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It is well known in convex analysis that proximal mappings on Hilbert spaces are 1-Lipschitz.
In the present paper we show that proximal mappings on uniformly convex Banach spaces
are uniformly continuous on bounded sets. Moreover, we introduce a new general proximal
mapping whose regularization term is given as a composition of a Young function and the
norm, and formulate our results at this level of generality. It is our aim to obtain the
corresponding modulus of uniform continuity explicitly in terms of a modulus of uniform
convexity of the norm and of moduli witnessing properties of the Young function. We also
derive several quantitative results on uniform convexity, which may be of interest on their
own.
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1. Introduction

Let X be a Hilbert space and f: X — (—o0, 0] be a (proper) convex lower
semicontinuous function. The proximal mapping associated with f is given by

, 1
prox(z):= arg min [f(y) + §H$ - sz] , rvelX.
yeX

This definition is due to Moreau [35, 36, 37]. Given A > 0, it is common to
consider

prosa) = axgmin | £() + 55l — 2] 0
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which is exactly the resolvent of the maximal monotone operator df, that is,
prox, ;(x) = (I + )\af)_l (z),

for every x € X. The proximal mapping is nonexpansive, that is, Lipschitz
continuous with Lipschitz constant 1. A prime example of the proximal mapping
is the metric projection onto a closed convex set C' C X and it is known that
the nonexpansiveness of metric projections onto closed convex sets characterizes
Hilbert spaces among Banach spaces provided the dimension is at least three;
this result is due to Phelps [41, Theorem 5.2]. More details on the proximal
mapping in Hilbert spaces can be found for instance in the monograph by
Bauschke and Combettes [5]. We also recommend the classic books [11] and
[42] by Brézis and Phelps, respectively.

Let now X be a uniformly convex Banach space. Given a closed convex set
C C X, we use the standard notation Ps and d¢ for the metric projection and
distance function, respectively. Let also B(z,r) stand for the closed ball with
diameter > 0 centered at x € X. In particular, we denote By := B(0,1).
It is well known that Ps is continuous; see for instance the book by Goebel
and Reich [21, Proposition 3.2]. The following quantitative result is from the
monograph by Benyamini and Lindenstrauss [6, Lemma 2.5]. Assume C' C X
is convex closed, x € X with do(z) < R, for some R > 0, and y € B(x,r), for
some r € (0, R). Then we have

1Pee) - Pe()]| < (R + 1) b5 (;jr) |

Here 6x stands for a modulus of uniform convexity of X; see Section 2 for the
definition.

Penot [39, Theorem 4.5] obtained a similar result which we will now present.
Let us establish the relevant terminology first.

A continuous strictly convex function ®: [0,00) — [0,00) is a Young function
if it satisfies
O(t D(t
lim 2() =0, and lim o) = 00. (2)
t—0 t t—oo

Then there exists a right-continuous strictly increasing function ¢: [0, 00) —
[0,00) with ¢(0) = 0 and limy_,, ¢(t) = oo such that

0= [ ols)ds

The class of Young functions include %tp, for p > 2, " —t — 1, cosh(t) — 1,

tPlog (t +1)", for p > 1 and r > 0. For more details, see for instance the classic
book by Krasnoselski and Ruticki [33].
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Consider a duality mapping Js: X — 2%, given by

Jo(x)i={a" € X7 o((l]]) = [la™||, (=7, ) = |l=[] f|2"[]} - (3)

Recall that the concept of a duality mapping goes back to Beurling and Living-
ston [8].

We can now state the promised Penot’s theorem.

Theorem 1.1 (Penot). Let X be a uniformly convexr Banach space and C C X
be a closed convex set. Let R > d(0,C') and assume that there exists a nonde-
creasing function ~y: [0,00) — [0,00) satisfying y(t) > 0, for each t > 0, such
that
(2" =y —y) 2y [z —yl),

for every x,y € B(0, R) and z* € Jy(z) and y* € Jy(y). Then for every r > 0
with 3r + d(0,C') < R we have that the metric projection Po is uniformly
continuous on B(0,r) with

1Pe(2) = Pe()ll <7 2o(R)llz — yl) + llz — yll,

for every x,y in B(0,r).

In the present paper, we investigate proximal mappings in uniformly convex
Banach spaces associated to a (proper) convex lower semicontinuous (lsc, for
short) function f: X — (—o00, 00]. As a matter of fact we introduce a new type
of proximal mappings, whose regularization term is given as a composition of
a Young function and the norm:

~—

proxt (o) = argmin | £n) + s lo—al) | veX, @

where A > 0. For ®(t):= %#’7 where p > 2, we recover

o= o). 5)

proxy () = arg min [f(y) +

yeX p/\p_l

which was used, for instance, by Ambrosio, Gigli and Savaré in [1] to construct
gradient flows (p-curves) in metric spaces; see [1, Remark 2.0.7]. The proximal
mapping (5) was also used in p-uniformly convex metric spaces by Kuwae [34]
as a tool in the study of p-harmonic mappings. A corresponding definition of
p-Moreau envelopes (infimal convolutions) in Hilbert spaces can be found in [5,
Proposition 12.15].

Let us turn back to duality mappings now. In the simplest case, when ¢(t):= t,
one obtains the normalized duality mapping J: X — 2% given by

J(x)i={a" € X7 lzf| = fl="]], (% ) = [l l="][ -
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However, in some cases, the duality mapping associated to the function ¢(t):=
tP~! may reflect better the geometry of the underlying Banach space than the
normalized duality mapping. Indeed, Penot and Ratsimahalo [40] show that if
X:= L,(Q), for some p € (1,00), then the duality mapping .J, with ¢(¢):= P~
has a simple form

Js(2) (W) = |z ()" 2(w), a.e. w €

which, unlike the normalized duality mapping, does not involve integration.
The general duality mapping (3) is then believed to be more suitable for other
Banach spaces (e.g. Orlicz spaces) and so is the proximal mapping with a
Young function (4). One can also extend definition (4) to nonlinear spaces,
which may be natural in metric space generalizations of Orlicz spaces [29, 50]
and in minimization of functionals like the generalized Cheeger energy

Cha(g) = / 2

introduced along with the corresponding generalized Laplacian Ag by Kell [28].

