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Our main aim is to generalize the mixed quermassintegrals W; (K, L) of convex bodies to Orlicz
spaces. In the framework of Orlicz-Brunn-Minkowski theory, we introduce new affine geometric
quantities W, ;(M, K, L), for 0 < ¢ < n, by calculating the first Orlicz variation of the mixed
quermassintegrals, and we call these quantities the Orlicz mixed quermassintegrals of convex
bodies M, K and L. Fundamental results concerning the mixed quermassintegrals as well as
related Minkoswki and Brunn-Minkowski inequalities are then extended to the Orlicz setting.
Diverse inequalities for certain new L,-mixed quermassintegrals W, ;(M, K, L) are also derived.
In particular, we establish a new general log Minkowski type inequality connected with the con-
jectured log-Brunn-Minkowski inequality. Finally, we introduce the concept of mixed projection
quermassintegrals for which we prove an Orlicz-Minkowski type inequality.
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1. Introduction

One of the most important operations in geometry is vector addition. Given two
sets K and L in R™, their Minkowski addition/sum is defined by

K+L={rx+y:2x€ K,yeL}.

This addtion plays an important role in the Brunn-Minkowski theory. During the
last few decades, the theory has been extended to L,-Brunn-Minkowski theory. If
K and L are compact convex sets in R™ containing the origin and 1 < p < o0,
their L, addition K +, L is defined by Firey ([6] or [7]) through the equality

h(K +, L, z)’ = h(K, )" + h(L,z)", = € R". (1.1)

When p = oo, (1.1) is interpreted as h(K +o L, x) = max{h(K,x), h(L,z)}, as is
customary. Here h(K,-) denotes the support function of the set K, that is, then

MK, z) =sup{z-y:y € K},
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for allz € R™. A nonempty closed convex set is uniquely determined by its support
function. L, addition and inequalities are the fundamental and core content in the
L, Brunn-Minkowski theory. For recent important results and more information
on this theory, we refer to [12], [13], [14], [15], [20], [22], [23], [24], [25], [26],
[27], [30], [31], [35], [36], [37] and the references therein. In recent years, a new
extension of L,-Brunn-Minkowski theory to Orlicz-Brunn-Minkowski theory has
been initiated by Lutwak, Yang, and Zhang [28] and [29]. Following this, Gardner,
Hug and Weil [9] introduced the Orlicz addition for the first time, constructed
a general framework for the Orlicz-Brunn-Minkowski theory and made clear the
relation to Orlicz spaces and norms. The Orlicz addition of convex bodies has also
been considered from different ways and the L,-Brunn-Minkowski inequality has
been extended to the Orlicz-Brunn-Minkowski inequality (see [38]). The Orlicz
centroid inequality for star bodies has been studied in [43]. Advances in the theory
can be found in the references [11], [17], [18], [32], [39], [40], [41], [42] and [44].
The Orlicz addition K +,. L of compact convex sets K and L in R" containing
the origin is defined (see [9]) so that

WK, x) (L, x)
v (h(K Yoo L) h(K +,. ij)) =1 (1.2)

for all z € R™ with h(K,z) + h(L,z) > 0, and h(K +,. L,x) = 0 for all
x € R" with h(K,z) = h(L,z) = 0. Here ¢ € ®,, the set of convex functions
¢: [0,00)? — [0,00) that are increasing in each variable and satisfy ¢(0,0) = 0,
©(1,0) = ¢(0,1) = 1. The particular case of interest corresponds to using (1.2)
with o(z1,22) = @1(x1) + epa(z2) for € > 0 and some @1, p € &. Here & de-
notes the set of convex functions ¢;: [0,00) — (0,00) that are increasing and
satisfy ¢;(1) = 1 and ¢;(0) = 0, where ¢ = 1,2. Orlicz addition reduces to
L, addition, 1 < p < oo, when ¢(x1,73) = 2§ + 25, or L addition, when
o(x1,x9) = max{xy, x2}. The Orlicz mixed volume of K and L is defined by

1 h(L,u
v =1 [ o () st
where S(K,u) is the mixed surface area measure of K and ¢ € ®. Here K is a
convex body containing the origin in its interior and L is a compact convex set
containing the origin. Let K" be the class of nonempty compact convex subsets
of R", let K be the class of members of K™ containing the origin, and let K7 be
those sets in K™ containing the origin in their interiors. A set K € K™ is called
a convex body if its interior is nonempty. The Orlicz-Minkowksi inequality was
obtained in [9]: for any ¢ € &, K € K7, and L € K7

1/n
Vo(K,L) > V(K) - ((%) ) . (1.3)

If ¢ is strictly convex, equality holds if and only if K and L are dilates or L = {o}.

Aleksandrov [1] and Fenchel and Jessen [5] (see also Busemann [4] and Schneider
[33]) have shown that for K € K", and i = 0,1,...,n — 1, there exists a regular
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Borel measure S;(K,-) on S"!, such that each mixed quermassintegral W;(K, L)
has the following representation:

1
Wi(K, L) =~ / h(L, w)dSi(K, u), (1.4)
n Sn—1
for all L € K*. When K = L, the mixed quermassintegral W;(K, L) becomes
the classical quermassintegrals W;(K). The fundamental inequality for the mixed
quermassintegrals (see [19]) says: for any K € KI), L€ Kl and 0 <i<n

Wi(K, L)"™ > Wi(K)""'Wi(L), (1.5)
with equality if and only if K and L are dilates or L = {o}.

