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We present a completely new construction of a holomorphic function whose real part has given
radial limits a.e. on every slice. As an application, we obtain a holomorphic function which is
inner on every slice.
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1. Introduction

Assume that €2 is a bounded, strictly convex and circular domain with the bound-
ary of class 2.

In the papers [1, 2, 3, 6, 7], the authors give examples of various inner functions
on the domain with a holomorphic support function (see [7]). In this paper we
present a new construction of inner function.

In contrast to the functions from the papers mentioned above, our function is zero
free and, even more, has given radial limits on every single slice. We construct a
holomorphic function with a given real part on the boundary using homogeneous
polynomials. Our polynomials enable a very good control of the boundary values,
so we can guarantee radial limits a.e. on every single slice.

2. Results

Definition 2.1. For a given function g on a circular set S we consider a slice
function described by the formula

g:(A\) :==g(Az) forze S, ANeU:={peC:|u <1}.

Furthermore, we need the following mean values of the function g:

M(g) == / (& dt,  M.(g) = M(g).
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It is known that any continuous function g on T := OU can be extended to
a harmonic function P[g] on U as a solution of the Dirichlet problem by the
following formulas:

1 1—12

P’r 10 _ ,
(e”) 271 — 2rcos@ + r?

Plg)(re®) = / " (@) P dy,

We need the following fact about bounded holomorphic functions:

Theorem 2.2. [3, Theorem 3.2] There exists a natural number Ny = Ny(0)
such that if € € (0,1), T is a compact subset of 2, h is a continuous, strictly
positive function on OS), then there exist holomorphic functions fi, ..., fn, € A(2)
such that:

1) fillr <e
(2) |fjl <h ondf for j=1,.., Ny,
(3) 2 <maxj_y N |fj] on 0Q.

.....

Since €2 is bounded, convex and circular, we can assume that fi, ..., fx, produced
by the above theorem are polynomials.

We combine the above result and a useful property of homogeneous polynomials
with bounded growth (see [4, 5]):

Theorem 2.3. [5, Theorem 2.5 There exists No € N such that we can choose
My = My(02) € N with the following property: for each natural number N > M,
and given mq,...,my, with N < m; < mg < ... <my, < 2N there exist homoge-
neous polynomials p,,, with m; degree such that:

(1) |pm;| <1 on 09,
(2) maxg—i.. N, |Pm,| =12 on 0.

.....

Let us consider a Hilbert space of continuous functions on interval [0, 1] with the
scalar product (f, g) fo g(t)dt and the natural norm || f|| := +/(f, f).

We prove the following Lemma on periodical functions:

Lemma 2.4. Assume that n € N and g is a function with period /n and g is
orthogonal to 1 on [0,1]. If h is a continuous function on [0,1] then |(hg,1)| <
gl w (%/n, h) where w(A, h) := sup{[h(z) — h(y)| : |z — y|| < A}.

Proof. Let us observe that:

0=(g,1) = / t)dt = Z/W dt::zj/jg(t)dt:n/jg(t)dt.

Byl
In particular, [ g(t)dt = 0. Now we can estimate:

n
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1

I(hg, 1) Z / a(t)dt — 3 W) / )t
Z / (h(t) — h(fa)) g(t)dt | < S |7 )~ b gl a
||g|| / w (Yoo, ) dt = |lg @ (Yo ) m

Lemma 2.5. The inequality +1+2x <1+ %x — 2?2 holds for v € (—1,1).

16

Proof. It is enough to estimate:

=12\ , N Y
Hw=:2( >xzﬁi—§+———+m
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Lemma 2.6. There exists a constant o € (0,1) such that for a given e >0, T a
compact subset of Q) and h a positive continuous function on 0S), we can choose a
polynomial p such that:

(1) |pl<eonT,

(2) |p| < h on 09,

(3) M.(vh=Rp) < aM,(Vh) for z € H.

Proof. Let us choose Ny, Ny from Theorems 2.2, 2.3 respectively. Now we can
define:
1 1 1

2 64 8NZNZ

Due to Theorem 2.2, there exist polynomials fi, ..., fy, such that:

. N1N2|fj| < h on 0N) forj—l Nl,
Ny N1N2 |f]| on 89

Now due to Theorem 2.3, for a given n € N sufficiently large we can choose
homogeneous polynomials p,,, of nm degree such that:
. |Dam| < 1 on 09,

. MAX;—N+1,.. . N+N |Prm| = % on df) for N > N,

-----
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We define:
J:={0,1,..., Ny — 1},

I(n,j) = {n(N1N2+ jN3),n(N1 Ny + jNo + 1), ...,n(N1 Ny + jNo + Ny — 1)},

:Z Z fipm-

Jj€J mel(n,j)

On 092 we can estimate: |@Q,| < Z Z | fipm| < Z |fi| Na < h.

