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1. Introduction and preliminaries

Less known than Weierstrass function, the Takagi-Van der Waerden’s function,
provides an easy example of a continuous nowhere differentiable function (see
[15], [16]). It is defined in the following way; we consider D the set of all dyadic
real numbers, we decompose it as an increasing union of the following sets

k
D,=3—:keZy;,
ERa
then we define the Takagi-Van der Waerden function 7: R — R as
T(z) =Y d(z,Dy)
n=1

where d(z, D,,) denotes the distance of the point x to the closed set D,,. Gora
and Stern, see [11], proved that T has empty Fréchet subdifferential at every
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x ¢ D, meanwhile its a-Holder subdifferential is R at every x € D. Integrating
a Takagi-Van der Waerden type function, it is possible to obtain a C! function
with empty proximal subdifferential almost everywhere, see [7]. In this sense
we should cite the following result: for every countable dense subset D of R,
there exists a Lipschitz function f: R — R such that dpf(x) = (—1,1) for
every x € D and Opf(x) = @ if ¢ & D, see [2].

The aim of this paper is to prove that for every dense subset D of a separable
real Hilbert space H, we may construct a Takagi-Van de Waerden type function,
that we will call generalized Takagi-Van der Waerden function, enjoying the
same properties, namely: empty subdifferential at every x ¢ D, and the biggest
possible subdifferential, that is the whole H, at every x € D. As far as we
know this result is not known even in finite dimensional euclidean spaces. On
the other hand, although there are many generalizations of the Takagi-Van
der Waerden function, see [1] and the references therein, we think that the
generalization that we provide has not appeared in the literature before.

We introduce some nonsmooth definitions and results. As a general reference
for these concepts, you may use [6], [8] or [14].

For a lower semicontinuous function f: H — (—o00,4o0], and a point z €

domf, we define the Fréchet subdifferential of f at x, 0f(x), as the set of ( € H
that satisfy

fiig £@ R = (@) = (G

> 0.
i 7] ’

Let us remember that, in the finite dimensional case, for every v € H, we define
the one-sided subderivative of f at x in the direction v, df (x)(v), as follows:

df (z)(v) = liminf flo+ tw) = f<w>

w—v,t—0+ t

We will use the following property of the subdifferential, for a proof see [8] or
[14] for instance.

Proposition 1.1. If H is a finite dimensional Hilbert space, then ( € Of(x)
if and only if
(C,vy <df(x)(v) for everyv € H.

Smaller than the Fréchet subdifferential is the proximal subdifferential, Op f(x),
which consists of all the { € H that satisfy the so call proximal inequality that
means that there exist positive constants o and J, such that

fl@+h) > f(x)+ (z,h) — o|h|’

for every h with |h| < §. See [6] for an exhaustive study of this subdifferential.
If we replace |h|? by |h|® « > 1, in the proximal inequality, we have the
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a-Holder subdifferential O, f(x). It is clear that, for every 1 < ay < ag,
oy f(x) C Oa, f(2) C Of ().

From the Fréchet subdifferential, we may define the approximate subdifferential,
0.f(x), see [13], as well as the limiting subdifferential, Or f (x), see [6].

From now on, H will be a separable real Hilbert space, with inner product
(-,-), norm | - |, and open unit ball B. Let D C B be countable and dense.
Let {a,} € ' be a decreasing sequence of positive numbers. We consider
D = {D,}, and increasing sequence of discrete subsets of D, satisfying

D= UD" and B C U B(z,ay)
n :EGDn
for every m. Such decompositions always exist (see Proposition 1.5 below).