Following the basic spirit of Aleksandrov’s [1], Fenchel’s and Jensen’s [5] intro-
duction of mixed quermassintegrals, and Lutwak’s [21] introduction of p-mixed
quermassintegrals, we study in the present paper the first order Orlicz variation
of the mixed quermassintegrals. In Section 3, we prove that the first order Orlicz
variation of the mixed quermassintegrals can be expressed as:

d 1
L WK K A L) = ——
gz | g, VK e ) = o

where K/, K € K, L € K and ¢1,p2 € ®, and (¢1);(1) denotes the value of
the left derivative of convex function ¢; at point 1. This first order variational
equation then provides the new geometric quantity W, ;(K’, K, L), called the i-th

Orlicz mixed quermassintegral of K’, K and L and defined by

W i(K', K, L),

W@2,i<K/7 K7 L) = (901%(1) VVi(Klu K +oe L)

' d_6 e—0t
We also prove the integral representation
1 h(L,u)
W, i(K' K,L)=— ——= | h(K,u)dS;(K',u), 1.6
ai k=1 [ (P s, (o)

where ¢ € ®. In (1.6), when K’ = K, the Orlicz mixed quermassintegrals
W,,i(K', K, L) become the Orlicz quermassintegrals W,, (K, L), see [39]. When
K = L, the W,,;(K’, K, L) become the mixed quermassintegrals W;(K’, K'). When
o(t) = t* and p = 1, the W, ;(K', K, L) become the mixed quermassintegrals
Wi(K',L). When ¢(t) = t*, p > 1 and K’ = K, the W, ;(K', K, L) become
the Lutwak’s p-mixed quermassintegrals W,,;(K,L). When ¢(t) = t» and p >
1, the W, ;(K’, K, L) become a new mixed quermassintegrals in L,-space, de-
noted by W,,;(K’, K, L) and called L,-mixed quermassintegrals of K’, K and L.
We establish a Minkowski type inequality for the L,-mixed quermassintegrals
W,i(K',K,L): forany K', K e K, Le K}, p>1and 0 <i<n,

W,i(K' K, L))" > Wi(K)" "1 Wi(K)™P - Wi(L)P,

with equality if and only if K', K and L are dilates of each other, or L = {o}.
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In Section 4 we establish the following Orlicz-Minkowksi inequality for the Orlicz
mixed quermassintegrals: for any K/, K € K, L € K, p € ® and 0 < i < n,

00’

Wi(K',L) ) |

WK K) (1.7)

W,i(K' K,L) > W;(K'|K) - cp(

and under the strict convexity of ¢, the equality holds if and only if XK', K and L
are dilates of each other, or L = {o0}. Let us put, for short,

WK, L) = WK =D/ =y () (=),

for any K € Ky, L € K and 0 < i < n. When ¢(t) =t?,p > 1 and K' = K,
(1.7) reduces to the following Lutwak’s L,-Minkowski inequality for mixed p-
quermassintegrals established in [21]: for any K € K L € K", p > 1 and
0<i1<n

Wi (K, L) > Wi (K)" " PW;(L)?, (1.8)
with equality if and only if K" and L are dilates or L = {o}. When K’ = K, (1.7)
becomes the Orlicz-Minkowksi inequality, see [39], for the Orlicz quermassinte-
grals: forany K e K. Le K, pe Pand 0 <i<n

00

: 1/(n—1)
Wpi(K.L) > Wi(K) - o ((;5((?)) ) , (1.9)

and under the strict convexity of ¢, the equality holds if and only if K and L are
dilates, or L = {o}. When K = L, (1.7) becomes the Minkowksi inequality (1.5)
for the mixed quermassintegrals. Obviously, putting i = 0 and K’ = K in (1.7),
(1.7) becomes (1.3).

In Section 5, we establish the following Orlicz-Brunn-Minkowksi inequality for the
mixed quermassintegrals: for any K', K € K, Le K!', p € 3, and 1 <i<n

00’

>0 < Wi(K' K) Wi(K', L) ) |

1.10
Wi(K' K +,. L) Wi(K'|K +,. L) ( )

and under the strict convexity of o, the equality holds if and only if K/, K and L
are dilates of each other, or L = {o}. When K’ = K +,. L, (1.10) becomes the
Orlicz-Brunn-Minkowski inequality for the quermassintegrals, see [39]:

(i) wea) ) o

and under the strict convexity of ¢, the equality holds if and only if K and L
are dilates or L = {o}. When ¢(z1,22) = 27 + 25, p > 1 and K’ = K +,. L,
(1.10) reduces to Lutwak’s L,-Brunn-Minkowski inequality for quermassintegrals
(see [21]): forany K e K2, Le K2, p>1land 0<i<n

00?

Wi(K +, L)p/(n—i) > Wi(K)p/(”_i) + Wi(L)p/(”_i), (1.12)
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with equality if and only if K’, K and L are dilates of each other, or L = {o}.
When ¢(z1,22) = 27 + 25, p>1,i=0and K' = K +,. L, (1.10) reduces to
Firey’s L,-Brunn-Minkowski inequality for L,-addition (see [7]):

V(K 4, L)P" > V(K" + V(L™

with equality if and only if K" and L are dilates or L = {0}. A special case of (1.10)
has been recently established by Gardner, Hug and Weil [9] with the inequality

e (itn) (wg) ) e

which, under the strict convexity of ¢, is an equality if and only if K and L are
dilates or L = {o}.

In 2012, Borocezky, Lutwak, Yang, and Zhang [2] conjectured the log-Minkowski
inequality

/Snl log (%) WK, u)dS(K,u) > V(K)log (%) (1.14)

for origin-symmetric convex bodies K and L in R™. This was proved by them only
when n = 2. Gardner, Hug and Weil [9] proved a new version for convex bodies,
but not for origin-symmetric convex bodies: for any K € K7, L € K such that
L CintK

/SM log (1 = %) h(K, u)dS(K,u) < V(K) log (1 _ %)n (1.15)

with equality if and only if K and L are dilates or L = {o}.

