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1. Introduction

Let H be a real Hilbert space and let C' be a nonempty, closed and convex subset
of H. For a mapping U: C' — H, we denote by F(U) the set of fized points of U.
Let t be a real number with 0 <t < 1. A mapping U: C — H is called a t-strict
pseudo-contraction [3] if

Uz — Uy|]® < ||z — y||* + t|z — Uz — (y — Uy)|]?

for all z,y € C. If U is a t-strict pseudo-contraction and F(U) # (), then we have
that, for x € C and ¢ € F(U),

Uz = qll? < lle — ql* + ta — Ua|?
and hence
Uz — z|* + ||z — ql|* + 2(Uz — 2,2 — q) < ||lz — q|” + t]|z — Uz,
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Therefore, we have that

2
1-1

(2~ Uz,x—g) > |l - Usl? (1)

for all x € C' and ¢ € F(U). A mapping U: C — H is called generalized hybrid
[7] if there exist «, 5 € R such that

a|Uz = Uyl* + (1 = a) |z — Uy|l* < BllUz — y[I* + (1 = B)llz — y*

for all z,y € C. Such a mapping U is called («, 8 )-generalized hybrid. Notice that
the class of generalized hybrid mappings covers several well-known mappings. For
example, a (1,0)-generalized hybrid mapping is nonezpansive, i.e.,

Uz = Uyl < lz—yl, Va,yeC.
It is nonspreading [8, 9] for « =2 and =1, i.e.,
2|Uz — Uy|]* < Uz —ylI* + Uy — =|*, Vz,y€eC.
It is also hybrid [19] for o = 2 and § = 3, i,
3|Uz — Uyl < lla =yl + Uz —y|* + Uy — 2|*, Va,yeC.

In general, nonspreading and hybrid mappings are not continuous; see [5]. If U is
generalized hybrid and F(U) # (), then we have that, for x € C and ¢ € F(U),

allg = Uzl + (1 = a)llg = Uz|* < Bllg — =l + (1 = B)llg — «|*
and hence |Uz — ¢||* < [l — ¢|[>. From
Uz — 2| + [lz — ql|* + 2(x — ¢, Uz — 2) < [l — g%,
we have that
2(r — q, v — Uz) > ||z — Uz (2)

We also know that there exists such a mapping in a Banach space. Let E be a
smooth Banach space and let B be a maximal monotone operator with B~0 # ().
Then, for the metric resolvent J, of B for A > 0, we have from [17] that, for any
r € FE and ¢ € B710,

(Jye —q,J(x — Jyx)) > 0.

Then we get (Jxx —x+x —q,J(z — Jyz)) > 0 and hence
(x—q,J(x — Jzx)) > ||z — Jhz|>. (3)

Motivated by (1), (2) and (3), Kawasaki and Takahashi [6] introduced a new
nonlinear mapping as follows: Let E be a smooth Banach space, let C' be a
nonempty, closed and convex subset of E and let 6 be a real number with 6 # 0.
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A mapping U: C — E with F(U) # 0 is called generalized demimetric [6] if there
exists # € R with 6 # 0 such that, for any x € C' and ¢ € F(U),

0{x —q,J(x — Ux)) > ||z — Uzl (4)

Such a mapping U is called 0-generalized demimetric. According to the definition,
we get that a t-strict pseudo-contraction U with F(U) # () is ll_t—generahzed demi-
metric, an (a, ()-generalized hybrid mapping U with F(U) # () is 2-generalized
demimetric and the metric resolvent Jy with B~10 # () is 1-generalized demimet-
ric.

On the other hand, we know the C-Q method introduced by Solodov and Svaiter
[14] for finding a solution of an optimization problem; see also [12, 13]. Fur-
thermore, we know the shrinking projection method introduced by Takahashi,
Takeuchi and Kubota [21] for finding a fixed point of a nonexpansive mapping.

In this paper, using this new nonlinear mapping called generalized demimetric and
the C-Q method, we first prove a strong convergence theorem for finding a fixed
point for the mapping in a Banach space. Furthermore, using the mapping and
the shrinking projection method, we prove another strong convergence theorem
in a Banach space. We apply these results to obtain new strong convergence
theorems in a Hilbert space and a Banach space. In particular, one of them
extends simultaneously the results by Nakajo and Takahashi [12], and Solodov
and Svaiter [14] in a Hilbert space to that in a Banach space.

