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We generalize and improve the original characterization given by Valadier [19, Theorem 1] of
the subdifferential of the pointwise supremum of convex functions, involving the subdiffer-
entials of the data functions at nearby points. We remove the continuity assumption made
in that work and obtain a general formula for such a subdifferential. In particular, when the
supremum is continuous at some point of its domain, but not necessarily at the reference
point, we get a simpler version which gives rise to the Valadier formula. Our starting re-
sult is the characterization given in [11, Theorem 4], which uses the e-subdifferential at the
reference point.
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1. Introduction

Consider a family f,: X — R := RU {+o0} of extended real-valued convex
functions indexed by an arbitrary index set 7', and defined in a locally convex
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topological vector space X. Under the continuity of the supremum function

f=sup fi (1)

teT

at a point x € X, a remarkable pioneering result due to Valadier [19] states
that the subdifferential of f at x is completely characterized by means of the
subdifferentials of data functions f; at nearby points; more precisely

ofx)= (] @ U oy, (2)

e>0, peP teTe(z), p(y—x)<e

where P is the family of continuous seminorms in X, and
T.(x) :={t €T | filz) = f(z) — e} (3)

when f(z) = +oo, we have f;(z) = +oo for all ¢t € T.(x). We also use the
notation

T(z) :={teT]| filz) = f(x)}. (4)

There have been many contributions to this problem, in various settings, de-
pending on the structure of the space X, the algebraic and topological proper-
ties of the index set T, the behavior of the function f(x,t) := fi(x), etc. See,
for instance, [2, 3, 4, 6, 9, 10, 11, 12, 13, 14, 15, 16, 18, 19, 20, 21] and refer-
ences therein, among many others. First results on the subject are reported and
commented in [14, Section 6 and comments in paragraph 4° of Bibliographical
notes, page 69].

More recently, using the machinery of e-subdifferentials, and under the follow-
ing condition

cl f =supcl fy, (5)

teT

involving the lower semicontinuous (lsc, for short) envelopes, it has been es-
tablished in [11, Theorem 4] (see also [9]) that, for every x € X,

of(x)= ) @S |J 0-fil#) + Nirdoms(z) ¢, where (6)

e>0 teT, (x
LeF(x) (@)

F(z) :={L C X | L is a finite-dimensional linear subspace with x € L}. (7)

When T is finite and T'(x) = T, the last formula gives rise to ([2]; see, also, [11,
Corollary 12])

of(x) = |J o-filx) ¢, (8)

e>0 teT (x)

being the first result of this kind that does not require any continuity conditions.
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Both approaches are based on enlargements of df;, using either the exact sub-
differentials at nearby points or the e-subdifferentials at the reference point.
They are comparable because: (i) both formulas coincide when the f;’s are
affine, (ii) both enlargements are related in the Banach spaces setting thanks
to the Brgndsted-Rockafellar theorem.

The main purpose of the present paper consists of generalizing and improving
formula (2). We drop the continuity assumption and obtain general formulas
for Of(z), in the settings of Banach spaces (16) and locally convex spaces (24),
both of them involving enlargements of 0 f;, which use the exact subdifferentials
of the f;’s at nearby points.

The paper is organized as follows. After Section 2, devoted to notation and
preliminaries, Section 3 provides the free-continuity extension of (2) in a Ba-
nach space (16), via the application of Brendsted-Rockafellar theorem. Our
characterization is comparable with the main limiting-like results given in [16].
The validity limitation of this result outside the Banach setting is illustrated in
this section by means of some examples. In Section 4 we establish the second
free-continuity formula for df (24) in the setting of locally convex spaces. Sec-
tion 5 is devoted to deriving formula (38), which constitutes a simpler version
of (16) and (24), which is valid only when we are confined to the case in which
the supremum function f is finite and continuous at some point. This last
section finishes with the derivation of (2) from our formula (38).

In a forthcoming paper we establish the corresponding counterparts of the
formulas provided in the current paper to the case in which the index set T is
compact and the functions ¢t — f;(z), z € dom f, are upper semicontinuous on
T.(z). This will generalize the second theorem in [19].

2. Notation and preliminaries

In this paper X stands for a (real) separated locally convex (lcs, shortly) space,
whose topological dual space is denoted by X* and, unless otherwise stated, is
endowed with the weak™-topology. Hence, the (X, X*) forms a dual topological
pair by means of the canonical bilinear form (x, z*) = (z*, x) := 2*(z), (z,2*) €
X x X*. The zero vectors in all the involved spaces are denoted by 6, and the
convex, closed and balanced neighborhoods of 6 are called #-neighborhoods.
The families of such #-neighborhoods in X and in X* are denoted by Ny and
Nx+, respectively, whereas for z € X and z* € X* we denote N, := = + Ny
and Ny« = 2" + Nx-.

Given a nonempty set A in X (or in X*), by co A, cone A, and aff A we denote
the convex hull, the conic hull, and the affine hull of A, respectively. Moreover,
int A is the interior of A, and cl A and A are indistinctly used for denoting the
closure of A (weak*-closure if A C X*). Thus, c0A := cl(coA), affA =
cl(aff A), etc. We use ri A to denote the (topological) relative interior of A
(i.e., the interior of A in the topology relative to affA). Associated with a
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nonempty subset A of X, we consider the (one-sided) polar and the orthogonal
of A defined, respectively, by

A ={a" e X*| (z",2) <1forall x € A},
and

At ={2" € X* | (#*,2) =0 forall z € A}.
For B C X and Q2 C R we define

A+B:={a+bla€ A be B} and QA:={da|X€Q, ac A}, (9)

with the conventions

Q=A+0=0. (10)

Throughout the paper we apply the following two lemmas concerning the sec-
ond product in (9). Let us introduce the set

k
Ap:={ W) [AN>0, ) A=1}

Lemma 2.1. If Q is a compact interval such that 0 ¢ Q, then
2(coA) = co(A).

