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1. Introduction

Assume that Ω is a bounded, strictly convex and circular domain with the bound-
ary of class C2.
In the papers [1, 2, 3, 6, 7], the authors give examples of various inner functions
on the domain with a holomorphic support function (see [7]). In this paper we
present a new construction of inner function.
In contrast to the functions from the papers mentioned above, our function is zero
free and, even more, has given radial limits on every single slice. We construct a
holomorphic function with a given real part on the boundary using homogeneous
polynomials. Our polynomials enable a very good control of the boundary values,
so we can guarantee radial limits a.e. on every single slice.

2. Results

Definition 2.1. For a given function g on a circular set S we consider a slice
function described by the formula

gz(λ) := g(λz) for z ∈ S, λ ∈ U := {µ ∈ C : |µ| < 1} .

Furthermore, we need the following mean values of the function g:

M(g) :=

∫ 1

0

g(e2πit)dt, Mz(g) :=M(gz).
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It is known that any continuous function g on T := ∂U can be extended to
a harmonic function P [g] on U as a solution of the Dirichlet problem by the
following formulas:

Pr(e
iθ) :=

1

2π

1− r2

1− 2r cos θ + r2
, P [g](reiθ) :=

∫ 2π

0

g(eiθ)Pr(e
i(θ−ψ))dψ.

We need the following fact about bounded holomorphic functions:
Theorem 2.2. [3, Theorem 3.2] There exists a natural number N1 = N1(∂Ω)
such that if ε ∈ (0, 1), T is a compact subset of Ω, h is a continuous, strictly
positive function on ∂Ω, then there exist holomorphic functions f1, ..., fN1 ∈ A(Ω)
such that:
(1) ∥fj∥T ≤ ε,
(2) |fj| < h on ∂Ω for j = 1, ..., N1,
(3) h

2
< maxj=1,...,N1 |fj| on ∂Ω.

Since Ω is bounded, convex and circular, we can assume that f1, ..., fN1 produced
by the above theorem are polynomials.
We combine the above result and a useful property of homogeneous polynomials
with bounded growth (see [4, 5]):
Theorem 2.3. [5, Theorem 2.5] There exists N2 ∈ N such that we can choose
M0 = M0(∂Ω)∈N with the following property: for each natural number N ≥M0

and given m1, ...,mN2 with N ≤ m1 ≤ m2 ≤ ... ≤ mN2 ≤ 2N there exist homoge-
neous polynomials pmi

with mi degree such that:
(1) |pmi

| ≤ 1 on ∂Ω,
(2) maxk=1,...,N2 |pmk

| ≥ 1/2 on ∂Ω.

Let us consider a Hilbert space of continuous functions on interval [0, 1] with the
scalar product ⟨f, g⟩ :=

∫ 1

0
f(t)g(t)dt and the natural norm ∥f∥ :=

√
⟨f, f⟩.

We prove the following Lemma on periodical functions:
Lemma 2.4. Assume that n ∈ N and g is a function with period 1/n and g is
orthogonal to 1 on [0, 1]. If h is a continuous function on [0, 1] then |⟨hg, 1⟩| ≤
∥g∥ω (1/n, h) where ω(∆, h) := sup{|h(x)− h(y)| : ∥x− y∥ ≤ ∆}.

Proof. Let us observe that:

0 = ⟨g, 1⟩ =
∫ 1

0

g(t) dt =
n−1∑
k=0

∫ k+1
n

k
n

g(t) dt =
n−1∑
k=0

∫ 1
n

0

g(t) dt = n

∫ 1
n

0

g(t) dt.

In particular,
∫ k

n
+ 1

n
k
n

g(t) dt = 0. Now we can estimate:
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|⟨hg, 1⟩| =

∣∣∣∣∣
n−1∑
k=0

∫ k+1
n

k
n

h(t)q(t)dt−
n−1∑
k=0

h(k/n)

∫ k+1
n

k
n

g(t)dt

∣∣∣∣∣
≤

n−1∑
k=0

∣∣∣∣∣
∫ k+1

n

k
n

(h(t)− h(k/n)) g(t)dt

∣∣∣∣∣ ≤
n−1∑
k=0

∫ k+1
n

k
n

|h(t)− h(k/n)| ∥g∥ dt

≤
n−1∑
k=0

∥g∥
∫ k+1

n

k
n

ω (1/n, h) dt = ∥g∥ω (1/n, h) .

