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1. Introduction

Let us consider a family of convex functions f;: X — R := RU {#o0}, t € T,
defined in a locally convex topological vector space X. The aim of this paper, which
continues [3], is to give characterizations of the subdifferential of the supremum
function

f=sup fi, (1)

teT

which only involve the exact subdifferentials of data functions at the reference
point rather than at nearby ones. Our results are based on some compactness
assumptions of certain subsets of the index set T', and some upper semicontinuity
assumptions of the mappings t — fi(z), z € dom f. In Theorem 3.6 we establish
that, under a natural closure condition (10), for all z € X

of@)= () @ U Ui+ Lenaomp)(@) ¢,
LeF(x) teT(z)
where T'(z):={te€T| fi(x) = f(x)}, and
F(x) := {finite-dimensional linear subspaces of X such that x € L}.  (2)

The following characterization of df(z), given in Theorem 3.8, uses the e-sub-
differentials of the functions f; :

of@)= () @4 |J 0-£(2) + Nirgom s(2)

e>0 teT (x)
LeF(x)

Condition (10) (see Theorem 3.1) covers the case when the functions f; are lower
semicontinuous (Isc). In particular, if the restriction of f to the affine hull of dom f
is continuous on the relative interior of dom f (assumed to be nonempty), the
intersection over L € F(x) can be removed, giving rise to the following formula,
established in Theorem 3.1:

0f(x) =04 | O(fi + laom )(2)

teT (x)

Our results generalize and improve the well-known formula due to Valadier [18,
Theorem 2|, which establishes that, under the continuity of f at x,

of(x) =woq |J 0fia) ¢ (3)

teT (x)

Actually, we show that if f is continuous at some point (not necessarily the ref-
erence point x), then we get

0f(x) = Naom s(z) + 704 | 0filx) 7,

teT (z)
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which reduces to (3) whenever Ngom ¢(x) = {0} . Observe that the continuity f at
the reference point z is equivalent to the continuity of f at some point together
with Ngom f(z) = {6} . Indeed, the last condition implies that x is in the quasi-
interior of dom f which coincides with its interior (see, i.e., [1]).

There is a wide literature dealing with subdifferential calculus rules for the supre-
mum of convex functions; we refer for instance to [2, 6, 7, 9, 10, 11, 12, 17, 18,
19, 20, 21], among many others. We also refer to [14], and references therein, for
the nonconvex case. The supremum function plays a crucial role in many fields,
including semi-infinite optimization ([8], [22]).

The paper is organized as follows. After Section 2, devoted to preliminaries, the
main Section 3 provides the desired characterization of f () in different settings:
Theorem 3.1 deals with a finite-dimensional-like setting, where function f satisfies
a weak continuity condition, which is always held in finite dimensions; Theorem
3.5 concerns the supremum of Isc convex functions, while the most general result
is given in Theorem 3.6 under the closure-type condition (10). All these results
use the exact subdifferential of the data functions at the nominal point. Another
formula using approximate subdifferentials of data functions is given in Theo-
rem 3.8. Finally, Theorem 3.12 provides a simpler formula similar to (3) when
additional continuity assumptions are imposed.

2. Preliminaries

In this paper X stands for a (real) separated locally convex (lcs, shortly) space,
whose topological dual space is denoted by X* and endowed with the weak™-
topology. Hence, X and X* form a dual pair by means of the canonical bilinear
form (z,2*) = (2%, x) = z*(x), (z,2%) € X x X*. The zero vectors are de-
noted by 6, and the convex, closed and balanced neighborhoods of 6 are called
f-neighborhoods. The family of such #-neighborhoods in X and in X* are denoted
by Nx and N+, respectively.

Given a nonempty set A in X (or in X*), by co A and aff A we denote the convex
hull and the affine hull of A, respectively. Moreover, cl A and A are indistinctly
used for denoting the closure of A (weak*-closure if A C X*). Thus, G0A :=
cl(co A), affA := cl(aff A), etc. We use 1i A to denote the (topological) relative
interior of A (i.e., the interior of A in the topology relative to aff A when this set
is closed, and the empty set otherwise). We define the orthogonal of A by

At ={r* e X* | (z*,2) =0 for all z € A}.

We say that a convex function ¢: X — R is proper if its (effective) domain,
domy :={z € X | p(z) < +0o0}, is nonempty and it does not take the value —oo.
The Isc envelope of ¢ is denoted by cl¢. We adopt the convention (+00)+(—o0) =
(—00) + (+00) = +o0.

If v: X — RU{+o00} is another proper convex function, which is finite and
continuous at some point in dom ¢, then we have [7, Corollary 9(iii)]

cl(max {p,¥}) = max {clp,cly}. (4)
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For ¢ > 0, the e-subdifferential of ¢ at a point  where (z) is finite is the
weak™-closed convex set

O-p(x) :={z" € X" | p(y) — p(x) > (x*,y —x) —e for all y € X}.

If p(x) ¢ R, then we set 0.¢(x)=0. In particular, for e =0 we get the Fenchel sub-
differential of p at x, Op(x):=dyp(x). When z€dom(dyp) := {y€ X | 9p(y) # 0},

we know that

o(x) = (cly)(z) and d.p(x) = 0-(cly)(x), for all € > 0. (5)

The indicator and the support functions of A C X are, respectively, defined as
Ia(z) =0, ifz € A; +o0, ifre X\ A,

oa(x”) :=sup{(z*,a) | a € A}, 2% € X", (6)
with the convention oy = —o0.