2. Preliminaries

Let E be a real Banach space with norm || - || and let E* be the dual space of E.
We denote the value of y* € E* at € E by (z,y*). When {z,} is a sequence in
E, we denote the strong convergence of {x,} to x € E by x, — = and the weak
convergence by x,, — x. The modulus 6 of convexity of E is defined by

) r+y
o0 =int {1 o < 1yl < 1o -l 2

for every € with 0 < € < 2. A Banach space F is said to be uniformly convex if
d(e) > 0 for every e > 0. It is known that a Banach space E is uniformly convex
if and only if, for any two sequences {z, } and {y,} in E such that

lim ||z,|| = lim [|y,|| =1 and lim ||z, + y.| = 2,
n—00 n—00 n—00
lim,, o0 || — yn|| = 0 holds. A uniformly convex Banach space is strictly convex

and reflexive. We also know that a uniformly convex Banach space has the Kadec-
Klee property, i.e., z,, = v and ||z, || — |ju|| imply z,, = u; see [4].

The duality mapping J from E into 2F is defined by

Jr={a" € E*: {z,2") = |l]|* = ||2"||*}
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for every x € E. Let U = {x € E : ||z|]| = 1}. The norm of E is said to be
Gateaux differentiable if for each x,y € U, the limit

tyll —
e+ gl ] 5
t—0 t

exists. In this case, F is called smooth. We know that E is smooth if and only
if J is a single-valued mapping of E into £E*. We also know that E is reflexive if
and only if J is surjective, and FE is strictly convex if and only if J is one-to-one.
Therefore, if F/ is a smooth, strictly convex and reflexive Banach space, then J is
a single-valued bijection and in this case, the inverse mapping J~! coincides with
the duality mapping J, on E*. For more details, see [16] and [17]. We know the
following result:

Lemma 2.1. ([16]) Let E be a smooth Banach space and let J be the duality
mapping on E. Then, (x —y,JJx — Jy) > 0 for all x,y € E. Furthermore, if £
is strictly convex and (x —y, Jx — Jy) =0, then z = y.

Let C be a nonempty, closed and convex subset of a strictly convex and reflexive
Banach space E. Then we know that for any x € F, there exists a unique element
z € C such that ||z — z|| < ||z — y|| for all y € C. Putting z = Pcx, we call such
a mapping Po the metric projection of £ onto C'.

Lemma 2.2. ([16]) Let E be a smooth, strictly convex and reflexive Banach space.
Let C' be a nonempty, closed and convexr subset of E and let x1 € E and z € C.
Then, the following conditions are equivalent:

(1> 2= Poxy;
(2) (z—y,J(x1—2)) >0, VyeC.

Let E be a Banach space and let A be a mapping of F into 2. The effective
domain of A is denoted by dom(A), that is, dom(A) = {z € E : Az # 0}. A
multi-valued mapping A on FE is said to be monotone if (x — y,u* — v*) > 0 for
all z,y € dom(A), u* € Az, and v* € Ay. A monotone operator A on F is said
to be mazimal if its graph is not properly contained in the graph of any other
monotone operator on E. The following theorem is due to Browder [2]; see also
[17, Theorem 3.5.4].

Theorem 2.3. ([2]) Let E be a uniformly convex and smooth Banach space and
let J be the duality mapping of E into E*. Let A be a monotone operator of E
into 257, Then A is mazimal if and only if for any r > 0, R(J +1rA) = E*,
where R(J 4+ rA) is the range of J +rA.

Let E be a uniformly convex Banach space with a Gateaux differentiable norm
and let A be a maximal monotone operator of E into 2¥". For all z € E and
r > 0, we consider the following equation

0e€ J(x, —x)+rAzx,.

This equation has a unique solution z,; see [17]. We define J, by x, = J,z. Such
J., > 0 are called the metric resolvents of A. The set of null points of A is
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defined by A™'0 = {2z € £ : 0 € Az}. We know that A7'0 is closed and convex;
see [17].