j€J mel(n,j) jeJ

There exists r € (0,1) such that 7" C 7§2, so we can estimate on 7"

Qul <D D0 Upal <D Y0 Mfilgr™ <D Nellfillgr <e

J€J mel(n,j) Jj€J mel(n,j) jeJ

for n large enough. Now using Lemma 2.5 we can estimate:

M.(vVh=RQ,) < M. (x/ﬁ 1—%§">

M <ﬁ (1 T (%gn) >)

M. (Vi) - bt <Q”+Q”) Y (M> .

IN

IN

4 Vh 64 h¥/2

Let us observe that for given z € 0Q, j € J, m € I(n,j) the function t —
Pm(€¥™2) has 1/n period and is orthogonal to 1 on [0, 1] so we can use Lemma 2.4
and conclude the following inequalities for z € 9€):

. M, <Q"+Q")‘ < NiNomaxjesw (1/n, fjh_1/2),
© M <zgjz)‘ < NYN3 max; e w (Yo, £ fxh™),

2 P
h3_72>‘ < NEN3 max;pesw (Yn, fifrh™"?),

Qnmfz‘ Zm .3 |f'pm|2 T 1 —
° Mz ( ]EJhS/QEI( ,3)193 )' S N12N22 manyk;er (l/n, f]fk;h 3/2)

(if m € I(n, j1) N I(n,j2) then j; = ja!).
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We obtain the following estimation for z € 9€:

Mz(Z 2 ‘f]}LIZZ‘z) ZM(W 2 'pm|2>

J€J mel(n,j) jeJ mel(n,j)

Y _ i p?
> () - ( SUE) 2 v g
jeJ Jjed

1
> L (Vi)
= 16N2N2 vh

In particular, for n large enough we have the following inequality:

AuﬁﬁﬁmsM4ﬁy%M<%+@v_im<@ﬁfﬁ>

Vh 64
NN, i 2N2NZ )
< M. <\/E> Ty maxw (Y, fih™72) + maxw (Yns fifih™72)

2NEN3 T 1 2
w i Feh ™ ———Mz< h)
61 maxw (Y fifich™") 64 I6N2 N2 vh

< (1_%*i*m)m(@):am(ﬁ).

So we can define p = @), for n large enough, which finishes the proof. O

Using the above lemma several times, we prove the following fact:

Theorem 2.7. There exists a constant o € (0,1) such that for a given sequence
of positive numbers €, > 0, compact subsets T,, C ) and h a positive continuous
function on 0N), we can choose polynomials pgy, p1, ... such that:

(1) |pn| <enp onT,,
(2) |pal <h—RY3Z5pi on 09,

(3) M, (\/h — %Zzzopk) < a"M,(Vh) for z € 99.

Proof. Let o € (0,1) be a constant from Lemma 2.6. We choose py = 0.
Obviously, we have the properties (1)—(3) fulfilled. Now suppose that we have
just defined po, ..., p, and now due to Lemma 2.6 there exists p, 1 such that

* |pn+1| < E€n41 ON Tn+17
o |pns1| < h =227 Rpy on 09,

e M, <\/(h — Y ono Np) — EanArl) < all, <\/h — > o ?Rpk) for 2 € O9.

Properties (1)—(2) are fulfilled. Property (3) follows from:




122 P. Kot / Zero Free Inner Function On Every Single Slice

As a direct consequence we have the following

Theorem 2.8. There exists a constant C > 0 such that for a given s € N, h a
continuous positive function on 02, ¢ > 0 and K a compact subset of 2, we can
choose a non constant holomorphic function f with:

(1) |fl <eonK,

(2) f. € HY and M, (\/W) < OM. (ﬁ) for = € 09,
(3) Rf. < Plh.] on U for z € 09,

(4) Rff=h, a.e. on'T for z € 00.

Proof. Let a € (0,1) be a constant from Theorem 2.7. We can define:

1

I

C:= «

0

k=
Now, due to Theorem 2.7 there exists a sequence of polynomials p,, such that:
(1) |pal <27 on (1-27")Q,

(2) |pa] <27 e on K,

(3) Ipnl < h—R3gpr on 09,

(4) M, (\/h - %Zzzopk) < oM, (v/h) for z € Q.

Let us define f = > p,,. The properties (1)-(2) imply that f is a holomorphic
non constant function on 2 with |f| < e on K. Since

for z € 0Q we conclude that (3" pi), is a Cauchy sequence in H "2 so that
f. € H'?. Moreover:

M. (VIAT) < M.

< (VA) ot < o (V).