Given D and a decomposition D = {D,},,, we define the Takagi-Van der Waer-
den function Tp: B — R associated to the decomposition D of D, as

Tp(x) = ng(x) = liEbn Gn(x)
k=1

where gi(x) = d(z, Dy) is the distance of « to Dy, and G,, = g1 +-- -+ g,. If no
confusion arises we will write T instead of Tp. Tp is clearly continuous since
{a,} € 1, and a posteriori as a consequence of Theorem 1.3, it is not locally
Lipschitz. The aim of this paper is to prove that for every x € D

and that for every x € D, under some restrictions on D,

This is a very extreme situation, since it is known that for any function f,
O0f(x) # @ for every x in a dense subset of the domain of f, see [6] for instance.
On the other hand #0f(z) < 1 for a residual set and, in the finite dimensional
case, #0f(x) <1 a.e. (see [10] or [3])

In the one dimensional case, it is easy to observe that for every decomposition
D of D, the associated Takagi-Van der Waerden function satisfies the following

Theorem 1.2. Ifz € D, then 0Tp(z) = R, otherwise dTp(z) = @

Proof. If x € D, there exists ny such that x € D,,,. For every ( € R let n
be such that n > 2n¢ + [(]. If 2|h| < d(z, D,, ~ {z}) then gx(z + h) = |h| for
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every k, ng < k <n. Thus
Tp(z +h) —Tp(x) — (¢, h) =

no—1
ZZ(gk(x+h — gr(x ngx—i-h (C,h) >
k=1

k=ng

> —(no — D)[h] + (n —no + 1)[h[ — |C[|h] = |A].

This implies that ¢ € 0,Tp(z) C 0Tp(x) for every a > 1. As a matter of fact,
we have proved that the function Tp(z) — ((, z) has a local minimum at z.

On the other hand, let x ¢ D. We may assume, by means of a translation,
that z = 0. We consider the sequence {z,}, where |z,| = ¢,(0) (if there are
two possibilities, we choose one). For every n, we define I,, = {k <n:x; > 0}
and J, ={k <n:xp <0}

If lim, #I, = lim, #.J, = +o00, we may consider a subsequence {z,,} C
(0, +00) such that x,, 1 < 0. We have

Tp(t) — Tn(0) Tp(zn,) — Tp(0)

dI'p(0)(1) = lim inf < lim inf

t—0+ t J T, -
G, (z,)—G, (0 Y, — x| — |
< lim inf n]( nj) nj( ) < lim'infz| e el = |l <
J xnj J k=1 |‘/En]|

< liminf (#J,, — #1,)
j
and similarly
Ip(=t) =T Tp(2n, 1) — Tp(0
dTp(0)(—1) = liminf p(~) (0) < liminf D(Tn;41) p(0)

t0+ t j | T 41

< liminf (#1,, 11 — #Jn,11)-
J

If ¢ € 0Tp(0) then, from Proposition 1.1, we have ¢ < dTp(0)(1) and {(—1) <
dTp(0)(—1). Hence

0 < dTp(0)(1) + dTp(0)(—1) <
< liminf (#J,, — #1,,) + iminf (#1,, 41 — #J5,01) <
J J

< liminf (#J,, — #1o, + #L1 — 1) = —1,
J

since #1,, 41 = #1,; and #J,,, 11 = #J,, + 1, which is a contradiction.
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If one of the limits is finite, then we have

Tp(w,) — T
ATo(0)(1) < liminf 2&n) =T0(O) g Gnl@

n ,Z'n n xn

|0 — @] = |l
Sliminfz - k LR
- Tn

provided that lim,, #.J,, < 400, and analogously
dTp(0)(—1) = —oc0
if lim,, #1,, < +o00. Both situations imply that 07p(0) = @. O

Incidentally, we remember that Garg proved in a different context that the
Weierstrass function has subdifferential R at a countable dense subset of [0, 1],
and empty subdifferential otherwise, (see [9]). This example, as well as the
example provided by Gora and Stern in [11], which is a particular case of
Theorem 1.2, are extremal for one dimensional functions, since it is easy to
observe that the subdifferential has cardinal bigger than one for a countable
subset of R at most.

Let us observe that the proof of 9T'(x) = R holds for arbitrary separable Hilbert
spaces provided that the sets D,, are discrete. As a matter of fact, under this
conditions, it holds for Banach spaces, in particular if H = R" and we define
the functions g, with different norms. Hence we have:

Theorem 1.3. For every ¢ € H, the function Tp(z)—((, z) attains a minimum
at every x € D. In particular, we have

0o Tp(x) = H.

The existence of a dense subset where the subdifferential is the whole H, give
us the following corollary:

Corollary 1.4. The functions Tp defined as above satisfy for every r € ‘H
aaTD<LU> = 8LTD(x) =H.

