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1. Introduction

In theories on the notion of subdifferential it is often cumbersome to list for
which of the many subdifferentials a given statement holds. A way around this
issue, proposed by loffe and established by Thibault and others, is to consider
the notion of subdifferential abstractly: as defined by a set of axioms rather
than by construction. Some of these axioms will be principal, like (P1), (P2)
and (P3) below, and some technical, like (P4).

As it is well known, a subdifferential operator 0 applied to a lower semicontin-
uous function f: X — R U {oo} on a Banach space X produces a multivalued
map

of : X — 2%,

Definition 1.1. We call the subdifferential 9 feasible if the following properties
hold:

(P1) Of(x) =0if v ¢ dom f.

(P2) O0f(x) = 0g(x) whenever f and g coincide in a neighbourhood of z.

(P3) If f is convex and continuous in a neighbourhood of = then df(x) coin-
cides with the standard subdifferential in Convex Analysis.
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(P4) If g is convex and continuous in a neighbourhood of z and f + g has local
minimum at z then for each € > 0 there are p € df(x) and ¢ € Jg(y)
such that

|z —z|| <e, |f(z) = f(2)| <e, |ly—z|| <e, and ||[p+¢| <e.

We discuss these axioms in Section 2. There we point out that most of the
known subdifferentials satisfy them under natural conditions on the space.

Here we state our main result. Let Bs := B + 0Bx, where B is any subset of
X and By is the closed unit ball. For A, B C X let [A, B] be the convex hull
of A and B. Let B denote the closure of B.

Theorem 1.2. Let X be a Banach space and let O be a feasible subdifferential.
Let A and B be non-empty closed, bounded and convex subsets of X. Let

f: X — RU{oo} be a proper lower semicontinuous function such that A N
dom f # 0. Let f be bounded below on C := [A, Bls for some § > 0. Let

< ir(}f I (1)

Let r,s € R be such that
r=inf f, s <inf f. (2)
A Bs

Then for each € > 0 there are £ € [A, Bls and p € 0f(§) such that

FO) < inl [+ sl 45, 3)
max{r, s} — i
ol < 20 (@)
and
1%fp—1121fp>s—r. (5)

Historically, the original multidirectional inequality can be found in [2]. Tt
compares the values of a locally Lipschitz function on two bounded, closed
and convex subsets of a Banach space, one of which is compact. The next
work in the field is [3]. There we can find a multidirectional inequality, which
compares the values of a lower semicontinuous and bounded below function
on a point and a closed, convex and bounded set in the setting of a Hilbert
space by using the proximal subgradient. Similar multidirectional inequality
was discovered independently by Luc in [6]. In [9] we find a multidirectional in-
equality on S-smooth Banach spaces in a configuration of a point and a closed,
bounded and convex set, a lower semicontinuous bounded below function and
the corresponding 3 subdifferential. There are a number of subsequent devel-
opments, for example [4], [5], where we can find different kind of relaxations:
non-convexness of a set, function not bounded below, etc.
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The inequality for two sets for a lower semicontinuous bounded below function
on a Banach space we obtain here covers the results of [3] and [9]. On the other
hand, it can not be compared to that of [2], which appears to be of different
nature.

From the construction it is clear that our inequality (4) is close to the optimal.
Our approach can be regarded as an extension of that of [1].
The main tool for our proof is the function ¢y constructed in Section 3.

The rest of the article is organised as follows: In Section 2 we discuss the axioms
of subdifferential. Section 3 is devoted to the main construction. Finally, the
proof of Theorem 1.2 is presented in Section 4.

2. On axioms of subdifferential
In this section we discuss Definition 1.1.

First, observe that (P1), (P2) and (P3) are very common. The form here is
essentially that found in [8]. The fuzzy sum rule (P4) here is formally stronger
than the corresponding one in [8], but we have no example showing that it is
actually stronger. This might be an interesting open question.

It immediately follows from Corollary 4.64 [7, p.305] that the smooth subd-
ifferential in smooth Banach space (the types of smoothness synchronized, of
course) is feasible. For the experts it would be obvious that (P4) has the typi-
cal "fuzzy” touch of smooth subdifferential. Indeed, (P4) is modeled after the
corresponding property for smooth subdifferentials.