If A is convex and x € X, we define the normal cone to A at = as
Ny(z) ={z" e X" | (2", y—z) <O0forally € A}, if z € A,

and Ny(z) =0, if z € X'\ A.

Now, we review the results given in [3], which constitute the main foundations of
the present work. We have proved there that the subdifferential of the supremum
function f = sup,cr fi is expressed in terms of appropriate enlargements of the

Fenchel subdifferential, 5;(ft + Irgom7), t € Te(z), p € P, and L € F(z), where
T(z) ={teT| fi(x) > f(x)—e}, e >0,

P = {continuous seminorms on X },

and F(z) is the family of finite-dimensional subspaces introduced in (2). Such
enlargements involve the exact subdifferentials of functions f; + Iz at nearby

points of x. Precisely, for a convex function ¢, 5;(,0(1’) is defined by
Oy p(x) = {y"€dp(y) | ply — ) <&, |p(y) —p(x)] <e, and [(y*,y —x)[ <e}.
Observe that 5; v provides an outer approximation of dy as

Op(x) C O5p(x) C Dopla). (7)

When the functions f; are proper and Isc, we proved in [3, Theorem 8| that

of(x)= () @3 | 9 (fi+ Immmp (@) ¢ - (8)

>0, peP teTe(z)
LeF(x)
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In particular, if the restriction of f to aff(dom f) is continuous on ri(dom f) (as-
sumed to be nonempty), the intersection over L € F(x) can be removed to obtain
[3, Theorem 9:

of(x)= () @3 |J O5(fi+Igmp)(2) p- (9)

>0, peP tGTE(:B)

Moreover, if the f;’s are proper but not necessarily Isc, and f is finite and contin-
uous at some point, we obtained from (9) that

0f(#) = Naoms () + (] @q | F(fi)) ¢,
>0, peP teT.(x)
where T.(z) := {t € T'| (cl f,)(z) > f(z) — €}, see [3, Theorem 10].

In the particular case when f is continuous at the point x, we recover in [3,
Corollary 12] the Valadier formula [18, Theorem 1]:

of(x)= (] @ U  orw

e>0, peP teTe(z), ply—z)<e

3. Compactly indexed case

In this section we characterize the subdifferential of the supremum function

f=sup f;

teT

of a compactly indexed family of convex functions f;: X — RU {£o0}, t € T,
where X is a lcs space whose family of continuous seminorms is denoted by P,
and the dual space X* is endowed with the weak*-topology.

First, we state our result in a finite dimensional-like setting. Recall that
To(x) ={teT| fi(x) = f(z) —e}, e 20,

and T(x)={teT]| fi(x) = f(z)}.

Theorem 3.1. Assume that the family of convexr functions {fi,t € T} is such
that the function flagdom f) @ finite and continuous on ri(dom f), assumed to be
nonempty. Suppose that

cl f = sup(cl fp). (10)

teT
Let x € X be such that for some gy > 0:

(i) the set T.,(x) is compact,
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(i) the functionst — fi(z), z € dom f, are upper semicontinuous (usc) on T, (x).

Then : of(x) =] | O(fi + Laoms)(@) ¢ (11)

teT(x)

The proof of this theorem uses the following technical lemma:

Lemma 3.2. Given the family of convex functions { f;,t € T} and o € dom(9f),
consider the functions

Et = max{ftu f([[‘o) - C}? le T7
where ¢ > 0, and £ := sup,cq {;.

Then, under condition (10), there exists an open neighborhood U of xo such that
the proper functions {; satisfy the following:

(i) cl f =cll and f = max {f, f(xg) —c} = ¢, on U.

(ii) clf = sup,ep(clty).

(iii) {t € T' | (o) > l(xg) — €} = Te(xo) foralle €0, .

(iv) Of (o) = Ol(x0).

Proof. We may suppose that xy = 6 and f(#) = 0. Observe that { = max { f, —c}

and, so, dom ¢ = dom f (# () and the ¢,’s are proper. Since f is Isc at 6 (because
it is subdifferentiable at 6) there exists an open neighborhood U € Nx such that

f(z) > —c forallz e U.
Hence, f = ¢ and cl¢ = cl f on U; consequently, df(f) = 0¢(6) and we have
proved (i) and (iv). Now we proceed by proving (ii):

cl? = cl(sup(max{ f;, —c})) = cl(max{sup f;, —c})
teT teT

— max{cl(sup i), —c} (by (4))

teT

= max{stgg(cl fe);—c} (by (10))

= sup max{cl f;, —c} = 81617[3 cl(max{f;, —c}) (by (4))

teT t

= sup(cl ),
teT

leading to (ii).
Finally, to prove (iii), observe that for every t € T such that ¢;(¢) > —c we have
0,(0) = max{f,(0), —c} = f(6),
and so for all € € [0, ¢|
{teT | 6(0) > £(0) —e} ={teT [ 1(0) = —e} = {teT | fi(0) = —c} = T.(0),
yielding (iii). O
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Proof of Theorem 3.1. First, we show the inclusion "2>”. We start by verifying
that for every t € T

I(fr + Laom ) () C O(ft + Igomp) (@) (12)
We fix z € ri(dom f) and pick z* € O(f; + Laom r)(x). Given y € dom f, we define
yn = Axo+ (1 =Ny, Ae€]0,1],
so that y, € dom f by the accessibility lemma, and
(2" yn — ) < filyr) — fe(z) < Af(xo) + (1 = M) fily) — fi(z).