In Section 6, we provide a new log-Minkowski-type inequality in proving that, for
any K', K € K and for any L € K such that L C intK and 1 <1 <n,

h(L,u)
log (1 — 22 ) bk, w)dSi (K, u) <
[ e (1 FE ) s asi ) <
Wi(K', L)\"
Wi(K', K))
with equality if and only if K’, K and L are dilates of each other, or L = {0}. For

K' = K and i =0, (1.16) becomes (1.15). We also state the following conjecture-
extension of the log Minkowski inequality:

%/s tog (Zézlé?)) WK, w)dSi(K',u) >

Wi(K', L)
Wi(K, K)> '

< Wi(K', K)log (1 - (1.16)

> Wi(K', K) log( (1.17)
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When K’ = K and ¢ = 0, (1.17) becomes the log-Minkowski inequality (1.14).
Combining (1.16) and (1.17) yields the following classical Brunn-Minkowski in-
equality for quermassintegrals:

VVz(K—i-L)l/(n_Z) > WZ(K)I/(n—z) + Wi<L)l/(n_i)7

with equality if and only if K" and L are dilates or L = {o}.

In 2010, the Orlicz projection body II,K of K € K, has been introduced by
Lutwak, Yang and Zhang [28] through its support function

WK, u) = inf {)\ =0 thK) /S ; (%) h(K, 0)dS(K, v) < 1} ,

for p € ® and u € S" 1.

In Section 7, an Orlicz mixed projection body I, ;(K’, K') of K" and K is defined
by its support function

h(IL,,;(K', K),u) =

. |U’U‘ T /
—infiA>0: YL ) g, (KL K, 0) < 1, 1.18
m{ ” Lﬂ(Ah(K,@ ol v) (1.18)

where K/, K € K, p € &, u € S ! and 0 < i < n, and dW,,;(K’, K,v) is as in

00’

(4.1). Replacing |u - v| by h(L,u) in (1.18) defines the quantity

— _ h(L,u) -
Wei(K' = : e ) AWK K ) < :
(K K, L) 1nf{)\>0 /SH@(M( ’u))d (K Ku)_l} (1.19)

that we call the ¢-th Orlicz mixed projection quermassintegral. We prove the
following Orlicz-Minkowski type inequality for the Orlicz mixed projection quer-
massintegrals: for any p € ® and K', K e K, Le Kl and 1 <i<n

00?

—~ Wi(K',L)
Woi(K' K, L) > ——1—~, 1.20

P, ( ) ’ ) i VVi(K/, K) ( )
and under the strict convexity of ¢ and the condition W;(L) > 0, the equality
holds if and only if K, K and L are dilates of each other.

2. Notation and preliminaries

The setting for this paper is the n-dimensional Euclidean space R". We reserve
the letter v € S™! for unit vectors, and the letter B for the closed unit ball
centered at the origin. The surface of B is S"7!. For a compact set K in R",
we write V(K for the (n-dimensional) Lebesgue measure of K and call this the
volume of K. If K is a nonempty closed (not necessarily bounded) convex set,
then

hMK,z)=sup{z-y:y € K},
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for x € R", defines the support function of K, where z - y denotes the usual inner
product of x and y in R™. A nonempty closed convex set is uniquely determined
by its support function. A support function is positively homogeneous of degree
1, that is,
h(K,rz) =rh(K, z),

for all z € R™ and r > 0. Let d denote the Hausdorff metric on K", i.e., for
K,L e K" d(K,L) = |h(K,-) — h(L,")|o, where | - | denotes the sup-norm on
the space of continuous functions C(S™™1).

Throughout the paper, the standard orthonormal basis for R” will be {ey, ..., e,}.
Let @, n € N, denote the set of convex functions ¢: [0,00)” — [0,00) that are
strictly increasing in each variable and satisfy ¢(0) = 0 and p(e;) = 1 > 0,
j=1,...,n. When n = 1, we shall write ® instead of ®;. The left derivative
and right derivative of a real-valued function f are denoted by (f); and (f),
respectively.

2.1. Mixed quermassintegrals

If K;e K" (i=1,2,...,r)and \; (i = 1,2,...,r) are nonnegative real numbers,
then of fundamental importance is the fact that the volume of 22:1 NI is a
homogeneous polynomial in \; given by (see e.g. [3])

VMK 4+ A E0) = D0 Xy A Vi, (2.1)
where the sum is taken over all n-tuples (iy,...,4,) of positive integers not ex-

ceeding r. The coefficient V;, ; depends only on the bodies K;,,..., K; and is
uniquely determined by (2.1), it is called the mixed volume of K, ..., K; , and is

written as V(K;,,.... K; ) If K1 =-- =K, ;= K, K, ;41 =---= K, = B, the
mixed volume V (K7, ..., K,) is written as W;(K) and called quermassintegral (or
i-th quermassintegral) of K. f Ky =--- =K, , 1=K, K,,_,=---=K,_1 = B,

K, = L. The mixed volumes V(K7,..., K,) are written as W;(K, L) and called
mixed quermassintegrals of K and L. Aleksandrov [1] and Fenchel and Jessen [5]
(see also Busemann [4] and Schneider [33]) have shown that for K € K7 and

i =0,1,...,n — 1, there exists a regular Borel measure S;(K,-) on S"! such
that the mixed quermassintegral W; (K, L) has the following representation:

1 Wi(K +eL) — Wi(K) 1/

Wi(K,L) = —— lim S

n—1 e-0t e n

h(L,u)dS;(K,u). (2.2)
Snfl
Associated with K7,..., K, € K" is a Borel measure S(Kj,..., K, 1,+) on S"7!,

called the mixed surface area measure of Ki,..., K, 1, which has the property
that for each K € K" (see e.g. [8], p.353),

1
V(Ky, . Ko, K) = ﬁ/ WK, W) dS(Ky, . Kou).  (23)
Sn—l
In fact, the measure S(Kj,..., K, 1,-) can be defined by requiring that (2.3)

holds foral K e K" If K1 =...=K,., 1 =Kand K,,_;=... = K,_1 = L,
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then the mixed surface area measure S(K1,..., K, 1,-) is written as S;(K, L,-).
When L = B, S;(K, L,-) is written as S;(K,-) and called the i-th mixed surface
area measure. A fundamental inequality for mixed quermassintegrals says: For
any K, Le K"and 0 <i<n—1,

Wi(K, L)' > Wi(K)""'Wi(L), (2.4)
with equality if and only if K and L are dilates (see [4] and [19]).

