notions. Let X be a normed space.

1. [4] X is said to be uniformly rotund (UR) if, for every € > 0,

5X(6):inf{l—w rx,y € Sx, |lz =y Ze} > 0.

2. [11] X is said to be uniformly rotund in the direction of z # 0 (UR,) if, for
every € > 0,

dx (€, z)=inf {1—@ cr,yeSx,|lr -yl >er—ye spcm{z}} >0.

3. [27] X is said to be k-uniformly rotund (k-UR) if, for every € > 0,

k+1
1
51;((6):1nf {1_k——|—1H ;le X1, Tyl € Sx,V(.CEl, "'axk-i-l) Z E} >0

1 . 1
l‘ o e m
where V(xy,...,Tg11) = sup fl(, 2 , Al _Hl) cf1,-. ., fr € Bx+
felxr) - fulzasa)
The value V(xy,...,2541) is said to be the k-dimensional volume enclosed by

the vectors xy,...,x,+1 and was introduced by Silverman in [22]. By Hahn
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Banach theorem, it is easy to verify that V (z1,...,zx+1) > 0 if and only if the
dimension of aff{xy, ..., xx1} is k. For more information on multidimensional
volumes one can refer to [2] and [12].

We first note that for any z # 0

. [z +yll = 2y€Sx. llz—yl>e
dx(€,2) = 1nf{1 T span{r—y) = span{z} [

Here, we consider line segments with end points in Sx whose lengths are at
least € and whose affine hulls(the corresponding lines) have the same linear
translation namely span{z}. Since for any y € span{z}, vy # 0, d(€,y) = d(e, 2),
we put

d(e, span{z}) = d(e, 2)

and extend this idea to a k-dimensional subspace Y of X using Sullivan’s k-
uniform rotundity as given below.

Definition 1.1. For a k-dimensional subspace Y of a normed space X we
define for each € > 0,

k+1

1 >
5X(€,Y) — inf {1 _ || len : T, y Th+1 c SX;V(xb 7xk+1) Z € } .
=1

k+1 span{ay — Tpg1, s Tp — Tpyr } = Y

The map € — d(e,Y) is said to be the modulus of rotundity of X with respect to
Y. The space X is said to be uniformly rotund with respect to Y if dx(¢,Y) > 0
for all € > 0.

We would like to note that it is also correct to say that a normed space X is
k-uniformly rotund with respect to a k-dimensional subspace Y if dx(e,Y) > 0
for all ¢ > 0. We choose to say X is uniformly rotund with respect to Y for
the sake of convenience.

Here, we consider k-simplices with vertices in Sx whose volumes are at least €
and whose affine hulls have the same linear translation Y. Given k € Z7, if X
is uniformly rotund with respect to every k-dimensional subspace, we write X
is URE. Uniform rotundity in every direction is equivalent to URE;.

We shall also show that X is uniformly rotund with respect to a given k-

dimensional subspace Y if and only if, for every € > 0,

Ax(e,Y)= inf max {|lzx+y|}—-1>0.
lzll=1 " [lyll=e.yeY
2. URE;, spaces and Chebyshev centers

A normed space X is said to be rotund(strictly convex) if the unit sphere does
not contain a nontrivial line-segment. A generalization of rotundity introduced
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in [23] by Singer is k-rotundity. A k-rotund(in short, k-R) normed space is that
which does not contain a non-trivial k-simplex in its unit sphere.

It can be verified that the volume map (z1,...,2541) — V(21,...,2k41) ON
X*+1 is continuous with respect to the product topology. Proposition 2.1 fol-
lows directly from the definitions and the continuity of the volume map.

Proposition 2.1. Let k € Z*. If X is k-UR, then X is UREy,. If X is
UREy, then X s k-R. If X is finite-dimensional, then k-UR, UREy and k-R

are equivalent.

Lemma 2.2. Let x1,...,2541 € X and y; = Zk+11 a;jxj, where each oy € R
and ZHllaU =1 for eachi € {1,...,k+1}. Then for any fi,..., fr € X*,

1 ... 1 1 ... 1 ann o g
Aly) - filyes) | [file) o fil@g) Qo Qg1
fetyr) - fr(yrsr) fe(@) o frolwp) | Qe o0 Qryips

Hence V(Y- Ykr) = | det]oy;] |V (2, ..o 2psq).

In particular if each a;; > 0, then the matriz [cv;] is a stochastic matriz (column
sums are 1) and therefore | det|ay;|| < 1, which implies

V(- Yer1) S V(21,00 Tpy).

If w= Zfill Aix; with Zfill Ai =1, then for any j € {1,... k+ 1},

V(l’l, ey i1, Wy, g1y - - - >xk+1) = ])\j|V(x1, ce >xk+l)~
Lemma 2.3. Let x1,...,2511 € By.
L] _
1) Fi € h —_—
(1) Foranyw € cofan, .., onsa}, we have ——120 < ,MHZ

(2) For any w € Bx and w € aff{z1,...,Tp41}, we have

k+1

(L= wlDV (- we)
<k+1)k+3 = k:—i—l”z

Proof. Let w = Az +-- +)\k+1xk+1 where A1, ..., \gp1 € Rand ZkH A= 1.
Let \; = max{\i,..., \e1}. Then =5 < A;. So
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Using this we get,

1 ke
k;+1 x3+2x1——j(w+z )

i#] i#]

where (k+1) - >0 and \; —\; > 0 for i # j and (k+1 (1+ZZ¢]( —\)) =1
k+1 1
So, k+1”z vl € k+1) ||w||+m Ai),
b imolies Ll
which implies m < k 1 — Z
If we co{xy,..., 441}, then A\; <1 and so
Joll kaf
k+1 — k41

proving (1). From [2] we know that if z;,..., 2,1 € By, then

k+1

V(xl,...,$k+1) S <k+ 1) 2

If V(zq,...,2541) = 0, there is nothing to prove. So let V(z1y,...,z541) > 0.
If we Bx and w € aff{xy,..., 2511}, by Lemma 2.2

)\.: V(wyxla-.-7xj_1,l‘j+1,...7$k+1) < (k_’_l)%
] Vi(zr,. oo 2pp1) T Vi(xy, .. Tpp)
k+1
(L= ) V(ar, . one)
Th .
us (k+1)k+3 < k+1”2

Remark 2.4. An easy consequence of Lemma 2.3 is that given k € Z™T, every
k-dimensional normed space is k-R and hence URE, and k-UR. To see this sup-
pose X is k-dimensional and let xy, ...,z be affinely independent elements
in Sx. Then aff{z,..., 21,1} = X and so 0 € aff{xy,...,211}. Now using
part (2) of Lemma 2.3, we get k+1|| ZkH x;|| < 1. Thus X is k-R and hence
URE, and k-UR. This fact can also be deduced from Singer’s characterizations
of k-rotundity in [23].

Proposition 2.5. A normed space X is uniformly rotund with respect to a
k-dimensional subspace Y if and only if for each ¢ > 0,

k+1
Tiy .. Tpe1 € Bx, V(xy, ..., Tp1) > €,
f{1— —— s T )
n { HZ span{Ty — Tpy1, ..., Tk — Tpy1} =Y 0
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Proof. It is clear that if for each € > 0,

k+1

; xla"ka—‘rlGBX,V(fEl,...,I]H_l)ZE’

inf<el——— . >0,
{ ]C-Fl”z span{:z:l—xk+1,...,mk—$k+1}:Y

then X is uniformly rotund with respect to Y.
Suppose that there exists A > 0 such that

k1
inf 1_—HZ L Ty Tk € By, Vi(wy, o) 20, _ 0
kE+1 ©ospan{ry — Tpyr, . T — T} =Y '

We first show that for any x1,...,zp41 € BX, there exist y1,...,yxs1 € Sx such
that xq,..., 211 € co{y, .. ka} If = k+1 Zk+11 x; € Sx, then put y; = x; for

all i € {1, ,k+1}. Instead if =<| Zkﬂ z;|| < 1 then consider the set

1 k+1
{H(l _M)k—ﬂj;xj + pail| s p > 0}

for each i € {1,...,k+ 1}. It is an unbounded interval and for 0 < p < 1,

k+1
(- Zl’ﬂruwzll <1
: k
So there exists 7; > 1 such that [|(1 — )7 >; a4 mi| = 1. Let

k+1

yi=0=m)— > w4 i
j=1

) ) |k
N =g (1= =) =S, e {1, k+1).
ow T my—l—( ﬁi)k—Fl;x] i€ { + 1}

k+1 1 k+1 k+1
It follows that (Z )kHZ Z U

k+1

1 1 1
Now, $i=—yi+<1—_ )Z —y;, i€{l,....k+1}.

i ni) ( b+l 1
SEE
Thus 21, ..., %1 € co{y1,...,Yks1}. So by Lemma 2.2

V(yla cee 7yk+1) Z V(xb s wrk—i-l) Z A
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Also, aff(yy, ..., yps1) = aff(xy, ..., xxy1) which implies
SPan{yn = Y1, - - Yo — Yrr1} = SPan{Ty — Tpq1, . T — T f = Y.