Proof. The conclusion follows from the algebraic equality €(co A) = co(2A)
together with its consequence €2(coA) = cl(Q(co A)) = @6(Q2A), both being
true thanks to the condition 0 ¢ €. [

Lemma 2.2. Suppose that (A:)eso s a non-increasing family of closed sets
in R (i.e. € < e implies Ao C A.) such that (.oqAe = {1}. Let (Az)eso be
another non-increasing family of closed sets in X (or in X*). Then

ﬂ€>0 AEAE - e>0 AE.

Proof. The inclusion "D” is obvious as 1 € A, entails A, C A_A.. Let us prove
the inclusion “C”.

If a € .ogAcA:, we have a = A.a. with A\ € A and a. € A, for all € > 0.
Since lim, g A\. = 1 we can assume that A\. > 0. For each € > 0 the net (as5)o<s<c
is contained in A., and due to the closedness of A., limsygas = limgo(\s) ta =
a € A., and we are done. O

We say that a function ¢: X — R is proper if its (effective) domain, dom ¢ :=
{z € X | p(z) < 00}, is nonempty. We say that ¢ is convex (lower semicon-
tinuous or lsc, for short, respectively) if its epigraph, epip := {(z, ) € X xR |
o(x) < A}, is convex (closed, respectively). We shall denote by A(X) the set
of all the proper convex functions defined on X and by I'¢(X) the functions
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in A(X) which are lsc. The Isc envelope of ¢ is the function clg such that
epi(cly) = cl(epiy).

If ¢ > 0, the e-subdifferential of ¢ at a point x where ¢(x) is finite is the
weak*-closed convex set

Oep(x) :={2" € X" | p(y) — p(z

If o(z) ¢ R, then we set d.p(x) =

Fenchel subdifferential of ¢ at x, Op(x
that

n particular, for ¢ = 0 we get the

) > (2", y—z) —eforall y € X}.
0
) := Opp(x). When Jdgp(z) # (), we know

() = (clp)(x) and dp(x) = d(clp)(x). (11)

The support function, the indicator function and the Minkowski gauge of A C X
are, respectively, defined as

oa(z”) :=sup{{z*,a) | a € A}, for z* € X*, and oy = —o0, (12)
Ia(z) =0, ifz € A; +o0, ifxe X\ A, and
pa(x) :=1nf{\ > 0: 2 € A\A},

with inf ) = +o0. If U € Nx (or U € Nx+), then py is a continuous seminorm
and
U={zeX|py(z) <1} (13)

(Remember that U is closed.)
If Ais convex, z € X and € > 0, we define the e-normal set to A at x as
N (z) :={2" € X" | (z*,y—z) <ecforally e A}, if = € A; 0, otherwise.

If ¢ = 0, we omit the reference to € and write N 4(z).

We shall frequently use the following well-known relation, for any set A C X

(] c(A+U)=cl(A). (14)
UeNx

The same relation is true for A C X* replacing Ny by Nx-.
Lemma 2.3. Let A be a set in X*. Then for every x € X

(] cl(A+LY) =cl(4).

LeF(x)

If X is a normed space, then

(el (A+eB,) = cl(A),

e>0

where B, 1s the closed unit ball in X*.
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Proof. Due to the fact that the family of sets
{v* € X* | {z;,2")| <6, i € 1k}, ;€ X, i€k, §>0}
is a basis of f-neighborhoods of the weak*-topology, and observing that
{r;€ X, i€ lk; a2}t C{o* € X*| [{z;,2")| <9, i € 1,k},

(14) allows us to write

cl(A) C ﬂ d(A+LY) C ﬂ cd(A+U)=cl(A).
LeF(z) UeN

Now, assume that X is a normed space. Since the topology on the norm in X*
is stronger than every compatible topology in X*, we get, using (14) in X*,

c(A) c(Nel(A+eB,)C [ d(A+U)=cl(A). O

e>0 UeNx«

3. The case of Banach spaces

Our purpose in this section is to provide a first direct consequence of formula
(6), which yields a free-continuity extension of (2) in a Banach space (X, ||-||).
This is accomplished via a straightforward application of the Brgndsted-Rocka-
fellar theorem. We also illustrate by examples the validity limitation of this
approach outside the Banach setting. We need the following previous simple
lemma.

Lemma 3.1. Given a convex function ¢: X — R, for every x € domp we
have

(M 9p +1)(x) = dp(x).

LeF(x)

For a function ¢ € I'y(X), we recall here the mapping 5590: X = X* defined
for x € dom ¢ as (see, e.g., [8, (7) in p. 1268])

Fp(x) = {y* e X"

Jy € B.(z), such that |p(y) — o(z)] <,
y* € Op(y) and |{y*,y — )| < &} }, (15)

which constitutes an enlargement of the Fenchel subdifferential, and that can
also be written as

Fo(r)= | 0Op(y) NN, (x),

yEB¢($,€)

where By(z,¢) = {y € B.(z) | |¢(y) — ¢(z)| < e}
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When z ¢ dom ¢ we adopt the natural convention d(z) := 0. It is clear that
dp(z) C &%p(z) and, moreover, it can be easily checked that N.sqd%(z) =
d¢p(z). Let us emphasize here that the elements of d%(z) are exact Fenchel
subgradients at nearby points to x, not e-subgradients like in (6) and (8).