To our knowledge, the continuity of proximal mappings in uniformly convex
Banach spaces has not been addressed in the literature (apart from the case
of metric projections mentioned above) and our results are new even for the
case ¢(t) := t. We also provide explicit moduli of uniform continuity of the
proximal mapping depending on a modulus of uniform convexity of the un-
derlying space X and on moduli witnessing properties of the function ®. On
the other hand, remarkably, this modulus of uniform continuity of proxi ;18
independent of X for A € (0, 1]. Furthermore, we establish several quantitative
results on uniform convexity which may be of interest on their own. In some
cases, their non-quantitative versions had existed and we obtained our results
by extracting additional information from the original proofs. This approach
is part of a general program of obtaining statements with explicit effective
bounds by applying proof-theoretic methods developed by the second author.
However, in the present paper, we do not discuss the underlying principles from
logic and proof theory and instead refer the interested reader to [30, 31, 32
for more information. One of the consequences of our methodology is that we
work with nonoptimal moduli. For instance, it is common in functional analy-
sis to define the (optimal) modulus of uniform convexity of a Banach space by
ox(e) = inf {1 — ||=¥| : 2,y € Bx, ||z — y|| > ¢}, whereas we prefer to call
an arbitrary function dx witnessing

Ve € (0,2] 36 > 0 A(e,0)
(i.e. any so-called ‘Skolem function’ for this property), where

A, 6):=Vo,ye Bx ([(z+v)/2||>1-6 = |z —y| <e),
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a modulus of uniform convexity; see Section 2. This is closer to the spirit
of computable analysis, where £, > 0 are taken as dyadic rational numbers
27% 27" and then moduli are number-theoretic functions dx: N — N provid-
ing an explicit numerical witness for the positivity of an optimal modulus.
Such ‘nonoptimal’ moduli are usually easy to compute whereas the optimal
ones might not be computable. Also e.g. the nonoptimal (but asymptoti-
cally optimal) modulus of uniform convexity % for Hilbert spaces has a better
multiplicative behavior w.r.t. ¢ than the optimal one. Although, when using
arbitrary moduli, one in general no longer can rely on properties of the optimal
modulus such as monotonicity, this does not cause a real problem as one can
use instead the monotonicity of the property A(e,?) :

€1 < e A (51 > 52 VAN A(El, (51) — A(€2, (52)

We sometimes use moduli dx () also in contexts where € > 0 is not restricted
to (0,2]. Note that for ¢ > 2, the property A(e, d) trivially holds for any ¢ and
so we can arbitrarily extend the modulus to all € > 0 and in the case of moduli
such as % which are already defined for all € > 0 we can just take this value
also for ¢ > 2.

Let us now briefly recall some negative results outside of uniformly convex Ba-
nach spaces. If C'is a convex closed subset of a reflexive strictly convex Banach
space X, the metric projection Pr: X — C'is a well-defined single-valued map-
ping, which however is not necessarily continuous. A counterexample with C'
being a codimension 2 subspace is due to Brown [14]. In [21, p. 12], Goebel
and Reich refer also to an unpublished counterexample of Kripke.

We would like to mention an alternative definition of a proximal mapping with
a Young function. It was introduced by Penot and Ratsimahalo [40, Definition
3.4] as follows:

prost o) = argin [ ) 0 ()| wexe

yeX /\

where A > 0. For ¢(t) := "~ where p > 2, we also recover (5). Even though the
proximal mapping from (4) and the one from (6) both have similar properties
for a fized parameter A, they scale with A differently. It turns out that the
scaling is more favorable in definition (4) in the sense that the properties of
that proximal mapping (for instance the variational inequality in (18) and
uniform continuity on bounded sets in Theorem 3.10) depend on a modulus of
uniform convexity of the function ® o || - ||, denoted dgo.|, Which is defined
on a ball of radius rg, and this radius is independent of A € (0,1]. On the
other hand analogous results for the proximal mapping defined in (6) need a
modulus 54,0”.”7% with { going to infinity as A — 0. For such a reason we decided
to prefer (4) to (6); see also Remarks 3.4 and 3.11. On the other hand we stress
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that the Moreau envelope corresponding to (6), that is,

. xr —
Ja(w):= inf {f(y) + AP (M)] , z€X,
has a deeper meaning. It is known as the Hopf-Lazx formula and is related to
(viscosity) solutions to the Hamilton-Jacobi equations. Namely, a function

ZE JE—

u(t,z):= inf {h(y) +td (M>] , xeR"t>0,
yeR™ t

is, under appropriate assumptions, a (viscosity) solution to the Hamilton-Jacobi

equation

Owu(t, x) + ®*(Ou(t, x)) = 0, u(0,x) = h(x).

Here ®* stands for the Fenchel-Legendre transformation of ®. For more details,
the interested reader is referred to Evans’ book [20]. Admittedly, we do know
of any deeper meaning of the Moreau envelope corresponding to (4).

We conclude this Introduction by mentioning related directions of research.
The continuity of metric projections in Banach spaces which are both uniformly
convex and uniformly smooth was established for instance in [6, Theorem 2.8].
The continuity of proximal mappings as well as a closely related problem of
the differentiability of Moreau envelopes have been studied at varying levels of
generality (e.g. even for nonconvex functions) by a number of authors including
Bernard, Thibault and Zlateva [7], Cepedello-Boiso [17], Kecis and Thibault
[26], Ngai and Penot [38], Stromberg [48, 49]. However, all those results rely
on the (uniform) smoothness of the norm (in addition to uniform convexity),
whereas it is our purpose in the present paper to obtain the continuity of
proximal mappings without any differentiability assumptions on the norm. In-
terestingly, despite of the fact that we do not require the norm to be smooth,
we obtain the same Holder constant in the case of a power type p uniformly
convex norm. Indeed, both [26, Proposition 4.1] and our Corrolary 3.17 give
the Holder constant Il) in this case. Admittedly, the result in [26, Proposition

4.1] applies also to nonconvex functions.
Finally, we would like to mention that there exists a rich theory of proximal

mappings with Bregman divergences; see for instance [15, 3.1.5]. Yet another
type of proximal mappings prox: X* — 2% was studied in [16].