The existence of functions enjoying this property was known for the one di-
mensional case, see [17] example 8.13 (2), for instance.

This result may also be compared with the example presented in [5], where
the authors provide a Lipschitz function on a separable Banach space with
approximate subdifferential 0,F (z) = B* for every z. The existence of this
kind of functions was established before by Baire Category techniques, see [4].

As we pointed out above, Theorem 1.3 does not depend on the decomposition
of the set D. However, in order to prove the other statement of the main
Theorem, we require some more restrictions. That is the aim of the following
proposition.
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Proposition 1.5. Let H be a separable Hilbert space, D C B countable and
dense. Then there exist a sequence of positive real numbers, {a,}, that satisfies
Qp1 < %an, and a decomposition D = {D,} of D that satisfies:

(1) D=U,D, and D, C D, for every n.
(2) B C Uzep, B(x,a,).
(3) o -yl 2 % for cvery 5,y € Dy, 7 £y,

Proof. Let D = {p,},. We define «,, and D, inductively as follows. Let
a; = 2 and Dy = {p;}. Assuming «, and D, have been selected with the
additional condition py,...,p, € D,, we choose

0< Qpq1 < min {%a d(pnoyDn)}

where ng = min{m € N : p,, € D,}. Let us observe that d(p,,; D) > 0 by
(3). As

A= {xEB: d(z; Dy U{pn, }) > %}

is an open set, and D is a dense subset of B, then

A= J Bir)

peAND

with 0 <7, < a"5“. Thus

1e U sl

peEAND

and by the Vitali’s Covering Lemma (see [12]) there exists a countable set
D' ¢ D N A such that the {B (p; %) CpE D’} is a collection of disjoint
balls and
AcC U B(p; ant1)-
peD’

Finally let D, 11 = D,, U{pn,} U D" O

Remark 1.6. Let us observe that the sets D,, are discrete, and that for finite
dimensional Hilbert spaces they are necessarily finite.

Definition 1.7. We say that a decomposition that satisfies property (3) of
Proposition 1.5 is a balanced decomposition.

Of course a discrete decomposition may fail to be balanced. It is easy to find a
no balanced decomposition of D, in the finite dimensional case, such that every
D,, is finite, and consequently discrete.
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2. Main Theorem

We have seen, Theorem 1.3 that 0Tp(xz) = H for every x € D. In this section
we will prove that 0Tp(x) = @ for every x & D.

Let o € D. By means of a translation, we may assume that o = 0. We will
assume that the decomposition D = {D,} is a balanced decomposition, and
that the sequence {«,} that defines D satisfies the following inequalities

1
g1 < ﬁan (1)

for every n.

We begin with a lemma that give us more information about the distribution
of the points of D,,.

Lemma 2.1. For every w € H with |w| = 1 there exists z,11 € Dy, satisfy-
ing (2n* — Va1 < |zna] < (1 +2n2)a, 1 and

< 1
n2’

Zn+1

w

|Zn+1‘ B

Proof. Let a, = 2na,,,. For every z # 0

i

As for every r, 0 < r < a,, the function ¢(t) = t~}(t*+ a2 —r?) has a minimum
absolute for t > 0 in t = /a2 — 2 then

<Z >_ 1 |z + a2 — |z — a,w|?
 2a, ||

24 g2 — g2 a? — r?
T >2 1 =2+/a?2 —r2.
t a2 — 2 n
n

In consequence, for every z € B(a,w, a,11)

z 1 1 1
Zwy > a2 — a4l — > 1 2
<|z|’w> - an\/a" |z = anw] Ant = Ans (2)

As Blayw,y1) N Dy # @ there exists z,.1 € D,y satisfying (2), and
therefore

ot | Zn+1 1
. - 2<w, > <
|znta| /20t

|2n+1 |
Moreover

(2n? — Danir = an — a1 < |zn1| < appr +an = (1+ 20 a1 O
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In order to study the subdifferential of T" = Tp, we require to estimate incre-
mental quotients of the form

gn(2) = gn(0)
||

That is the aim of the following two lemmas.