2.2. Mixed p-quermassintegrals

Mixed quermassintegrals are, of course, the first variation of the ordinary quer-
massintegrals, with respect to Minkowski addition. The mixed quermassintegrals
Wyo(K, L), W1 (K,L),...,W,,1(K,L), as the first variation of the ordinary
quermassintegrals, with respect to Firey addition are defined by (see e.g. [21])
Wi(K - L) —Wi(K
Wik, L) = —P i Wil e B) = WAlK) (2.5)

n_i 5—>0+ 8

forall K € K7, L € K7, and real p > 1. The mixed p-quermassintegral W, ;(K, L)

has the following integral representation:

1
W,i(K,L) = —/ h(L,uw)? dS,;(K,u), (2.6)
n Sn—1
where S,;(K,-) denotes the Borel measure on S™'. The measure S,;(K,-) is
absolutely continuous with respect to a certain Borel measure S;(K,-) on S™!
such that the Radon-Nikodym derivative is given by

ds,(K,-)

5K h(K,)'7P. (2.7)

The measure S,,_1(K,-) is independent of the body K, and is just the ordinary
Lebesgue measure, S, on S"~ 1. S;(B,-) denotes the i-th surface area measure of
the unit ball in R™. In fact, S;(B,:) = S for all i. The surface area measure
So(K,-) just is S(K,-). When ¢ = 0, S,;(K,-) is written as S,(K,-) (see [25],
[26]). A fundamental inequality for mixed p-quermassintegrals says that, for any
K. LeK! p>1land0<1i<n,

Wi(K,L)"™" > Wi(K)""PW;(L)?, (2.8)
with equality if and only if K and L are dilates. L,-Brunn-Minkowski inequality

for quermassintegrals have been established by Lutwak [21]. If K € K| L € K7
and p > 1 and 0 <7 < n, then
Wiy P00 > W) 00 WL, (2.9)

with equality if and only if K and L are dilates or L = {o}. Obviously, putting
i =0in (2.6), the mixed p-quermassintegrals W), ;(K, L) become the well-known
L,-mixed volume V, (K, L), defined by (see e.g. [25])
1
V(K L) = = / h(L, u)dS, (K, ). (2.10)
Sn—1

n
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2.3. The Orlicz mixed volume

For p € &, K € K, and L € K, the Orlicz mixed volume of K and L, denoted

00

by V,(K, L), is defined in [9] by

V,(K,L) = % /S o ( Zéf{i‘g) h(K,u) dS(K, ). (2.11)

The authors of [9] obtained the Orlicz-Minkowksi inequality

1/n
Vo(K,L) > V(K)-¢ ((%) > , (2.12)
for all K € K"

r,Leland ¢ € . If ¢ is strictly convex, equality holds if and
only if K and L are dilates or L = {o}.

The Orlicz quermassintegrals of K and L, denoted W,,;(K, L), were defined by

Wi(K, L) = = /S gD (M) WK, w) dSi(K, ), (2.13)

n h(K,u)
see [39], forall K € K2, L € K, ¢ € ® and 0 < i < n. Obviously, when ¢(t) = t?

and p > 1, the Orlicz quermassintegrals reduces to the p-mixed quermassintegrals
W,.i(K, L) defined in (2.6). When i = 0, (2.13) reduces to (2.11).

2.4. Orlicz addition

Given m > 2,9 € &, K; € K and j = 1,...,m, the Orlicz addition of
Ki,..., K, denoted +,(K;, ..., K,,), is given by its support function, see [9]:
h(K h(K,,,
h(+,(K1, ... Kp),z) = inf {)\ >0:¢ (%%) < 1} (2.14)

for all x € R". Equivalently, the Orlicz addition +,(Kj, ..., K,,) can be defined
implicitly (and uniquely) by

h(K1>$) h(Km,x) B
i <h(+¢(K1, LK), x) T A (K ,Km),x)) =1, (2.15)

for all € R™. An important special case is obtained when

(@1, ..., Tm) = Z@j(%’),
Jj=1

for some fixed ¢; € ® such that pi(1) = -+ = ¢,(1) = 1. We then write
+,(Kq, ..., Ky) = K+, -+, K,,. This means that Ky +, - - -+, K,, is defined
either by

j=1

for all x € R™, or by the corresponding special case of (2.15).
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For real p > 1, K,L € K and «,8 > 0 (not both zero), the Firey linear
combination o - K +, 5 - L € K can be defined by (see [6] and [7])

hia K+, 8- L,-) = ah(K, )’ + Bh(L, ).

Obviously, Firey and Minkowski scalar multiplications are related by o - K =
a/PK. The Ortlicz linear combination, denoted by +,(K,L,a, ) for K, L € K7,
1,02 €  and «, f > 0, is defined (see [9]) by

e (h("‘@(KvL:Oé,ﬁ),ZC)) e (h(—k@(K,L,a,ﬁ),x)) =1 (2.17)

if ah(K,z) + Bh(L,z) > 0, and by h(+4(K,L,«a,3),z) = 0 for the case that
ah(K,x) + Bh(L,x) = 0. It is easy to verify that when ¢i(t) = @o(t) = tP,
p > 1, the Orlicz linear combination +,(K, L, o, ) equals the Firey combination
a- K +, - L. Henceforth we shall write K +,. L instead of +,(K, L, 1,¢), for
e>0,a=1,and = ¢, and assume throughout that this is defined by (2.17).

3. Orlicz mixed quermassintegrals

In the following, for short we set K. := K +,. L, where e >0 and K,L € K.