For a sequence {C,,} of nonempty, closed and convex subsets of a Banach space E,
define s-Li,, C}, and w-Ls, C,, as follows: = € s-Li, C,, if and only if there exists
{z,} C E such that {x,} converges strongly to x and z, € C, for all n € N.
Similarly, y € w-Ls, C,, if and only if there exist a subsequence {C,, } of {C),}
and a sequence {y;} C E such that {y;} converges weakly to y and y; € C,, for
all ¢ € N. If C satisfies

Cy = sLiC, = w-LsC,, (6)

it is said that {C,} converges to Cy in the sense of Mosco [11] and we write
Co = M-lim,,_,,, C,,. Tt is easy to show that if {C},} is nonincreasing with respect
to inclusion, then {C,} converges to () —, C,, in the sense of Mosco. For more
details, see [11]. The following lemma was proved by Tsukada [24].

Lemma 2.4 ([24]). Let E be a uniformly conver Banach space. Let {C,} be
a sequence of nonempty, closed and convex subsets of E. If Cy =M-lim,, ., C),
exists and nonempty, then for each x € E, {Pg,x} converges strongly to Pg,x,
where Pc, and Pe, are the mertic projections of E onto C,, and Cy, respectively.

Let E be a smooth Banach space, let C' be a nonempty, closed and convex subset
of E and let # be a real number with # # 0. Then a mapping U: C — E with
F(U) # 0 is called generalized demimetric if it satisfies (4), that is, for any z € C
and ¢ € F(U),
O{x —q,J(x — Ux)) > ||z — Uzl
Such a mapping U is called 6-generalized demimetric. This generalized the concept
of demimetric mappings in the sense of Takahashi [20]. Let n be a real number
with n € (—o0,1). A mapping U: C — E with F(U) # () is called n-demimetric
[20] if, for any « € C' and q € F(U),
2(x — g, J(x — Ux)) > (1 = n)||lz — Uz|*.

If a mapping U is #-generalized demimetric and 6 > 0, then U is (1 — %)—
demimetric. The concept of generalized demimetric mappings is new if § < 0.
We know examples of generalized demimetric mappings with 6 < 0; see [6].

Example 2.5. ([6]). Let H be a Hilbert space, let C' be a nonempty, closed and
convex subset of H and let T" be a mapping from C' into H. Suppose that T is
Lipschitzian, that is, there exists L > 0 such that

|Tx — Ty|| < Lljx — y||

for all z,y € C. Let S = (L+ 1) = T. If F(L) # 0, then S is (—2L)-generalized
demimetric. ]

Let H be a Hilbert space and let C' be a nonempty, closed and convex subset of
H. For a > 0, a mapping B: C' — H is called a-inverse strongly monotone if

(z —y,Bx — By) > o||Bx — By|]*, Va,yeC.
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Example 2.6. ([6]). Let H be a real Hilbert space, let C' be a nonempty, closed
and convex subset of H and let > 0. If B be an a-inverse strongly monotone
mapping from C into H with B710 # (), then T = I + B is (—é)—generalized
demimetric. [

3. Main results

Let E be a Banach space and let C' be a nonempty, closed and convex subset
of E. A mapping U: C — E is called demiclosed if, for a sequence {z,} in C
such that x, — p and x, — Ux, — 0, p = Up holds. In this section, using
the C-Q method, we first prove a strong convergence theorem for finding a fixed
point of a generalized demimetric mapping in a Banach space which generalizes
simultaneously the results by Nakajo and Takahashi [12] and Solodov and Svaiter
[14] in a Hilbert space. Before proving the result, we need two important lemmas
for generalized demimetric mappings in a smooth, strictly convex and reflexive
Banach space.

Lemma 3.1. ([6]) Let E be a smooth, strictly convex and reflexive Banach space
and let C' be a nonempty, closed and convex subset of E. Let 6 be a real number
with 8 # 0. Let T be a 0-generalized demimetric mapping of C into E. Then
F(T) is closed and conver.

Lemma 3.2. ([6]) Let E be a smooth Banach space, let C' be a nonempty, closed
and conver subset of E and let 6 be a real number with 6 # 0. Let T be a 0-
generalized demimetric mapping from C into E and let k € R with k # 0. Then
(1 = k)] + KT is 0k-generalized demimetric from C into E.