The following version of the Brgndsted-Rockafellar theorem (see, e.g. 22, The-
orem 3.1.1]) is a key tool in our approach.

Lemma 3.2. Let ¢ € I'y(X) and z € dome. Then, for every ¢ > 0 and
x* € O.p(x), there exist x. € X, y> € By, and \. € [—1,1] such that

|z: — 2| < Ve, ="+ Ve(yl + \a*) € dp(z.),

(e, ve — o) Se+ Ve, p(re) — (@) e+ Ve,
which implies that x* € Oy0(z) and x* € OHVp(x).

Now we give the main result in this section.

Theorem 3.3. Let f; € I'o(X), t € T, and f = sup,ep fi. Then for every
reX

of@) = (1 @q U %@+ Nesoms(@) ¢ (16)
e>0 teT:(x)
LeF(x)

where T.(x) and F(x) have been defined in (3) and (7), respectively.

Proof. If x ¢ dom f the formula holds trivially since both sets Nyndom r(2)
and Jf(z) are empty and we apply (10); hence, we suppose that = € dom f.

Step 1. To prove the inclusion “D” we first show that, for € > 0, we have

U (@) C 05 f(2). (17)

tETa (CC)

Indeed, fix ¢ € T.(z) and pick a y* € &f,(x). By (15), there exists y € B.(x)
with |fi(y) — fi(z)| < € such that y* € 0f,(y) and |(y*,y — z)| < e. Then for
every z € X

f(2) = f(x) > fi2) = file) —e > filz) = fily) =26 > (y", 2 —y) — 2¢
=Wz—x)+ Yy v —y) — 2>y, z—1x) — 3¢,

8

and we get y* € Os. f(x).
Step 2. Now (15) implies, for every L € F(x),

U (@) + Nondom 1 (z) € 352 £ (2) + Niadom ()

teT:(x)

C aSE(f + ILﬂdomf)(x) - 838(f + IL)(x>7
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so that, by convexifying and intersecting over ¢ and L, and applying Lemma
3.1,

N @5 U @) + Nocaoms(@) p € () 8l +L)(2)

>0 teT: (x) >0
LeF(z) LeF(x)
= (] o +1)(x) = 9f (2).
LeF(z)

Step 8. To prove the inclusion “C” we pick an z* € 0.f;(z) for € > 0 and
t € T.(z). Then by Lemma 3.2 there are z. € X, y* € B,, and \. € [—1,1]
such that

|ze — 2| < Ve, xl=a" + \/5(3/: +Ax") € Ofi(xe),
(2l 2. —2)| <e+ Ve, [filze) = filw)] < e+ Ve,

and z* € 9TVEf,(z). Assuming without loss of generality that 1 < 2(1 — /z)
(i.e., € < 1/4), we have

1 v VE v
g Cp— — Y= B, CAJTVE 2v/eB,
x€1+)\€\/g ft(:zc)+1+)\€\/g C fi(z) + 2v/eB,,
where A, := [1 +1 7 171 \/E] . Hence, taking into account Lemma 2.3, formula (6)
leads us to

ofx)c () @4 |J ATVefi(x) + 2VEB, + Nirgom f(2)

>0 teT:(x)
LeF(x)

c) () @4 U AF"Ef(@) + 6B, + Niadom s (2)

0>0 &>0 teT:(x)
LeF(x)

= N N U AFVeful2) + 6B, + Nirgom ()

£>0 6>0 teT. (x)
LeF(x)
= ﬂ CcO U A65€+‘/gft (l‘) + NLﬁdom f(x) . (18>
e>0 teTe(x)
LeF(x)

Step 4. Taking into account now that Npnqom £() is a cone we have

A55€+\/Eft(x) + Nindom £(2) = A, (56+\/Eft($) + NLmdomf($)> ;
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and (18) yields

of@ c () @q U A (FY5hlx) + Nonaons(@))

>0 teT:(x)
LeF(x)

= () @A | U 0@) + Nioom ()

>0 teT:(x)
LeF(x)

= ﬂ AEE U é€+\/gft(x) + NLﬁdomf(x)

>0 teT:(x)
LeF(x)
= ﬂ CcO U 56+\/€ft<x) + NLﬂdomf(x) (19>
e>0 teTe ()
LeF(x)

where the second and the third equalities come from Lemma 2.1 and Lemma
2.2, respectively. Hence,

ofte)c () @wq U Fil@) + Noagow (@)

Lé;(()x) telervz(®@)
= ﬂ cO U gmft (.77) + NLmdomf($) . ]
LeF(x)

Remark 3.4. Observe that formula (16) remains valid if instead of 0=f; () we
use the larger set

Jy € X, such that |fi(y) — fi(z)| < e, } . (20)

y* € dfi(y) and [(y*,y — x)| < e}

The reason is that this set is also included in 0s. f(z) (see the proof of (17)).