2. Preliminaries on uniformly convex spaces and functions

Let (X, | - ||) be a Banach space. If for each € € (0,2] there exists dx(g) > 0
such that
]

5)((8) <1-—
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for every z,y € Bx satisfying ||z — y|| > €, we say that (X, || - ||) is uniformly
conver and we call any such function dx: (0,2] — (0, 1] a modulus of uniform
convezity. If there exist K > 0 and p > 2 such that dx(¢) := KeP, for every
e € (0,2], is a modulus of uniform convexity, we say that X has a modulus of
uniform convexity of power type p.

There are several fundamental renorming theorems related to uniform convex-
ity. Enflo’s [19] and James’ [24, 25] theorems together give that a Banach space
admits an equivalent uniformly convex norm if and only if it is superreflexive.

Enflo [19] also showed that a Banach space admits an equivalent uniformly
convex norm if and only if it admits an equivalent uniformly smooth norm.
Combined with a result of Asplund [2], it implies that a Banach space which
admits a uniformly convex renorming admits an equivalent norm which is both
uniformly convex and uniformly smooth.

A theorem of Pisier [43] says that each uniformly convex Banach space admits
an equivalent norm with a modulus of uniform convexity of power type p, for
some p > 2.

For uniform convexity in metric spaces, see for instance a recent paper by
Kell [27] and the references therein.

To our knowledge, Asplund was the first to define uniform convexity for func-
tions [2]. A convex lsc function h: X — (—o00, 00| is uniformly conver on a
convex set C' C X if for each € > 0 there exists 0, c(g) > 0 such that

duc(e) < ghio) + 51— n (T52)). )

for every z,y € CNdom h with ||z —y|| > €. Here dom h:= {x € X : h(z) < oo}
stands for the domain of the function h. The function 5 ¢: (0,00) — (0, 00) is
called a modulus of uniform convexity. To simplify the notation, we will write
Op,r instead of dj, p(o,r). If there exist K > 0 and p > 1 such that 6, c(¢):= KeP,
for every ¢ € (0,00), is a modulus of uniform convexity, we say that h has
a modulus of uniform convexity of power type p. Equivalently, we can say that
h is uniformly convex on C' if, given € > 0, there exists v, ¢(¢) > 0 such that
we have

B((1— by +ty) < (1= Dhx) + th(y) — t(1 — Dnc(e), (8)

for every ¢ € [0,1] and z,y € CNdom h with ||z—y|| > . Indeed, if we have (8),
then inequality (7) holds true with &, c(g) := $7n.c(€). On the other hand, if
we have (7), then one can put v, ¢ () := 205, (e) to obtain (8); see [52, Remark

2.1] or [53, p. 203].
We shall need the following result due to Zalinescu [52].
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Theorem 2.1 (Zalinescu). Let h: X — (—o00, 00| be a convez lsc function and
C C X be a convex set. If h satisfies (8), then we have

(" —y",x —y) > 2ync(e).

for every z,y € C Ndom h with ||z —y|| > € and * € Oh(x) and y* € Oh(y).

Proof. See [52, Theorem 2.2] or [53, Corollary 3.4.4]. O

3. Results

Throughout this section we assume that (X, ||-||) is a Banach space and f: X —
(—00,00] is a convex lsc function. If X is uniformly convex, we consider a
proximal mapping pI‘OXi s defined in (4). An important ingredient for our
results is the following theorem due to Zalinescu [52].

Theorem 3.1 (Zalinescu). Let (X, || -||) be uniformly convex. Then the func-
tion ® o || - || is uniformly convex on each bounded subset of X.

Proof. See [52, Theorem 4.1] or [53, Theorem 3.7.7]. O

We will now present a quantitative version in which we establish an explicit
modulus of uniform convexity of the function ® o || - || in terms of the modulus
of uniform convexity of X and of the properties of the Young function ®. To
this end, we introduce the following notation. Let r» > 0. Since ® is strictly
increasing and continuous, there exists s ,(¢) > 0 satisfying

() = (a) + &ar(e)

whenever «, 5 € [0,7] and € > 0 with § > « + . Since ® is continuous, there
exists wg,-(€) > 0 such that

la — B <ws,(6) = |P(a) — D(P)] <,

whenever «, 5 € [0,7] and € > 0. Since ® is strictly convex, it is uniformly
convex on [0, 7], and hence there exists a modulus of uniform convexity of ®
on this interval dg [0, which we will denote shortly by dg .

Proposition 3.2. Let (X, ||-||) be uniformly convex with a modulus 6x and let
r > 0. Then for every «, 8 € [0,7] and every x,y € Bx such that ||ax— Byl > ¢
for some € > 0 we have

o (M) < S®(a) + 38(8) — 6.6,

with 6,(¢):= min{ds, (£),E}, where we put

- . (€ o .1 € €
simmin {5,y (29}, ond = stor (30 (5))-
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This 6, is then a modulus of uniform convexity of ® o|| - || on B(0,r), that is,
Ool|-|,» N the notation introduced in Section 2. Note that if € > 2r, then o, can
be defined arbitrarily, since 2r > ||ax — By|| > .