As A | 0 we get

(z%y — ) < fily) — filz), (13)
and, so, 2* € I(fi + Igga7)(2).
Next, for every p € P and ¢ > 0 we have, by (12) and (7),

@< |J 0(fi + Taomp) (@) p @ | Ofi + Iggmp) (@)

teT(z) teT(z)

C co U 5;(]815—1—1@)@‘) . (14)

teTe(x)
So, due to (9) we obtain
@y U it lonp)(@) g c () @q U G+ Tmmp() p =0/(2).
teT (x) >0, peP teT: (x)

To prove the inclusion ”C”; it suffices to consider the nontrivial case df(x) # (),
entailing that x € dom f and (see (5))

f(z) = (cl f)(z) and O-f(z) = O-(cl f)(z) for all € > 0; (15)

and because f(x) € R we can suppose that x = 6 and f(0) = (cl f)(#) = 0.
Moreover, as df(6) # 0, both functions f and cl f are proper. In addition, since
we have that ri(dom f) = ri(dom(cl f)), aff(dom f) = aff(dom(cl f)), and cl f < f,
we deduce that

(cl f)|aff(dom(c1 f)) is finite and continuous on ri(dom(cl f)). (16)
In a first step, we suppose that cl f; is proper for all t € T. We define

gt = (cl fy) + Igomp tET, (17)
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so that, by (10) and the relation dom(cl f) C dom f,

sup g; = sup(cl fi) + g = f + g7 =clf. (18)
teT

Thus, taking into account (16), we are in position to apply (9) to the lsc convex
proper functions g;, and we get

0f(0) = (1 1)(6) (by (15)) = d(supg)(9) (by (18))

=N @{ U 55(9t+1cbnl(m)(9)} (by (9))

>0, pEP teT=(0)

= ﬂ U (since dom g; C dom f = dom(cl f))
e>0, peP tETE )

= N @3 U Ga@noeao)p by @), (19)
e>0, peP tETE 0)

where
T.(0) :=={t € T | gu(0) > (igjpgt)(@ — ¢}
={teT|(cdf)0)>—-c} CT.(0). (20)

Moreover, for every ¢t € T.(0) we have that 0s.g,(0) C 05.f(6), which comes from
the following inequalities: for z € dom f and z* € Js.g:(0),

F(2) 2 ful2) 2 (@ £)(2) = (=) = i(6) + (=, ) — 2
> (supg)(6) + (2".2) — 3¢ = (A )0) + (=", 2) — 3= (by (18))
= (2, 2) — 3e.

So, (19) yields

of0)= ) ¢ {LJw% ﬂ%ﬂ)} (21)

e>0, peP teT: )

Take 2* € 0f(0) and fix u € X. Given k € Nand p € P, (21) ensures the following
relation in R?

() ng) {0 ) v edbamrnoro

ceo? J {( &i’;ﬁ ) ’ v € 9k g,(6) m@zf(é)} + {—%,%r.
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Therefore, taking into account Carathéodory’s Theorem, there are

(Ao Ao Az ) € Az = {(A1, A2, A3) | A > 0, A + A + A3 =1}

and
ti,k € Tl/k(‘9>7 and y:k < 5;/kgti,k (0) N aS/kf<9)7 L= 17 27 37 (22>
such that
<JJ*, u> < <)‘1,kyik + )‘Q,ky;,k + )‘3,ky§,k7 u> + 1/k7 (23>
(2", m0) — (ALk¥y s + Aot i + As s o o) | < 1/k (24)

Then, by the definition of 5;”“, there exist y;, € domg,, C dom f (i = 1,2,3)
such that

p(ir) < 1k, (e fo, ) Wir) = (d fo, ) O)] < 1/k, [yl vin)| < 1/k,  (25)

and (recall (22))
Yik € 99t (ir) N O f(0). (26)

From the continuity assumption of flag(dom ) at o € ri(dom f) we choose m > 0

and W € Ny such that

zo + W Naff(dom f) C dom f and sup flzo +w) <m.
weWnaff(dom f)

Then, using (26), for each i = 1,2, 3, and for all z € W N aff(dom f)

(Wig: w0+ 2) < fwo+2) = f(0) +3/k = f(xo+2) +3/k <m+3/k,  (27)
and so, since # € W N aff(dom f),

(Vi wo) < m+3/k. (28)

Thus, from (24) we deduce that the sequences ((\ix¥;y, To))r, i = 1,2,3, are
bounded. Consequently, by (27) and (28) we see that there exists a positive
number r such that

(Akazk,z) < Nig(m+3/k — <Z/Zk75’30>) <r forall z€ Wnaff(dom f); (29)

that is,

r ' iyl € (W Naff(dom f))°:={u* € X* | (u*,z) <1VzeW Naff(dom f)}.