Corollary 5.52 [7, p.385] and Theorem 7.23 [7, p.475] imply that Clarke subd-
ifferential and G-subdifferential of Ioffe satisfy more than (P4), that is, if z is
an local minimum of f + ¢ then

0€df(z)+ dg(2).

Similarly, it is known that the limiting subdifferential on Asplund space, con-
sidered by Morduchovich and others, is feasible.

This means that most of the subdifferentials are feasible under natural assump-
tions on their underlying spaces. And we put 'most’ here just to be on the safe
side, because we know of no meaningful counterexample. This implies that the
result of this paper is very general.

For simplicity we will derive an equivalent form of (P4) which encapsulates the
standard application of Ekeland Variational principle.

Proposition 2.1. Let X be a Banach space. Let f: X — RU{oo} be a proper
and lower semicontinuous function.

If the subdifferential O is feasible then it satisfies
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(P4') If g is convex and continuous and if f + g is bounded below, then there
are p, € 0f(x,) and q, € 0g9(y,) such that

[0 = ynll = 0, (f(2n) + 9(yn)) = f(f +g), [P0+ gull = 0.

Proof. Let (z,)7° be a minimizing sequence for f + g, that is, f(z,) + g(z,) <
inf(f + g) + €,, for some ¢, — 0. By Ekeland Variational Principle, see e.g.
Theorem 1.88 [7, p.62], there are u,, € X such that ||u, — z,|| < &, and

f(@) +g(x) + enlle = unl = fun) + g(un).

Set gn(z) := g(z) + enl|lz — uy|. Since f + §, has a minimum at u,, and g, is
convex and continuous, by (P4) there are p, € df(z,) and G, € 99, (y,) such
that ||z, — us|| < en, |f(zn) = flun)] < en, |yn — unll < €n and ||p, + Gn|| < €5

All conclusions of (P4") except the last one follow from triangle inequality.

For the last one we note that any subdifferential of €, - —u,|| is of norm less
or equal to &,. By Sum Theorem of Convex Analysis, see e.g. [7, p. 206], there
is g, € 09(y,) such that ||g, — ¢u|| < e, We have ||p, + ¢u|| < 2, — 0. O

3. Main construction
We first recall some notions.

Let f and g be functions defined on the Banach space X. The supremal con-
volution (sup-convolution) of f and g is the function fAg defined by

fAg(z) = sup{f(z —y) +9(y): y € X}
The e-subdifferential and the e-superdifferential of a function f are:
O f(x):={pe X" p(-—=x) < f(-) = f(z) + &},
0 f(z) ={pe X" p(- —x) = f(-) — f(z) — e},

respectively. We will use 9* instead of 9.

The hypograph of a function f is
hyp f 1= {(z.) : ¢ < f(2)} € X x .
Note also that the convex hull of two convex sets A and B can be written as:
[A,Bl={z=X u+(1-XNv:ueAve B Xel01]}.
Lemma 3.1. Ifp € 07 (fAg)(x) and y € X is such that
fAg(x) —e < flz—y)+9(y), (6)

then p € 09X g(y).
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Proof. By the definition of sup-convolution for all h € X
fAglx+h) = f((z+h)=(y+h)+gy+h)
= fle—y)+gy+h).

From this, p € 07 (fAg)(x) and (6) it follows that

p(h) fAg(z +h) — fAg(z)
(flx—y)+gly+h)—(flz—y)+g(y) +e)

gly+h)—gly) —e

AVARAVARLY,

That is, p € 91 g(y). H
Proposition 3.2. Let A and B be non-empty, conver subsets of the Banach

space X. Let r;s € R be such that r # s. We define the concave function 1)
(see the picture below) by

hyp ) := co{A x [—o0;r], B x [—o0;s]}. (7)
Let xg € dom = [A, B] be such that ¥ (xg) # s. Let p € 0F1(xg). Then

r—s
e e r—s
1%fp 1%fp <r—s+ Dwg) = et (8)

A B A B

A scetch of ¢(x) in the plane — the two possible cases r < s and s > 7.
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Proof. Let p € 07 (). Set l(z) := ¢(x¢)+p(x—x0). Note that by definition
we have [ > 1 —e. First we note that as (xg, (o)) € hyp v, we can find points
(u,7) € A X [—o0,r], (v,5) € B X [—00, s] such that:

(20, ¥(20)) = Au,7) + (1 = A)(v, 5),

for some A € [0;1]. Suppose that A = 0. Then (zg, ¥ (z0)) = (v, 5), or ¥ (xg) =
¥(v) = § < s. On the other hand, ¥ (v) > s. So, ¥(xg) = s, a contradiction
to ¥(xg) # s. Thus, A € (0;1]. Furthermore, as o = Au+ (1 — A)v, ¢¥(xg) =
AF 4+ (1 —X)s and 7 <r and 5 < s, we have that ¢(zg) < Ar+ (1 — \)s and at
the same time (2, Ar + (1 — A)s) = Mu,7) + (1 — X)(v, s) € hyp#. It follows
that

AP+ (1 =X)§=Ar+ (1 —\)s, or equivalently

AMr—7)+(1=X)(s—35)=0.
There are two cases:

Case 1: A € (0;1). In this case we have that r =7 and s = 5, or
(o, ¥(x0)) = Au+ (1 = Nv, Ar + (1 = N)s) = AMu, ) + (1 = N)(v,s)  (9)
It follows that
p(v —x0) > 1p(v) —(x0) —& > 5 —P(xg) —e = A(s — 1) — €.

1—A
A

As we have u — o= — (v— 1), we get

€.

It follows that

ir}lfl < I(u) = Y(xo) + plu — xo)

1—A 1—A
< YPlxg) +(A=1)(s—1) + e=rt €.
On the other hand, as | > 1 — ¢, we have
: S oy >
1%fl_1%f(1/) £) 1%f@/] e>s—¢
and after combining the last two inequalities, we obtain
1—A €
. . i FT ]S e e,
1%fp 1%fp 1%fl 1gfl_3 E—r E=s—r 3

Finally, s — ¢(x9) = AM(s — 1), 50 A"t = (s — 1) /(s — ¥(z0)) and we get (8).
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Case 2: A =1. Here r = 7. Then (x0,1(z0)) = (u,r). We have

igfl <(u) = P(zo) + pu —x9) =r+p(0) =7, and

] > ] — &> 5s— €.
1%fl_1%fw e>s—¢

Hence we get
infp—infp=infl—infl >s—r —e.
B A B A

Since s — (xg) = s — ¥ (u) = s — r, this is equivalent to (8). O
The following function ¢ plays the role of the linear function in the standard

proof of the Lagrange Mean Value Theorem in our proof.

Proposition 3.3. Let A and B be non-empty, convexr subsets of the Banach
space X and let r,s € R be such that r # s. We consider the function v as
defined in Proposition 3.2. Let K > 0 and

pi(z) = (=K - [)A¢(z) = sup{¢(y) — Kllz —yl : y € X}.
Then g is K-Lipschitz and concave.

Let & be such that there exists ¢ > 0 for which the sets
U:={z€[A B]: ¢¥(2) — K|z —Z|| > px(T) — ¢}
and
Vi={z€[AB]: |s—¢(2)| <c}
do not intersect: UNV =0. If p € 0tk (T) then

i nfn > s
1%fp 1gfp_s r (10)

Proof. Since ¢ is bounded from above, ¢ is well defined.

As a sup-convolution of two concave functions g is itself concave, see for
example [7, p. 41].

As —K]| - || is a K-Lipschitz function, it easily follows that ¢k is also K-
Lipschitz.

For the main part note that from U NV = ( it easily follows that for any
sequence (z,)° C [A, B] such that

() = T ((a,) — K|z — 2, (1)
it holds
|s —¥(z,)| > ¢, Vn large enough. (12)

We can assume that the latter is fulfilled for all n.
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The definition of ¢y is equivalent to:
pr(r) =sup{y(y) — K|z —yll: y €[4, Bl},
since 1) = —oo outside [A, B]. From (11) it follows that we can find ¢, | 0 with
P(an) = K7 = 2]l < 0x(7) < ¢(n) = K7 = 20| + €n-
In particular, we have:
(=K1 NAY(@) = en < =K||7 — 2| + 1(0).