Lemma 3.1. ([9]) If ¢ € ®,,, then the Orlicz addition +,: (K§)™ — K is
continuous, GL(n) covariant, monotonic, projection covariant and has the identity

property.
Lemma 3.2. ([9]) If K,L € KZ, then

K. — K, (3.1)
in the Hausdorff metric as e — 07.

Lemma 3.3. Let o€ Py, and p1,02€®. If KK, LeEK? and 1 < i <n, then

00’

d 1 h(L,u)
)L WK, K +,. L) =~ ) WK, w) dSi (K, ).
(0h(0)- | WK ey = 5 [ () HO ) dS ()
(3.2)
Proof. From (2.2), (2.17) and in view of L’Hospital’s rule, we have

VVi(K/a KE) - W’L<K/?K>

lim —
e—0t £
1 K
= lim — P ) — WK, u) |dS;(K' u)
84}0+ EN sufl —1 1—8 h’(L7u)
1 22\ WK, u)
! lim 4 dS;(K'u),
n e—=0t Jgn-1
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where

PR ) (i (L) o) ML) dile)),

oy h(K.,u) dz  h(K.,u)? de

N h(L,u) 2 h(L,u) h(L,u)
<“’1 ( o (h(KeM))) e (h(Ks,w T h(K )
Since 1, 2 and ;! are continuous functions, and noting that y — 1~ as ¢ — 0%,
and

dor'(y) _ e @ - (D) 1
dy y—1- y—1 (p1)y(1)°
we obtain
d , 1 / (h(L,u)) ,
2 WK K= ——— | WK, u)dSi(K' ). O
&g IO = L) S £ (i w ) U A8 )

Denoting by W, ;(K', K, L), for any ¢ € ® and 1 < i < n, the integral on
the right-hand side of (3.2) with ¢, replaced by ¢, we see that either side of
the equation (3.2) is equal to W, ;(K’, K, L) and therefore this new geometric
quantity W,,;(K’, K, L) (Orlicz mixed quermassintegrals) has been born. It will
play the same role in Orlicz-Brunn-Minkowski theory as W), ;(K, L) in L,-Brunn-
Minkowski theory.

Definition 3.4. (Orlicz mixed quermassintegrals) For ¢ € ®, the Orlicz mized
quermassintegral, W, ;(K', K, L), for 0 <1i < n, is defined by

WK K L) = /5 gp (%) B, wdS(K' ), (33)

for all K, K, L € K7.

When i =0, W,,;,(K’, K, L) is denoted by V,,(K’, K, L) and called the Orlicz mized
volume of the convex bodies K/, K and L. When K’ = K, the Orlicz mixed volume
of the convex bodies V,,(K', K, L) becomes the Orlicz mixed volumes V,, (K, L).
When ¢;(t) = @o(t) = t? and p > 1, V,(K', K, L) becomes the L,-mixed volume
Vo(K', K, L) of the convex bodies K’, K and L.

Lemma 3.5. If p1,p09 € ® and K, L € K7, and 0 <1 < n, then

o’

.K/ K€ . Z-K’)K
W@z,i(Kla K, L) = (901)2(1) . lim Wl( , ) W( )

e—0t €

(3.4)

From Definition 3.4 or Lemma 3.5, we easily find that the Orlicz mixed quermass-
integral W,,;(K’, K, L) is invariant under simultaneous unimodular centro-affine
transformation.

Lemma 3.6. [fK' K, LeK!, 0<i<mn and p € ®, then for A€ SL(n)
W,i(AK'|AK, AL) = W,,(K', K, L). (3.5)
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4. Orlicz-Minkowski inequality for the Orlicz mixed quermassintegrals

Definition 4.1. (i-th mixed normalized cone measure) If K, K € K7, the i-th
mized normalized cone measure, denoted by W, ;(K’, K, v), is defined by

h(K,v)

Vo (K Koy)= ——"7
de,z( ’ 7U) nVVZ-(K’, K)

For K' = K, W, ;(K', K,v) becomes the i-th normalized cone measure W, ;(K, v),
and, see [39],
h(K,v)

AW, (K, v) = T(K) dS;(K,v). (4.2)

For K/ = K and i = 0, W,,;(K’, K,v) becomes to the normalized cone measure

Vo (K, v), by (see [2] and [9])

AV, (K, v) = Zg((;; dS(K,v).

In the following, we start with two auxiliary results (Lemmas 4.2 and 4.3), which
will be the base of our further study. The Orlicz-Minkowski inequality for the
Orlicz mixed quermassintegrals is established in Theorem 4.4.

Lemma 4.2. [16] (Jensen’s inequality) Suppose that 11 is a probability measure on
a space X and g : X — I C R is a p-integrable function, where I is a possibly
infinite interval. If ¢ : I — R is a convex function, then

| élata)duta) z¢>( / g(x)cm(a:)). (43)

If ¢ is strictly convex, equality holds if and only if g(x) is constant for p-almost
all x € X.

Lemma 4.3. Let 0 < a < oo be an extended real number, and let I = [0,a) be a
possibly infinite interval. Suppose that ¢ : I — [0,00) is convex with ¢(0) = 0. If
K' K € K, and L € K are such that L C int(aK), then

If o is strictly convex, equality holds if and only if K', K and L are dilates of each
other, or L = {o}.