Proof. By contradiction. Assume there exist ¢ > 0 and z,y € Bx and «, 3 €
[0, 7] such that ||axz — By|| > € and

o <w) > 0(0) + L B(3) — 6.(c). ()

Without loss of generality we may assume a < 5. Then

o (#) >0 (M) > 20(0) + 32(8) ~ 6.()

> 1a(0) + %@(B) b (), (10)

1
2
and we arrive at

la — B| < &. (11)

Moreover,
e < laz = Pyl < allz —yll + [o = 5] <min {200+ &, rllz —yl| + £} (12)
By (12) we have

€
> > —. 13
“T T (13)
Then by (11)
ax + By lz+yll 1 lz+yll | €
el | I it L PV Wy, 2 14
5 H_a 5 +2]a Bl < « 5 T3 (14)
By (12) we also obtain
E—€ _ €
-yl > > — 15
el > S5 (15)

Furthermore, we get

B(a) - 6,(c) < (M) . by (9)

2
§<I>(a x+y

2

H + g) , by (14) and ® being increasing,

<o (a HxT—i_yH) +2¢, since « %H + % <r+ Z and £ < wg 3, (2¢).
Consequently,
B(a) — b,(c) — 26 < D (a x;yH) . (16)
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Now suppose

r+y €
<1-— — .
H <1-0x (5 (17)

Then

T+y| Tty € =

T H_a(l 2 H>>45X<27">’
where we used (13). Hence,
r+y € €
> - — .
)2 @ (O‘ 2 H) e <45X (2r>>

Together with (16) this gives

38 > 6,(e) + 28 > Ea,r (Zax <2iT)) _ 3z,

which is a contradiction. Therefore (17) is false. Hence

a ()

which implies [z — y|| < 5, but this is impossible on account of (15). The

proof is hence complete. O

Let us proceed by showing basic properties of the proximal mapping. The result
in Proposition 3.3 as well as its variant in Proposition 3.5 follow by standard
arguments.

Proposition 3.3. Let (X,|| - ||) be a uniformly convexr Banach space. The
proximal mapping from (4) is well defined and single-valued. Given x € X and
A > 0, denote xy:= proxy ((x). For Ao:= 1, choose ro > ||zx, — z||. Then we
have

2

> f (@) + 57® e = mal) + 575

Oaoll-Iro (ly — zAll) (18)
for every y € B (x,19) and X € (0,1].

1
Proof. Take A > 0 and denote h:= f + W(D (|l = -1)-

The uniform convexity of h on bounded sets along with its coercivity imply
that proxi” s+ X — X is a well-defined single-valued mapping.
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We now claim that A — ||z — x| is nondecreasing. Indeed, if 0 < k < A, then

F @)+ = (= ) > f (@) + —— (2 — 2])

o) ()
and furthermore,
F(n) + e ([l — 2al]) > f () + @ ([l — )
o) = 1)+ 50 :
1 1
" (W - W) @ (e — 2al)) — @ (o — 2]

which already implies ||x — z.|| < ||z — x| -

Note that the function A is uniformly convex on B (x, (), more precisely,

h (u ; U) = %h(“) * %h(“) - ﬁ&bo'llﬂ‘o (lu —vl]), (19)

for every u,v € B (x,r).

Since for A € (0, 1] we have g > ||z, — x| > ||xx — ||, we can apply inequality
(19) with u:= x, and v:=y, for an arbitrary y € B (z,rq), to arrive at

Syttt (s =) < ) + 1) — 20 (2572
< h(an) + h(y) — 2 (e2) < h(y) — h (@),
This gives (18). O

Remark 3.4. Note that in the variational inequality in (18), the last term
on the right-hand side depends on the modulus of uniform convexity dgo|.|,
which is defined on a ball with radius ry and, importantly, this rq is independent
of A € (0,1]. This fact is in sharp contrast with a variational inequality in (20)
below for the proximal mapping (6), in which the modulus of uniform convexity
0o,z is defined on a ball with radius %, which, of course, grows to infinity
as A — 0. That is, as we decrease \, we need to use a new modulus which is
defined on a bigger ball.

One reason why we are interested in the range A € (0, \g] for some A\g > 0,
say Ag:= 1, is that iterative applications of proximal mappings/resolvents with
decreasing step sizes (e.g. A, := %, for a fixed time ¢ and every n € N) lead to
solutions to abstract Cauchy problems, see for instance [1, 12, 13, 18, 23, 44,
45, 46).

We now present a variational inequality for the proximal mapping (6).
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Proposition 3.5. Let (X, ||-]|) be a uniformly convex Banach space and X > 0.
Then the proximal mapping p/rE(if from (6) is well defined and single-valued.

Moreover, if for x € X we denote x) := p/ro\xif(a:), then for r > 0 such that
r> ||z — x|, we have

fly) + A0 <M) >

r— — X
> f (J,’)\) + AP (H—)\>‘H> + 2)\5@0”.”7% (Hy 3 A

). @)

for everyy € B (x,r).

Proof. Choose x € X and denote h:= f+A\P (@) . Note that the function h

is uniformly convex on B (x,r), more precisely,

h (“ u "’) < %h(u) + %h(v) Aoz (”“ - ””) (21)

for every u,v € B (x,r). The fact that the proximal mapping is well defined
and single-valued is a consequence of the uniform convexity of h on bounded
sets (Theorem 3.1) and coercivity.

Applying inequality (21) with u:= x, and v:= y, for an arbitrary y € B (z,r),
yields

Ty — Ty +
2/\54’0\\‘”7% (M) < h(x)) + h(y) —2h ( )‘2 y)

< h(22) + hly) = 20 (23) < h(y) — b (2))

This gives (20). O

To obtain further properties of the proximal mapping, we introduce a function
ne: (0,00) — (0,00) such that

P (na(t))
Na (1) =t 22)

for every t € (0,00). This function is to witness the first property of ® in (2).