Using Lemmas 3.1 and 3.2, we obtain the following strong convergence theorem
by the hybrid method [12] in a Banach space.

Theorem 3.3. Let E be a uniformly conver and smooth Banach space and let
JE be the duality mapping on E. Let C be a nonempty, closed and convexr subset
of E and let 6 be a real number with 0 # 0. Let T: C — E be a 0-generalized
demimetric and demiclosed mapping with F(T) # 0. Let k be a real number with
0k > 0. Let 1 € C and let {x,} be a sequence generated by

zn = (1 —ap)zy, + an((1 = k) + ET)x,,
w={2€C:0k(z, —z, Jp(v, — 2,)) > ||Tn — 2a|1?},

Qn={2€C:{(x,—z Jg(x; —x,)) >0},

Tn+1 = Po,ng,r1, Vn €N,

where 0 < a < ay, < 1 for some a € R. Then {x,} converges strongly to a point
20 € F(T), where zy = Pp(r)x:.

Proof. It is obvious that C, N @, is closed and convex for all n € N. Let us
show that F(T') C C, for all n € N. Putting U = (1 — k)I + kT, we have that
F(T) = F(U) and U is 0k-generalized demimetric from Lemma 3.2. We have that
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for any z € F(U) = F(T) and n € N,
Ok(x, — 2z, Jp(x, — 2)) = Ok(x,, — 2z, anJg(x, — Uxy,))
= Okay (v, — 2, Jp(x, — Uxy,)) > apl|zn — Uzy)? (7)

2

Q 1
= ||z, — U$HH2 = — o, — anQ > ||z, — ZnHQ.
n an

Then we have that F(U) = F(T) C C, for all n € N. We show that F(U) =
F(T)c @, foralln e N. Since Q1 ={2€ C: (x; —2,Jg(x1 —21)) >0} =C, it
is obvious that F(U) = F(T) C . Suppose that F(U) = F(T) C @; for some
j € N. Then F(U) = F(T) C C;NQ;. By x;11 = Po,ng,v1, we have that

<ZL‘j+1 —Z, JE(?El — l’j+1)> Z 0, Vz € Cj N Qj
and hence
<$j+1 — Z, JE(.I'l — ZL’j+1)> Z O, Vz € F(U) = F(T)

Then, F(U) = F(T) C Qj+1. We have by mathematical induction that F'(U) =
F(T) C @, for all n € N. Thus, we have that F(U) = F(T) C C,, N Q, for all
n € N. This implies that {z,} is well defined.

Since F(T) is nonempty, closed and convex from Lemma 3.1, there exists 2y €
F(T) such that zy = Ppryr1. By 2n41 = Pe,ng, %1, we have that

|21 = @pgall < flze —yll, Yy € CN Qs
Since 2o € F(T) C C,, N Q,,, we have that
|21 = T || < [lor — 2o (8)

This means that {x,} is bounded.

Next, we show that lim, o ||€;, — Zpy1]| = 0. From the definition of @Q,,, we have
that z,, = Py, x1. From z,41 = Pc,ng, 21 we have that z,1 € Q,. Thus

|lxn — 21| < ||Tpne1 — x1]], Vn €N.

This implies that {||z1 — x,||} is bounded and nondecreasing. Then there exists
the limit of {||z1 — z,,||}. Put lim,, ||z, — 21]| = ¢. If ¢ = 0, then lim,,_, ||z, —
Tpt1]] = 0. Assume that ¢ > 0. Since z,, = Py, 1, Tpt1 € Qp and m”zﬂ € Qn,
we have that

Ty + Tt 1
|21 — 2ol < lz1 — ”THH < Sy = zall + |21 = 2n4al])
and hence
lim |l — %H —c
n—oo

Since E is uniformly convex, we get that lim, . ||z, — Tpe1|| = 0.
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We have from z,,, € C), that
l2n = zal* < Ok{an — Turs, Je(2n — 20))- (9)
We also have from 0k > 0 that for z € F(T) and n € N,
lzn = 2al® < Ok{zn — 2, Tp(2n = 20)) < Oklzn — 2|[lon — 2
and hence ||z, — z,|| < 0k||z, — z]|.