We endow the lcs space Y := aff(dom f) (= aff(dom f)) with the induced topology
from X, and denote by Y™ its topological dual space. By the Alaoglu-Bourbaki
Theorem applied to the dual pair (Y,Y™), there exists a subnet of the sequence
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of the restrictions of (A;ry; )k to Y, denoted by (/\Lkay;kka\y)ae% which weak™*-
converges to some g € Y* (i = 1,2,3). Thus, if y7 € X* is an extension of J} to
X, it satisfies for every z € dom f

(vi>2) = (07 2) = lim (Nika Ui, 2)
= EH%«)\i,kakaaa z— yi,ka> + (Nika Vi ks Yiska )
< lim inf (Nika (9t (2) = Gtir Wika)) + 1/ka)  (by (26) and (25))
= hmm (Mo (L fro o )(2) = (e oo Y (Wina)) + 1/ ko)
< hmmf( ida ((c fro ) (2) = (el i, )(0)) + 2/ka)  (by (25))
< hl;ﬂe%fnf( iko (L fr,, )(2) + B/ka) (as tik, € Tl/ka(H), by (22))
= lim inf Aiko (€l fi,, )(2) (30)
< hm mf Ni ko ft,0. (2), (31)

where (kq)aer C N is such that lim,ey ko = +00 and 1/k, < g¢, eventually.

We may suppose that A; x, — A; for some \; € [0, 1], so that A := (Ay, Ao, A3) € As.
We denote Iy := {i = 1,2,3 | A\; = 0} (this set can be empty). If i € I, from (31)
we get

(yr, z) <lim iTnf Niko St o (2) < lim i%lf Xikof(z) =0 forall z € dom f,
aE e ac

showing that

7 € Noom 1(6) = Nagar7(0). (32)
Otherwise, if ¢ ¢ I, (observe that {1,2,3} \ Iy is nonempty because ) . \; = 1),
(30) gives rise to

(A tyr, z) < lim iTnf(cl ft.. )(2) <lim iTnf ft.. (z) for all z € dom f. (33)
o€ e a€ e

But, since 1/k, < g¢ eventually, by (20)
tike € Tijn, (0) C Thywa (0) C Ty (6), (34)

the last set being compact by assumption (i), we may assume that (¢4, )acr
converges to some t; € T, (). Thus,

f(0) > f.(0) > limes%lp fri (6) (by (i) > limsup(cl fy,, )(0)

aeY

> limsup(f(0) — 1/ka) = f(0) (by (34));

aeY

that is, t; € T(0). So, (33) together with hypothesis (ii) yield, for all z € dom f,
</\z_1y:72> < llIIlE}rIlf fti,k& (Z) < llm?p fti,ka (Z> < fti<z) = ftz(z) - ftz(6)7
@ ac

so that N tyE € O(fi+Laom £)(0). (35)
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By taking limits in (23) when u € Y we get (recall that k, — +00)

(", u) < limsup (Mg, Yt g, + A2 kel + A3 ka¥ip. w) + 1/ka)

aeY
< Z lim sup <)\i7kay;jka7 u> + Z lim sup <>\iykay’zk,ka7 u>
iclo acYT il ae
= (i u) + <Z Ai(/\flyf),U> (as Nika¥ig )y — U5 = () ),
i€lp i¢lo
which gives us, due to (32) and (35),
<SC*, u> < ONdom #(8) (u) + O-Zigfo Xi0(ft; Hldom £)(0) (u> (36>

Observe that when u € Y (= aff(dom f)), we have that
u € R, (dom f) = (Ndomf(G))L, and 80 ONg,,, ;o) (u) = +00;
hence, thanks to (36), for every u € X it holds
(@7, 1) < 0Ny 0) (W) + T80 X0, Haom )(0) ()
= ONaom 1 O+ 170 MOy o )(6) (1)- (37)
Additionally, for each i & I
Naom £(0) + A0 (ft; + Laom £)(0) € O(Aift; + Taom £)(0) = XiO(fr, + Taom £)(0),

and so (37) yields (recall that t; € T'(0))

(z",u) < O3 iet1,2.30\ 10 )\ia(fti+ldomf)(0)(u> < 9% {Usero) 6(ft+1d0mf)(9)}<u>'

As w is arbitrary in X we conclude that

x* €¢co U a(ft+1domf)(9) ’

teT(6)
proving the desired inclusion when the cl f;’s are proper.
Finally, to deal with the case when the (cl f;)’s are not all necessarily proper, we

consider the functions

by = max{ f;, —2¢c0}, t € T, and {:=supt;.
teT

According to Lemma 3.2, the cl¢,’s are proper, {t € T'| (;(0) > ((0) — e} = T.(0)
for all € € [0,e0] (C [0,2¢0]), dom¢ = dom f, cl¢ := sup,cp(clé;), and Of(6) =
00(0). It follows that the family {¢;, ¢ € T} satisfies the current conditions (i) and
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(ii). Consequently, from the previous part of the proof, applied to the functions
U, t € T, we get (observe that £(0) = max{fi(6), —2c0} = f(8) =0)

0f(0) = 0(h) = @ U 00t +Taom)(0) p =0 | 06 + Laom 1) (6)

te{teT|¢;(0)=0} teT(6)

Take t € T(0) such that O(¢; + Igome)(0) # 0 (such a t always exists because
af(0) # 0). We show that

Oy + Laom £)(0) = O(fi + Laom 1) (6)- (38)