Using part (2) of Lemma 2.3, we get

k+1 k+1

1
m( k+1”zy’||) 1_k:—+1||z

from which it follows that dx(A,Y) = 0. So X is not uniformly rotund with
respect to Y. Il

Theorem 2.6 (Silverman[22]). Let Y be a k-dimensional subspace of X. Fix
a basis {y1,...,yx} C Sx of Y. If x1,..., 2541 € X such that for each i €
{1,.. k}, vi—app1 = cian+- - -+ gy, where a;; € R foralli,j e {1,...,k},
then V(x1,. .., xp11) = |det(i;) [V (0,91, .. ., Yk)-

Theorem 2.7. Let X be a normed space, let k € Z" and let y,, . ..,y € Sx be
linearly independent. Then the statements (1), (2) and (3) below are equivalent.

(1) There ezists a bounded subset K of X such that C(X, K) contains
co{0,y1, ..., Yy}

(2) X is not uniformly rotund with respect to' Y = span{yi, ..., yx}-

(3) There ezists a bounded subset K of X such that C(X, K) contains
co{ty,..., Ly}

Proof. It is enough to prove that (1) = (2) and (2) = (3).

(1) = (2): Suppose there exists a bounded subset K of X such that C(X, K)
contains co{0,y1,. .., Yk} Put yp = 0and w = =5 Sy, Then R(w, K) =
R(X,K). Given ¢ € (0,1), choose x € K such that

(1—6)R(X,K) < |lw— 2.

Then we have
k41

(i—x)
>

For i € {1,...,k + 1}, we have ||y, — z|| < R(X, K). By Proposition 2.5, it
follows that X is not uniformly rotund with respect to Y.

=l _

1-0< !
R(X,K) ~ k+1

(2) = (3): Suppose that X is not uniformly rotund with respect to Y. It is easy
to see that given a bounded subset K of X and a > 0, R(X,aK) = aR(X, K)
and C(X,aK) = aC(X,K). So it is enough to prove that there exists a
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bounded subset K of X such that co{xqyi,...,+qu} C C(X, K) for some
g > 0. Choose A > 0 such that dx (A, Y) = 0. Let

k+1 .',Ul,...,l‘k_i_l € Sx,
E Z; . 331, .. Ik+1) > )\,
Span{l“l — Tpgly - T — Tpg1 ) = Y

Then K C By, R(0,K) =1 and diam(K) = 2. Since diam(K) < 2R(X, K),
we have R(X,K) = 1. Let w € K. Then we have w = k+r1 Zf+11 x; for some
X1, ..., Tpy1 € Sx such that V(xy, ..., xx11) > A and moreover span{z; —xj41,

ST — Ty = Y. Let @ — xp1 = autn + - - + qugyk, where a; € R for
i,j € {1,...,k}. By Cramer’s rule we have,

ey = wpp) + 0+ oy (TE — Tpg)

J det(aij)

where ¢;; is the cofactor of «; for each i, j € {1,... k}.

Since any two norms on a finite-dimensional space are equivalent, there exists
M > 0 such that |aq|+ -+ || < M|agys + - + agyyl| for all aq, ..., €
R. Tt can be verified that |c;| < (2M)*! for all 4,5 and so 3% | |e;| <
k(2M)*=1. Put My = k(2M)*~1 and Vy = V(0,91,...,yx). By Theorem 2.6,

V(x1,...,2p41) = |det(ay;)|Vy . Let ¢ = m Fix 7 € {1,...,k}. Then
|k k

. k
q 1 q
Z (]{7 +1 d€t<0(ij)cm) it <k’ +1 * det(aij) ;Cl]) e

=1

By the choice of ¢ it is clear that the coefficient of each x; in the above expression
is nonnegative. Also

k k
z : - ij | = 1.
P (k+ 1 det(aij)cj) * <k‘+ 1 * det(a;j) ;C’>

1

Thus, w — qy; € co{xy,...,zk41}. So ||lw — qy;|| < 1. Hence R(qy;, K) = 1.
Since K = —K, we get R(—qy;, K) = 1, and therefore co{®qyi, ..., tqyr} C
O(X, K). O

Corollary 2.8. Given a positive integer k, a normed space X is URE} if and
only if the Chebyshev center of every nonempty bounded set is either empty or
is of dimension at most k — 1.
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Proof. Suppose K is a nonempty bounded subset of X. If zq,... 2441 €
C(X,K)and V(xq,...,x541) >0, then 0, 21 — 241, ..., 2 — 21 € C(X, K)—
Ty = C(X, K — xg41). It follows from Theorem 2.7 that X is not uniformly
rotund with respect to span{x; — Tgi1, ..., Tk — Tpr1}-

If X is not uniformly rotund with respect to some k-dimensional subspace
then by Theorem 2.7, there exists a bounded set whose Chebyshev center is of
dimension at least k.

Thus X is UREy if and only if the Chebyshev center of every nonempty bounded
set is either empty or is of dimension at most £ — 1. Il

Corollary 2.9 (Garkavi [11]). A normed space X is uniformly rotund in every
direction if and only if the Chebyshev center of every monempty bounded set
contains at most one point.

Corollary 2.10. If a normed space X is uniformly rotund with respect to a
finite-dimensional subspace Y, then X is uniformly rotund with respect to every
finite-dimensional subspace containing Y. In particular, if X is uniformly
rotund in a direction z # 0, then X is uniformly rotund with respect to every
finite-dimensional subspace containing z.

Proof. Suppose X is not uniformly rotund with respect to the k-dimensional
subspace Y = span{yi, ..., yr}. Then by Theorem 2.7, there exists a nonempty
bounded set K in X such that co{xwy,..., 2y} C C(X,K). For any u € Y,
there exist Aj,..., A\, > 0 and ¢1,...,¢; € {—1,1} such that u = Ajcy; +
s ACRYk. S0 u = (A + -+ 4+ A\ )v for some v € co{xy,...,Lyp}. Thus
if Z is any subspace of Y, then there exist 21, ..., 2z, € co{zxy1,..., Ly} such
that Z = span{z1,..., zm}. Now co{0, z1,...,2z,} C C(X, K). Hence X is not
uniformly rotund with respect to Z. [

Corollary 2.11. If X is uniformly rotund with respect to all k-dimensional
subspaces except countably many, then X is uniformly rotund with respect to
every (k + 1)-dimensional subspace of X.

Proof. This follows directly from Corollary 2.10 as every (k + 1)-dimensional
space contains uncountably many k-dimensional subspaces. [

Corollary 2.12. Let k be a positive integer. If X is UREy, then X is URFEy.

In [28], it is proved that if the set of all directions in which a normed space
X is not uniformly rotund is contained in a countable union of k-dimensional
subspaces, then asymptotic centers relative to convex sets are of dimension at
most k. Here, we have the following.

Corollary 2.13. If the set of all directions in which a normed space X is not
uniformly rotund is contained in a countable union of k-dimensional subspaces,
then X is UREy.



M. Veena Sangeetha, P. Veeramani / Uniform Rotundity ... 1233

The following chart of implications where each arrow gives the direction of
implication shows the position of the new classes of normed spaces, namely,
UREy, among the known classes of spaces.