(Note that s — @ is strictly increasing.) Observe that it also witnesses the

limit behavior of ¢ at 0. Indeed,

; <n¢2(t)) ) -2 (22) 2 mlt)
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for every t € (0,00). In a similar way we quantify the second property of ®
in (2), that is, we introduce a function pg: (0,00) — (0, 00) such that

P t
pa(t)
for every t € (0, 00).
Proposition 3.6. Let (X, || - ||) be uniformly convex with a modulus of uniform

converity 0x < 1. Given v € X and A > 0, we denote ) = proxff(x). Then
)y = Piom +(x) as A — 0. More quantitatively, given € > 0, we have

om f
Hx,\ — me(x)H <e,

for every A € (0, A), where

A= min {1, %77@ (%¢C(§)> } : (24)

and &:= {50x (%) with a:= f(xy,) and B:= ||z — x),|| for Ao:=1. And { > 0
is a constant such that ¢ > f(z) — a for some

€
Z € fom 7 (7), min 50°€
Proof. Since A — ||z — x,]| is nondecreasing and since
flan) = inf {f(y): |z —yll < llz —zall},
yeX

we obtain that A\ — f (z,) is nonincreasing.
For A\g:=1set a:= f (z),) and 8:= ||z — x),[| . Denote p:= Py (7). Assume
lp — || > ¢ for some € > 0 and A > 0. Let us consider two cases.

€

Case 1: Assume |z — p|| < §. Choose z € dom f such that ||p — z|| < 55 and
¢ > 0 with ¢ > f(2) — a. Then

Fle)+ i@ (lr = ) < (o) + 2@ (o = 2l) < o) + o (5).

P(A) $(A) P(A) \4
and therefore, for A € (0, 1], we have
o (5) <alle—ml) -2 (2) <o) ()~ £ (22)

< oA (f(2) — @) < ¢(N)C,
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since ||z —ax|| > [Jax —p| — o — pl| = e — £ > . Hence for X sufficiently
small, namely,
L (%003
R 25

we get a contradiction.

Case 2: Assume ||z — p|| > £. By the uniform convexity of X we have

£
o — pll + 1z — pllox (5) <=l (26)
Indeed, since ||z — p|| < ||z — z\|| < B, we have
TP TN g and a2 ol >
) X, an T 1P = TX|| Z S|P — TA|| = 5>
EErNREEEN Iz — o 5 5

and the definition of uniform convexity yields
€

Z 5X <_> )
B

e
e —aall = o — 2l > |l — 2| 6x (B) |

T—p+x—1T)

1—
2z — x|

and consequently,

which implies the desired inequality in (26). Next set

STy N

By the monotonicity of ® and by (26) we obtain

1 B 1
f(xa) + M‘D (llz = pll +28) < f(2n) + m@ ([[z — xall)
1
Sf(z)‘FW@(Hx—ZH)a (27)

for each z € X. Choose z € dom f such that ||p — z|| < & and { > 0 with
¢ > f(z) — a. Then (27) yields

1 - 1 .
flaa) + o (lz = pll +28) < f(2) + o Iz = pll +€),

and hence, for A € (0, 1], we have
¢(5)e< ol —pl)e < @(llz—pll +28) = @ (o = pl +2)
60N (f(2) = f (22) < 60 (F(2) = @) < GG

IN
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Therefore, for A satisfying

A< Lag (ﬂ“) (28)

we obtain a contradiction.

Comparing the condition in (25) with the one in (28) we see that (28) is more
restrictive and hence we can set A as in (24) to complete the proof. O
As a consequence of the lower semicontinuity of f, we obtain the corresponding
limit behavior of function values.

Corollary 3.7. If x € dom [ and we denote ) := prox}b’)‘(a:), then f(xy\) —
f(z) as A — 0.

Proof. By virtue of Proposition 3.6, we know that x), — x as A — 0. Therefore
combining the fact f(x) > f (z)) with the lower semicontinuity of f, that is,

liminf f (z)) > f(x),
A—=0
gives the desired result. [

Let us continue by providing a useful characterization of the proximal mapping.
It is an easy consequence of a result of Asplund.
Lemma 3.8. Let (X, || -|) be uniformly conver and X\ > 0. Given u,u € X, we

have u = proxy, ((u) if and only if there exists u* € ﬁ(](ﬁ (u — @) such that

fo) = f@) = (u v -1,
for each v € X.

Proof. Since @ = prox(u) is equivalent to

0€d (f+ﬁ)\)¢(llu— -||>) (@) ,

it is also equivalent to the existence of u* € X* such that u* € Jdf (u) and

—u* €0 (LCID ol|lu— H) (w) . The latter inclusion then reads

o(N)
we 0o ) (u—m) = oy (),
¢(A) ¢(A)
where the last equality follows from [3, Theorem 1]. ]

The following lemma, which relies on standard arguments and Lemma 3.8, will
be needed in the proof of our main result (Theorem 3.10).
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Lemma 3.9. Let (X, | - ||) be uniformly convex, v € X and r > 0. Then
there exists R > 0 such that for every y € B(z,r) and X\ € (0,1] we have
ly = prox? ;(y)]| < R.

Proof. Choose y € B(z,r) and A € (0,1] and denote x):= proxy, ;(z) as well
as Y 1= proxy ;(y). Set Ag:= 1. Since ||y — yall < lly — y», || for each X € (0,1],

we are concerned with Ay only. Let Ry := |z —x),|| and R = |y — |-
Lemma 3.8 provides us with z* € df (z,,) such that ||z*| = fo) Then we
can estimate
F o) + 55 ® (g = waall) < £ (220) + 2 (ly = )
Yxo ¢ (}\0) Y Yxo = Ao ¢ ()\0) Yy Ao
. 1
< f (y>\0> + <—ZL’ yYxo — [E)\()) + mq) (Hy - x>\0||)
¢ (Ro) 1
< + R+r+ Ry + d(r+ Ry).
f(y/\0> ¢(}\0) ( 0) ¢(>\0) ( 0)
Consequently,
P (R) < Ro(Ro) + (r + Ro) ¢ (Ro) + @ (r + Ro) - (29)

Since the left-hand side has superlinear growth in R and the right-hand side
only linear, there exists a maximal R for which inequality (29) holds. To obtain
a more explicit formula for this R, we use the function pg from (23), that is,
a function pg: (0,00) — (0,00) such that

@ (pa(t))

> t,
pa(t)

for every t € (0,00). Then we can conclude from (29) that R must satisfy
R <max {1, ps (¢ (Ro) + (r+ Ro) ¢ (Ro) + @ (r + Ry))},

and finishes the proof. [

We are now ready to present our main result. It states that the proximal
mapping is uniformly continuous on each bounded subset of X and provides
an explicit modulus of uniform continuity.