It is obvious that there exist radial limits f} a.e. on T for all z € 9€2. Moreover,
property (3) gives us that &f, < P[h,] on U for z € 9Q2. We can estimate for
z € 052
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s
/N
E;w
|
<
(g
—
IN
s
_—

h=RY pr+ (%f*—%Zm)
k=0 k=0

m

h=R> i | + M. | (| RFF=RD
k=0

and the proof is complete. [

Definition 2.9. We say that a positive LSC function h has the L property iff
there exists a sequence {h;} of continuous functions such that 0 < h; < hy <

e ity = b and 3, M. (/s — o ) < 00 for all 2 € 99.

Corollary 2.10. Assume that h is a positive LSC function on 02 with the L'?
property. Then there exists non constant holomorphic function f with f, € H?,
Rf. < Plh,] on U and Rf: = h, a.e. on'T for z € 0N.

Proof. There exists a sequence {h,,} of continuous functions such that: 0 < h; <
B < o < Mty by = B and 32, M (\/her — ) < 00 for all = € 00, 1f
h; < hj, it is enough to define ﬁl = h; — 27 for € > 0 such that € < h.

Let C' > 0 be a constant from Theorem 2.8. We construct a Cauchy sequence of
holomorphic functions f,, such that:

(1) (hn=Rfr), a.e. on T for z € 012,
(2) [fin = fal £27"on (1-27")9Q, for m > n,
(3) Rfn), < Pl(hy),] on U for z € 09,

(4) M. (VIFT) € OM. (VA1 + e Vot — ) for 2 € 09

The holomorphic function f; exists due to Theorem 2.8. Now suppose that
fi, .., fn are chosen in the way that (1)-(3) are fulfilled. Due to Theorem 2.8
there exists a holomorphic function ¢, such that:

. (Ang1 — hn = §Rg;§+1)z a.e. on T for z € 092,

e Jgnea] <27 on (1— 277 @,

. (Rgnt1), < P[(hng1 — hy),] on U for z € 09,

. M ( g:‘LHD < COM, ( Fonet — hn) for all = € HQ.

We can define f,11 := f, + gns1 which fulfills properties (1)—(4), and the function
f =lim,, f,, on €.
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In particular we have M, (\/ ]f*]) < COM, <\/h_1 +> 0 AV s — hm>, and there-

fore f. € H/?. Moreover Rf, < P[h.] on U for z € 90 and Rf = h. a.e. on T
for z € 092. ]

Example 2.11. There exists a holomorphic function f € H*(2) such that 0 <
|fl <1lonQand |ff|=1a.e. onT forall z.

Proof. Let us choose h = 1. Now due to Corollary 2.10 there exists g € H'?
such that g = 1 a.e. on T for all z € 99, so f = exp (g) fulfills the required
property. Il

Example 2.12. There exists a holomorphic function g such that |g¥| = 1 a.e. on
T but g, ¢ H? for p > 0 and z € 09.

Proof. Let f be a function from Example 2.11. We prove that g = % has required

properties. Obviously |gi| = 1 exists a.e. on T for z € 9. Let us choose p €
(0,00). If g, € H? then M,(|g|") = 1 but |f(0)] < 1,801 < [g(0)]? < M.(|g]?) =1
which is impossible. If p = oo and g, € H* then M,(|g|) = 1 which is also
impossible. Il

Example 2.13. There exists a bounded holomorphic zero free function f €
H>(Q) such that if p > 0, ¢g is a holomorphic function with |(f*¢)| = 1 a.e
on T for all z € 99, then there exists z € 9 such that g, ¢ HP.

Proof.

2 for w¢ Tz
h(w) '_{ 1 for weTz °

There exists a continuous functions h,, such that

m—o0

ha(T20) = 1 and hy,(w) = 2 iff dist(w, Tzp) > L. We can easily observe that & has
L'? property since for a slice Tz there exists n. € N such that h,(Tz) = h(Tz)
for n > n,. Due to Corollary 2.10 there exists f € H>*(Q2) such that f* = h, a.e.
on T for all z € 0. Let now g be a holomorphic function such that g, € H? for
z € 0. Suppose that |(f*g)f| =1 a.e. on T for all z € 99.

We can observe that |g¥| = 1/h, a.e. on T for all z € 9.

If p < oo then let us define the following continuous function on 0€2:
1 .
(br(z) = / ‘g(Te%rth)lP dt.
0

Due to ¢,  ¢; we can conclude that ¢; is LSC. We can observe:

¢1(Z):/01 g

“(e2)|" dt = 1/hP(z).
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Since 1/h? is not LSC we have a contradiction.

If p = oo, then g, € H'. Tt is therefore enough to repeat the same arguments as
for p = 1. [

Theorem 2.14. Assume that h is a positive LSC function on 02, h, € L. Then
there exists mon constant holomorphic function f on Q with Rf, < Plh.] on U
and Rff =h, a.e. onT for z € OS.