Lemma 2.2. Let {x;}}7_, be a finite sequence of elements of H ~ {0}. If, for
every k € {1,...,n}, we denote v, = \fc_il and s, = vy +---+v,, then for every

z#0andk=1,...,n,

T — 2| — |T z ¥
ool ¢ _(,, 2y b

and consequently

n

§:|ﬂv—ZV—W%\S_<&“jZ>+!; iﬂ_
|2 2| 2

k=1 k=1 |
Proof. We have that
g, — 2] = |u] ok — 2P = |2 1R = 20, )
|2 12(|2 — x| + [2x]) |2 — 28] + |zi]

If |2|> — 2(xy, z) > 0, then
|z — 2" = ol + |2]* — 2(zp, 2) > |zl

and consequently

o — 2 = ol _ 1A= 2o ) _<Uk i>+ 2]
2] I el 20w

Otherwise, if |z|> — 2(zg,2) <0, then |z — 2|? < |zx|* and

] — ok — 2] 12+ 2w ) L2l 2 )
hence R .
g 2]/ 2|z

Lemma 2.3. For every n there exists a vector u, such that
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Proof. There exists a sequence {23}, C D,, and a vector z such that {|zj|}x
converges to ¢,(0) and {z}x converges weakly to z. As, for every k,

(@) < | = z]* = |2* + ] — 2(z, 21)

then g¢2(x) < |z]* + ¢2(0) — 2(x, 2). Therefore, if u,, = — ooy for z #0,

0u() — 0 (0) — (uz) 1 2()—g20) ., = =
7] = el u@) 5 90) T (@) o]’ =

N B R G T 2
S w@ oo T ER (gnm) 0@ +gn<o>>

and then
lim sup 9n () = gn(0) — (U, T) <
x—0 |ZL'|

i [y (2 )]
= gn<x>+gn<o>+<’|x|>(gn<0> gn<w>+9n<0>)} t

We cannot guarantee the existence of z; € Dy such that gx(0) = |xg| unless
dimH < 400, however, the fact that D is a balanced decomposition, implies
the following

Remark 2.4. If g,,(0) < % then there exists a z,, € D,, such that g,,(0) = |2y|.
Moreover z,, is unique.

We will denote N' = {n : |g,(0)] > n"?a,}. We will distinguish two situations
according to the finiteness of N. First we assume that A is finite.

Lemma 2.5. Let us assume that N' = &. If for every n, x, € D,, is such that
20| = 9,(0) and s, = ZZ:I ‘ﬁ—ﬁ then, forn > 5,

L) = TO) ol - (4)

Proof. Let n > 5. Let m, 1 < m < n, be such that g,(0) = g,(0) for
m <k <nand ¢,-1(0) > ¢,(0). Note that m can be equal to n. As z,, € D,
and, for m < k < n, |z,] = g.(0) = gx(0) < % then x, = x, € Dy and
therefore gx(z,) = 0. On the other hand

and consequently

|$m—1| Z |mn - mm—1| - |:En| > — —
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Hence, by Lemma 2.2

T(xn) - T(O) < Gn(xn) - Gn(o) Gm—l(xn) - Gm—l(o) i _gk(o)

< = + <
|| || || P ||
< (smor, iy Pt L)
—{( Spm—1, —(n—m =
- Ul 2 [T
< T > m—1 |z, < n > 5(m — 1)ay,
= Sn;s > —( Sn, >
T T 1
) g £ )+ m
[zl 7 2(n—1)° [zal/

From this lemma we may deduce the result when N is finite.

Proposition 2.6. If there exists ny such that ¢,(0) < a,n=2 for all n > ng
then 0T(0) = @.

Proof. First let assume that nyo = 1. Let ( € H. By Lemma 2.5, for n > 5

T(x,) —T(0) = (¢, 7p) §—<3n+c,&>+ 1

In consequence if lim sup <sn + ¢, Ii_:il> > 0 then ¢ ¢ 07(0). On the other

hand, if lim sup <sn +C, é—z|> < 0 there exists n; such that

for every n > n;. This implies that

Ty 1
ot G = st P+ 1= 2o+ G ) 2 o 4

and therefore that {|s, + (| }n>n, is a decreasing sequence. If ¢ = lim|s,, + (| =
inf{[s,, +¢| : n > ny} then ¢* > (% +  that is a contradiction.