Proof. Since L C int(aK), we have 0 < ,’Z((II;Z)) < afor all u € 8", and
/ AW, (K', K,v) = 1, (4.5)
Snfl

so the equation (4.5) defines a Borel probability measure W, ;(K’, K,v) on S™ 1.
Hence, from (4.1), Jensen’s inequality, Minkowski’s inequality (2.4) for the mixed
quermassintegrals and the fact that ¢ is increasing, we obtain
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m /S ? ( Z(([L(Z;) (K, u)dS;(K' u) =

WL\ - Wi(K', L)
= : AW, (K', K, u) > —
[ <h<K, u>) AR Hou) 2 0 (WAK@ K)
. Wi(K/>(n—i—1)/(n—i) . Wi(L)l/(”_i) WZ-(K', L)
w

- ( Wi(K', K) ) I (m) |

In the following, we discuss the equal condition of (4.4). If ¢ is strictly convex,
suppose that K’, K and L are dilations of each other, namely: there exist A, > 0
such that L = AK and K’ = uL. Hence

m /Sn_l @ (Z((}L(tg) h(K,u)dS;(K' u) =

1 h(AK, u) S, .
— WK /5M<p ( WK ) )h(K, )dS; (MK, w)

This implies that equality in (4.4) holds. On the other hand, suppose that equality
holds in (4.4). Then the Jensen inequality and the Minkowski inequality must
satisfy the equality sign. When ¢ is strictly convex, from the equality condition
of Jensen’s inequality (4.3), it follows that h(L,u)/h(K,u) must be a constant for
Si(K',-)-almost all u € S™~! namely: h(L,u) and h(K,u) are proportional, this
yields that L and K must be dilates. When ¢ is strictly convex, from the equality
condition of Minkowski inequality (2.4), it follows that K’ and L must be dilates.
Combinations of these equality conditions with the case of (4.6) yield that if ¢ is
strictly convex, the equality in (4.4) holds if and only if K, K and L are dilations
of each other. O

Theorem 4.4. (Orlicz-Minkowski inequality for Orlicz mixed quermassintegrals)
Let p e ®. If K', K € K,, L€ K and 0 < i < n, then

00’

Wi(K', L))

(K' K,L)>W;(K' K) -
W%’,z( ) ) )_VVZ( ) ) @(Wi(K/,K)

(4.7)
If p is strictly convez, equality holds if and only if K', K and L are dilates of each
other, or L = {o}.

Proof. This follows immediately from (3.3) and Lemma 4.3 with a = oo. O

Corollary 4.5. (L,-Minkowski inequality for L,-mixed quermassintegrals) If
K 'KeKl, LeK! p>1and0<i<n, then

Wpi(K', K, L)"™" > Wi(K')"" - Wi(K)'"™" - W;(L)?, (4.8)
with equality if and only if K', K and L are dilates of each other, or L = {o}.
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Proof. This follows from (2.4) and (4.7) with ¢(t) =t” and p > 1. O

For K' = K, (4.8) becomes Lutwak’s L,-Minkowski inequality (1.8) for p-mixed
quermassintegals. For K = L, (4.8) becomes the Minkowski inequality (1.5) for
mixed quermassintegals.

Corollary 4.6. [f K', K € K"

00’

LeKl p>1and0<i<n, then
W,i(K',K,L) > WZ-(K',K)l_p-WZ-(K’,L)p, (4.9)

with equality if and only if K', K and L are dilates of each other, or L = {o}.
Proof. This follows immediately from (4.7) with ¢(t) = t? and p > 1. O

For K' = K, (4.9) becomes Lutwak’s L,-Minkowski inequality (1.8). For p = 1,
(4.9) becomes the Minkowski inequality (1.5).

5. Orlicz-Brunn-Minkowski inequality for mixed quermassintegrals

Lemma 5.1. [44] Let K, L € K", € > 0 and ¢ € ®.
(1) If K and L are dilates, then K and K +,. L are dilates.
(2) If K and K +,. L are dilates, then K and L are dilates.

Theorem 5.2. Let pe®y. If K, K'eK!", L € K

00’ o’

and 1 < i < n, then fore >0

> (Wi(K’,K) WZ-(K’,L)>

Wi(K', K.) Wi(K', K.) (5:1)

If p is strictly convezx, equality holds if and only if K', K and L are dilates of each
other, or L = {o}.

Proof. From (1.2), (2.2), (2.15), (3.3) and Theorem 4.4, we obtain for ¢y, s € ®

WK K = /S oy ( :(([i’jf), hﬁ%)’%) WK u) dS,(K", u)

= o (o i) oo (R ) o s

=W i(K' Ko, K) +eWo, (K K., L)

> Wi(K', K.) (@1 (%) e (%) )

— 1) () LU, 52
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Obviously, (5.2) easily yields (5.1). If equality holds in (5.1), then it also holds
in (5.2), with K, L and ¢ replaced by K., K and ¢; (and by K., L and ),
respectively. So if ¢ is strictly convex, then ¢; and @y are also, so both K and
L are multiples of K., these combining Lemma 5.1, it follows that If ¢ is strictly
convex, equality holds if and only if K’, K and L are dilates of each other, or
L = {o}. O
Corollary 5.3. If K, K' € K"

00’

LeKl,p>1andl <i<n, then
Wi(K', K +, LY? > W;(K)Pr==D/0=0 (W (P =0+ WL/ =) | (5.3)
with equality if and only if K', K and L are dilates of each other, or L = {o}.

Proof. This follows immediately from Theorem 5.2 with ¢(xq,x2) = af + 25,
p>1lande=1. U

Putting K’ = K +, L in (5.3), (5.3) becomes Lutwak’s L, Brunn-Minkowski
inequality (1.12) stated in the introduction.

Theorem 5.4. Orlicz Brunn-Minkowski inequality for Orlicz mized quermassin-
tegrals implies Orlicz Minkowski inequality for the mized quermassintegrals.

Proof. From (1.5), (3.4) and by using the Orlicz-Brunn-Minkowski inequality
(5.1), we obtain

1 d
e W (K K, L) = —|  Wi(K', K.
(pr)i(1) 7 ( E =0+ ( )

— lim (WK, K — Wi(K' K)) > lim (WK, K.) — Wi(K', K))

e—0t € e—=0t €
| WK K) - ( Wi(K', K)
o WK, K.) AWK K ,
= lim L (WK K) c Wil Ke)
NN
Wi(K', K)
1t AN TAT S
= lim lim =2 . lim Wi(K' K)
t—1— 1 —p1(t) esot £ e—0+
. WZ(K,7L) /
> 1 AR E) ) WK K
> o e (i) 10
1 Wi(K',L)
> g (AR B KK, 5.4
> o (i) O 54

Replacing @9 by ¢ in (5.4) yields the Orlicz-Minkowski inequality (4.7).