5Eft($) = {y* e X”

If X is finite-dimensional, Naom () € Nzadom f(x) for all L € F(z) and (16)
collapses to

of(x)= (@3 |J Ofi(x) + Noomys(z) ¢ - (21)

e>0 teT:(x)

In the following corollary we use an alternative enlargement of the Fenchel
subdifferential, which involves both subgradients at nearby points y and e-
subgradients at the nominal point x. This provides a characterization of 0 f(x)
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which is at the same time a refinement of formulas (6) and (16). For instance,
the e-subgradients of the f;’s involved in (6) can be chosen in the range of Jf;
at sufficiently f;-graphically close points to x.

Corollary 3.5. Under the assumptions of Theorem 3.3 we have, for every
re X,

af(l') = m co U 5€ft(x) + NLﬂdomf(x) )
e>0 tETe(aj)
LeF(x)

where

/6\5ft(a:) = {y* e X"

Jy € B.(z) such that |fi(y) — fi(x)] <e }
and y* € 0fi(y) N O fi(x) '

Proof. Let us first check that 0°f,(z) C 55]‘}(1').

If 2* € 5%(%), then 2* € 0f;(y) for some y € B.(z) such that |fi(y) — fi(z)| <
e and |(z*,y — z)| < e. So, for every z € dom f;,

(% z—x)= (2" z—y)+ (", y — x)
< fi(z) = fily) + € < fi(z) — fi(w) + 2¢,
and we deduce that z* € Oy f,(z); that is, 2* € 0°f,(x). Then, according to
Theorem 3.3 we get the direct inclusion “C”.
To check the converse inclusion “O” we prove now that

U & filx) C 0. f(x). (22)

teTe(x)

To this aim, take z* € |J & f,(z). Then, there is some t, € Ti(z) and
teT: ()

y € B.(z) such that z* € 0f;, (y) N Oa fr, (), with |fi,(y) — fi,(x)| < . Then
for every z € dom f

(% 2z —x) < (2", z—y)+ (", y — )
< fio(2) = fio(Y) + fio(y) — fro(2) + 2¢
= fio(2) = fio(7) +2e < f(2) — f(x) + 3¢,
that is, 2* € 0. f(x).
Thanks to (22) we write

m co U 5€ft(x) + NLﬂdomf(x) C m @{838][.(3:) + NLﬁdOHlf(w)}

e>0 teT. (x) e>0

LeF(z) LeF(x)
C [ Os(f+1)(2) =0f(z). O

e>0

LeF(x)
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The following example illustrates the need for the lower semicontinuity assump-
tion in Theorem 3.3, as well as for the condition |fi(y) — fi(z)| < e.

Example 3.6. Let X = R and consider the functions fi, fo: X = R as

+oo, if v <0, -, if x <0,
fi(z) =< 1, if e =0, and fo(x)=< 1, if =0,
x, if >0, 400, if x> 0.

So, f =max{fi, fo} = 1+ Ity so that 0f(0) = R, but for small e > 0

O f1(0) = 0£1(0) = 0, & f2(0) = 92(0) = B
and Theorem 3.3 fails.
Example 3.7. Let X be any infinite-dimensional Banach space, let g be a
non-continuous linear mapping, and define the functions f;: X - R, t €T =
10, +00[, as

fi(@) = tg(x).

So, f:=sup,ep fr = ljg<o) and we get Of(0) = Nig<o)(8) # 0. But 0f, = t0g =
0, so that 5€ft(9) =, for all t € T, and Theorem 3.3 fails again.

The following example (e.g., [11]) shows that it is necessary to consider exact
subdifferentials at nearby points.

Example 3.8. Let fi, fo: R = RU{+o0} be defined by
fi(z) = { J_ro\ify Z i i 8: and fo(x) = fi(—x).
Then, f := max{fi, fo} = Ijoy so that 0f(0) = R. But, 0f1(0) = 9f»(0) = 0
and so, for every e > 0, we have T.() = {1,2} and
()@ {(9£1(0) U9 £2(0)) + Naom £ (0)} = 0.
e>0

So, in order to recover the whole set 0f(0), we need to consider the subdiffer-
entials of f1 and fy at nearby points. Indeed, for ¢ < 1 we have

y . «| 3 |yl < e such that |f1(y)] < e, }
O°f1(0) = e X * *
f1.(0) {y y* € 0fi(y) and |y*y| < e}

R ]

< 1
and, similarly, 0°f2(0) = [2—8, +oo[ . Since T.(0) = {1, 2},

; B 1 1 -
U aft +Ndom ()—:|—OO,—28:|U|:28,+OO|:+R—R

teT%(0)
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We close this section with the following example showing that, in general,
Theorem 3.3 is not valid outside the Banach spaces setting.

Example 3.9. Let X be a lcs space such that there exists a proper lsc conver
function g € T'o(X) having an empty subdifferential everywhere. This is the case
of some Fréchet spaces ([17]), and also of some non-complete normed spaces
(actually certain subspaces of 1*(N) [1]).

According to [17], we may suppose that 0 € dom g and g(0) = 0. For t € T :=
10, +o0[, we define the function f; € I'o(X) as
fi(x) == tg(x),

so that f = sup,cp fi = Ijg<o). Since Ofy = tof =0, the right-hand set in (16)
is empty, whereas

0f(0) = Nig<o)(6)) # 0.

4. The case of locally convex spaces

We give in this section a general free-continuity formula characterizing the
subdifferential of the supremum function in the setting of a lcs X. In what
follows, P is the family of continuous seminorms in X.