For p € 0% ¢k (Z) we apply Lemma 3.1. It follows that p € dF ¢(z,). So, from
Proposition 3.2 and (12) we get

r—s |s — 7|
en<r—s+

(x,)—s = c

Since ¢, | 0, we are done. [

infp—infp <r— :
11}‘p 1%]9_7" s+ En

We will also need a few more preparatory claims.

Lemma 3.4. Let A, B be non-empty, convex and bounded subsets of the Ba-
nach space X. Letr # s € R and let 1 be constructed as in Proposition 3.2. If
the sequence (x,)5% is such that ¥ (x,) — s as n — oo, then d(x,, B) — 0.

Proof. Let (z,,1¥(x,)) = A\(un,r) + (1 = X)) (v, s), for some u,, € A, v, € B
and A, € [0, 1].

From r # s and \,r + (1 — \,)s — s it immediately follows that A, — 0.

But d(xp,, B) < ||z, — va|| = A\ulun — vn]| — 0, since A and B are bounded. [J

Lemma 3.5. Let A, B be non-empty, conver and bounded subsets of the Ba-
nach space X. Let r # s € R and let o be constructed as in Proposition 3.3
for some K > 0. Then

min{r, s} < pg(x) < max{r,s}, Vz € [A, B]. (13)

Proof. Since
(AU B) x (—oo, min{r, s} A X (—o0; 7] U B x (—00; 5]

(AU B) x (—oo, max{r, s}|,

N 1N

taking convex envelopes we get
[A, B] x (—oo, min{r, s}] C hypt C [A, B] X (—oo, max{r, s},
or, in other words, min{r, s} < ¢ < max{r, s} on [A, B].

Since 1 < max{r, s}, from the definition of sup-convolution it readily follows
that ¢ < max{r, s}.

On the other hand, if z € [A, B] then ¢ (z) > ¢ (x) > min{r, s}. O
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Lemma 3.6. Let A, B be non-empty, convexr subsets of the Banach space X
and 6 > 0. For the set C' = [A, Bls we have that its topological boundary OC
satisfies

0C C{x e C:d(x,[A, B]) =4}

Proof. First note that since C' is closed, we have 0C = C\intC, where the
latter denotes the topological interior of C'. Observe that

Ve : d(z,[A,B]) >0 = x ¢ C.

Indeed, if d(z, [A, B]) > ¢ for some z € X then Je > 0 with d(z, [A, B]) > d+e¢.
Then for each y € B(z,e) :=={y € X : ||ly — z| < &}

ly =zl =Mz =zl = lly =zl > [z -zl —e, VzeX.

This implies inf ||y — || > inf ||z — | —e > 0 + ¢ —e = §, which means
[A,B] [A,B]
that [A, B]s N B(x,e) = 0. Thus x ¢ C. Next, it is obvious that
Vo : d(z,[A,B]) <6 = z € intC. O

4. Proof of the main result
In this section we prove Theorem 1.2. Fix ¢ > 0.

Fix s; such that s < s1 < s+ min{e,&d}, s; < infp, f and s; # r. Note that
Ir—s1| < |r—s|+e. (14)

Also,
max{r,s1} — u - max{r, s} — i

o o

+ €.

Take §; € (0,0) such that

max{r, s;} — i _ max{r, s} — u

K =
01 )

te. (15)

Let ¢k be the function constructed in Proposition 3.3 with these r, s; and K.

By Lemma 3.6 we have 0C C {z € C : d(x,[A,B]) = ¢}. If v € 9C

then pr(z) < sup{¢(y) - y € [A, B} +sup{-Klly —z| : y € [A,B]} <

max{r, s;} — Kinf{||ly — z|| : y € [4, B]} = max{r,s;1} — K0 < u. That is,
Vo € 0C = pi(z) < . (16)

Set
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Since C' is closed, f; is lower semicontinuous. Also, inf f; > u from (1).

From (P2) we have that df,(z) = 0f(z) for x € C'\ 9C. Consider

g(x) = fi(z) = pr(2).

and note that dom f; = domg C C. From the above and (16) we have that
the lower semicontinuous function g (¢x is K-Lipschitz, Proposition 3.3) is
bounded below and, moreover,

inf{g(z): x € 0C} > 0. (17)

We claim that
inf g <0. (18)

Indeed, from (2) for any ¢ > 0 there is x € A such that fi(z) = f(z) <r+1t.
On the other hand, ¢k (x) > ¢ (x) > r by the very construction of i, see (7).
Therefore, g(z) < t.