Lemma 2.5. The inequality
√
1 + x ≤ 1 + 1

2
x− 1

16
x2 holds for x ∈ (−1, 1).

Proof. It is enough to estimate:

√
1 + x =

∞∑
n=0

(
1/2
n

)
xn = 1 +

x

2
− x2

8
+
x3

16
− 5x4

128
+ ...

≤ 1 +
x

2
− x2

8
+
x3

16
≤ 1 +

x

2
− x2

16
− x2

16
(1− x)

≤ 1 +
x

2
− x2

16
.

Lemma 2.6. There exists a constant α ∈ (0, 1) such that for a given ε > 0, T a
compact subset of Ω and h a positive continuous function on ∂Ω, we can choose a
polynomial p such that:
(1) |p| < ε on T ,
(2) |p| < h on ∂Ω,
(3) Mz(

√
h−ℜp) ≤ αMz(

√
h) for z ∈ ∂Ω.

Proof. Let us choose N1, N2 from Theorems 2.2, 2.3 respectively. Now we can
define:

α = 1− 1

2
· 1

64
· 1

8N2
1N

2
2

.

Due to Theorem 2.2, there exist polynomials f1, ..., fN1 such that:

• N1N2 |fj| < h on ∂Ω for j = 1, ..., N1,
• h

2
< maxj=1,...,N1 N1N2 |fj| on ∂Ω.

Now due to Theorem 2.3, for a given n ∈ N sufficiently large we can choose
homogeneous polynomials pnm of nm degree such that:

• |pnm| ≤ 1 on ∂Ω,
• maxm=N+1,...,N+N2 |pnm| ≥ 1

2
on ∂Ω for N ≥ N2,
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We define:

J := {0, 1, ..., N1 − 1},

I(n, j) := {n(N1N2 + jN2), n(N1N2 + jN2 + 1), ..., n(N1N2 + jN2 +N2 − 1)},

Qn :=
∑
j∈J

∑
m∈I(n,j)

fjpm.

On ∂Ω we can estimate: |Qn| ≤
∑
j∈J

∑
m∈I(n,j)

|fjpm| ≤
∑
j∈J

|fj|N2 < h.

There exists r ∈ (0, 1) such that T ⊂ rΩ, so we can estimate on T :

|Qn| ≤
∑
j∈J

∑
m∈I(n,j)

|fjpm| ≤
∑
j∈J

∑
m∈I(n,j)

∥fj∥Ω r
m ≤

∑
j∈J

N2 ∥fj∥Ω r
n < ε

for n large enough. Now using Lemma 2.5 we can estimate:

Mz(
√
h−ℜQn) ≤ Mz

(
√
h

√
1− ℜQn

h

)

≤ Mz

(
√
h

(
1− ℜQn

2h
− 1

16

(
ℜQn

h

)2
))

≤ Mz

(√
h
)
− 1

4
Mz

(
Qn +Qn√

h

)
− 1

64
Mz

((
Qn +Qn

)2
h3/2

)
.

Let us observe that for given z ∈ ∂Ω, j ∈ J , m ∈ I(n, j) the function t →
pm(e

2πitz) has 1/n period and is orthogonal to 1 on [0, 1] so we can use Lemma 2.4
and conclude the following inequalities for z ∈ ∂Ω:

•
∣∣∣Mz

(
Qn+Qn

2
√
h

)∣∣∣ ≤ N1N2maxj∈J ω
(
1/n, fjh

−1/2
)
,

•
∣∣∣Mz

(
Q2

n

h3/2

)∣∣∣ ≤ N2
1N

2
2 maxj,k∈J ω

(
1/n, fjfkh

−3/2
)
,

•
∣∣∣Mz

(
Q2

n

h3/2

)∣∣∣ ≤ N2
1N

2
2 maxj,k∈J ω

(
1/n, fjfkh

−3/2
)
,

•
∣∣∣∣Mz

(
QnQn−

∑
j∈J

∑
m∈I(n,j)|fjpm|2

h3/2

)∣∣∣∣ ≤ N2
1N

2
2 maxj,k∈J ω

(
1/n, fjfkh

−3/2
)

(if m ∈ I(n, j1) ∩ I(n, j2) then j1 = j2!).
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We obtain the following estimation for z ∈ ∂Ω:

Mz

(∑
j∈J

∑
m∈I(n,j)

|fjpm|2

h3/2

)
=
∑
j∈J

Mz

(
|fj|2

h3/2

∑
m∈I(n,j)

|pm|2
)