Then, {z,} is bounded. Since lim, o ||z — Zp41]] = 0 and {z,} is bounded, we
have from (9) that lim, ., ||z, — 2,|| = 0. Since 6k > 0 and

20 — 20|* = @lllzn — Uz, |* > a®K? ||z, — Ty %,
we get that
lim ||z, — Tx,|| = 0. (10)
n—oo

Since {z,} is bounded, there exists a subsequence {x,, } of {x,} converging weakly
to w. Since T is demiclosed, we have that w € F(T).
From zy = Pp(pyz1 and w € F(T), we have from (8) that

|21 — 20l < [lz1 — w|| < liminf ||z, — 2, ||
71— 00

< limsup ||z — || < [lz1 — 20]-
1—r 00
Then we get that
lim [|zy — 2, || = [[21 — w]| = [lz1 — 20|
1— 00

From the Kadec-Klee property of E, we have that 1 — x,, — 21 — w and hence
Tp, = W = Zp.

Therefore, we have x,, — 23. This completes the proof. O

Next, using the shrinking projection method [21], we prove a strong convergence
theorem for finding a fixed point of a generalized demimetric mapping in a Banach
space.

Theorem 3.4. Let E be a uniformly conver and smooth Banach space and let
Jg be the duality mapping on E. Let C' be a nonempty, closed and convex subset
of E and let 0 be a real number with § # 0. Let T: C — E be a 0-generalized
demimetric and demiclosed mapping with F(T) # 0. Let k be a real number with
Ok > 0. Let x1 € C and let Cy = C. Let {x,} be a sequence generated by

2= (1= an)zn + (1 — k) + kET)z,,
Crhi1={2€C,:0k{x, — 2, Jp(xn — 2)) > |70 — 20|},
Tpt+1 = PCn.Hxla Vn € N7

where 0 < a < ay, < 1 for some a € R. Then {x,} converges strongly to a point
29 € F(T), where zy = Pp(r)a:.
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Proof. It is obvious that (), are closed and convex for all n € N. We show that
F(T)=F(U) C C, for all n € N. It is obvious that F(T') C C = C}. Suppose
that F'(T') C C; for some j € N. As in the proof of Theorem 3.3, we have that
for all z € F(T),

Ok(x; — z, Jp(x; — 25)) = Oka;(z; — 2z, Jp(x; — Uxy))
(11)

1
> ajllz; — Uzl = a—||$j — Uzl > ||z; — Uz
J

Then, F(T) C Cj41. We have by mathematical induction that F/(T") C C, for all
n € N. This implies that {z,} is well defined.

Since F(T) is nonempty, closed and convex from Lemma 3.1, there exists zq €
F(T) such that zy = Pp(ryr;. From z, = P¢, 2, we have that

o1 = 2| < [lar =y
for all y € C,,. Since zy € F(T') C C,, we have that

[1 =z < 21 = 2. (12)

Let Cy = (,—, Cy. Since Cy D F(U) # (), we have that Cj is nonempty. Since
Co = M-lim,, o, C,, and x,, = Pg, x; for every n € N; by Lemma 2.4 we have

Ty, — To = Poyxy.

From this, we have that ||z, — z,41|| = 0. From z,41 = P¢,,,z1, we have

ZTpi1 € Chyq. As in the proof of Theorem 3.3, we get that =, — z, — 0. Since
|2y — Zn||2 = 05121”9371 - UCUnH2 > a2k2||xn - TanQv
we get that
lim ||z, — Tx,| = 0. (13)
n—oo

Since {z,} converges strongly to zo, {x,} converges weakly to xy. Since T is
demiclosed, we have that zy € F(T).

From zy = Ppnya1, 29 € F(T), 2, = xo and (12), we have that
|21 = 20]| < [[21 — @ol| = lim [|z1 — 2| < [z — 20l-
n—oo

Then we get that x¢g = zy. Therefore, we have x,, — xo = 29. This completes the
proof. O

4. Applications

In this section, using Theorems 3.3 and 3.4, we get new strong convergence the-
orems in a Hilbert space and a Banach space. We know the following lemma
obtained by Marino and Xu [10]; see also [22].
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Lemma 4.1. ([10, 22]) Let H be a Hilbert space and let C' be a nonempty, closed
and convex subset of H. Lett be a real number with 0 <t <1 andletU: C — H
be a t-strict pseudo-contraction. If v, — z and x, — Uz, — 0, then z € F(U).