R - 2R = -+ kR = (k4+1)-R
T T T T
URE, — URE; — --- UREy, — UREg
T T T T
UR — 2UR — - kUR — (k+1)-UR

3. A common fixed point property for isometries in URE; spaces

In [3], Brodskii and Milman introduced a geometric property called normal
structure for nonempty convex sets in normed spaces.

Definition 3.1. ([3]) A nonempty convex subset A of a normed space is said
to have normal structure if for every bounded convex subset K of A with
diam(K) > 0, there exists a € K such that R(a, K) < diam(K). Such a point
is called a nondiametral point of K.

Alternately, A has normal structure if for every bounded convex subset K of
A with diam(K) > 0, it is true that C'(K) # K.

Theorem 3.2. (Brodskii and Milman[3]) Every nonempty compact convex set
of a normed space has normal structure.

Theorem 3.3. (Brodskii and Milman[3]) Let K be a nonempty weakly compact
convex subset of a normed space. If K has normal structure, then the collection
of all surjective isometric selfmaps on K has a common fixed point.

Theorem 3.4. (Kirk[13]) Let K be a nonempty weakly compact conver subset
of a normed space. If K has normal structure, then every nonerpansive selfmap
on K has a fized point.

In [7], it is observed that in Corollary 2.9, C'(X, K') may be replaced with C'(K).
Similarly in Theorem 2.8, C'(X, K') may be replaced with C'(K). The proof of
Theorem 3.5 is essentially the same as that of Theorem 2.7.

Theorem 3.5. Let X be a normed space. Given k € Z* and yi,...,yp €
Sx linearly independent, X s not uniformly rotund with respect to Y =
span{yy, ..., yx} if and only if there exists a bounded convexr subset K of X
such that C(K) contains co{xyi, ..., Ltyx}.
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Proof. To prove the only-if part let dx(A,Y) = 0 for some A > 0 and choose
M as in Theorem 2.7. Put My = max{k(2M)*=1 (2M)*}. Consider the set

- gje{l,.x..,kzis
K =col tqy;, —— Y @ : 2Lkl X
Wi 1 ; V(. ap) > A\,
span{Ty — Tpy1, -, Tp — Tpp1} =Y
where ¢ = m Then ¢ < %, and therefore ||qy; £+ qy;|| < 1. The rest of
the proof is the same as in Theorem 2.7. [

So we have the following.

Corollary 3.6. Given a positive integer k, a normed space X is URE} if and
only if for every nonempty bounded convez set K in X, C(K) is either empty
or is of dimension at most k — 1.

Corollary 3.7. If a normed space X is URE}, for some positive integer k, then
X has normal structure.

Proof. From [3] we know that every compact convex set has a nondiametral
point. Hence every totally bounded convex set has a nondiametral point. If K
is any bounded convex subset of X, it follows from Corollary 3.6 that C'(K) is
totally bounded. If K is not totally bounded, then clearly C(K) # K. Thus

X has normal structure. O]

Corollary 3.8 (Sangeetha and Veeramani[28]). If the set of all directions in
which a normed space X is not uniformly rotund is contained in a countable
union of k-dimensional subspaces, then for every nonempty bounded convex set
K in X, C(K) is either empty or is of dimension at most k.

In normed spaces that are URE,, for some positive integer k, like the Chebyshev
centers, the asymptotic center of a nested sequence of nonempty bounded sets
relative to a convex set is either empty or is of dimension at most £ — 1. To
prove this we make use of a sequential characterization of uniform rotundity
with respect to a finite-dimensional subspace which is an extension of a charac-
terization of uniformly rotundity in a direction proved in [11] by Garkavi. The
technique used here is the same as that used in [11].

Proposition 3.9. Given a normed space space X, the following are equivalent.
(1) X s uniformly rotund with respect to a k-dimensional subspace Y .
(2) If (x§”)), ce (x,(ii)l) are sequences in X such that

span{z\" — :c,(:jr)l, L 371(:31} =Y forneZ’ and
k1

: ()| _ s 1 () _ :
lim |[|; ||_nlggok+1||;xi =1 for ie{l,...,k+1},

then lim,, V(ﬂfgn)a e »xgi)ﬁ = 0.



M. Veena Sangeetha, P. Veeramani / Uniform Rotundity ... 1235

Proof. It is easy to see that (2) = (1). So we prove that (1) = (2). Suppose
that X is uniformly rotund with respect to a k-dimensional subspace Y. Let

(™), ..., (:vgfgl) be sequences in X such that span{z!” — x,(crjr)l, o
2"} =Y for n € ZF and lim, ., 2] = lim, q il S M| = 1 for
i€ {l,... . k+1}. If for n € ZT, we let M, = max{||lz{"]],..., [«{”,]]}, then
(n) ™ . . n
”x]\}—rlH, e % < 1 and lim,,_,oc M,, = 1. So lim,, 0o ﬁ” Zf:ll MLna:Z( )|| = 1.
Also
span 5’35”) - 371(21 xl(cn) - xl(:gl —y
v R VA

for all n € Z". Since X is uniformly rotund with respect to Y we have by
Proposition 2.5,

. V(xﬁ”), . ,ngl)
n—00 MFk

n

=0,

which implies lim V(2™ ... :%@1) =0. O

n—o0

Proposition 3.10. Let K be a conver subset of X and (K,) a nested se-
quence of bounded subsets of X. If x1,...,x341 € C(K,(K,)) such that
V(zy,...,xp01) > 0, then X is not uniformly rotund with respect to span{z; —

Tit1y-- T — $k+1}’

Proof. Let z1,..., 711 € C(K,(K,)) and w = =5 Zf;l x;. Then we have
w € C(K, (K,)). For each n € Z", choose w, € K, such that R(w, K,,) — + <
|lw — w,||. Then

ey — w4 s — ]

li —wy|| = i = R(K,(K,)).
dim w = wn]l = lim, Pl (K, (Kw))

It is not difficult to see that for each ¢ € {1,...,k + 1}, lim, o ||2; — wy|| =
R(K,(K,)). Forn € Z*, put agn) = x;—wy fori € {1,...,k+1}. Then we have

V(agn), . ,a,(ﬁr)l) = V(xy,...,2,s1) and span{agn) — a,(;i)l, . ,a,(C") — a](c’l)l =
span{x|; — Tg41,..., Tk — Try1}. Hence by Proposition 3.9, X is not uniformly
rotund with respect to span{x; — 41, ..., T — Tpi1}- O

Corollary 3.11. If X is a normed space that is URE}, then the asymptotic
center of any nested sequence of nonempty bounded sets in a convex set is either
empty or is of dimension at most k — 1. In particular, the Chebyshev center of
any nonempty bounded set in a convex set is either empty or is of dimension
at most k — 1.

Corollary 3.12 (Lim [16], Day [8]). If X is a normed space that is uniformly
rotund in every direction, then the asymptotic center of any nested sequence
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of nonempty bounded sets in a convex set contains at most one point. In
particular, the Chebyshev center of any nonempty bounded set in a convex set
contains at most one point.

Corollary 3.13 (Kirk [14]). If X is a normed space that is k-UR, then the
asymptotic center of any nested sequence of nonempty bounded sets in a convex
set is either empty or is of dimension at most k — 1.

In [17], Lim et al. proved the following.

Theorem 3.14 (Lim et al. [17]). If K is a weakly compact conver subset of
normed space X and K has normal structure, then for any isometric selfmap
T on K, the set C(K, (T™(K))) is invariant under T and the fized points of T
in C(K, (T™(K))) (which exist by Theorem 3.4) belong to C(K). Hence if X is
uniformly rotund in every direction then the unique element of C(K) is fized
by every isometry from K into K.

In [17], the authors asked whether in general if K is a weakly compact convex
set with normal structure and T: K — K is an isometry, then C'(K) is invariant
under 7. Another question raised in [17] is whether there is a common fixed
point for the collection of all isometric self maps on a weakly compact convex
set with normal structure. In [21], it is shown the answer to the first question
is negative.

But in [28], it is proved that the answers to both questions are positive if the set
of all directions in which a normed space is not uniformly rotund is contained
in a countable union of k-dimensional subspaces. This is essentially due to
the fact that asymptotic centers of nested sequences of bounded sets in weakly
compact convex sets of such spaces are compact.