Theorem 3.10. Let (X, | -||) be a uniformly convex Banach space and f be
a convez lsc function. Then the proximal mapping defined in (4) is uniformly
continuous on bounded subsets of X, that is, given z € X and r > 0, the
following implication holds true for every e > 0 :

|z -yl <d(e) = Hproxif( pfOX/\f H (30)
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for every x,y € B(z,r) and X € (0, 1], where

5(e) = mm{g,ﬁ&% (g)} (31)

and R > 0 is a constant independent of X € (0,1] and dg is a modulus of
uniform convexity of ® o || - || on the ball B (0, R).

Proof. Choose z € X and r > 0. By virtue of Lemma 3.9 there exists an
(explicit) R > 0 such that for every x € B(z,r) and A € (0,1] we have
Hx — proxf’ () H < R. On account of Proposition 3.2 we have an explicit mod-
ulus of uniform convexity of ® o || - || on the ball B (0, R), which we denote by
Or.

Let now A € (0,1] and z,y € B(z,7). Denote x) := prox} ;(z) and yy :=
proxy ;(y). We will proceed by contradiction. Assume that [lzx —ysl| > €

L

while ||z —y|| < é(¢). By Lemma 3.8 we get points 2" € ;5

Jy (x —x)) and
y* e ﬁJd) (y — yx) such that

fun) = fzn) =@y —x) and f(2a) — f(ya) > (U5 20 —Ua)

and after summing up 0> (z* — y*,y» — z,). Along with

2" =y |l = yll = =" =" 2 =),
we obtain
l2" =yl le = yll = (=" —y" 2 —ax =y +un).
Since ||z —y[| < é(e) < 5, we have ||z — 2y —y +yal| > 5, and Theorem 2.1
gives

. . 4 €
o =yl e =yl = 5550n (5).

Since ||z — || < R and ||y — ya|]| < R, we apply the duality mapping and

obtain
o(R) 2 5
e —yll > —=—5, (=
Son e =l 2 5550n (5)
which gives a contradiction with the definition of §(¢). O

Remark 3.11. A straightforward modification of the above proof leads to an
analogous theorem for the proximal mapping from (6). However, instead of
on a modulus dr with R independent of A € (0, 1], the uniform continuity of
p/r(ii  on bounded sets will depend on a modulus & 5 with £ going to infinity

as A — 0. More precisely, for the uniform continuity of pT&(i s we have to
replace d(g) in (31) by
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Theorem 3.1 assures the uniform convexity of ® o || - || on bounded sets. We
will now ask about uniform convexity on the entire space. Xu [51, Theorem 1]
proved the following.

Theorem 3.12 (Xu). Let (X, || -||) be a Banach space and p > 2. Then the
following are equivalent:

(i) The norm || - || has modulus of uniform convexity of power type p.
(ii) The function || - ||” has modulus of uniform convexity of power type p.
(iii) The function || - ||? is uniformly convex.

Unaware of this theorem, Ball, Carlen and Lieb proved in [4, Proposition 7] its
special case, namely, that || - || has a modulus of uniform convexity of power
type p if and only if there exists a constant K > 0 such that

r+y P

2

1 1
< Z Pyl = Klla — yll?
Nzl + Syl = Kl =yl

for every z,y € X.

In [9, Theorem 2.3], Theorem 3.12 was rediscovered once again and the proof,
like the one in [4], relies on a duality between uniform convexity and uniform
smoothness.

In [10], the above Theorem 3.12 was obtained as a corollary of more general
theorems on the uniform convexity of the composition of a norm with a convex
function. We first quote [10, Theorem 2.1] here.

Theorem 3.13 (Borwein, Vanderwerff). Let (X, || - ||) be a Banach space and
U: [0,00) — [0,00) be convex nondecreasing. Then the function W o || - | is
uniformly convex if and only if the function U and the norm || - || are both
uniformly convex while

t—o00

lim inf W, (t)0x (%) t>0, (32)

for each € > 0.

By inspecting the original proof from [10, Theorem 2.1] (as well as using some
estimates from the proof of [10, Theorem 2.3]) we will now extract a modulus
of uniform convexity for the function Wo || - || in Theorem 3.13. To this end,
we introduce the following notation. Given ¢ > 0, denote K. > 0 and & > 0
such that

v, (0ox (7)1 = & (33)

for every t > max {K.,$}. This is to witness (32).
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Proposition 3.14. Let (X, || -||) be a uniformly convex Banach space with a
modulus 0x such that x(g) < & for e € (0,1],* and ¥: [0,00) — [0,00) be an
increasing uniformly convex function with a modulus of uniform convezity dy.
Let K. and & be as in (33) above. Then W o || - || is uniformly convex with a
modulus

Owolp ()= min {64} <§) ,25)( (max{g, 8Ks}> i (Z) ’fg} ’

for each € > 0.