We also know the following lemma from Kocourek, Takahashi and Yao [7]; see
also [23].

Lemma 4.2. ([7, 23]) Let H be a Hilbert space, let C' be a nonempty, closed and
convexr subset of H and let U: C' — H be generalized hybrid. If z, — 2z and
xy, —Ux, — 0, then z € F(U).

Let H be a Hilbert space and let C' be a nonempty subset of H. Suppose that
T: C — H is a Lipschitzian mapping, that is, there exists L > 0 such that

Tz =Tyl < Lljz -yl

for all z,y € C. Let S = (L + 1) — T and suppose F (L) # (. Then we know
from Example 2.5 that S is (—2L)-generalized demimetric. In fact, we have that
z € F(L)if and only if z € F(S). Furthermore, if F(S) # (), then we have that
for any x € C' and z € F(95),

T 2
02 12| g7 =] ~ e =)
T 2 T
:L2(‘Zx—xH +||x—z||2+2<zx—x,x—z>—||x—z||2>
= Tz — Lz|* + 2L{Tx — Ly, z — 2) = ||z — Sz||* + 2L{x — Sz, — 2)

and hence
—2L{x — z,x — Sx) > ||z — Sz|*.

Then we have that S is (—2L)-generalized demimetric.

Theorem 4.3. Let H be Hilbert spaces and let C' be a nonempty, closed and
convex subset of H. Let L > 0. Assume that T: C — H is L-Lipschitzian and
F(L)#0. Let vy € C and let {x,} be a sequence generated by

zn = (1= L) +T)z,,

C,={z€C:2L(x, — 2,0y, — 2,) > ||xn — 2.||*},
Qn={z€C:{(r,—zx1—x,) >0},

Tnt1 = Po,ng,x1, Vn €N

Then {x,} converges strongly to a point zy € F(%), where zy = PF(%)ml.

Proof. Since T is L-Lipschitzian and F() # 0, S = (L + 1)I — T is (—2L)-
generalized demimetric. Take k = —1 and «,, = 1 in Theorem 3.3. Then we have
that 0k = 2L and

2n = (1—ap)zn+a,(1=K)I+kS)z, = 21— (L+1)I-T))x, = (1 - L)+T)x,.
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Furthermore, from Lemma 4.1, S is demiclosed. In fact, if x, — z and z, — Sz,, —
0, then

1 1 T

Z(xn — Sx,) = Z(Txn — Lx,)z, = 7%~ Tn — 0.
Since I is nonexpansive and hence demiclosed, we have z € F(L) = F(S). There-
fore, we have the desired result from Theorem 3.3. ]

Let H be a Hilbert space and let C' be a nonempty, closed and convex subset of
H. Let @« > 0 and let A: C — H be an a-inverse strongly monotone mapping.
Putting U = [+ A, we have from Example 2.6 that U: C' — H is a ’El—generalized
demimetric mapping. In fact, since A: C' — H is a-inverse strongly monotone,
we have that for any z € C' and z € A~'0 = F(U),

(x — 2, Az) > af Az

and hence (x — z, Ux — z) > «||[Uz — z||*. Then, we have

— {1 —z,x —Ux) > ||z — Uz|. (14)
«

Theorem 4.4. Let H be Hilbert spaces and let C' be a nonempty, closed and convex
subset of H. Let T: C — H be a nonexpansive mapping such that F(T) # (). Let
x1 € C and let {x,} be a sequence generated by

zn = 21w, — xy,

Co={2€C: 4z, — 2,2, — 2n) > ||zn — 2a|]*},
Qn={z€C:(x,— 2z —x,) >0},

Tnt1 = Po,ng,r1, Yn eN.

Then {x,} converges strongly to a point zy € F(T), where zg = Pp(r)t1.

Proof. Since T is a nonexpansive mapping of C' into H such that F(T) # (),
[ — T is 3-inverse strongly monotone. From (14), U = 21 — T is (—2)-generalized
demimetric. Take k = —2 and «,, = 1 in Theorem 3.3. Then we have that 0k = 4
and

20 = (1 — ap)n + an((1 — k)T + kU )a, = (31 — 2(21 — T))zn = (2T — D,

Furthermore, from Lemma 4.1, U is demiclosed. In fact, if z,, — z and z,— Uz, —
0, then

Tz, —x, =z, — (2x, — Tx,) =z, — Uz, — 0.