Theorem 3.15. Let X be a normed space and let K be a nonempty weakly
compact convex subset of X. LetT be an isometry that maps K into K. Suppose
that C(K) is contained in a compact subset A of K such that T(A) C A. Then
T maps C(K) onto C(K). If Ky = C(K) and K,+1 = C(K,) for alln € Z*,
then (,—, K, contains exactly one point and this point is fived by T

Proof. Suppose that C(K) is contained in a compact subset A of K such that
T(A) C A. Note that for any z € K, R(z,K) = R(Tz,TK) < R(Tz,K).
Let x € C(K). Then {T"z : n € Z*} C A. Hence (T"z) has a Cauchy
subsequence. Given € > 0, choose j,k € Z*, j < k such that Hzj - Tka <e.

Since 7' is an isometry, it follows that H:z: - Tk_ij <e Thus z € T(K) =
T(K). So C(K) C T(K). Now T7! is an isometry on C(K) and for any
r € C(K) we have R(T'z,K) < R(x,K). Thus T-'C(K) C C(K). Since
C(K) is compact, we have T~}(C(K)) = C(K). Hence T(C(K)) = C(K).

Note that the sequence (diam(K,)) is monotonically decreasing and for each
n€Z", R(Ky1) <diam(K,+1) < R(K,).
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So we have, lim,_,, diam(K,) = lim,_,,, R(K,). Since C(K) is compact,
(K,) is a nested sequence of compact sets of X. Hence lim,,_,o, diam(K,) =
diam(.~, K,,). Let € (.2, K,,. Then for each n € Z*, R(z, K,) = R(K,)
and there exists y, € K, such that ||z —y,| = R(K,). Choose a con-
vergent subsequence (y,,) of (y,). Let y = lim, oo yn,. Now, [z —y| =
lim, oo || — Yn, || = lim, oo R(K,, ) = diam((,—, K,) and y € (), K,, which
means z is a diametral point of (-, K,,. Thus the nonempty compact convex
set (,—, K, has no non-diametral point and so it is a singleton say {c}. Since
TK, = K, for each n € Z™, it follows that T'c = c. O

Using Theorem 3.14, the following easy observation was made in [28].

Lemma 3.16. (Sangeetha and Veeramani [28]) If K is a nonempty weakly
compact convex subset of normed space and K has normal structure, then for
any isometric selfmap T on K, C(K) C C(K, (T™(K))).

Combining Theorem 2.8, Lemma 3.16 and Theorem 3.15, we have the following

Corollary 3.17. Let X be a normed space that is URE) and let K be a
nonempty weakly compact convex subset of X. Then every isometry that maps
K into K maps C(K) onto C(K) and there exists a point in C'(K) that is fized
by every isometry from K into K.

Corollary 3.18. (Sangeetha and Veeramani [28)) Let the set of all directions
in which a normed space X is not uniformly rotund be contained in a countable
union of k-dimensional subspaces. If K is a nonempty weakly compact convex
subset of X, then every isometry that maps K into K maps C(K) onto C(K)
and there exists a point in C(K) that is fived by every isometry from K into K.

4. Uniform rotundity with respect to finite-dimensional subspaces
in product spaces

In [8], the following characterization of normed spaces that are uniformly rotund
in every direction is given.

Theorem 4.1 (Day, James, Swaminathan(8]). A normed space X is uniformly
rotund in every direction if and only if whenever (x,,), (y,) are sequences in By

such that lim,,_, o M =1 and (x, — yn) is convergent, then lim, ,..(x, —
Yn) = 0.

We give a generalized version of this result in the next theorem.

Theorem 4.2. A normed space X is not uniformly rotund with respect to a

k-dimensional subspace Y if and only if there exist sequences (m§”)), o (a;,(j@l)
in Bx such that lim, o || S =1 and limy, e 2 — x,(ﬁr)l =z €Y

foreach i € {1,... k} where zq,...,z; are linearly independent.
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Proof. Suppose that there exist (z\™), ..., (z{"),) in By such that

k+1
k+1
nh_)m k—HHZ n)||—1 hmx x,ﬂfﬁl—zzEY
for each i € {1,...,k} and z1,..., 2z are linearly independent. Using part (1)
of Lemma 2.3, it is easy to see that for each i € {1,... k}, lim, . \|x§n)|| =1.
Let y%n) = xgi)l 4+ 21, .., y,(cn) = 951(:21 + 2k, y,(::l = x,ﬁ)l Now
lim [y — 2| =0, ie{l,... k+1}.

n—oo

So lim,, o ||yl(n)|| =1forie{l,...,k+1}. Also we have,

k+1 k+1

: (n) _ () _
7}3&“2% sz =0
i=1 i=1
Therefore, limy,_,o || S| = 1. Besides,

spcm{gA — y,(fi)l, . ,y,(C n y,@l = span{z,...,zx} =Y

and

V(ygn), . ,y,(€+)1) V(z1y. .oy 25,0) >0
for all n € Z*. Hence by Proposition 3.9, X is not uniformly rotund with
respect to Y.

Suppose that X is not uniformly rotund with respect to a k-dimensional sub-
space Y. Fix a basis {y1,...,yx} of Y. By Proposition 2.5 there exist sequences

(x§”)),. (a:gfl) in Bx such that
s (n) _ (n) (n) _ Y do A < vV (n) (n)
pan{ay” —x. '}y, @y xk-‘,—l} and U < (@17, Ty

for all n € Z7" satisfying lim, o0 717 || S| = 1. Since (2 — x,(:gl), e

(x ,(Cn) — a:l(€ +)1) are bounded sequences in Y, we may assume without loss of

generality that they are convergent. Let lim,, . :L’E") — 331(321 = z;. For each

i,je{l,....,k} and n € Z" let Ozz(j),aij € R such that

(n) (n) (n) (n)

v —mp = ag gyt ag e and 2 = apyn + o Qe
Then V(:B( ka) |det( )|V(O Y1,...,yx) by Theorem 2.6. Also
lim,, oo ag”) = ;. S0 lim,,_, det(a Ej ) = det(w;) and it follows that
0< A < |det(ay)
el ).
V(Ouy17"'7yk) - !

Thus 21, ..., 2 are linearly independent. [
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Now we consider uniform rotundity with respect to finite-dimensional subspaces
in products of normed spaces.

Definition 4.3 (Day|[6]). Let S be a nonempty set. A full function space is a
Banach space X of real-valued functions on S such that if f € X and g: S - R
satisfies |g(s)| < |f(s)| for all s € S then g € X and ||g|| < |/ f]].

It can be verified that the spaces [, for 1 < p < oo are full function spaces.

Let {Ns; : s € S} be a nonempty collection of normed spaces. Given = €
[Lcs N, let F: S — R be defined by F,(s) = ||x(s)|| for all s € S and if
Fp € X, let [z]] = [|[F]|. Then Px(N,) = ({z € [[es Ns : o € X} [1]]) is a

normed space which is complete if and only if each Ny is a Banach space[6].

Theorem 4.4. Let {N;:s € S} be a collection of normed spaces and let X be
a full function space over S. Suppose that for any a € X such that 0 < a(s)
for all s € S, the order interval

0,a] ={f: S —=>R:0< f(s) <a(s) forall s € S}

is compact in X and that X is uniformly rotund in every direction. Given a
k-dimensional subspace Y = span{yy,...,yx} of Px(Ns), if for some sy € S,
y1(80), - -, yx(s0) are linearly independent and Ny, is uniformly rotund with
respect to span{yi(so), ..., yx(so0)}, then Px(Ny) is uniformly uniformly rotund
with respect to Y .

Proof. Let 1,..., 7141 € Sx such that span{x; — xpi1, ..., x5 — 21} =Y.
Let x; — xpy1 = anyn + -+ - + gy for i € {1,...,k}. For each ¢ € {1,... k},
|Fi(s) = Fop ()] = [llzi(s) ]| = lzpsa ()] < Nlzils) — 2 (s)]

= |laaya(s) + - + cayr(s)|| < laalllyr ()] + -+ + ol [[ye(s) ]l
<] Fy, (8) + -+ + || Fy, ().