We adapt the mapping introduced in (15) to our current setting: given a convex
function ¢: X — RU{+o0} and x € dom ¢, for p € P we denote

Jy € X with p(y —2) <, lp(y) — p(a)| <e, } (23)

58 = *EX* * *
*o(x) {y y* € dply) and |(y*,y — )| < e

Also now, when « ¢ dom ¢, we set J5p(z) = 0.

Remark 4.1. It is worth observing that 5;g0(x) remains the same if we replace
the inequality |(y*,y — )| < e by (y*,y — x) < €, thanks to the fact that

y* € 0p(y) and [p(y) — ¢(z)| < e.

We give the main theorem of this section.

Theorem 4.2. Let f; € I'o(X), t € T, and f = sup,ep fi. Then for every
reX

of(x)= () @3 |J G+ Tzmaomp) (@) ¢ - (24)
>0, pEP teT:(x)
LeF(z)

Proof. If z ¢ dom f, then = ¢ dom f; for t € T.(z); hence, ¢ dom(f; +
IzAdom7) and the sets in both sides of (24) are empty.

Now we assume that = € dom f. First we verify the inclusion “D” in (24).
We take L € F(z) and y* € 5§(ft + Trgomp) (z) for some t € T.(z). Let
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y € LNdom f be such that p(y —z) < ¢,

|(ft + Imaomr) (W) — (ft + Imgomy) ()| = 1 fily) — fi(z)] <,
y* € O(fi + Izagem7) (v) and [(y*,y — x)| < e. Then, for all z € L N dom f,

z—a)=W 22—y + Y y—z) < fi(z) = fily) +e < f(2) — f(2) + 3¢,

and we get y* € 05.(f + I1)(z); that is, 5;(ft + Iagom7) (7) C Os(f + 1) ().
Thus, recalling Lemma 3.1,

N @ U &+ mmp@ e () )0 + L))

£>0, pEP teT:(z) LeF(x)e>0
LeF(x)

() o(f +1)(x) = Of(x).

LeF(z)

To prove the inclusion “C” in (24) we shall proceed by steps.
Step 1. Observe that, due to the following relations

- fi(x) + Nipdom f(2) = 0: fi(®) + Ngrgom(2) C 0-(fi + Izmqomy) (@),

formula (6) implies that

of@)c () @8 | 0-(fi + mmmp) (@) ¢ - (25)
Lé;—(()x) teT:(z)

Step 2. Now, we fix p € P, U € Nx+, L € F(z), and € > 0. Let ||| be a
norm in L such that p < ||-|| in such a subspace, and take into account that
L* ~ X*/L* so that Nx- + L* is a basis of #-neighborhoods in X*/L* (see,
e.g., [7]). Choose n > 0 such that

n+n <eand B C U+ L™, (26)
where By« is the unit ball in L*.
For the sake of notational brevity, we shall denote
90 = fi + Lirngomys t €T,
where L is our fixed subspace.
Take z* € 9,g¢(x), with ¢ € T,(z). Then zj, € 0,9, (x), and by Proposition

3.2 we find z,, € L (C X) and v} € gy, (z,) (hence, z, € L Ndom f), together
with A\, € [-1,1] and y* € By~ (hence V' € /B C U+ L), such that

p(zy =) < [loy —zf| < v/ <e, (27)
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vy =2+ YT+ Na) = (14 Apy/m)a, + vy,

|[(vpy g — )| <+ <,
and

|fezy) = fi(@)] = |gi(ay) = ge(2)| <+ < e. (28)

By the Hahn-Banach theorem we extend v, to an z; € X*; hence, in particular,

we have z; € dg;(z,) and |<xf],xn —z)| = |<v7’;,xn — )| < ¢, which together
with (27) and (28) ensures that

z; € Ogi(). (29)
Hence we have proved that

Ongt(z) C 5;gt(x), for all t € T,,(z).

Step 3. Moreover, for every u € L we obtain

(L +Apy/ma*,u—x) = <(1 + )‘n\/ﬁ)erau - x>
={((1+ A/ M)y, — vy U — z) + (vp,u—x)
= (=viy"u = a) + (ap,u - )
= (@ — V' u— )

that is, taking into account that \/ny* € \/7Br+ C U+ L+ (by (26)), and using
(29),

(1+X)v/n) (2", u—x) < — VYt u— x)

< Ohegu(a oot (U — ). (30)
Observe that (30) can be extended to u € X, i.e. we also have
(14 A7) (2", u — ) < O e gy (a) 4+ U+ L (u—x) for all u € X, (31)
due to the fact that, for any v € X,
Uéggt(m)+U+Ll(“ —x) =sup{(uv* + ", u—x) | u* € 5;gt(x) + U, (* € L+,

and the expression on the right-hand is +00 when v — x ¢ L, equivalently

u¢g L.
Step 4. Now observe that

Ogi(x) + L C dgi(x). (32)
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Indeed, if z* € 5;9,5(1‘) and u* € L*, then by (23) there exists z € X such that
p(z—x) <e,|g(z) — gi(x)| < ¢, 2" € Dgi(2) and |(z*, z — x)| < &; in particular,
z € domg; C L. Then,
2+ ur € dgi(2) + Lt C O(g: +11)(2)
= 0(fi + Izrqomy + 1)(2) = Ogu(2).