≥
∑
j∈J

Mz

(
|fj|2

4h3/2

)
=Mz

(∑
j∈J

|fj|2

4h3/2

)
≥Mz

(
h2

16N2
1N

2
2h

3/2

)

≥ 1

16N2
1N

2
2

Mz

(√
h
)

In particular, for n large enough we have the following inequality:

Mz(
√
h−ℜQn) ≤Mz

(√
h
)
− 1

4
Mz

(
Qn +Qn√

h

)
− 1

64
Mz

((
Qn +Qn

)2
h3/2

)

≤Mz

(√
h
)
+
N1N2

2
max
j∈J

ω
(
1/n, fjh

−1/2
)
+

2N2
1N

2
2

64
max
j,k∈J

ω
(
1/n, fjfkh

−3/2
)

+
2N2

1N
2
2

64
max
j,k∈J

ω
(
1/n, fjfkh

−3/2
)
− 1

64

2

16N2
1N

2
2

Mz

(√
h
)

≤
(
1− 1

2
∗ 1

64
∗ 1

8N2
1N

2
2

)
Mz

(√
h
)
= αMz

(√
h
)
.

So we can define p = Qn for n large enough, which finishes the proof.

Using the above lemma several times, we prove the following fact:
Theorem 2.7. There exists a constant α ∈ (0, 1) such that for a given sequence
of positive numbers εn > 0, compact subsets Tn ⊂ Ω and h a positive continuous
function on ∂Ω, we can choose polynomials p0, p1, ... such that:
(1) |pn| ≤ εn on Tn,
(2) |pn| < h−ℜ

∑n−1
k=0 pk on ∂Ω,

(3) Mz

(√
h−ℜ

∑n
k=0 pk

)
≤ αnMz(

√
h) for z ∈ ∂Ω.

Proof. Let α ∈ (0, 1) be a constant from Lemma 2.6. We choose p0 = 0.
Obviously, we have the properties (1)–(3) fulfilled. Now suppose that we have
just defined p0, ..., pn and now due to Lemma 2.6 there exists pn+1 such that
• |pn+1| < εn+1 on Tn+1,
• |pn+1| < h−

∑n
k=0 ℜpk on ∂Ω,

• Mz

(√
(h−

∑n
k=0ℜpk)−ℜpn+1

)
≤ αMz

(√
h−

∑n
k=0 ℜpk

)
for z ∈ ∂Ω.

Properties (1)–(2) are fulfilled. Property (3) follows from:

Mz


√√√√h−ℜ

n+1∑
k=0

pk

 ≤ αMz

√√√√h−
n∑
k=0

ℜpk

 ≤ αn+1Mz(
√
h),
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As a direct consequence we have the following
Theorem 2.8. There exists a constant C > 0 such that for a given s ∈ N, h a
continuous positive function on ∂Ω, ε > 0 and K a compact subset of Ω, we can
choose a non constant holomorphic function f with:
(1) |f | < ε on K,
(2) fz ∈ H1/2 and Mz

(√
|f ∗|
)
≤ CMz

(√
h
)

for z ∈ ∂Ω,
(3) ℜfz ≤ P [hz] on U for z ∈ ∂Ω,
(4) ℜf ∗

z = hz a.e. on T for z ∈ ∂Ω.

Proof. Let α ∈ (0, 1) be a constant from Theorem 2.7. We can define:

C :=
∞∑
k=0

αk−1 =
1

α(1− α)
.

Now, due to Theorem 2.7 there exists a sequence of polynomials pm such that:
(1) |pn| ≤ 2−n on (1− 2−n) Ω,
(2) |pn| ≤ 2−n−1ε on K,
(3) |pn| < h−ℜ

∑n−1
k=0 pk on ∂Ω,

(4) Mz

(√
h−ℜ

∑n
k=0 pk

)
≤ αnMz(

√
h) for z ∈ ∂Ω.

Let us define f =
∑

m pm. The properties (1)–(2) imply that f is a holomorphic
non constant function on Ω with |f | < ε on K. Since

Mz


√√√√∣∣∣∣∣

m∑
k=n

pk

∣∣∣∣∣
 ≤Mz

√√√√ m∑
k=n

|pk|

 ≤
m∑
k=n

Mz

(√
|pk|
)

≤
m∑
k=n

Mz

√√√√h−ℜ
k−1∑
j=0

pj

 ≤Mz

(√
h
) m∑
k=n

αk−1

for z ∈ ∂Ω we conclude that (
∑m

k=0 pk)z is a Cauchy sequence in H1/2, so that
fz ∈ H1/2. Moreover:

Mz

(√
|f |
)
≤Mz


√√√√∣∣∣∣∣

∞∑
k=0

pk

∣∣∣∣∣
 ≤

∞∑
k=0

Mz

(√
|pk|
)

≤Mz

(√
h
) ∞∑
k=0

αk−1 ≤ CMz

(√
h
)
.