Since Y is a finite-dimensional space, we may choose M > 0 such that
max{[Ar], .. [Ael} < M| Ayn 4 4 Aryi]
for all Ay,..., A, € R. Then |oy;| < 2M for all 4,5 € {1,...,k} which implies

i (8) = Fipy (8)] < 2M(Fy, o+ - -+ Fy ) (5)-
k
We also have |F L s, kaﬂ(s)‘ k——i—le(F -+ F,,)(s). So,
o sty = Fuprs Foy = Foeysooo By — Fay € [—a,d),

where a = 2M (F,, +--- + F,,). Also we note that

k+1

1
Pl ;% + Tkt

1 1
5 = QHF%-HZQCJEM_'—F%HH;
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and

1 1 .

ot il € S+ Pl i€ {1 )
Now let (z{™), ..., (x,(ﬁgl) be sequences in Spy (n,) such that

span{xgn) — :Ug:fl, . ,a:,i") — 375:31} =Y

for all n € Z* and limy, o 755 | St (n)|| = 1. Then (F, (n>) 5 (F o ) are

k+1

sequences in Sy and (F Loy (n)) is a sequence in By such that
i=1 T;

.1 ,
lim —[|[F w+Fwl| =1 di€e{l,...,k},
n—oo 2 T Ty i1

. 1
lim _HF%HZL?%(‘”) + Fxl(;)lH =1

n—oo

and F' , k1 (n)—F(n) ,F(n)—F(n) ""’Fx(”) F(n) E[ a,a] foralln € Z*.

k+1 Z’L 1 ’L k+1
Since by assumption, [—a, a] is compact, we assume that these sequences are
convergent. In addition, since the sequences (||:L’§")(50)H), R (||$;(£r)1(50)||) and

k41
(1 22 - x(n (s0)||) are bounded we assume these are also convergent. There
is no loss of generality in assuming these sequences are convergent as it is

enough to prove that a subsequence of V(av1 yee ,x,(ﬁr)l) converges to 0.
Since X is uniformly rotund in every direction, we have for i € {1,...,k}, by
Theorem 4.1,
n—00 k4l 2wi=1 %4 Triq n—oo %j Tri1
So  lim F 4 s o (s9) — F 2, (s0) = lim F ) (s0) — F, ) (s0) =0, i.e.
n—o00 kil 2wi=1 Ti n—oo % k+1
1 k+1
lim "m;@")“o)“ = [l (so)ll = lim [l (so)| = ll}%1 (s0)] = 0.
Thus
k41
: (n) _
Jim 160l = Jim 5137 ol =

fori e {1,...,k+1}. Ifa:(n—a:,(gﬁl—a(n)y—k —l—ozkykforze{l...,k:}
and n € Z* where each aij € R, then

Vi, o) Vi (s0), 2 (s0)
V0,91, Yk) V(0,41(50), - - -, Yr(50))

= | det(agL) |.
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If =0, then lim,, det(ag)) =0 and 50 limy, o0 V(2™ (s0), . .. ,x,(:gl(so)) = 0.
If r#0, since Bs, is uniformly rotund with respect to span{yi(so), ..., yx(s0)},
it follows by Proposition 3.9 that lim,,_, V(a:(ln)(so), . ,:13,&1)1(30)) =0.

Hence lim, V(xgn), . ,x,(gl)l) =0. O

Corollary 4.5 (Smith[25]). Let {N,:s € S} be a collection of normed spaces
and let X be a full function space over S. Suppose that for any a € X such
that 0 < a(s) for all s € S the order interval,

0,a] ={f: S—=R:0< f(s) <als) forall s € S}

is compact in X and that X is uniformly rotund in every direction. Given
y € Px(Ns), y # 0 if for some sy € S, y(so) # 0 and Ny, is uniformly rotund
in the direction of y(so), then Px(Ns) is uniformly rotund in the direction of y.

Corollary 4.6. Let {N; : j € Z*} be a collection of normed spaces. Fix
k € Z*. Suppose that one of the spaces is URE), and all others are URE,. then
X = P,(N;) is URE.

Proof. We assume without loss of generality that N; is URE, and N; is
URE; for 7 > 2. Let yi,...,yr be linearly independent elements of X. If
for some ¢ € {1,...,k} and j > 2, y;(j) # 0, then N; is uniformly rotund
with respect to span{y;(j)} and hence X is uniformly rotund with respect to
span{y;} by Corollary 4.5. This implies X is uniformly rotund with respect to
span{yi, ..., yr} by Corollary 2.10.

If on the other hand, y;(j) = 0 for all « € {1,...,k} and j > 2, then clearly
y1(1),...,yx(1) are linearly independent in N;. Since N is uniformly rotund
with respect to span{y;(1),...,yx(1)}, by Theorem 4.4, we have X is uniformly
rotund with respect to span{yi,...,yr}. Thus X is URE. ]

5. Examples
Example 5.1. Let B; = (R¥, || ||o0), B2 = P, (R™, || -|2)2%, and X = Pz(B;).
Then X is UREy, X is not (k—1)-R and X is not n-UR for any n € Z*.

As observed in Remark 2.4, B; is k-UR and from Corollary 4.5, we know that
Bs is URE;. Using Corollary 4.6, it follows that X is UREy. It is easy to verify
that B; is not (k—1)-R and from [5], we know that B cannot be renormed to
be uniformly rotund. From [27] we know that n-UR spaces are superreflexive
and so can be renormed to be uniformly rotund. Thus Bj is not n-UR for any
n € Z*. Since By and By are subspaces of X, it follows that X is not (k—1)-R
and X is not n-UR for any n € Z*.
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Next we shall see examples of Banach spaces Y3, Y3, ... of sequences of real
numbers such that for each k& > 2, Y}, is not uniformly rotund in countably
infinitely many (k — 1)-dimensional subspaces.

Example 5.2. Let R“ be the collection of all sequences of real numbers. For
n > 2, let

1
2
||$||<2,n>=< > II(fEi,%)Hio) , weR™

1<i<j<n

o0

1
If Y, ={yeR: Zmﬂ(yl,...,yn)ﬂém) < oo} and for all y € Y,

n=2

1
00 2 . .
1Yl = (anz r el (CITRER ,yn)H(z,n)) , then (Y3, || - [l(2)) is uniformly ro-

tund with respect to all one-dimensional subspaces except span{e;} for all
1 € Z*. Hence Y, is URE, but not URE;.

In general, given k > 2 and n > k, let

1
2
||x||<k,n>=< > II(wjl,---,:vjkﬂlio), z €R™

1<j1<<jr<n

If
’ y . k n (an> y L ’yn (k7n)

1
00 2
and lyllpy = (S e I )l for all y € Y, then (Vi |- )

is uniformly rotund with respect to all (k — 1)-dimensional subspaces except
those spanned by the elements of {e; : i € Z*}. Hence Y} is URE; but not
URE(;—1).

Explanation: We first show that (R™, ||-||(2,)) is uniformly rotund with respect
to all finite-dimensional subspaces except span{ei},...,span{e,}. Note that
| - lz2) = |l - [l and it is easy to see that it is not uniformly rotund only
with respect to the two subspaces span{e;} and span{es}. For n > 3, let
Y, = Pyp(X;)i, where I denotes the n-dimensional real linear space with
| - |l2 norm and X; = (R?|| - ||e) for @ € {1,...,n}. From Corollary 4.5 it
follows that given z € Y,,, for some k € {1,...,n}, if both the coordinates of
2y, are nonzero, then Y,, is uniformly rotund with respect to span{z}. Consider
the map ¢,,: R" — Yne, given by

On(T1y .y xn) = (1, 22), .., (21, 20), (T2, 23), .y (T2, T0)s ooy (Tpe1, X))
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Since this map is linear and injective, | - [|(2,n): R* — R given by

2

"Ca
2|20 = (Z Hqﬁn(a?)(i)HiJ) , T ER"

is a norm. Suppose z € R" and z ¢ J;_, span{e,}. Then there exist i,j €
{1,...,n}, i < j such that z; # 0 and z; # 0. By definition, (z;,z;) is a
coordinate of ¢,,(2). So Yne, and hence ¢,,(R™) is uniformly rotund with respect
to span{¢n(2)}. Since ¢, : (R™, ||z|/(2,n)) = Yne, is a linear isometry it follows
that (R", || - ||(2)) is uniformly rotund with respect to span{z}. Fix j €
{I,...,n}. fe=e1+---+ej_1+ej+ej+-F+e,andy=e +---+ej_1—
ej+ejp1+ - +en, then s(x+y)=e 4+ +e1+0+e1+---+¢, and

r+y
Izl n = I¥llem = = —
(2:n)
while z — y = 2e;. Hence (R ]| - |/(2)) is not uniformly rotund relative to

span{eir}, ..., span{e,}.