Ifng > 1, let Ty = Zn>n0 Gn. Then T' =T, + G,,—1. Let ( € H. By Lemma
2.3 we have -

lim sup Gro—1(x) = Gng—1(0) — (wny—1, )
z—0 |g;|

<0 (5)

where wy,,—1 = uj + - - -+ up,—1. Arguing as in the first part of the proof it can
be shown that there exists a sequence {z,}, that converges to 0 such that

Tl (Z'n,> - Tl (0) - <C + Sno—lu Zn>

< 0.
|Zn|

61 = lim
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We have, by (5), that

T(x) =T(0) = (¢ )

T(2n) = T(0) = (C, 2n) <

lim inf < lim inf <
i 2 g B
Gn — n) Gn - O no—1», ~n
< Jim fnf Gro-1Gn) T1|(>+<S°12>+£1§£1<0.
n ZTL
Therefore ¢ & 0T(0). O

Once established the result when N is finite, we consider the alternative case.
If MV is infinite, we may write N'U {1} as an increasing sequence of positive
integers, {nj}i>0 where ng = 1. Our aim is to construct a suitable sequence
{sn} that will play a similar role than that one of Lemma 2.5. We will define
it by blocks.

Given € > 0, and N, we construct a finite sequence {z;}2_, as follows: if there
exists some x € Dy such that g, (0) = |xx|, we choose it (more precisely one
of them). Otherwise we choose x;, € D, satisfying |z;| — g, (0) < . It is clear
that we may construct this sequence satisfying |z1| > -+ > |xy|. We define
Sn=">1_, é—g for every n < N. Moreover, if we denote m,, = #{k: 1 <k <
n, gr(0) # |zx|}, by Lemma 2.2 we deduce

Remark 2.7.

for every z # 0, and every n < N.

We proceed to define the sequence {s,}. If j > 1, for nyj_1) < n < nyj,
gn2j(0)

~—. The following Lemma

let s, be s, as above, with NV = ny; and ¢ =

summarizes the properties of this sequence.

Lemma 2.8. If N is infinite, then there exists a sequence {s,}, € H such
that, for every n:

Tnt+1 . Qpi1
1 n = on n = Yn . q\9
(1) Spy1 =50+ Zoe] if |Tni1] = gnia(0) < (n+1)?
Gn(2) — G,(0) z n |z Qi1
(2> S - ny | . + ; 2 7& O;
|| < |Z|> 219.(0)]  |z|
Gn1(xy) — G,—1(0) T, no |z, 1 . s
< _ Z - _n
(3) N _<%mﬁ+wﬁw+n¢%@<ﬁ,

(4) Zf |STL - Sn—l' 7& 1 then |$n+1 — Sn’ = 1
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Proof. First, let us note that if m # ng, for all £ = 0,1, ..., then there exists
J > 1 such that nyj_9 <m —1 < m < nyg; and then

Lm

| T

)

|Sm - 3m—1| = |§m - gm—1| -

since m and m — 1 belong to the same block. In particular, if |s,, — s,,_1] # 1
then m = ngyy for some k > 0. This proves (4) since ng, and ng; + 1 always
belong to the same block.

On the other hand, if |x,11| = ¢,41(0) < an—+12 then n +1 ¢ N, and

(n+1)
therefore n + 1 # ny, for all k, this implies that n and n + 1 belong to the same

block, hence s,.1 = s, + é:—ih that proves (1).

Moreover if j > 1 is such that nyj_o < n —1 < n < ny; then, by equation (6)
and our choice of s,

anl(xn> - anl(()) < <S T > n |xn| gan (O) 1
- n—1,7_ | a .
|n] a7 2901(0)  ng; [

and as |7,] = g,(0) > gn,,(0) it follows (3).

Finally, from equation (6) it is immediate that {s,}, verifies (2) since if n
belongs to the block [ng(j_l),ngj), then n +1 < ng; = N and consequently
£ < Qpy; < Q1. O]

Let us remember the condition on the sequence {«,}, that is a1 < #an. We
will use it in the next lemma.

