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We present an example of smooth quasi-convex functions in the positive octant of R* which
cannot be obtained as the images of convex smooth functions under a monotone smooth mapping
of R.
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1. Introduction

Quasi-convex functions play an important role in problems related to continuous
optimization and mathematical programming such as generalizations of the von
Neumann minimax theorem, the Kuhn-Tucker saddle-point theorem, and other
optimization problems related to consumer demand and indirect utility function
(see, for instance, [3], [5] and the references therein).

According to [3] a real-valued function u(z) defined in a convex subset E of the
Euclidean space RY is called quasi-conves if

u(Az + (1 = N)y) < max|u(z), u(y)]
as long as A € [0,1], z,y € E. Convex functions in [3] are those for which

fz+ (1= Ny) <Af(x) + (1 =N f(y)

Numerous properties of quasi-convex functions and their relation to convex func-
tions are discussed, for instance, in [3], [6], and [1], in particular, that F[f(z)] is
quasi-convex if f is convex and F' is nondecreasing. Somehow the following very
natural question is left untouched: can any quasi-convex function u be repre-
sented as F/[f(x)] with convex f and nondecreasing F'? This issue is also avoided
in many other publications on the subject of quasi-convexity. The reason for that
is probably because the answer to this question is negative and the corresponding
counterexamples are given in [2]. In these examples, however, u is not smooth
and for almost any point of F there exists a neighborhood such that in that
neighborhood the above representation still holds.
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We want to present an example of a smooth function u, which is quasi-convex in a
convex domain F such that there are no smooth and strictly monotone functions
F such that Flu(z)] is convex in a ball in E. Then, of course, u itself is not even
locally an increasing smooth image of a smooth convex function. This directly
contradicts the claim made in n. 1 of [2] that for any smooth quasi-convex function
u one can find strictly increasing F' such that Flu(x)] is convex. Our arguments
have much in common with Remark 5.14 of [4].

2. Main result

Theorem 2.1. In R? consider the domain E := {(x,y, z) :xy,z > O}, fix
a > 0, and introduce the function

u(z,y, 2) = M

Ty
Then E is convex, u is quasi-conver in E, and, if a € (0,1], then for any
(o, Y0, 20) € E and any twice continuously differentiable function F(t) on R such
that F'[u(xg, yo, 20)] # 0, the matriz of the second order derivatives of Flu(x,y, z)]
at (xo, Yo, 20) is neither nonnegative nor nonpositive. In consequence, Flu(x,y, z)]
is meither convex nor concave in any neighborhood of any point in E if F' >0 or
F" <0 onR.

Proof. First observe that the function

%+ y° 1 1
v(r,y) = —— 3 =—+—
Ty Ty
is convex in (0,00)%. Then, in light of homogeneity of u for (x;,y;, ;) € (0,00)3,

i € [0,1], 4= 1,2, such that \; + Ay = 1, we have

U(/\lxl + Aoz, Aiy1 + Aaya, A121 + /\222) =

(/\1$1 + Xzo Aiyr + Aoy

) =v<u D2 yQ)
>\121 +)\222 ’ )\121 +/\222 121 2227 121 2 ’

zZ2

where 1; = Nz /(X121 + A2z9). Since p; > 0 and py + e = 1 and v is convex, the
last expression above is less than

x Ty Y
MW(—, —) + M2U(—27 —2> = (1, Y1, 21) + pou(s, Y2, 22)
212 22

< max [U(xh Y1, 21), u(22, Yo, 22)}
This shows that u is quasi-convex in E.