Now for each n > 2, let By = (R", —=|| - [l2.n))- Then By is uniformly
rotund with respect to all one-dimensional subspaces other than span{e;},...,
span{e,}. Consider the set Yo={y €R¥:Y >, mﬂ(yl, ooy Yn) [Py < 00}
With the canonical definitions of addition and scalar multiplication, this set
forms a linear space. The map ¢: Yo — P, (B(2,))0, given by ¢(y) = ((y1,2),
(Y1,Y2,93),...) for all y € Y5 is an injective linear map. So, || - |[(2): Y2 = R,
given by

1
o0 1 2
||y||<2>=(Zmn@l,...,yﬂ)ném) yeY,

n=2

is a norm. Note that any sequence of elements in {—1,0, 1} belongs to Y. Fix
jEZ+. Letl’:61+"'—|—€j_1+6j+6j+1+"' andy:el+--~+ej_1—ej—|—
€js1+ . Then, SJ(x+y)=e1+--+¢e_1+0+ej +-- and

1
[e') 1 2
2) (%”J

Therefore (Y5, || - ||(2)) is not uniformly rotund relative to span{e;}.

r+y
2

1zl = ¥l =

Given z € Y5, suppose that z has two nonzero coordinates namely z,,, z, where
m < n. Then, (z,...,2,) has two distinct nonzero coordinates which implies
B2, is uniformly rotund in the direction of (21,. .., 2,) and hence by Corollary
4.5, P,(B,)2, is uniformly rotund in the direction of ¢(z). Since ¢ is a linear
isometry, it follows that (Y3, || - ||(2)) is uniformly rotund in the direction of z.
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The general case follows using similar arguments and Corollary 2.10. We give
the steps to be followed briefly. Let n > k > 2

tep 1: |-l = Il - e in RE.
Step 2: The space Py (X;)i-, where X; = (R¥|| - ||o) for i € {1,...,n} is
uniformly rotund with respect to span{(z1,..., z,)}, if for some i € {1,... ,n},

all the coordinates of the k-tuple z; are nonzero by Corollary 4.5.

Step 3: Let X; = (R*, || - ||oo) for i € {1....,"C}}. Consider the map ¢, : R" —
Pl;zck (X;:);Sk such that for each i € {1....,"Cr}, ¢n(2)(i) = (Tpy, ..., 2p,) for
some py,...,pp € {1,...,n} satisfying p; < --- < pg and for i < j, if ¢, (z)(i) =
(Xpys ooy py,) and ¢p(x)(j) = (240, .., %), then (p1,...,06) < (q1,---,qx)
where < is the dictionary order on k-tuples of integers. This map is linear and
injective. So, || - ||(k,n) defined above on R™ is a norm.

Step 4: If z € R has atleast k distinct nonzero coordinates, then (R", || - || (k1))
is uniformly rotund with respect to span{z}.

Step 5: The space (R™, || - ||(x,n)) for n > k is not uniformly rotund with respect
to the (k — 1)-dimensional subspaces spanned by the elements of {e,...,e,}.
To see this, let my,...,my_1 € {1,...,n} be distinct and let z; = e; +--- +
en—€m;,, 1€{l,....k—1}, 2y =e;+ - -+ e, Then

k
1
lenllm =+ = lowlwm = 21 Y willon) = VCis
i=1

Step 6: Thus (R, || - ||(kn) is uniformly rotund with respect to all (k — 1)-
dimensional subspaces other than those spanned by the elements of {ey, ..., e, }.

Step 7: For each n > k, let B,y = <]R" The map ¢: Yy —

AR )
PIQ(B(k,n))ZO:k given by ¢(y) = (W1, Uk), W15+ - Ykt1), .. .) for y € Yy is an
injective linear map. So || - ||x) defined above on Y}, is a norm.

Step 8: The space (Y, || - ||(x)) is uniformly rotund with respect to z if z has k
distinct nonzero coordinates.

Step 9: Let iy,...,ig—1 € Z* be distinct. Put z; = (1,1,1,1,...) —¢;, for
je{l,...;k—1} and 2, = (1,1,1,1,...). Then V(xy,...,x541) > 0 and

1

2

k )
1 1
lzllay = - = llerlloy = £ >zl = <Z ﬁ)
j=1 n=k
Thus (Y, || - ||)) is not uniformly rotund with respect to span{e;,,... e, ,}.

Step 10: Thus (Y, | - ||x)) is uniformly rotund with respect to all (k — 1)-
dimensional subspaces other than those spanned by the elements of {e, : n €

Z+Y.
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For each k > 2, (Y, ||yllx)) is a closed subspace of Py, (Bn))ne,. From [5] we
know that, for any 1 < p < oo, the [, product of reflexive spaces is reflexive.
Hence (Yy, |lyll)) is a reflexive Banach space that is uniformly rotund with
respect all but countably infinitely many (k — 1)-dimensional subspaces. So
it is URE), but not URE(;_1)(In fact, it is not even (k — 1)-R). It is not clear
whether Y} is k-UR or not.

Remark 5.3. Suppose y € R¥ is bounded. Then for each n € Z*,

1y yudllgem) < VCk[Ylloo-

Hence Z;’O:kmn(yh...,yn)||%k7n) < |ly[& >0, 2. This shows that for
each k > 2, Y, contains all bounded sequences and the inclusion map from I,
into (Y, ||y ) ) is continuous. By the open mapping theorem and the reflexivity
of (Y, ||yll(x)), it is clear that Y} also contains unbounded elements of R*.

However the continuity of the inclusion map mentioned in Remark 5.3 enables
us to renorm I, so as to be UREy, for any k € Z*. Thereby we get an example
of a nonreflexive Banach space that is URE; but not URE(_;). We use the
following result originally due to Zizler[29] and modified slightly by Smith[24].

Proposition 5.4 (Zizler [29]; Smith [24]). Let X and Y be Banach spaces. Let

F: X =Y bealinear, continuous map. Forxe X, let |||z||| = \/||x||§(—|—||Fx||§,

Let z € X, Fz # 0. If Y is uniformly rotund in the direction of Fz, then
(X, [-1D) is uniformly rotund in the direction of z.

Using the Proposition 5.4 we have the following example.

Example 5.5. Let m be the set of all bounded sequences of real numbers and

define [[lylle = \/Iyll%+lyllgy for y € m. Then (m, || - |[lx) is URE; but

not (k—1)-R. In particular it is uniformly rotund with respect to all (k—1)-
dimensional subspaces except those spanned by the elements of {e; : i € Z*}.

We note that there exist normed spaces that are rotund but do not have normal
structure as shown in [26]. This proves the existence of rotund normed spaces
that are not URE for any positive integer k.

In [29], it is proved that the space ¢y of all sequences that converge to 0 with
|| - lloc norm is not uniformly rotund in any direction and in [8], it is proved that
if I is an uncountable set, then ¢y(I) = {x: I — R : For each € > 0, |z(i)| <
e for all except finitely many values of ¢} with || - || norm cannot be renormed
to be uniformly rotund in every direction. In the next two theorems we say
more about these spaces.

Theorem 5.6. The space ¢y of all sequences of real numbers that converge to
0 with || - ||s s mot uniformly rotund with respect to any finite-dimensional
subspace.
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Proof. Let kK € Z* and let zq,..., z; be linearly independent elements of ¢
cach of norm 1. For each n € Z7, choose j,, € Z* with |z1(ju)], . .., |z:(jn)| < =.