It is obvious that there exist radial limits f ∗
z a.e. on T for all z ∈ ∂Ω. Moreover,

property (3) gives us that ℜfz ≤ P [hz] on U for z ∈ ∂Ω. We can estimate for
z ∈ ∂Ω:
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Mz

(√
h−ℜf ∗

)
≤Mz


√√√√h−ℜ

m∑
k=0

pk +

(
ℜf ∗ −ℜ

m∑
k=0

pk

)
≤Mz

√√√√h−ℜ
m∑
k=0

pk

+Mz

√√√√ℜf ∗ −ℜ
m∑
k=0

pk


≤ αmMz

(√
h
)
+Mz


√√√√∣∣∣∣∣f ∗ −

m∑
k=0

pk

∣∣∣∣∣
 −→

m→∞
0

and the proof is complete.

Definition 2.9. We say that a positive LSC function h has the L1/2 property iff
there exists a sequence {hk} of continuous functions such that 0 < h1 ≤ h2 ≤
... ≤ limm→∞ hm = h and

∑
mMz

(√
hm+1 − hm

)
<∞ for all z ∈ ∂Ω.

Corollary 2.10. Assume that h is a positive LSC function on ∂Ω with the L1/2

property. Then there exists non constant holomorphic function f with fz ∈ H1/2,
ℜfz ≤ P [hz] on U and ℜf ∗

z = hz a.e. on T for z ∈ ∂Ω.

Proof. There exists a sequence {hn} of continuous functions such that: 0 < h1 <

h2 < ... < limm→∞ hm = h and
∑

mMz

(√
hm+1 − hm

)
< ∞ for all z ∈ ∂Ω. If

hi ≤ hj, it is enough to define h̃i = hi − ε2−i for ε > 0 such that ε < h1.
Let C > 0 be a constant from Theorem 2.8. We construct a Cauchy sequence of
holomorphic functions fn such that:
(1) (hn = ℜf ∗

n)z a.e. on T for z ∈ ∂Ω,
(2) |fm − fn| ≤ 2−n on (1− 2−n) Ω, for m > n,
(3) (ℜfn)z ≤ P [(hn)z] on U for z ∈ ∂Ω,

(4) Mz

(√
|f ∗
n|
)
≤ CMz

(√
h1 +

∑
m<n

√
hm+1 − hm

)
for z ∈ ∂Ω.

The holomorphic function f1 exists due to Theorem 2.8. Now suppose that
f1, ..., fn are chosen in the way that (1)-(3) are fulfilled. Due to Theorem 2.8
there exists a holomorphic function gn+1 such that:

•
(
hn+1 − hn = ℜg∗n+1

)
z

a.e. on T for z ∈ ∂Ω,
• |gn+1| ≤ 2−n−1 on (1− 2−n−1) Ω,
• (ℜgn+1)z ≤ P [(hn+1 − hn)z] on U for z ∈ ∂Ω,

• Mz

(√∣∣g∗n+1

∣∣) ≤ CMz

(√
hn+1 − hn

)
for all z ∈ ∂Ω.

We can define fn+1 := fn+ gn+1 which fulfills properties (1)–(4), and the function
f = limm→ fm on Ω.
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In particular we have Mz

(√
|f ∗|
)
≤ CMz

(√
h1 +

∑
m

√
hm+1 − hm

)
, and there-

fore fz ∈ H1/2. Moreover ℜfz ≤ P [hz] on U for z ∈ ∂Ω and ℜf ∗
z = hz a.e. on T

for z ∈ ∂Ω.

Example 2.11. There exists a holomorphic function f ∈ H∞(Ω) such that 0 <
|f | < 1 on Ω and |f ∗

z | = 1 a.e. on T for all z.

Proof. Let us choose h ≡ 1. Now due to Corollary 2.10 there exists g ∈ H1/2

such that ℜg∗z = 1 a.e. on T for all z ∈ ∂Ω, so f = exp (g) fulfills the required
property.