Since T' is nonexpansive and hence it is demiclosed, we have z € F(T) = F(U).
Therefore, we have the desired result from Theorem 3.3. [
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Theorem 4.5. Let H be Hilbert spaces and let C' be a nonempty, closed and
conver subset of H. Let t be a real number with t € [0,1). Let U: C — H be
a t-strict pseudo-contraction such that F(U) # (. Let x1 € C and let {x,} be a
sequence generated by

Zn = (1 — ap)zn + Uy,

Co={2€C: F(xy— 2,20 — 2) > ||n — 2|},
Qn={z€C:{x,—z1x1—x,) >0},

Tni1 = Po,ng.1, Vn €N,

where 0 < a < a, < 1 for some a € R. Then {x,} converges strongly to a point
20 € F(U), where 2o = Pp)1.

Proof. Since U be a t-strict pseudo-contraction of C' into H such that F(U) # (),

from (1), U is %—generalized demimetric. Furthermore, from Lemma 4.1, U is

demiclosed. Therefore, we have the desired result from Theorem 3.3. O

Theorem 4.6. Let H be a Hilbert space and let C' be a nonempty, closed and con-
vex subset of H. Let U: C — H be a generalized hybrid mapping with F(U)#1).
Let x1 € C and let {x,} be a sequence generated by

z2n = (1 —ap)zy + Uy,
Cn={2€C: |z =zl <[z = aall},
Qn={2€C:(xy,— 221 —x,) >0},
Tni1 = Po,nq. 71, Vn € N,

where 0 < a < ay, < 1 for some a € R. Then {x,} converges strongly to a point
20 € F(U), where 2o = Pp)a1.

Proof. Since U be a generalized hybrid mapping of C' into H such that F(U) # (),
from (2), U is 2-generalized demimetric. Thus, the inequality in Theorem 3.3 is

2ry — 2,00 — 2n) > ||Tn — 20|
Using this inequality and
2T = 2,80 = 2n) = 20 — 2al® + 12 — @all* = 2 — 2l
we have ||z — z,]|? < ||z — z,]|?, that is, ||z — 2,|| < ||z — x| in Theorem 4.6.

Furthermore, from Lemma 4.2, U is demiclosed. Therefore, we have the desired
result from Theorem 3.3. Il

In the case when U is nonexpansive, we have the following result by Nakajo and
Takahashi [12].
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Theorem 4.7. ([12]) Let H be a Hilbert space and let C' be a nonempty, closed and
conver subset of H. Let U: C — H be a nonexpansive mapping with F(U) # ().
Let x1 € C and let {x,} be a sequence generated by

zn = (1 —ay)z, + @, Uxy,
Crn={2€C: |z =2z < |z -z},
Qn={2€C:{(r,—z,x1—x,) >0},
Tni1 = Po,ng,r1, Vn €N,

where 0 < a < a, < 1 for some a € R. Then {x,} converges strongly to a point
20 € F(U), where 2o = Pp)a1.

Using Theorem 3.3, we also have the following strong convergence theorem for
finding a zero point of a maximal monotone operator in a Banach space. This
theorem extends the result of Solodov and Svaiter [14] in a Hilbert space to that
in a Banach space.

Theorem 4.8. Let E be a uniformly convexr and smooth Banach space. Let Jg
be the duality mapping on E. Let A be a maximal monotone operator of E into
E* and let Jy be the metric resolvent of A for A > 0. Let x1 € E and let {z,} be
a sequence generated by

z2n = (1 — o)y + anJrxy,
Chn={2€FE:(z,— 2z Jp(x, — 2z,)) > 0},
Qn={z€E:{(x,—z Jg(x; —x,)) >0},
Tnt1 = Po,ng,1, Yn €N,

where 0 < a < ay, < 1 for some a € R. Then {x,} converges strongly to a point
20 € A0, where zg = Pa-1971.