Let $§n) =e;, —z forie{l,... .k} and x,(;l)l =ej, Let i € {1,...,k}. Then
(n) (n) - . . . . 1
1l = 11 G| = les, (Ga) = 2i0ia)| 2 les, (Ga)] = l(in)] = 1=~
G = 2G) <1 Y5 #dn
n), . . . . . 1
22 Gl = legu (Gn) = 2:0)] < legu ()| +12:0a) < 1+~

So, [z <1+ <. Similarly we have,

(n)

(n)
k Hl'l —|—...+Ik+1 21+"'+2k k
- < e, — AT IR gy T
(k+1)n E+1 E+1 (k+1)n
Thus we have
kt1
: (n)

T}Lnoloum N=1= lim k+1||2x | forie{l,...,k+1}.
However, V(z{", ... x,(gl) = V(z1,...,2,0) for all n € Z*. Hence, we can
conclude from Proposmon 3.9 that ¢y is not uniformly rotund with respect to
span{zi, ..., 2k} O
Theorem 5.7. Let I be an uncountable set. Then co(I) = {x: I — R : for
each € > 0, |x(i)| < € for all but finitely many values of i} with || - ||ec norm is

not isomorphic to a Banach space that is URE) for any positive integer k.

Proof. Fix a positive integer k. Let ||-|| be a norm on ¢q(I) equivalent to ||« ||o-
Let r = sup{||z|| : ||z]lcc = 1}. Choose a sequence (u,) such that ||u,||. = 1 for
all n and lim,,_, ||u,|| = 7. Since the set | J7~ {i € I : u,(7) # 0} is countable,
we may choose k distinct elements ¢y,...,4, € I such that w,(i;) = 0 for
all n € Z* and j € {1,...,k}. Let y;(i;) = 1 and y;(i) = 0 for i # i;
for each 7 € {1,...,k}. Then yi,...,y, are linearly independent elements
of ¢y(I). We show that (¢o(1), || - ||) is not uniformly rotund with respect to
Y = span{yi,...,yx}. Let

xgn):un+y1’...,xl(<:n):un+yk7 xl(cr—?lzu”_(yl—i_—i_yk)

Then ||mz(n)||OO =1 and so ||xl(n)|| <rforallie{l,....,k+ 1}, neZ". Also

k+1
lim | >l = il =7
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and span{z{" — 371(4;7217 R 371(321} =Y. But

V(™ a ) =V, = ) >0

foralln € ZT. O

The above result also follows from Corollary 3.7 and a result proved in [15].

6. An equivalent formulation using Milman’s modulus

In [19], the following modulus of finite dimensional uniform rotundity was in-
troduced and studied.

AP(e)= inf inf max T+ —1, €>0
)= Bl iy iy e+l
where Si(X) is the collection of all k-dimensional subspaces of X. In [19] and

[10] it is established that X is uniformly rotund if and only if Ag?(e) > 0 for
every € > 0. Following the introduction of k-uniform rotundity in [27], it is

proved in [12] that X is 2-uniformly rotund if and only if Ag)(e) > 0 for every
e > 0 and in [18] the same is proved for any positive integer k.

Given a finite-dimensional subspace Y of X let,

Ax(e,Y) = inf x A{llz+yll} -1

flzf|=1 IIny yGY

for every € > 0. A careful examination of the proof in [18] of the result that X

is k-uniformly rotund if and only if Agl;)(e) > (0 for every € > 0 shows us that
X is uniformly rotund with respect to a finite-dimensional subspace Y if and
only if Ax(e,Y) > 0. We shall show this below.

Lemma 6.1 (Geremia and Sullivan [12]). If X is a normed space and xy, . ..
Ty € X, then V(xq,...,xpe1) > dist(zy, aff{fza, ..,z )V (T2, ..o Tpy).

’

Proposition 6.2 (Geremia and Sullivan [12], Lin [18]).
Let X be a normed space of dimension at least k for some k € Z" and € > 0.
Then there exist vy, ..., v such that ||v1] = -+ = ||ogl]] = |Jor + -+ ]| = €
and dist(v;, span{vy,...,vi1}) > 5 fori€{2,... k}.

Using essentially the same techniques used in [12] and [18] we observe that in
Proposition 6.2 the quantity ¢ can be replaced with 5. We give a proof of this
claim for the sake of completeness. Following [12] we use an observation of
Phelps.

Lemma 6.3 (Phelps[20]). Let X be a normed space and € > 0. If f,g € Sx-
such that f~'{0} N\ Bx C g7 '[55, 5], then ||[f +g|| <€ or|f —g| <e.
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Proposition 6.4. Let X be a normed space of dimension at least k for some
k€ Z* and e > 0. Then there exist vy, ..., v such that ||vi|| = --- = [Ju] =
|v1 + -« 4+ vg|| = € and dist(v;, span{vi,...,vi1}) > § fori € {2,... k}.

Proof. We may assume that k& > 2. Let u € X and ||u|]| = e. Then consider

the map x — ||lu + x| on {z € X : ||z| = €}. Since the map is continuous
and the domain is connected, there exists v € X such that [[v] = € and
|lu+v|| =€ Also ||lu—v|| =]2v— (u+v)|| > |2v] — ||u+ v|] = e. For any

0<r <1, |u+wo]| > reand ||u—v|| > re. Now applying Lemma 6.3 on
the evaluation functionals f — 1f(u) and f — £ f(v) on X * we can see that
there exists f, € By+ such that f.(u) =0 and |fr( )| > = So for any o € R,
v —aul| > |fr(v —au)| = [f-(v)] > 5. Thus dist(v, span{u}) > % for any
0 < r < 1 which gives dist(v, span{u}) > 5

Choose 1, ...,z € Sx such that d(z;, span{z1,...,x;-1}) = 1 for i € {2, ..., k}.
Starting with v; = exy, choose va, ..., vg such that v; € span{vi+---+v;_1,z;},
|vil| = |lo1+- - Fvim1+v;]| = € and dist(v;, span{vi+---+v;_1}) > 5. The linear
independence of v; and vy + - - - +v;_1 shows that v; = a;(vy + -+ +vi_1) + Biz;
for some ; # 0. Now

dist(v;, spanf{vy, ..., v;_1}) = |Bi|dist(x;, span{vy, ..., v;1})
= |B;|dist(z;, spanf{zy, ..., z;_1}) = |Bi| > dist(v;, span{vy + -+ +v;_1}) > %
Before proceeding further we need the following notation. For each ¢ > 0, let
k+1

(5 (6 Y) inf {1_ ” Z . Ty Thy1 € BX7V('I17 ...,ZEk+1) > 67} )

SPan{Ty — Tpi1, .oy Tp — Tpy1} = Y

Theorem 6.5. Let X be a finite-dimensional normed space. If Y is a k-
dimensional subspace of X, then

B (k+1)€* Ax(e,Y)
5;) <2k(1+AX(e,Y))k’Y> = 1+ Ax(e,Y)

for e >0 and

€ v ox(e,Y)
N E+ 1)1 = 0x(e,Y)) " ) = 1= dx(e,Y)
for e >0 such that 6x(e,Y) < 1.