Since gt + Idomf = max{ft + Idomg,—2€0} and (ft + Idomg)(e) =0 > —250, it
suffices to verify that f; + Iqom ¢ is Isc at 8, because then the two functions ¢; +
Liom¢ and f; + Iqome coincide in a neighborhood of #. Indeed, using (4) and the
lower semicontinuity of ¢; + Ijom¢ at 6 (a consequence of the nonemptiness of
Oy + Taome)(0)), we have

max{cl(fi + laome)(0), —2e0} = cl(max{ f; + Laome, —2€0})(0)
= Cl(ét —f— Idomg)(e) = (ft —|— Idomg)(e) = 0;

that is, cl(f; + laome)(#) = 0. But ¢ € T(0), and so (f; + Lgome)(0) = 0 = cl(f; +
Laom¢)(0), yielding the lower semicontinuity of ¢; + Igom, at 6, and (38) follows.
The proof of the inclusion ”C” is complete. O

Remark 3.3. In Theorem 3.1 one can replace (i)—(ii) by the following weaker
pair of conditions (i")—(ii"), which emphasizes the role played by the e-active sets
at x:

(') the sets T.(x) are compact for all € € [0, &),
(ii’) the functions t — f;(z), z € dom f, are usc on T'(x).

Indeed, from (34) we have that ;) € T1 k. (2) C Ty, (2) for all a € Y, and so
(i) gives rise to t; € No cl(Th/k, (7)) = N1k, () = T'().

Thus, the proof also follows by using the weaker assumption (ii’), instead of (ii).

Remark 3.4. [7, Corollary 9] The closure condition (10) holds in each one of the
following situations:

(1) the functions f;, t € T, are lsc.

(2) the f;’s have a common continuity point; this follows if, for instance, the
supremum function f is finite and continuous at some point.

(3) T is finite and all but one of the functions f;’s have a common continuity point
in dom f (this includes (4)).

(4) X is finite-dimensional, and the relative interiors ri(dom f;), ¢ € T, have a
common point in dom f.
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Theorem 3.5. Assume that the convex functions f;, t € T, are proper and lsc.
Let x € X be such that for some g > 0:

(i) the set T.,(z) is compact,

(ii) the functions t — fi(z), z € dom f, are usc on T.,(z).

Then of (x) = ﬂ co U I(fr + Irndoms)(Z) ¢,

LeF(z) teT(x)
where F(x) := {finite-dimensional linear subspaces of X such that x € L}.

Proof. We start by verifying the inclusion ">". Fix L € F(x),p € P and € > 0.
By arguing as in the proof of the inclusion ">” in Theorem 3.1 (see (14)) we can
show that

@9 |J 0(fi + Lraoms) (@) p €04 | (i + Iimgomy) (@)

teT(x) teT(z)

cw@s | 05+ Imgomy) (@)

teTe(x)

So, due to (8) we obtain

) @q U i+ Lraom)@) p ¢ () @8 U G0+ Ingoay) (@)

LeF(x) teT (x) e>0, peP teT:(x)
LeF(x)

= 0f(z).

Observe that this argument does not use the lower semicontinuity of the f,’s.

We first prove the inclusion ”C” by considering the nontrivial case df(x) # 0,
entailing that © € dom f. Let us suppose that z =6, f(0) = (cl f)(0) = 0.

For a fixed L € F(#) we apply Theorem 3.1 to the lsc proper convex functions

b= Jot Ty, £€ 1 and b= euphe =T+ Inony

Obviously, h > f, domh C dom f, h(f) = f(f) = 0, ri(domh) # 0 (because

domh C L), and, therefore Ajag(domr) is continuous on ri(dom h), together with
of(0) C oh(0) (39)
and

(teT | h(6)>h(0)—e}={teT| f(0) >—c}=T.(0) foralle >0. (40)
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Since, for z € domh (C dom f), the function t = hi(2) = fi(2) + Izrgem7(2) is
usc on 17, (#), Theorem 3.1 applies and yields, taking into account (40),

Oh(0) = o U A(hy + Liomn)(0)
{teT|h(0)=h(0)}

co U a(ft + ILﬂdomf + Idom fﬁLﬂdomf)(e)
teT(0)

¢ U o fe + ILmdomf + 11 ndom fﬂLﬁdomf)(e) 5

teT(6)
and hence, by (39),
0f(0) c on(0) c @ | O(fi + Trdom ) (0) ¢ - (41)
teT(6)
Thus, due to the arbitrariness of the L’s, the desired inclusion follows. Il

Theorem 3.6. Assume that the convex functions f;, t € T, satisfy

cl f =sup(cl fy).

teT
Let x € X be such that for some gy > 0:
(i) the set T.,(z) is compact,
(ii) the functions t — (cl f;) (2), z € dom (cl f), are usc on T, (x).