Proof. Let € > 0 and choose z,y € X such that ||x — y|| > . Without loss of
generality, suppose [|z[| = [|y[|. If [lz]| — |[y]| = 5, then

1 1 r+y
—\U —U -V >
el + o) - v (|252]) =
1 1 ]l + 1yl £
o Loty + o gy v (B0 5 5, 2,
> g (el + yw ) v () 5 5 (5
by virtue of the fact that U is increasing.
Let us therefore assume ||z|| — ||y|| < 5. First observe that
lall =5, and vl = 7 (34)

Indeed, if it was the case that ||z|| < 5 or ||y[| < £, we would get a contradiction
from

2||z]| <e, if [lz]| < 5,

=yl < |lz| + |y S{ .
o= ol = TS s + g <6, it ol < 5

Hence (34) holds true. We now distinguish two cases.

Case 1: Assume [|y|| < 2K:. Define 7:= ”i—” and ¢ := ﬁ Then, reasoning as

in the proof of [10, Theorem 2.3], we obtain |y — [ly|| - Z|| > § and so

€ 9

g
y— x| > > > )
KL R TR 1o e

By the uniform convexity of X applied to z,y, we get that

P g el =Dyl 1, :
<= Syl = Iyl - ox | —— | .
2] B St S~ oo e

This can always be achieved by just taking the minimum with 1.

r+y
2

H < Iyl
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Since W is convex and increasing we get

v+ 5 o) = (|52 2w () o (522

]| + [y ]| + [yl £
> kel | | 4 1 RS ket IR 1401 R _—
= ( 5 v 5 lyllox 5K

E e e
> - — v (=
= 45X (8[(;) v (4) ’

where we used (34) to obtain the last inequality. Since g

Ox (81(5) <53 1 we obtain

]l + ] e\ el ol €
il | BN 12| R PP > e
S o (e ) = d

9 9 €
— I >Z )
o <8K§) > “ox <8K§)

Case 2: Assume [|y[| > 2K:. Reasoning like in Case 1 and using the fact that

x|+ ||y € T Y
]l + 1] \|_||y”5x< )2” <yl

2 )= 2 7 2

5 (el + 5o () - v (|52]) =

v () o (B - s (557))
> Intox (317) ¥ (1) = 5o <E> v (1)>e

The proof is complete. [

< 1 and therefore

Ke

oo\

=

as well as

we arrive at

oo|m

In the case of power-type uniform convexity, Proposition 3.14 implies the fol-
lowing chain of corollaries. The first of these corollaries (originally proved by
Borwein and Vanderwerff in [10, Theorem 2.3]) can easily be obtained as a
special case of Proposition 3.14.
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Corollary 3.15. Let (X, | - ||) be a Banach space and V: [0,00) — [0,00) be
convex nondecreasing. Assume p > 2 and ¥ and || - | have moduli of uniform
convezity of power type p. If W', (t) > Kt*~! for some K > 0 and every t > 0,
then Wo || - || has a modulus of uniform convexity of power type p.

Proof. One has a modulus of convexity of the form dx(¢) = AeP, where we
may assume that A < 1 so that dx(¢) < % for ¢ € (0,1]. Let dy(c) = BeP.
Then we have

' (t)dx ( > t > AKeP, for every ¢ %

and hence we may consider (33) with £ := AKeP, for every ¢t > £, and we may
take K. := 0. Hence, in the proof of Theorem 3.14, ‘Case 1’ cannot eventuate.
Thus one obtains

2r’ 8

B AK
5‘1’0”'”( ) = mln{ }é?p,

for every € > 0, which concludes the proof. [

One can use Corollary 3.15 to show the implication (i) == (ii) of Xu'’s theorem
(Theorem 3.12 above). This was observed by Borwein and Vanderwerff in [10,
Corollary 2.4]. Corollary 3.15 also provides a modulus of uniform convexity
of the function = — %Hx”p, that is, a quantitative version of the implication

(i) = (ii) of Xu’s theorem.
Corollary 3.16. Suppose that (X,|| - ||) has a modulus of uniform convexity

dx(g) = AeP, for some A € (0,3) and p > 2 and every € € (0,2]. Then the
function x — %Hpr has a modulus of uniform convexity

A
Oso (€)= ge”,
for every e > 0.

Proof. By a result of Zalinescu from [52, Proposition 3.2], we can take

gp
Onp(e)i= — gy
pe2 ¢t

for every ¢ > 0, as a modulus of uniform Convexity Then in the proof of

Corollary 3.15 one can put K =1 and B =p —297%" Since
B 1 1 1 A
¥ T mn T Sy

p—1 p—1

we obtain the desired modulus in Corollary 3.15. [
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With Corollary 3.16 at hand, we are able to obtain a more concrete version of
Theorem 3.10 in the case when ®(t) = %tp for some p > 2. Note that if || - ||
is a uniformly convex norm and p € (1,2), then || - [|” is uniformly convex on
bounded sets, but not on the whole space.

Corollary 3.17. Let (X, | -||) be a Banach space with a modulus of uniform
convezity dx (e):= AP, for each e € (0,2], with some constants A € (0,3) and
p > 2. Let (t):= %tp. Then, given z € X and r > 0, there ewists a constant
L > 0 such that

1
prot (2) = proxt (v)| < max {2}z — yll, Llle ~ yll> }.

}

for everyx,y€ B(z,r) and A€ (0,1]. If we chooser>max {1, ||z—prox§’07f(z)‘

M)%_

where \g := 1, then we can put L:= 16r ( A

Proof. If ¢(t) = t*~!, then the modulus §(¢) from Theorem 3.10 is, on account
of Corollary 3.16, equal to

e 24
—mind = 2
d(e) = min { 5 Ter et © } : e >0, (35)

for some R > 0.

Let z,y € B(z,r) with ||z — y|| > 0. By the continuity of the modulus §
from (35), we can find € > 0 such that ||z — y|| = d(¢). Invoking that § is
stricly increasing, we observe that implication (30) in Theorem 3.10 holds with
non-strict inequalities as well and therefore we get

1
proxt (2) = proxd (v)| < max {2}z — yll, Llle ~ yll? }.