Proof. Since J) is the metric resolvent of A, from (3), J, is 1-generalized demi-
metric. Thus, the inequality in Theorem 3.3 is

(T — 2, J5(Tn — 22)) > |20 — 20|
Using this inequality and ||z, —2,||* = (xn—2n, JE(Tn—2,)), We have the inequality
(zn — 2, Jp(Tn — 2,)) >0

in Theorem 4.8. We also have that if {z,,} is a sequence in E' such that x,, — p and
x, — JJyr, — 0, then p = Jyp. In fact, assume that z,, — p and z,, — Jyz, — 0. It
is clear that Jyx,, — p. We also know that ||Jp(z, — Jax,)| = ||zn — Jrxs| — 0.
Since Jy is the metric resolvent of A, we have from [1] that

(Iaxn — D, Jp(n — Iazn) — Je(p — Jap)) > 0.

This implies (p — Jxp, —Jr(p — Jyp)) > 0 and hence —||p — Jyp||> > 0. Then we
have p = Jyp. Therefore, we have the desired result from Theorem 3.3. 0
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Similarly, using Theorem 3.4, we have the following results.

Theorem 4.9. Let H be Hilbert spaces and let C' be a nonempty, closed and
convex subset of H. Let L > 0. Assume that T: C — H is L-Lipschitzian and
F(L)#0. Forzy € C and Cy = C, let {x,} be a sequence generated by

2n = (1= L) +T)x,,
Croi1={2€Cp:2L{xy, — 2,2 — 2) > ||T0 — 2al|?},
Tpy1 = Po,, 11, VneN.

Then {x,} converges strongly to a point zy € F(%), where zy = PF(%)xl.

Theorem 4.10. Let H be Hilbert spaces and let C' be a nonempty, closed and
conver subset of H. Let T: C'— H be a nonexpansive mapping such that F(T) #
(0. For x1 € C and Cy = C, let {x,} be a sequence generated by

zn = 2T, — x,,
On+1 = {Z S Cn : 4<In —Z,Tn — Zn) 2 ||CCn - ZW»HZ}?
Tpt1 = PC xq, Vn € N.

n+1

Then {x,} converges strongly to a point zg € F(T), where zy = Pp(yry.

Theorem 4.11. Let H be a Hilbert space. Let t be a real number with t € [0, 1).
Let C' be a nonempty, closed and convexr subset of H and let U: C' — H be a
t-strict pseudo-contraction such that F(U) # (0. For x; € C and Cy = C, let {z,}
be a sequence generated by

zn = (1 —ay)z, + Uy,
Cn+1 - {Z S Cn : ﬁ<xn — %, Tpn — Zn> Z ||$n - Zn||2}’

Tnt1 = P, v, Vn €N,

where 0 < a < a,, < 1 for some a € R. Then {z,} converges strongly to
20 € F(U), where zg = Pp)1.

Theorem 4.12. Let H be a Hilbert space and let C' be a nonempty, closed and
convex subset of H. Let U:C'— H be a generalized hybrid mapping with F(U)#1).
For xz1 € C and C, = C, let {x,} be a sequence generated by

zn =1 —ay)z, + Uy,
Cot1={2 € Cn:t ||z — 2l < |z — zall},
xn+1:PC R VTLEN,

n+1

where 0 < a < a,, < 1 for some a € R. Then {z,} converges strongly to
20 € F(U), where 2o = Pp)a1.
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In the case when U is nonexpansive, Theorem 4.12 is a result by Takahashi,
Takeuchi and Kubota [21]. Using Theorem 3.4, we also have the following strong
convergence theorem for finding a zero point of a maximal monotone operator in
a Banach space.

Theorem 4.13. Let E be a uniformly convex and smooth Banach space. Let Jg
be the duality mapping on E. Let A be a maximal monotone operator of E. Let
Jy be the metric resolvent of A for X > 0. Suppose that A710 # (. For xy € C
and Cy = C, let {x,} be a sequence generated by

z2n = (1 — o)y + iy,
Cor1=4{2€C,: (zn— 2z, Jp(x, — 2,)) > 0},
Tny1 = Po,. 11, Vn €N,

where 0 < a < ay, < 1 for some a € R. Then {x,} converges strongly to a point
20 € A7Y0, where zy = Py-1977.
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