Proof. Since X is finite-dimensional,

Ax(eY) = max {fzo+yll} -1

lyll=e.y



M. Veena Sangeetha, P. Veeramani / Uniform Rotundity ... 1249

for some zy € X, ||xo|| = 1. By Proposition 6.4, there exist vy, ..., v € Y such
that [[vi]| = -+ = ||v]| = [|[vr+- - -4vi|| = e and dist(v;, span{vy, ..., vio1}) > §
for i € {2,...,k}. Put vpy1 = —(vi + - + ). Fori e {1,...,k+ 1},

lzo+vi|| =1 < Ax(e,Y). Soif a = m and x; = a(xo+ v;), then ||z;|| <

1. Now using Lemma 6.1, we have V(zy, ..., 251) = a*V(vy, ..., 0641) =
a*(k+1)V(0,v1,...,03) > (k:+1) . Also span{zr| — xpy1, ..., T — Tpp1} =
span{vy,..., v} =Y. Thus we have

k k+1

(B)( k €
Oy (a*(k+1)5,Y) <1~ k—HHZl’zH

B (k+ ].)Ek Ax(G,Y)
53() (Qk(1+AX(e,Y))k’Y) = 14+ Ax(e,Y)’

To prove the second inequality let dx(e,Y) < 1. Choose x1,...,xp1 € Sx
such that V(z1,...,x541) > €, span{zy — Tpy1,...,Tp — Tpy1} = Y and

k+1
dx (e, Y)—1——||Z

Also choose fi,..., fr € Bx+ such that

V(%l, R ,$k+1) =

Forie {1,... k}, let

1 1

filer) - filzeg)

v = 1 fz’—l.(%) fze1(:Tk+1)
i <k+1)k+1(1—6(6,Y)) T Tha1

fira(z1) - firi(Tryn)

fk('flfl) fk(ff‘k—f—l)

Using a simple column operation it can be seen that each vz is a linear combina-

: V(ei,...,
tion of x1 — Xpy1,..., 2k — Tpy1 and fi(v;) = (k—&-l)’(ill(l xg;ze o) while f;(v;) =0

for j # 4. Hence vy, ..., v, are linearly independent and span{vl, U =Y.
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Fix u = ‘z”"'”’““ Using the same arguments as in [18], it can be proved

|1+ +rp ]l

that if a1,...,ar € R such that

€

(k+ 111 —dx(¢,Y))

H(Zl?]l + -+ CLkUk“ =

then
1
< —m —
lutaron -+ ool < 7570 55
€ 5X(€7Y)
It follows that A Y s T s -
ollows that - Ax ((k+1)k+1(1—5x(e,Y))’ ) T 1-0x(eY)

Corollary 6.6. A normed space X is uniformly rotund with respect to a finite-
dimensional subspace Y if and only if Ax(e,Y) > 0 for every e > 0.

Proof. Note that
Ax(e,Y)=inf{Az(e,Y):Y C Z C X, Z is finite-dimensional }
dx(6,Y) =1inf{dz(¢,Y): Y C Z C X, Z is finite-dimensional }
5&3)(6, Y) = inf{é(ZB)(e, Y):Y C Z C X, Z is finite-dimensional }

Let Z be a finite-dimensional subspace of X that contains the k-dimensional
subspace Y. Since Az(e,Y) < € and the function dz(-,Y’) is monotonically
increasing the first inequality in Theorem 6.5 implies

(B) (k?—f-l)Gk <
6Z <—2k(1+€)k’y _Az<€,Y).

Hence
@ (EFDE ) A ey
ox (2k(1+e)k’ < Ax(e ).

Further, the second inequality in Theorem 6.5 implies

1 €
<
1+€AZ (<k+1)k+17y) _5Z(E7Y)’

1

€
and hence 1+€AX ((k+1)’f+1’y) < dx(e,Y). O

Acknowledgments. The first author would like to thank the Council of Scien-
tific and Industrial Research, New Delhi, India for providing financial support

in the form of a Research Fellowship(09/084(0646)/2013-EMR-I). The authors
would like to express their gratitude to the referee for valuable comments.



M. Veena Sangeetha, P. Veeramani / Uniform Rotundity ... 1251

References

[1]  D.Amir, Z. Ziegler: Relative Chebyshev centers in normed linear spaces 11, J.
Approximation Theory 38(4) (1983) 293-311.

[2]  J.Bernal, F.Sullivan: Multidimensional volumes, super-reflexivity and normal
structure in Banach spaces, Illinois J. Math. 27(3) (1983) 501-513.

[3]  M.S.Brodskii, D.P.Mil'man: On the center of a convex set, Doklady Akad.
Nauk SSSR (N.S.) 59 (1948) 837-840.

[4]  J.A.Clarkson: Uniformly convex spaces, Trans. Amer. Math. Soc. 40(3) (1936)
396-414.

[5]  M.M.Day: Reflexive Banach spaces not isomorphic to uniformly convex spaces,
Bull. Amer. Math. Soc. 47 (1941) 313-317.

[6] M.M.Day: Normed Linear Spaces, 3rd edition, Ergebnisse der Mathematik
und ihrer Grenzgebiete 21, Springer, New York-Heidelberg (1973).

[7]  M.M.Day: Invariant renorming, in: Fixed Point Theory and its Applications,
Proc. Sem., Dalhousie Univ., Halifax 1975, Academic Press, New York (1976)
51-62.

[8] M.M.Day, R.C.James, S. Swaminathan: Normed linear spaces that are uni-
formly convex in every direction, Canad. J. Math. 23 (1971) 1051-1059.

[9] H.Fakhoury: Directions d’uniforme convexité dans un espace normé, C. R.
Acad. Sci. Paris, Sér. A-B 283(7) (1976) A473-A476.

[10] T.Figiel: On the moduli of convexity and smoothness, Studia Math. 56(2)
(1976) 121-155.

[11] A.L.Garkavi: On the optimal net and best cross-section of a set in a normed
space, Izv. Akad. Nauk SSSR Ser. Mat. 26 (1962) 87-106.

[12] R.Geremia, F. Sullivan: Multidimensional volumes and moduli of convexity in
Banach spaces, Ann. Mat. Pura Appl., Ser. 4, 127 (1981) 231-251.

[13] W.A.Kirk: A fixed point theorem for mappings which do not increase dis-
tances, Amer. Math. Monthly 72 (1965) 1004—-1006.

[14] W.A.Kirk: Nonexpansive mappings in product spaces, set-valued mappings
and k-uniform rotundity, in: Nonlinear Functional Analysis and its Applica-
tions, Part 2, Berkeley 1983, Proc. Sympos. Pure Math. 45, Amer. Math. Soc.,
Providence (1986) 51-64.

[15] T.R.Landes: Normal structure and the sum-property, Pacific J. Math. 123(1)
(1986) 127-147.

[16] T.C.Lim: On asymptotic centers and fixed points of nonexpansive mappings,
Canad. J. Math. 32(2) (1980) 421-430.

[17] T.C.Lim, P. K. Lin, C. Petalas, T. Vidalis: Fixed points of isometries on weakly
compact convex sets, J. Math. Anal. Appl. 282(1) (2003) 1-7.

[18] P.K.Lin: k-uniform rotundity is equivalent to k-uniform convexity, J. Math.
Anal. Appl. 132(2) (1988) 349-355.

[19] V.D.Milman: Geometric theory of Banach spaces II. Geometry of the unit

ball, Uspehi Mat. Nauk 26, Number 6(162) (1971) 73-149.



M. Veena Sangeetha, P. Veeramani / Uniform Rotundity ...

R.R. Phelps: A representation theorem for bounded convex sets, Proc. Amer.
Math. Soc. 11 (1960) 976-983.

S.Rajesh, P. Veeramani: Lim’s center and fixed point theorems for isometry
mappings, Ann. Funct. Anal. 9(2) (2018) 190-201.

E. Silverman: Definitions of Lebesgue area for surfaces in metric spaces, Rivista
Mat. Univ. Parma, Ser. IV, 2 (1951) 47-76.

1. Singer: Best approximation in normed linear spaces by elements of linear
subspaces, Grundlehren der math. Wissenschaften 171, Springer, Berlin (1970).

M. A. Smith: Banach spaces that are uniformly rotund in weakly compact sets
of directions, Canad. J. Math. 29(5) (1977) 963-970.

M. A. Smith: Products of Banach spaces that are uniformly rotund in every
direction, Pacific J. Math. 70(1) (1977) 215-219.

M. A. Smith, B. Turett: A reflexive LUR Banach space that lacks normal struc-
ture, Canad. Math. Bull. 28(4) (1985) 492-494.

F.Sullivan: A generalization of uniformly rotund Banach spaces, Canad. J.
Math. 31(3) (1979) 628-636.

M. Veena Sangeetha, P. Veeramani: Normal structure and invariance of Cheby-
shev center under isometries, J. Math. Anal. Appl. 436(1) (2016) 611-619.

V. Zizler: On some rotundity and smoothness properties of Banach spaces,
Dissertationes Math. Rozprawy Mat. 87 (1971) 33 pp.