Lemma 2.9. Let us assume that N is infinite. If g,(0) > 2%, and s, is as in

Lemma 2.8, then for every w with |w| =1 there exists z,41 € Dyy1, satisfying

(1) (2712 — Dapyr <z < (1+ 2n2)c“n+1:

Zn+1 1
2 —w| < —, and
S I R I
@ TCa)=TO)  Gulonst) “Gal0) __(, 2oy 3
|Zn 1] N | Zn 1] N v |Zn 1] n

Proof. Let z,,1 be as in Lemma 2.1. It remains to prove (3). By Lemma 2.8,

T(2p11) — T(0) < Gn(2nt1) — Ga(0) < —<s Antl > + n2|’2"?6|) + 1 <
9n n

|Zn+1| |Zn+1’ v |Zn+1|

< < Zn+1 > n n3(2n2 + 1)an+]_ i l <

- " 2] 20, n =

< (s ) AN L g oy 3 .
B " 2nal 2n® n- R EY n
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We deduce that, when g,(0) > 25, we have the following estimation.
Corollary 2.10. Let us assume that N is infinite. If g,(0) > %2, and s, is

= a2
as in Lemma 2.8, then for every w with |w| =1 there exists z,y1 € Dyy1 such

that

T(ZnJrl) — T(O) < —<S w> + é
|Zn+l‘ N v n

Proof. It is enough to observe that

V4
<8naw> - <8n7 ”_H>’ S |Sn‘

’Zn+1’

Zn+1

w —

‘ZnJrl‘
Alternatively, if g,(0) < %3 we have:

Lemma 2.11. Let us assume that N is infinite. If g,(0) = |2,] < %%, n > 4,
and s, is as in Lemma 2.8, then ¢,(0) < g,—1(0) and

o) “T0) _ Gulo)=GlD) 1, sy 1
|| || || n
Proof. For all x € D,

2] >y — | = | > = 5 >
x| >, — x| = |op| > — — — > —
- 4 n? 5
and therefore g, _1(0) > %=. Thus, by Lemma 2.8,

Gn(2,) — Gn(0)

|0

xn> no |z, 1

lzo]/ " 2g01(0)  n
Tn Snay,

1
< — —.
- <Sn’ ]a:n|> + 2n2ay, + n

S —-1- <Sn—17

Hence

T(zn) = T(0) _ Gn(an) — Gn(0) o\ 4
S S e -

From Corollary 2.10 and Lemma 2.11, we deduce the result when N is infinite.

Proposition 2.12. If N is infinite then 0T (0) = &.

Proof. Let {s,}, be as in Lemma 2.8 and let ¢ € H. For every n € N there
exists w, with |w,| = 1 such that |s, + | = (2, + (,w,). By Corollary 2.10
there exists 2,1 € D, such that

T(zn-i-l) _T(O) — <C7 Zn-i—l) < _<3n+<7wn> +%: _|Sn_|_<‘| _|_%

|Zn+1|
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If limsup,,cp |Sn + €] > 0 then ¢ & 0T(0). If lim,ep S, = —(C then there exists
ng € N such that |s, — s,,| < 3 for all n,m € N, n,m > ng. In particular,
by Lemma 2.8(4), there exist infinite indices n > ngy such that n + 1 ¢ N and

n € N. For these indices s, — s, = é:EI and, by Lemma 2.11,
T<xn+1) B T(0> _ <<7 xn+1> < <8 ) +C Tpi1 > 4 —
‘anrl‘ i ’ ’ n+1| n+1
n 4
= (st G S o L
|1 n+1 nooo
and therefore ¢ ¢ 9T'(0). O

Finally, we deduce the Theorem from Propositions 2.6 and 2.12.
Theorem 2.13. For every x ¢ D we have 0T(x) = @.

Joining both Theorem 1.3 and Theorem 2.13, we obtain the result we are
looking for.

Theorem 2.14. If D is a countable dense subset of the unit ball of a separable
Hilbert space, H, then there exists a decomposition of D, such that the associated
Takagi-Van der Waerden function T' satisfies:

T (x) =H for every x € D

and 0T (z) = @ otherwise.
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