From the equality conditions of the Orlicz-Brunn-Minkowski inequality (5.1), it
follows that if ¢ is strictly convex, the equality in (5.4) holds if and only if K’, K
and L are dilates of each other, or L = {0}, and the proof is complete. O
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From the proof of Theorem 5.2, we can see that the Orlicz Minkowski inequality
for the Orlicz mixed quermassintegrals implies also the Orlicz Brunn-Minkowski
inequality for the mixed quermassintegrals, and combining this with Theorem 5.4,
we find:

Theorem 5.5. The Orlicz Brunn-Minkowski inequality for Orlicz mized quer-
massintegrals is equivalent to the Orlicz Minkowski inequality for the mized quer-

massintegrals. Namely, given ps € ® and ¢ € ®o, K/, K € K, L € K and
1 <@ <n, then
Wi(K',L)
(K'' K.L)>W(K'. K) - A S
W<P2,Z( ) ? ) — M/Z( Y ) 902 <WZ(K,, K))
W1<K/7K) WZ(K/aL)
1> 5.5
= el mn ) O

If o is strictly convex, equality holds if and only if K', K and L are dilates of each
other, or L = {o}.

Corollary 5.6. The Orlicz-Brunn-Minkowski inequality for the Orlicz quermass-
integrals is equivalent to Orlicz-Minkowski inequality for the Orlicz mized quer-
massintegrals. Namely: Let oo € ® and p € ®o. If K € KI', L € K and
0<1i<n, then

: 1/(n—i)
Weni(K, L) = Wi(K)ep ((WM/?EII;%) )

m(K>1/(n—i) Wi(L)l/(n—i)
Wi(KE)l/(nfi)’ M/i(Ks>1/(ni)) (5'6)

<= 12@(

If ¢ is strictly convez, equality holds if and only if K and L are dilates or L = {o}.
Proof. The result follows immediately from Theorem 5.5 with K’ = K. [

6. The log-Minkowski type inequality

Assume that K, L € K, then the log Minkowski combination, (1—\)- K +,A- L,
is defined by

1=XN-K+, ML= () {z€R": - u<h(K u)h(L,u)},
ueSn—1

for all real A € [0, 1]. Boroczky, Lutwak, Yang and Zhang [2] conjecture that for
origin-symmetric convex bodies K and L in R" and 0 < X < 1,

V(=N K+, L) > V(K)7V(L) (6.1)

They proved (6.1) only when n = 2 and K, L must be origin-symmetric convex
bodies.They also showed that (6.1), for all n, is equivalent to the following log-
Minkowski inequality

/SM log <£L<<]L<Z))) v, (K, v) > %log (%) | 62)
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where V,(K, -) is the normalized cone measure for K. In fact, replacing K and L
by K + L and K, respectively, (6.2) becomes the following result:

o100 (i 5 o ) At + £ o ((—v&(?m))l/n- (63

Gardner, Hug and Weil [9] gave a new version of (6.3) for the nonempty compact
convex subsets K and L, not origin-symmetric convex bodies as follows: If K €
Ky, and L € K}, then

h(K, u) _ V(K + L)Y — V(L)Y
/Sn1 log (m) dV,(K+L,u) <log ( VKT D" ) , (6.4)

with equality if and only if K and L are dilates or L = {o}. They also showed
that combining (6.3) and (6.4) yields the classical Brunn-Minkowski inequality.

V(K + L)Y —V(L)Y™ > V(K)Y".

In particular, if (6.2) holds (as it does, for origin-symmetric convex bodies when
n = 2), then (6.2) and (6.4) together furnish the classical Brunn-Minkowski in-
equality.

In the following, we give some new general versions of (6.4).

Theorem 6.1. If K/, K€K, LeK! are such that LCintK and 1 <i < n, then

00’

R R A

with equality if and only if K', K and L are dilates of each other, or L = {o}.

Proof. Let ¢(t) = —log(1—t), and notice that ¢(0) = 0 and ¢ is strictly increasing
and strictly convex on [0,1) with () — oo as t — 17. Hence inequality (6.5) is
a direct consequence of Lemma 4.3 with a = 1. Il

For K’ = K, (6.5) becomes the following result.
Corollary 6.2. If K € K!), L € K! are such that L C intK and 1 <1 <n, then

00’

Wi (K)Y =0 — (L)Y (=) h(K,u) — h(L,u)
os Wi(K) )= [ ("

) de,i(K7 U),
) (6.6)
with equality if and only if K and L are dilates or L = {o}. Here, dW, ;(K,u) is

as in (4.2).
Theorem 6.3. I[f K, K e K"

00’

Le K} are such that LCintK and 1 <i <mn, then

Wi(K', K + L) - Wi(K',K) h(L,u) o
- ( Wi(K' K + 1) > Z/s <8 (m) Wn (K", K+ L),
(6.7)

with equality if and only if K', K and L are dilates of each other, or L = {o}.

n—1
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Proof. If K € K7 and L € K, then K+ L € K7,. Noting that K, L C int(K+L)
and using Theorem 6.1 with replacing K and L by K + L and K, respectively,
(6.6) easily follows. O

When K’ = K + L, (6.6) becomes the following result.
Corollary 6.4. If K € K), L € K and 1 <i < n, then

00’

Wi(K + L)Y =) — Wi (K)Y/ ¢ h(L,u) _
1 , > [ tog (22 ) g, (K + L, ),
Og( Wi(K + L)Y —/Snf)g h(K + L, u) (K+Lu)
(6.8)
with equality if and only if K and L are dilates or L = {o}.
Putting i = 0 in (6.8), (6.8) reduces to (6.4).
Theorem 6.5 If K'K € K}, L € K and 1 <1i <mn, then
h(L,u)\ .~ Wi(K', L)
1 RN g, (K K ) > 2 6.9
o [ o (i ) Wl Ko 2 s 09

with equality if and only if K', K and L are dilates of each other, or L = {o}.
Proof. The result follows from Lemma 4.3 with p(t) = €' — 1 and a = co. O

Remark 6.6. Similarly, L,-Minkowski inequality (4.8) for L,-mixed quermass-
integrals W, ;(K’, K, L) can be written as

(] (B o) = WAL o

with equality if and only if K’, K and L are dilates of each other, or L = {o}.
When p = 1, (6.10) becomes a new form of the Minkowski inequality (2.4) written
as

/sm (l};((I[;Z))) AW, (K', K u) > %’

with equality if and only if K" and L are dilates or L = {o}. Namely,
Wi(K/, L)n—z Z m(K,)n_i_1Wi(L),

with equality if and only if K" and L are dilates, or L = {o}.