We now come to analyzing F[u]. Denote by Dv the column-vector gradient of
v and by D?v its matrix of the second-order derivatives. By a* we mean the
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transpose of a matrix a and by (a, b) we mean the scalar product of a,b € R?. We

have

D{F[u]} = F'lu]lDu, D?*{F[u]} = F"[u]Du(Du)* + F'[u]D*u

We fix (z9,v0,20) € F and take a column-vector & = (£1,&,&3) € R? (written
in a common abuse of notation as a row Vector) such that at (:Bo, Yo, zo) we have

(Du, &) = 0, which means that

« a a=1/_.« «
Z u 2y (=5 +v5)
—&1a—2 — bpa—i7 + Eya— 202 = (),
2ot 0+1 2390
€ — 2025 Yo ( &1 &2 )
28+ yd \got1 | o
Furthermore,
« a—1 a—1
B B X Y
Ugy = CV(Oé + 1)@7 Ugy = 07 Ugy = —Q .TCH—I’ Uy, = —Q ya+1>
P Za_2($a + ya)
uyy:a(a+1)ya+2, uzzza(a—l)W,
which implies that for ¢ satisfying (1) we have at (xq, yo, 20)
~1
(F'[ul) ™ (6. D{Flul}¢) = (€, D*ug) =
z§ z§
= oo+ 1)—58 + ala+1) 556 -
Lo Yo
a 1 P 1 o,
202045 (& 3

—2a° (51 ot & “+1>wo +ys ( = yé’“) i

+ala—1)

207G +yg) ity < S ) )2

agys (2§ +yg)? \agtt o ygtt

Here the sum of the last two terms equals

2
=) £080 < Eil + §2+1> [O‘(O‘ —-1) - 20‘2}'
g + Yo Yo

Therefore, (F'[u])™" (¢, D*{F[u]}¢) = 28Q(&1,6)), where

Q(gl,gg)—#[a(a—i—l)—(a?jtl) ayi -|ez+

—l—% [a(a +1) — (a® +1)

yO a+ a+y0

royy 1 1
:|€1 ( 2 + 1) o a+1 ya+1 6162
0
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It follows that to prove our claim it suffices to show that the quadratic form @
with respect to (&1, &s) is neither nonnegative nor nonpositive. For this to be true
we need to show that the determinant of its matrix

1 1 vo 2 g
—=— oz(oH—l)—(ozz—i-l)—a a} [oz(a—kl)—(oz +1)—— a] —
1’0+2 Yo +2 Zg + Yo Ty + Yo

—(a2 + 1)2 x%aygoa 1 1 1

« a « « = « o R(£17 62)
(z§ +y5)? $(2J 2 yg i x0+2 Yo i

is negative. One checks easily that
R, &) =a*(a+1)? —ala+1)(a®+1) = ala+1)(a—1),

which is < 0 if & < 1, and the theorem is proved in this case.

In case a = 1, take £ from above, introduce n = £ + kDu(xg, 3o, 20), and note that

(F'[u)) " (n, D*{F[u]}n) = (&, D*u€) + 2x(Du&, Du)

+[F'[u] (F'u]) ' [Dul* + (D*uDu, Du) |2, 2)

where at (zg, Yo, 20) as is easy to check

(&, D*ug) = 22 (5_1 — é)Z

Cmo+yo\To Yo

This quantity vanishes if & = txzg, & = tyg, t € R, and for the right-hand side of
(2) not to change sign, say for kK = 1, when ¢ runs through R it is necessary to

have (D?*uDu, ) = 0 for those &, &s.

However, with this choice at (xg, yo, z0) we have & = tz, and

2 20 20 1 1
DU§:t<P,—2,————>,
0o Y% To Yo

22 22 1 1.9
P puy =~ % - (L Ly
< ¢ ) Lg 3/3 <950 yo)

This shows that for & = 1 as well, the right-hand side of (2) has different signs
for any fixed (zo, yo, z0) if we vary £ and k and finishes the proof of the theorem.

Remark 2.2. One can show that, if & > 1, then for any point (xo, o, 20) € F
one can find large A > 0 such that exp(Au) is strictly convex in a neighborhood
of (zo, Yo, 20). Of course, A — oo as a | 1.
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