As |(z* +u*,z —x)| = [(z5,2 —x)| < e we deduce that z* + u* € 5;gt(x),
yielding (32).

Step 5. Consequently, using (31) and (32), for all z € X (ast € T, (z) C T:(x))

(L+ /M) (2%, 2 = 2) < 0peg 40z —2) S0 5ggt(x)+U(Z — )

P
te€Ty ()

teTe ()

<o 5 (z—z)=0 z —1);
U 8pgt(a7)+U CO{ U 5§gt(x)+U}
teTe (z)

therefore

(14 \,y/n)z" € O U 5;gt(x) +U

tETE (I)

and so, recalling that z* € 0,¢,(x), with t € T, (z),

U owg(z) c Al | dale) +U 3, (33)

teTy(z) teT.(z)

where A, = |:1+1\/r7’ 1_1\/5} )

Step 6. Now, from (33) and Lemma 2.1, which ensures that the set in the
right-hand side above is closed and convex,

) @9 U 0+ ymaemp) (@) p co0? | Fpaule)

M(é;_()(x) teTs(x) teTy(z)

C A,co U 5;gt(a:)+U ,

tETe (LL‘)

so that, intersecting over € > 0 (recall (25) and Lemma (2.2)),

of (z) C ﬂAn@ U 5;gt(x) +U ) = ﬂ@ U é;gt(x) +U,,

e>0 teT:(x) e>0 teT:(x)
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which in turn gives us, by intersecting over U (recall (14)),

of(x) c (s U Falx)

e>0 teT: (x)

Finally, the inclusion follows since L and p were arbitrarily chosen. [

Remark 4.3. (24) gives an alternative formula of (16) in the setting of lcs
spaces. If the underlying space is Banach, all that can be derived from (24),
by using Proposition 3.2, is

O (fe + Tmgom7) (@) C O fi(y1) + Npmgom7(12),

for some y; and yy close to x. In this sense, we can not directly deduce (16)
from (24) (in Banach spaces).

Remark 4.4. Similar to the observation made in Remark 3.4, we can equiva-
lently write formula (24) as

of@)= () @4 | O+ ) (@) §

>0 teT:(x)
LeF(x)

where 0° is the mapping introduced in (20).

Remark 4.5. As in Corollary 3.5, we can show that

O (fr + Tgrgemy) () C B (f, + Irgom7) (%),

where, for a function ¢ € A(X), we denote

Opp(r) := {y* e X*

Jy € X with p(y —z) <¢, |p(y) —p(z)] < e
and y* € Bp(y) N Bueip(a) } (34

As a consequence of (34) we have that

O (fr + Tomgom7) (@) € (e + Imgom7) (@) € Do (fi + Tgmgomy) (). (35)

Then similar arguments to those used in Corollary 3.5 give rise to

of(@)= () @< | E(f+ Lrrp) (@)

e>0 teT: ()
LeF(x)
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Once again the intersection over the L’s in (24) can be removed in the finite-
dimensional setting. In the following theorem we show that this is also the case
in a more general setting.

Theorem 4.6. Under the assumptions of Theorem 4.2, if ri(dom f) # () and
fiafi(dom f) 5 continuous on ri(dom f), then for all v € X

of(x)= ) @ |J &E(fi+Iamp (@)

e>0, peEP tGTs(-'E)

Proof. Fix € dom f and choose L € F(x) such that L Nri(dom f) # (;
hence by the accessibility lemma

LNdom f=LNdom f. (36)

Next, given € > 0, p € P and t € T.(z), we show that
F5fo + Tgrom7) (@) € L (32 (fi + Vg () + L) (37)

Take y* € 5§(ft + Izrgom7)(z) and let y € LNdom f (C L) be such that
ply—z) <&, |fily) — fil@)] <&, [(y',y — 2)| < e, and y* € O(fi + Izrgems) (V)

Denote hy := f; + Iy, ¢ € T. Since dom f C dom f; Ndom f = dom Ay C

dom f, we have that
ri(dom f) = ri(dom f; Ndom f) = ri(dom h;) and aff(dom h;) = aff(dom f).

Consequently, because Ay jafi(domg) < [flaff(dom f) the function hyjagdom g,) is con-
tinuous on ri(dom h;) and so, according to [5, Theorem 15] (remember (36)),

y" € fi + Izmqomy) () = O(he +11)(y) = cl(Ohu(y) + LT).

Let Uy € Nx+ be such that oy, (y — ) < e. Then for every U € Nx- such that
U C Uy there exists z* € Ohy(y) such that y* € 2*+ L+ +U and so, as x,y € L,

[y =) <[y =) +ouly —2) <[y y — o) + ou(y — @) < 2,

showing that z* € 5§Eht(x) and so,
y €2+ LY+ U C 0%hy(x) + L+ + U.
This leads us to
O i+ ) @) € (Vyp ey, (Fohala) + L+ U)
=Myer. <<§;Eht(x) + L+ U) =l <5§fht(a:) + LL> ,

and (37) follows.
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Now, by applying (24), and using (37), we obtain

of(x)= () @9 |J %+ Imgmp (@)

e>0, peP teT:(z)
LeF(x)

c N | U a(@ 0+ + L)

>0, pEP teT: ()
LeF(x)

c () wld| U &(+Tgmp@ +L*
>0, peP teToe ()
LeF(x)

= () @ U (f+Tmp@) + L

£>0, peP t€The ()
LeF(x)

= N © U &+ |,

>0, peEP tETQE(Jf)

where in the last equality we used Lemma 2.3. 0

5. The continuous case

In this section we get reduced versions of the previous formulas, (16) and (24),
when continuity assumptions are imposed. We work in the general setting of a
lcs space X, where P is the family of continuous seminorms in X. The main
result comes next.