We also point out a conjecture which is an extension of the log Minkowski in-
equality as follows.

Conjecture 6.7. If K', K € K"

00’

LeKl and1l <1i<n, then

/SM log (Z((IL{ZD dS,(K', K, u) > log (%) . (6.11)
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When K’ = K and ¢ = 0, (6.11) becomes the log-Minkowski inequality (6.2).
Noting that L C int(K + L) and from (6.11) with K replaced by K + L, we have

/S log (%) dS;(K', K + L,u) > log (WV<VK<KK i)L))  (612)

It’s very interesting to see that combining (6.12) and (6.7) together split the
following Brunn-Minkowski type inequality for the mixed quermassintegrals:

Wi(K', K + L) > W,(K',K) + Wi(K', L), (6.13)

with equality if and only if K’, K and L are dilates of each other, or L = {o}.
Putting K’ = K + L in (6.13), (6.13) becomes the classical Brunn-Minkowski
inequality for quermassintegrals

I/Vi(K_'_L)l/(n—i) > Wi(K)l/("_i) i Wi(L)l/(n_i)7

with equality if and only if K" and L are dilates or L = {o}.

7. Orlicz-Minkowski inequality for Orlicz mixed projection quermass-
integrals

In 2010, Lutwak, Yang and Zhang [28] defined the Orlicz projection body IL,K
of K € K" ,u € S™ ! through its support function

00

Ju - vl

h(II,K,u) = inf {)\ >0: /Sn_l © (m) dVi (K, v) < 1} : (7.1)

for all u € S"~1, where V,,(K,-) is the normalized cone measure for K. Here, we
define the Orlicz mixed projection body.

Definition 7.1. Let K/, K € K", ¢ € ® and 0 < i < n. The Orlicz mized

007

projection body I1,;(K’, K) is defined by

WL (K", K), 1) = inf {/\ =0 /S K (%) AV, (K K, ) < 1} (7.2)

for u € S™1.

Obviously, when K’ = K and ¢ = 0, (7.2) becomes (7.1). In (7.2), for L € K7,
replacing |u - v| by h(L,u) yields

— h(L _
Wi (K' K, L) :inf{)\>0:/51g0 (%) AW, (K", K, u) < 1}, (7.3)

that we call the Orlicz mized projection quermassintegral. When K' = K, (7.3)
becomes the quantity defined in [9]:

W,i(K, L) = inf {A >0: /S 0 <%) AW, (K, u) < 1} .
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We prove the following Orlicz-Minkowski type inequality for the Orlicz mixed
projection quermassintegrals W, ;(K’, K, L).

Theorem 7.2. If K', K € K"

00’

LeKl, ope®andl <i<n, then

= Wi (K',L)

W,i(K' K,L) > WK K): (7.4)

If ¢ is strictly convex and W;(L) > 0, equality holds if and only if K', K and L
are dilates of each other.

Proof. Replacing K by AK, A > 0 in (4.4) with a = 0o, we have

/S v (%) AW, (K’ K u) > ¢ G : %) . (75)

Suppose that

h(L,u) _ / B
Lo Gy ) st 6 =1 )

From (7.3), we have
Wil K K, L) = \ (7.7)

On the other hand, from (7.5) and (7.6), we have

Noting that ¢ is increasing and ¢(1) = 1, we obtain

Wi(K', L)
Wi(K', K)

IN

A (7.8)

From (7.7) and (7.8) we see that (7.4) follows.
Now, we discuss the equality condition for (7.4). Suppose that equality holds, ¢

o~

is strictly convex and W;(L) > 0. From (7.3), the exist = W, ;(K',K,L) > 0

satisfying
h(L, u) ) o
o\ ——— | dW, (K", K,v) = 1.
/Sn—l (IU/h/(K, u) ( )
Wi(K', L) 1 Wi(K' L)
H = ——" d - —— | =1
ence [ WK K and ¢ ( WK K

Therefore the equality in (7.5) holds for A = p. From the equality condition of
(4.4), it follows that K’, K and L are dilates of each other. O
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When K’ = K, (7.4) becomes the following result.
Corollary 7.3. If K e K, Le K!', p € ® and 1 <1 <n, then

00’

WoilK.L) > (VVVV((?) > o,

If ¢ is strictly conver and W;(L) > 0, equality holds if and only if K', K and L
are dilates of each other.

Remark 7.4. When ¢(t) = t? and p > 1 in (7.3), it easily follows that, if
K KeKl,LeK! p>1and0<i<n,then

00

—~

W, (K' K,L) = (

W, (K’ K, L)\ "
D, ( ) ) )) (71())

Wi(K', K)

Putting ¢(t) = t? and p > 1 in (7.4), from (7.10), and in view of W;(L) > 0, (7.4)
reduces to the following result:

W,i(K' K, L) > W;(K', K)"™? - W (K', L), (7.11)

with equality if and only if K/, K and L are dilates of each other. Putting K’ = K
in (7.11), (7.11) reduces to Lutwak’s L,-Minkowski inequality (1.8) stated in the
introduction.
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