Example 2.12. There exists a holomorphic function g such that |g∗z | = 1 a.e. on
T but gz /∈ Hp for p > 0 and z ∈ ∂Ω.

Proof. Let f be a function from Example 2.11. We prove that g = 1
f

has required
properties. Obviously |g∗z | = 1 exists a.e. on T for z ∈ ∂Ω. Let us choose p ∈
(0,∞). If gz ∈ Hp then Mz(|g|p) = 1 but |f(0)| < 1, so 1 < |g(0)|p ≤Mz(|g|p) = 1
which is impossible. If p = ∞ and gz ∈ H∞ then Mz(|g|) = 1 which is also
impossible.

Example 2.13. There exists a bounded holomorphic zero free function f ∈
H∞(Ω) such that if p > 0, g is a holomorphic function with |(f ∗ g)∗z| = 1 a.e
on T for all z ∈ ∂Ω, then there exists z ∈ ∂Ω such that gz /∈ Hp.

Proof.
h(w) :=

{
2 for w /∈ Tz0
1 for w ∈ Tz0

.

There exists a continuous functions hn such that

0 < h1 ≤ h2 ≤ ... ≤ lim
m→∞

hm = h,

hn(Tz0) = 1 and hn(w) = 2 iff dist(w,Tz0) > 1
n
. We can easily observe that h has

L1/2 property since for a slice Tz there exists nz ∈ N such that hn(Tz) = h(Tz)
for n > nz. Due to Corollary 2.10 there exists f ∈ H∞(Ω) such that f ∗

z = hz a.e.
on T for all z ∈ ∂Ω. Let now g be a holomorphic function such that gz ∈ Hp for
z ∈ ∂Ω. Suppose that |(f ∗ g)∗z| = 1 a.e. on T for all z ∈ ∂Ω.
We can observe that |g∗z | = 1/hz a.e. on T for all z ∈ ∂Ω.
If p <∞ then let us define the following continuous function on ∂Ω:

ϕr(z) :=

∫ 1

0

∣∣g(re2πitz)∣∣p dt.
Due to ϕr ↗ ϕ1 we can conclude that ϕ1 is LSC. We can observe:

ϕ1(z) =

∫ 1

0

∣∣g∗(e2πitz)∣∣p dt = 1/hp(z).
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Since 1/hp is not LSC we have a contradiction.
If p = ∞, then gz ∈ H1. It is therefore enough to repeat the same arguments as
for p = 1.

Theorem 2.14. Assume that h is a positive LSC function on ∂Ω, hz ∈ L∞. Then
there exists non constant holomorphic function f on Ω with ℜfz ≤ P [hz] on U
and ℜf ∗

z = hz a.e. on T for z ∈ ∂Ω.

Proof. Without loss of generality we can assume that h > 1. There exists a
sequence {hn} of continuous functions such that 1 = h0 < h1 < h2 < ... <
limm→∞ hm = h.
We construct a Cauchy sequence {fn} of holomorphic polynomials and positive
real numbers {rn} ⊂ (0, 1) such that:

(1) Mz

(√
hn −ℜfn

)
≤ 2−n for z ∈ ∂Ω,

(2) |fn(z)− fn(w)| < 2−n for z, w ∈ [rn, 1]Ω,
(3) |fn+1 − fn| ≤ 2−n on rnΩ,
(4) ℜ (fn)z ≤ P [(hn)z] on U for z ∈ ∂Ω,
(5) 1

2
≤ rn < rn+1 < ... < limn→∞ rn = 1.

Let f0 ≡ 0 and r0 = 0.5. Suppose that we have constructed polynomials f0, .., fn
and numbers r0 < r1 < ... < rn. Due to Theorem 2.7 there exists a polynomial p
such that:

• |p| ≤ 2−n on rnΩ,
• ℜp < hn+1 −ℜfn on ∂Ω,
• Mz

(√
hn+1 −ℜ (p+ fn)

)
≤ 2−n−1 for z ∈ ∂Ω.

Now let us define fn+1 := fn+p. The properties (1),(3) are evident. Moreover, we
can choose rn+1 > min

{
rn,

1
n+1

}
such that property (2) is fulfilled. The inequality

ℜfn+1 < hn+1 implies the property (4), so f0, ..., fn+1, r0, ..., rn+1 fulfills (1)–(5).
Let f := limn→∞ fn. Since hz is bounded exp(fz) has radial limits a.e. on T. This
implies that ℜfz has radial limits a.e. on T. Property (4) implies that ℜf ∗

z ≤ P [hz]
on U for z ∈ ∂Ω. We choose z ∈ ∂Ω and define:

Dm,n :=
{
t ∈ [0, 1] : h

(
e2πitz

)
−ℜfm

(
e2πitz

)
< 2−n

}
.