Then, of(x)= () @< |J 0fi + Trrdomys)(2) ¢ - (42)

LeF(x) teT (z)

Proof. The inclusion D7 is proved as in Theorem 3.5. To prove the inclusion
"C” we suppose that df(z) # 0, allowing us to take x = 6 and f(#) = 0. Let us
consider the proper convex functions

Uy = max{ f;, =20}, t €T, and (:=supl; = max{f, —2¢c0}. (43)

teT

According to Lemma 3.2, in some open neighborhood U of 6 we have that f >
—2¢o and f coincides with ¢, entailing (() #) 0f(0) = 9¢(0) and (cl1£)(8) = £(0) =
f(6) = 0. In addition, we have dom ¢ = dom f and

clé=clf onU. (44)

From (43) we also have that cl ¢ = max {cl f, —2¢¢}, and so dom(cl¢) = dom(cl f).
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Now, taking into account that cl¢ = sup,cp(clé;) by Lemma 3.2(ii), we apply
Theorem 3.5 to the family {cl¢;, t € T}. To this aim we need to verify the
conditions of that theorem. Indeed, it is clear that each cl¢; is a proper convex
Isc function. Moreover, we have that for all € € [0, g¢]

T(0) : ={t € T| (c14)(0) = (c1)(0) — €}
={teT | (clt)(0)=cl(max{fi(6), —2c0})=max {(cl f;)(0), —2c0} > —¢}
={teT]|(cf)0)>—c} CT(). (45)
Then, since that for every z € dom(cl¢) = dom(cl f) the function ¢ +— (cl¢;)(2) is

usc on 17 (0) C T.,(0), the set 17 (6) is closed and so compact, by (45) and the
current hypothesis (i). We apply Theorem 3.5 to get

0f(0) = 9L(0) = d(cl0)(0) = () @ U O((cl ) + Imgomar) (0) ¢, (46)
LeF(9)
where (recall (45))
T'(0)={teT|(clf;)(0) =0} C {t € T| fi(0) =0} (47)
Since, for every L € F(6),
(1) + Vyrsggmgersy = max { (el £2) + g —250 }
for all t € T"(0) we have
() + Urgomgersy) (0) = (e f2) + Trgomgersy) (0) € (el f1) + Trgemy) (6),

and simﬂarly, (9((C1 ft) + IW)(G) C 8(ft + Im) (9)

Using successively the last two relations together with (47), relation (46) implies

af(0) C ﬂ co U A((cl f2) + Izagomy) (0) (48)
LEF(9) LT (6)

C ﬂ co U 8«(31 ft) + ILﬂdomf)<9) (49>
LeF(0) teT’(6)

C ﬂ [€9) U O(ft + Iradom £)(8) ¢,

LeF(0) teT(0)

which gives the desired inclusion”>”. ]
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Remark 3.7. As (48) shows, we have proved the following equivalent formula
(under the assumptions of Theorem 3.6)

of(x) = m co U I((cl fe) + Lmdomf)() (50)

LeF(z) teT!(x)

= ﬂ [e) U a((CIft)+ILﬂd0H1f)<x) ) (51)

LeF(x) teT’ (x)
where T'(z) ={t €T | (cl fy)(x) = f(x)}.

In order to characterize the subdifferential of the supremum function f by using
only the functions f;, rather than the augmented ones fi + Izndom f, We provide
another formula in the following theorem.

Theorem 3.8. Let {f;,t € T} and x € X be as in Theorem 3.6. Then

of(x)= (] @ U 0- f+(%) + Nirdom £ ()

e>0 teT (x
LeF(x)

Proof. The inclusion "2>” is easy to prove. Indeed, we have that, for all ¢t € T'(x)
and € > 0, 0-f;(x) C 0-f(x), and so, for all L € F(x),

aaft(x)+NLﬁdomf(x) C a&f(x>+NLﬂdomf($) C 0E(f+ILﬂdomf)(x) = as(f—i_IL)(x)

Hence,

ﬂ co U aft +NLﬁd0mf ﬂ ﬂa +IL

e>0, LEF(x) teT (z LeF(x)e>0

N f +1)(x) = 0f (a).

LeF(x)

Let us prove the inclusion "C”. As in the previous theorems we suppose that

x=20,0f(0) #0,and f(0) = (cl f)(#) = 0. Then, by (50),

af(0) = ﬂ co U O((cl f2) + Iagomp)(0) ¢ (52)

LeF(0) teT’ (0

where T'(0) = {t € T'| (cl f;)(0) = 0} . We are going to apply [5, Theorem 12] and
to this purpose we see, from the one hand, that for every t € T'

() #ri(L Ndom f) =ri(L Ndom f) C dom f; C dom(cl f;),

and this entails dom(cl f;) N ri(dom Izrg7) # 0.
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On the other hand, the restriction of the function Izzg 7 to the affine hull of
its domain is continuous on ri(dom Izrg;57), and so, [5, Theorem 12] applies and
yields

O((cl f2) + Tzmgomy) (0) = () el (9=(cl £1)(6) + Nzmgam7(6)) - (53)

e>0

If t € T'(0) we have (cl f;)(0) = f:(0) =0, and for all € > 0

O:(cl f1)(0) + Nrgom7(0) C 0:fi(0) + Nzmgom7(0) = 0-£1(0) + Nradom £(6),
so that (53) yields 9((cl fi) + Izagom7) (0) C cl (0:£i(0) + Nradom £(0))-
Therefore, by (52),

of0)c () @ |J cl@:-£i(8) + Nrrdoms(6))

LeF(0) teT ()

~—  ~—

_ ﬂ o) U 0= f1(0) + Nrrdom 7(0)

LeF(6) teT"(9)
Since T'(6) C T'(f), the aimed inclusion follows by intersecting over € > 0. O
To avoid in Theorem 3.6 the intersection over sets L € F(z), one has to require
extra conditions relying either on the space X or on the function f. We start with

the following result, whose first part is similar to the finite-dimensional-like result
established in Theorem 3.1.