Theorem 5.1. Let f, € A(X), t € T, and f = sup,er fi- Assume that f is
finite and continuous at some point. Then for every x € X

0f(@) = Neoms(@) + [ @< |J (e f@) g, (38)

>0, peP teT.(z)
where T.(x):={t €T | (clf)(z)> f(x)—c}.

Proof. We assume without loss of generality that x = 6 € dom f and f(0) = 0.
We fix z* € 0f(0) and let xy € dom f be such that f is continuous at ¢, that
is, there exist W € Nx and m € R, such that

o+ W Cdom f and sup fi(zo+w) < m; (39)
teT, weW

hence, all the f;’s are continuous at xy [22, Lemma 2.2.8].
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Step1. Let us first suppose that all the f,’s are lsc, so that T..(z) = T.(). Fix
£€]0,1[ and p € P.

We introduce the continuous seminorm p := max{p, pw}, where py is the
Minkowski gauge of W. Then, by Theorem 4.6,

or@) = ) @ U 90+ Igmp)(0)

§>0, g€P teTs(0)
cwd |J B+ Tgmp ) ¢ (40)
teT-(0)

Step 2. Choose Vy € Ny« satisfying
O'VO<.’L'0) < 1, (41)

and take V' € Nx. such that V' C Vj; hence, oy (z0) < oy, (z9) < 1, and by
(40)

z* € co U 5§(ft+1m)(9) + V.

teT:(0)
In other words, there exist k € N, (A1, Ax) € Ay, t,-++ ,t, € Te(0), and
2 € 05(ft; + Tgomy)(0), i € 1, k, such that
rre Mg+ ez + VL
Moreover, taking into account Moreau-Rockafellar sum rule (recall that the
fi’s are continuous at zy € dom f), and using the definition of 5;, for each

i € 1,k there exist y; € dom f, with p(y;) < ¢, and elements y; € df;.(y;) and
vf € Nggm7(vi) such that 27 = yi + o],

[(y;i + v 00| <e, (42)

and
[fe i) = fu(O)] = | (e, + Tamp) (i) — (fes + Tomp) ()] < &5 (43)
consequently, y; and y; satisfy the following relations

y; € O3 f(0) and [(y;,u:)| <e, (44)
and y
yr € agfti(e). (45)

Indeed, for any u € dom f the information we have above on y; and y; leads,
on one hand, to
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which shows that y € 0s.f(6). The second inequality in (44) also follows since

<y:7 _y2> < ftz(0> - ftz(yl> <g,

and, using (42),

(Wi wi) = (i + v m) + (0], =) <e.
This shows that |(yf,y;)| < e, which together with (43), and the relations
p(y;) < e and yf € 0f,(y;), lead us to (45).
We also have
vl € szmf(e). (46)

Actually, for any u € dom f, by (42) and (44) we have

<U;'k7u> = <U:7U_yi>+<vz>'kayi> S <U;kayl>
= (v; +yi,vi) — (Wi yi) < 2,

and this yields (46).
Also, since pw (y;) < p(y;) < €, we infer that y; € eWW and so, using (39),

o+ 1y €Exg+eW Caxg+ W C dom f,
that is, since v; € Ngm7(vi),
(v, o) = (v}, (w0 + 1v:) — i) < 0. (47)
Step 3. Now, we denote
Yv = Ayr e Ay vy = Aoy e A

hence, by (44), (47) and (45),

v €0 f(0)Neoq | 95(0) 7, (48)
teT:(0)
and
vy € N2e(6), (vy, 20) <0, (49)
at the same time as
vy € 2" —yy +V, (50)

entailing that, due to (41),

(yv, o) = (Y + vy, o) — (vi, o) > (2", 20) — ov(20)
> (x*,x9) — oy (xg) > (27, 29) — 1. (51)
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Consequently, since y;, € 0s-f(#), we obtain that, for all w € W,
(yy, zo +w) < f(zo+w)+ 3 <m+ 3¢, (52)
and so, because of (51), we find some r > 0 such that
(yy, w) < —(yy, o) +m~+3e < —(x*,x0) + 1 +m+3e < r; (53)

that is, considering the natural partial order in Nx«, by Alaoglu-Bourbaki
theorem the net (yi )veny., vy, is contained in the weak™*-compact set r1/°.
Hence, we may assume that (yj )y weak™-converges to some element y € X*
such that (recall (48))

yrerwenes | 5£0) p crvene | 95h(0) ¢ (54)

teT.(0) teTe(z)

It also follows that the corresponding (sub)net (v )veny., vy, weak™-converges

to the element v} := z* — y* and that v’ € Niimf(ﬁ). Indeed, given U; € Ny,

we choose Uy € Nx« such that Uy + Uy C Uy. Since U := v* + U, € /\/'v;7 we
have z* — U € N, and so, there is some V; € Ny~ such that yj, € z* — U for
all V! C Vi; that is, 8 € y{,, — 2" + U and, using (50),

v €ty —at+ U CV + U
Then we get, since V' NU, C V' and U = v} + U,
v €VINUy+U =0+ V' NUy+ Uy C o+ Un,

showing that (v{)ven,., vcy, weak*-converges to v € N 0), by (49).