1
._ RPL\ P
where L:= 16 (W) .
Furthermore, assuming r > max {1, ||z — proxfo’f(z)H} , the radius R can be

1
estimated from (29) and one arrives at L:= 16r (%) P O

Next we turn to a renorming theorem from [9, Theorem 2.4].

Theorem 3.18. Let X be a Banach space. The following conditions are equiv-
alent.

(i)  There exists a continuous uniformly convez function defined on By.

(ii) There exists an equivalent uniformly convex norm on X.

(iii) There exist an equivalent norm |-| on X and p > 2 such that the function
f=1-1|P is uniformly conver.
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Proof. Let us outline the proof.
(i) = (ii): See [9, Theorem 2.4], or the proof of Theorem 3.19 below.

(ii) = (iii): By Pisier’s renorming theorem [43], mentioned above in Section 2,
there exists an equivalent norm |- | with modulus of uniform convexity of power
type p, for some p > 2. Then Xu’s result [51, Theorem 1], stated above as
Theorem 3.12, yields that f:= |- |P is uniformly convex.

(iii) = (i): Trivial. O

To complete our quantitative analysis, we provide an explicit modulus of uni-
form convexity of the new norm in Theorem 3.18(ii). This is achieved by a
straightforward modification of the original proof from [9].

Theorem 3.19. Let (X, || -||) be a Banach space and f: Bx — (—00, 0] be a
function which is uniformly convex on Bx with a modulus of uniform convezity
0fBx and which is continuous at 0 with a modulus of continuity wyso. Then

there exist a constant M > 0 and an equivalent norm ||-|| on X which makes
(X, I-ID uniformly convex with a modulus of uniform convexity

weo(M

sxe)= oM (). e .2 (36)

and satisfying

1 1

— < < — 37

Sl < i < ﬁllﬂ«“ll, (37)
for every x € X. Here a:= wf’°2(M) and = wyo (0585 ()) -

Proof. Without loss of generality, we may assume that f is symmetric (upon
replacing it with « — 3 (f(z) + f(—z))) and that f(0) = 0.

The continuity of f at 0 gives f(z) < € for every x € B (0,wyo(¢)) and € > 0.
Choose M > 0 such that wyso(M) < 1. Then f is on B (0,wyso(M)) bounded
by M. Define a := WOT(M) and [ := wyo (67,8, ()). It is well known (see for
instance [42, Proposition 1.6]) that f is Lipschitz around 0. More precisely, it

is Lipschitz on B (O, WOT(M)> with Lipschitz constant wf4OA(4M). Indeed, choose

z,y € B(0,), x # y, and denote for a moment v:= [[z—y|| and z:= y+2 (y—z).
Then z € B (0,wyso(M)) and

By convexity,

[l =yl
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Interchanging x and y yields the desired Lipschitz property.

Define
B:={x € Bx: f(z) <drp, ()}

and observe that
B(0,5) € B C B(0,«). (38)
Indeed, the first inclusion in (38) follows from the very definition of wyo. And

since for u € Bx with |Ju|| > a we have

1 U

P 22|30+ 570 - 1 (3)] 2 Wrmc(@) > dpmel). @9

we obtain the second inclusion in (38), too.

Let us now define a new norm ||z|||:= inf {¢ > 0: z € tB}, for z € X. By virtue
of (38) we have

1 1
el < il < Zl=l,

for each x € X, which gives (37).

Next choose x,y € X such that ||z|], [|y|] < 1 and assume ||z — y|| > ¢ for
some € € (0,2]. Then ||z — y|| > fe and hence

S1(59) < 10) + 50 - 1 (T5Y) < brasl) = £ (52 )

Since (39) holds also for v € X with ||u]| = «, and since f is Lipschitz on
B(0, ), we conclude that f(v) = d;p, () whenever ||v]| = 1. Therefore,

imio 1 (5) () ().

Recalling again the Lipschitz property of f yields

T4y T4y 4M T4y 4M
o092 55 - = (=) s
S [ R | i) 7 || Srai)
Hence
_ Wro(M)
6X(€)'_ AM o 6]"3)((55)7

is a modulus of uniform convexity of (X, [|-||) , which gives the remaining prop-
erty (36) and the proof is complete. ]

In their recent paper [22], Gonzalo, Jaramillo and Yéniez showed that a polyno-
mial norm has a power-type modulus of uniform convexity. We now state their
result, and since the proof in [22, Proposition 4] is slightly inaccurate (namely,
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their set Cy does contain the zero polynomial), we present a corrected proof.
Let us first introduce polynomial norms. Let (X, || -||) be a Banach space and
N € N an even integer. If there exists a continuous symmetric N-linear form
A: XV — R such that ||z]|¥ = A(x,...,x) for each x € X, we say that | - |
is a polynomial norm. The diagonal of A, that is z — P(z):= A(x,...,x) is
called an N-homogeneous polynomial.

Proposition 3.20 (Gonzalo, Jaramillo, Yanez). The norm ||-|| has a modulus
of uniform convexity of power type N.

Proof. By Xu’s theorem (Theorem 3.12 above), we need to show that

r+y
2

in {113(:,;) +ipgy—p (

: X - =
Lp(a) + 2 ) iawexlo-yl =t} >0

for each t > 0. Using a substitution z:= %ﬂ and h:= ¥, the above inequality
is equivalent to

inf {P(z +th) + P(z —th) — 2P(2): z,h € X, ||h]| = %} > 0. (40)

Given z, h € X such that [[h| = 3, denote
Pen(t):= P(z+th) + P(z — th) — 2P(2), t € R,

which is a polynomial belonging to the set

1
W .= {p(t) =ant™y +any_ otV 2+ + agt?: p > 0,p convex ,ay = W}’

since the leading term of p,; is A(h, ..., h)tN + A(h,..., h)t" which is equal
to 2||h||NtN. Given t; > 0, we have

Pan (to) > inf {p(to) :p € W} >0,

for every z,h € X such that ||| = %, which implies that (40) holds true. [
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