Corollary 3.9. Let {f;,t € T} and x € X be as in Theorem 3.6. Suppose that
ri(dom f) # 0 and flag(dom ) @ continuous on ri(dom f). Then

f() =0 ¢ | Ofi+ Laom s) ()
teT(x)
Moreover, if the following two conditions hold for allt € T(z) :
(a) ri(dom f;) Ndom f # 0,
(b)  (ft)ati(dom f,) @ continuous on ri(dom f;), then

of(x) = | 9fi(x) + Naom s(z)

teT (x)

Proof. The inclusion "2>” comes from Theorem 3.6, due to the following relation
which is true for every L € F(z) and t € T'(z),

O(fi + Liom £)(x) C O(ft + Londom £)(2),
so that

co U O(f + Laom 7)(x) p C m co U O(ft + Londom £)(x) p = Of ().

teT (z) LeF(x) teT (x)
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To prove the inclusion ”"C” we may suppose that z € dom(9f).

First, we assume that the functions fi+Irndom f, t € T, are proper. Take t € T'(x).
By the current assumption, we choose a point xy € ri(dom f). Fix an L € F(x)
such that xq € L. If

¢t := fr + Laom f+
then dom ¢, = dom f and

ri(dom ¢;) Nri(domIy) = ri(dom f) N L # 0,

as xo € ri(dom f) N L. Moreover, since yjafi(domq;) = Gtfafi(dom f) < [lati(dom f), the
(proper convex) function gjag(domg,) is continuous on ri(domg,). It is clear that
L1 jaff(dom1,) (= 0jz) is continuous on L. Then from [4, Theorem 5] it follows that

I(fe + Tondom ) () = O(q: + 1) (w)
= cl(0gy(x) + O (x)) = cl(O(f: + Laom £)(z) + LF).  (54)

Therefore, by Theorem 3.6 we get

of(x)= (] @ |J 9(fi +Tnndom s)(2)

LeF(x) teT(z)

C m co U a(ft "‘ILﬂdomf)(x)

LeF(x), zoeL teT(x)

= ) @ U dOU +Tamp) (@) + L) ¢ (by (54))

LeF(x), xzo€L teT (z)
= 1 @ U i+ Taoms)(@) + L
LeF(z), zo€EL teT(z)

Next, given a U € Ny- we choose an F' € F(z) such that zy € F and F+ C U.
Hence, from the last inclusion we obtain

of(x) c@l | O(fi + Laoms) (@) + F*

teT (x)

C co U O(ft + Laom 1) () +Ft4+U

teT (z)

C co U O(ft + Laom 7)(x) p +2U, (55)

teT (x)

and the desired inclusion follows by intersecting over U € Nx«.
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Now, to deal with the case when not necessarily all the f;’s, ¢t € T, are proper, we
consider the functions

fi = max{f, f(x) — 20}, t € T, f:=max f, = max{f, f(z) — 20}

By Lemma 3.2, and taking into account Remark 3.4, it follows that the proper
functions f;, ¢ € T, satisfy the assumptions of the current theorem. So, from the
previous part of the proof applied to the f,’s we get

0f (z) = 0f (x) =0 U 00+ Tagm (@)
{teT|fe(z)=f(2)}

=1 |J Ofi + Laoms) (@) ¢ - (56)

teT (x)
Observe that for t € T'(x) such that d(f; + Laom 7) () # 0 it holds

(@) = (fi + Liom £) (@) = cl(fi + Liom s) ()
= max{cl(f; + Laom r)(2), f(x) — 2¢0}
- Cl(ft + Idornf)<x> S (ft + Idomf)(x) S f(l’),

which implies that cl( fi+Igom £) () = (fi+Ldom )(z) and so, the function f;+Iljom ¢

is Isc at . Hence, O(fi 4 Laom ) (z) = d(max{f; + Laom s, f () — 2e0})(z) = O(f; +
Liom £)(x), and (56) implies

of(@)=e0< |J Ofi + Taoms)(x) ¢,

and the proof the first assertion is finished.

The last assertion also comes from [4, Theorem 5|. By the accessibility lemma,
condition (a) and the properties of f imply that

ri(dom f;) Nri(dom f) # @ for all t € T'(z),

and then

0f(x) =204 | O(fi + Taom )(2)

teT (x)

@< |J d(0fi(x) + Naomys(2)) p =04 | J 0fi(2) + Nooms(z) p. O

teT(z) teT(z)
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By dropping conditions (a) and (b) in Corollary 3.9 we derive the following result.

Corollary 3.10. Let {f;,t € T} and v € X be as in Theorem 3.6. Suppose that
ri(dom f) # (. Then

0f(z) = (@ Uaft ) + Ndom £()

e>0 teT (z

Proof. The inclusion "D” follows from Theorem 3.8 in view of the following
relation, for t € T'(z), L € F(x), and € > 0,

O: ft(2) + Naom () C 0= fi(z) + Nindom f(2).