Since hz is bounded we observe:

lim
m→∞

Mz

(√
h−ℜfm

)
≤ lim

m→∞
Mz

(√
h− hm

)
+Mz

(√
hm −ℜfm

)
= 0,

and the one-dimensional Lebesgue measure of D :=
∩
n∈N

∪
m>nDm,n is equal to

one. If now t ∈ D and n ∈ N then there exists a natural number m = m(n) ∈ N
such that t ∈ Dm,n and m > n. In particular, we can estimate:
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ℜf
(
e2πitrmz

)
= ℜ

(
fm +

∑
k≥m

(fk+1 − fk)

)(
e2πitrmz

)
≥
(3)

ℜfm
(
e2πitrmz

)
−
∑
k≥m

2−k ≥ ℜfm
(
e2πitrmz

)
− 2−m+1

≥
(2)

ℜfm
(
e2πitz

)
− 2−m − 2−m+1

≥ h
(
e2πitz

)
− 2−n − 2−m − 2−m+1 ≥ h

(
e2πitz

)
− 3 ∗ 2−n.

This implies that ℜf ∗
z = hz a.e. on T.

Corollary 2.15. Assume that h is a positive LSC function on ∂Ω, hz ∈ L∞

for z ∈ ∂Ω. Then there exists non constant holomorphic function f on Ω with
|exp (fz)| ≤ P [hz] on U and |exp (f ∗

z )| = hz a.e. on T for z ∈ ∂Ω. Moreover
exp (−fz) /∈ Hp for z ∈ ∂Ω, 0 < p <∞.

Proof. Assume for a moment that h > 1. Since lnh > 0, so due to Theorem
2.14 we can conclude that there exists holomorphic function f on Ω such that
|exp (fz)| ≤ expP [ln (hz)] ≤ P [hz] on U and |exp (f ∗

z )| = hz a.e. on T for z ∈ ∂Ω.
If we observe the construction of f closely, we may assume the equality f(0) = 0.
If there exists z ∈ ∂Ω and 0 < p <∞ such that exp (−fz) ∈ Hp then

1 = |exp (−pf(0))| ≤Mz (|exp (−pf ∗)|) =Mz

(
1

hp

)
< Mz(1) = 1,

which is impossible.
If h is only positive then there exists c > 0 such that h̃ := ech > 1 on ∂Ω, so we
can construct f̃ as above and it is enough to define f := f̃ − c.

Finally we illustrate how strange the function constructed above can be.
Example 2.16. There exists a zero free bounded holomorphic function f such
that, if we define

Az :=
{
t ∈ [0, 1] :

∣∣f ∗
z

(
e2πit

)∣∣ = 1
}

and Bz :=
{
t ∈ [0, 1] :

∣∣f ∗
z

(
e2πit

)∣∣ = 2
}
,

then both sets Az, Bz have positive measures and [0, 1]\(Az ∪Bz) has zero measure
for all z ∈ ∂Ω.

Proof. There exists r > 0 such that K(0,
√
dr) ⊂ Ω ⊂ Cd. We define the

following compact subsets of ∂Ω:

Ki := {z ∈ ∂Ω : r ≤ ℜzi = zi} .

We observe that ∂Ω = T
∪d
i=1Ki. There exists a Smith–Volterra–Cantor subset

T ⊂ T which is nowhere dense but has a positive Lebesgue measure µ. In fact we
can assume that 0 < dµ(T ) < 1.
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We now define a compact subset of ∂Ω:

K :=

{
e2πitz : z ∈

d∪
i=1

Ki, t ∈ T

}
.

In particular, 0 < µ(T ) ≤ µ(K ∩Tz) ≤ dµ(T ) < 1 for z ∈ ∂Ω. We define the LSC
function

h(w) =

{
2 for w ∈ ∂Ω \K,
1 for w ∈ K.

Due to Theorem 2.14 (or Corollary 2.15 ) there exists a zero free holomorphic
function f such that |f | ≤ 2 on Ω and |f ∗

z | = hz a.e. on T for z ∈ ∂Ω. Since
0 < µ (K ∩ Tz) < 1 for z ∈ ∂Ω the function f has the required property.
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