Proof. Without loss of generality we can assume that A > 1. There exists a
sequence {h,} of continuous functions such that 1 = hy < hy < hy < ... <
lim,,, oo Py, = h.

We construct a Cauchy sequence {f,} of holomorphic polynomials and positive
real numbers {r,} C (0, 1) such that:

(1) M, (\/hn - gfefn) <277 for z € 99,

(2)  |fu(2) = fu(w)] < 27" for z,w € [ry, 1],
(3) |fasr = ful <27 on 1,0,

(4) R(f,), < P[(hy),] on U for z € 09,

(

5) % Srp < Tpgr < ..o <limy, oo = 1

Let fo =0 and ro = 0.5. Suppose that we have constructed polynomials fy, .., f,
and numbers ryg < r; < ... < r,. Due to Theorem 2.7 there exists a polynomial p
such that:

. Ip| < 27" on 1, Q,
. Rp < hpi1 — Rf, on 09,
.M (wznﬂ “R(p+ fn)> <27 for » € O,

Now let us define f,, 41 := f,+p. The properties (1),(3) are evident. Moreover, we
can choose 7,1 > min {rn, %ﬂ} such that property (2) is fulfilled. The inequality
Rfni1 < hpyr implies the property (4), so fo, .y fat1, T0y -y Tna1 fulfills (1)—(5).

Let f :=1lim, . f,. Since h, is bounded exp(f.) has radial limits a.e. on T. This
implies that R f, has radial limits a.e. on T. Property (4) implies that Rf* < P[h,]
on U for z € 0£). We choose z € 02 and define:

Dy = {t €[0,1]:h (62”“2) —Rfn (62”“2) < 2_”} )

Since h, is bounded we observe:

lim M. (V= Rfp) < Tim M, (VA= by ) + M. (Vi = Rf) =0,

m—r

and the one-dimensional Lebesgue measure of D := () .y U=, Dm.n is equal to
one. If now ¢t € D and n € N then there exists a natural number m = m(n) € N
such that t € D,,,, and m > n. In particular, we can estimate:
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RS (2ritrz) = R (fm 3 (fo - m) (e2ir,2)

k>m
> Rfn (e2m‘t7amz) — Z o~k > Rfm (62”it7’mz) _ g-mtl
3) =

> %fm (627ritz) — 9 m _ 2—m+1
(2)

Z h (627ritz) —_ 9 n _ 9 m _ 2—m+1 Z h (627ritz) —3%x27 "
This implies that Rf = h, a.e. on T. [

Corollary 2.15. Assume that h is a positive LSC function on 00, h, € L*®
for z € 0Q). Then there exists non constant holomorphic function f on € with
lexp (f.)| < Plh.] on U and |lexp (f¥)| = h, a.e. on T for z € 0Q2. Moreover
exp (—f.) ¢ HP for z € 00, 0 < p < oo.

Proof. Assume for a moment that h > 1. Since Inh > 0, so due to Theorem
2.14 we can conclude that there exists holomorphic function f on €2 such that
lexp (f.)] < exp Pln(h,)] < Plh,] on U and |exp (f)| = h, a.e. on T for z € 0.

If we observe the construction of f closely, we may assume the equality f(0) = 0.

If there exists z € 92 and 0 < p < oo such that exp (—f,) € HP then

1= lexp (- (O)] < M (exp (-pf)) = M. () < M) = 1.

which is impossible.

If h is only positive then there exists ¢ > 0 such that h = €h > 1 on 99, so we
can construct f as above and it is enough to define f := f — c. O
Finally we illustrate how strange the function constructed above can be.

Example 2.16. There exists a zero free bounded holomorphic function f such
that, if we define

A, ={tel0,1]:

fi (™) =1} and B.:={te0,1]:

f;k (627rit)| _ 2} 7

then both sets A., B, have positive measures and [0, 1]\ (A, U B,) has zero measure
for all z € 092.

Proof. There exists 7 > 0 such that K(0,vdr) ¢ © ¢ C% We define the
following compact subsets of 9€:

K, :={2€0Q:r <Rz = z}.

We observe that 02 = TU?ZI K;. There exists a Smith—Volterra—Cantor subset
T C T which is nowhere dense but has a positive Lebesgue measure p. In fact we
can assume that 0 < du(T) < 1.
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We now define a compact subset of 0€2:

d
K::{e%”z:zGUKi, tET}.

=1

In particular, 0 < pu(7T) < p(KNTz) < du(T) < 1 for z € 092. We define the LSC
function

2 for wed\K,
hw) =
1 for w e K.

Due to Theorem 2.14 (or Corollary 2.15 ) there exists a zero free holomorphic
function f such that |f| < 2 on Q and |f¥| = h, a.e. on T for z € 9. Since
0<pu(KNTz) <1 for z € 0N the function f has the required property. O
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