Since —gg is convex and continuous, we can apply (P4) from Proposition 2.1
to f1 and—pgk to get

pn € 0f1(2y) and ¢, € 07 (—9K) (Yn) = =070k (Yn),

such that

|20 = yull = 0, (fi(@n)—0x(ya)) = inf(fi—pK), [[pn+aul — 0.  (19)

We will next show that for all n € N large enough (£, p) = (x,, p,) satisfies the
conclusions of Theorem 1.2.
Lemma 4.1. z, €intC for all n€N large enough and, therefore, p, €0f(x,).

Proof. Note that inf(f;—px) = inf g < 0 by (18), so im(fi(x,)—¢x(y,)) <0
by (19). Assume that there exists subsequense (z,,)2; C 9C. Then

Y

(fl(xm)_ng(ym)) = g(xni) - ((IDK(xnz) - @K(ym)) > lancfg - Kme — Yn,

since g is K-Lipschitz (see Proposition 3.3). From (17) and (19) it follows
that the latter tends to strictly positive limit. A contradiction. Il

The estimate (4) is easy to check: from (19) and the K-Lipschitz continuity
of ¢, which implies ||g,|| < K, it follows that limsup ||p,|| < K and we need
only to recall (15).

Lemma 4.2. For alln € N large enough

n) < inf — .
f(zn) [g}B]fﬂr s|+e
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Proof. Let v :=|r — s| + & — |r — s1]. From (14) we have v > 0.

As in the proof of Lemma 4.1 we use the Lipschitz continuity of ¢ to see that
for all n large enough

f(xn) - @K(yn> < Hlf{f(%) o @K(x) RS [A>B]} tv
But from (13) we have min{r, s;} < ¢ < max{r,s;} on [A, B]. Therefore,
f(xy) — max{r,s;} < [ixnzg] f —min{r,s;} + v.
Obviously, max{r, s;} — min{r, s;} = |r — s1| and, therefore,
f(xn)<[114171£]f+]r—31|+uz[i11,1£}f—i—|r—s|+5. O
Lemma 4.3. For alln € N large enough there exist ¢, > 0 such that the sets

Unen =12 € [A, B+ 9(2) = K[z = ynll > ¢x(yn) = cn}

and
Ve, ={2 €[A B]: |s1 —¥(z)] < ca}

do not intersect, that is Uy, N Ve, = 0.

Proof. Fix € > 0 such that

0—20
§<irclff—,u, §<i§ff_517 5<TK1*1' (20)
Let n be so large that for * = x,, and y = y,, we get
12 =yl <& fi(Z) —ex(y) <& (21)

see (19). For this fixed n assume the contrary, that is, for any positive ¢, > 0
the sets U, ., and V., defined with this c,, intersect.

For any m € N choose 2z, € U,, ;-1 NV,,-1.
Then the sequence {z,,} C [A, B] satisfies

or() = lm (P(z) = Kllzm = gl), T 9(z) =51 (22)

It follows that ¢ (7) = 51 — K limy, o0 || 2m — 7| But by (21) and (1) we have
or () > f1(x)—& > p—=&. So, Klimy, o0 ||2m — || < s1—p+& < K61 +€ from
(15). But Lemma 3.4 implies d(z,,, B) — 0, thus d(y, B) < 6 + /K < § —¢
from (20).

From this, (21) and triangle inequality it follows that d(z, B) < d. Therefore,
T € Bs and fi(z) > infp, f. But from (22) it is obvious that pg(y) < s
and, therefore, f1(Z) — px(y) > infp, f —s1 > € from (20). This, however,
contradicts (21). O
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From Proposition 3.3 and Lemma 4.3 it follows that
) —infl—a) > g
) =) 2 s
for all n large enough. Since A and B are bounded, from (19) we get

|inf p, — inf(=g,)| < [lpn + gu |l sup ||z]| — 0,
A A XeA

| inf pr, — 0f(=gn)| < [P + gullsup [[2] = 0.
zeB
From the three above and s; > s it follows that

1%fpn —1%fpn >s—r
for all n large enough. The proof of Theorem 1.2 is thus complete. ]
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