2
df)m f(

Step 4. Again, since (y}). C rW° we may assume that the net (y!). weak™-
converge to some y*, which by (54) satisfies

yeNewd U Ehio)
>0 teT:(0)
Moreover, since p was arbitrarily fixed in P, we deduce that
ve () @ U o0
>0, peP teT- ()

In addition, since v} = z*—yZ, by (49) it follows that (v}). also weak*-converges
to
vt =a" — y* S NW(Q) = Ndomf(ﬁ).
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Consequently,

ZU* = 'U* + y* € Ndomf<9) + m [€9) U 5§ft(9) )

e>0, peP teT:(0)

yielding the inclusion “C”.

Step 5. We consider the case when the f;’s are not necessarily Isc. Due to the
continuity assumption on f, entailing the continuity of the f;’s at xy, according
to [11, Corollary 9(ii)] we have

cl f =supcl f;.

teT

If + € dom f is such that 9f(z) # 0, then df(x) = 9(cl f)(x) and f(z) =
(cl f)(z). Thus, from Step 4 applied to the (cl f;)’s, we obtain

0f(x) = 0l f) (@) = Naom py(@) + (| @q | O5(clfl@) .

e>0, peP teTe ()

and the inclusion “C” follows since Ngom(cl y(%) C Naom ().

Step 6. We show the opposite inclusion 75" Given z € dom f (C dom f;),
by (35) we have 05cl fi)(z) C Oac(cl f;)(z). Then, since it can be easily proved

that Oy (cl f;)(z) C Osf(x) for all t € T.(z), we deduce that for all £ > 0 and
peP

@] |J O f)(@) p C Osf(x).

teT:(x)

(@]

Therefore

8
)

Naom r(z) + [ U 95 fi)(@) p € Naoms(z) + ) 0-f ()

e>0, peP teT:(x) e>0

= Naom f(z) + 0f (x) = 0f(z).

]

Remark 5.2. As can be observed in the proof of Theorem 5.1, the continuity
assumption on f used there can be weakened to the existence of small € > 0
such that the function sup,cp_(, f¢ Is finite and continuous at some point.

The following corollary is straightforward from Theorem 5.1.
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Corollary 5.3. Let f; € I'o(X), t € T, and f = sup,ep fi. Assume that f is
finite and continuous at some point. Then for every x € X

0f() =Nuoms(x)+ [) @< |J %filx)

e>0, peP teT:(x)

We obtain the classical result of Valadier [19, Theorem 1]:

Corollary 5.4. Let f, € A(X), t € T, and [ = sup,cp fi. Assume that f is
continuous at x € dom f. Then

of(x)= () @ U  orw

e>0, peP teT: (z), ply—z)<e

Proof. We assume again that 2 = 6 € dom f and f(f) = 0. Since f is contin-
uous at €, by Theorem 5.1 we have

0f(0) =Naom(0) + [ @1 |J Gilcl£1)(0)

e>0, peP teTe(0)

= () @3 U s . (55)

>0, peP teT(0)

On one hand, the continuity of f at 6 implies the continuity of all the f;’s at
0. So,
(cl f)(0) = f:(0) for all t € T,

and we get
T.(0) = T.(0). (56)
On the other hand, there exist U € N'x and m > 0 such that, for all u € U,
fi(w) < f(u) <m, (57)

and so, by [22, Lemma 2.2.8],

|[fe(w) = fi(0)] < mpy(u). (58)

This entails the continuity of the f;’s at the points of U. Hence, (55) together
with (56) give us, for all p € P,

of®) c (s |J el f)o) ¢,
)

e>0 teT: (0
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where p := max{p,py}. Observe that if y* € 5;-(01 f1)(0), for t € T.(0), then
there exists y € X satisfying p(y) < e such that y* € d(cl f;)(y). But py(y) < e
ensures that y € U C U, and so, by (57), f; is continuous at y so that
y* € d(cl fy)(y) = Ofi(y). This gives rise to

of() c (e U  orw) .

>0 teT: (), p(y)<e

and the inclusion “C” follows by intersecting over p € P.

To show the converse inclusion ”D>”, we take

LS ﬂ co U fi(y)

e>0, peP teT:(0), p(y)<e

Then, given € € }O, %[ and p € P, we get

vew! | ohw}. (59)

teTe (0)7 ﬁ(y)S€

where p := max{p, py} (€ P), with U being defined as in (57). Observe that if
y* € 0f(y) for some ¢ € T.(6) and y € X such that p(y) < ¢, theny € eU C U
and, taking into account (58),

| fi(y) = fi(0)] < mpu(y) < mp(y) < me,
|fe(2y) — f:(0)| < mpy(2y) < 2mp(y) < 2me.

Consequently, for every z € dom f,

W 2) =W 2=+ =W 2—n+ .2y -y
< fi(2) = fily) + [:(2y) — fi(y)
= (fie(2) = fe(0)) + (fe(0) — fily)) + (fe(2y) — fe(0)) + (f:(0) — fi(y))
< fi(z) = fi(0) + 4me,

and we get, since t € T.(6),
(Y, 2) < f(2) = f(0) + 4me + ¢,
so that y* € Oum+1)-f(0). Thus, from (59) it follows that
v € () Qumenef(0) = 0f(0),
0<5<%

and the proof is complete. [
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