To prove the inclusion "C” we suppose that x € dom(Jf). By Theorem 3.8 we
have that

Bf(x) = m Cco U a ft + NLﬂdomf<I> . (57>
e>0, teT(z
LeF(x)

The current assumption ensures, thanks to [4, Theorem 5|, that for every L € F(x)
such that L Nri(dom f) # ()

NLﬂdomf<m) = Cl(Ndomf(l‘) + LL)

Hence, by arguing as in (55), relation (57) leads to

ofx)c () @@ Uaft ) + cl(Naom s () + L)

e>0 teT (x
LeF(x),
LNri(dom f)#0

c () © U O-f1(x) + Naom ¢ (z) + U

e>0, teT (z
UENX*

=@ |J 0-filx) + Naom (z) ¢ - -

e>0 teT(x)

The following lemma is used in Theorem 3.12.

Lemma 3.11. Assume that f = sup,cp fi s finite and continuous at some point.
If x € X satisfies conditions (i) and (ii) of Theorem 3.6, then cl f = sup,cp(cl f;)
and

of()=coq |J 9 f)@) + Naoms() ¢ .

teT’(x)

where T'(z) = {t € T | (cl fy)(x) = f(x)}.
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Proof. By Moreau-Rockafellar’s Theorem (see, i.e., [15, Proposition 10.3]), the
continuity assumption ensures that, for every ¢ € T’(z) such that O((cl f;) +
Izndom £)(2) # 0, and every L € F(x) such that L Nint(dom f) # 0,

O((cL fe) + Lindom 1) () = O(cl fi)(@) + Naom r(x) + LT,

taking into account that the continuity of f is inherited by the function cl f;,
whose properness is a consequence of 9((cl f;) + Irndom £)(z) # 0. Observe that
the equality cl f = sup,cp(cl f;) follows according to Remark 3.4. Then, using
(51),

of(x)= [ @ |J (e f) + Lintoms) (@)

LeF(z) teT'(z
- (1 @< |J 9 f)(@)+ Naom p(z) + L*
LeF(z) teT ()

LNint(dom f)#0

C ﬂ CcO U 8let +Ndon1f( )—I—U

UEN)(* tGT/ )

=4 |J 0(clfi)(@) + Naom ()

teT!(x)

Thus, as we can easily check that

@< | J 9 f)(@) + Naoms(z) p C Of(2),

teT’(x)
the conclusion follows. OJ

The following result simplifies Theorem 3.6 when the supremum function is con-
tinuous on the interior of its domain.

Theorem 3.12. Assume that the family of convex functions {f;,t € T} is such
that f is finite and continuous at some point. Let x € X satisfy conditions (i)
and (ii) of Theorem 3.6. Then

df(2) = Naom s(r) + 0 U Ofi(x

teT (x

= Ngom 7(x) + co U Ofi(z (when X =R").

teT (z

Proof. The inclusion ”D” is straighforward, and thus we only need to check the
converse inclusion in the nontrivial case df(x) # (); therefore, we may assume
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that x = 0 and f(#) = 0. From Lemma 3.11 we have that

0f(0) =03 ) 9(clf)(0) + Naoms(6) ¢,

teT! (0)

where T"(x) = {t € T'| (cl fy)(z) = f(x)}. By the current continuity assumption
we choose 7p € X, W € Ny and m > 0 such that for all w € W

fzo +w) < m; (58)

hence,

TUsers(0ytel f0)(0) (o + W) < 8;11(39)((01 fo)(xo +w) — (cl f2)(0))
ter’

< sup fi(wo +w) < fwo +w) <m,
teT'(0)

showing that the proper lIsc convex function OUpegv(9y0(cl £2)(0) is also continuous at
xo. Thus, by applying once again Moreau-Rockafellar’s Theorem we obtain, since

@< |J 9l f)(8) + Naom 5(6) =9(0uteTf<e>a<c1ft><9)+Ndomfw)) (0)

teT’(6)
= 8 (UUtET’(Q)a(Cl ft)(e) + O-Ndomf(e)> (9)
= 8UUtET/(9)a(C1 ft)(e)(g) + aa—Ndome)(g)-

Using again the well-known formula of the subdifferential of the support function,
we obtain

@3 | A f)0) + Naoms(0) p =04 | (el £1)(0) p + Naoms(6)  (59)

teT! () teT! ()

C co U aft(9> +Ndomf(9)>

teT ()

and the first formula follows.

To prove the second statment of the theorem, when X = R"™, observe by (59) that

0f(0) =coq | J (el f)(0) ¢ + Naow £(0),

teT! (6)
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and thus, we shall show that

@< | J o f)o) p cco | el f)(0) p + Naom s (0).

teT!(6) teT’(6)

Fix u in the left-hand side. By taking into account Caratheodory’s Theorem we
choose

n+1
(Ais s Ang1) € Apyr 1= {()\17 o Ann) [ A >0, Z¢:1 Ai = 1} ;

tl,ia cey tn-i—l,i & T’(@), and yLi € 8(let1’i)(0), ey yn+1,i - 6(clftn+17i)(9), 7, =
1,2,---, such that

Yi = Al + 0 F Mg 1ilng1, — U (60)

We may assume that for all £ = 1,--- ,n + 1, there are subnets (\;q)aer and
(tk.a)act Of (Ai)i and (tx,);, respectively, such that A\p o, — Ap € [0,1] and ¢, —
tr € T'(0) (remember that 7"(0) is a closed subset of the compact set T;,(6)). Fix
a€Yand ke {1,---,n+1}. Then, using (58), for every w € W

(AkaYr.as To +w) < Agal(el fo, ) (zo +w) — (cl fi, )(0))
< Mpaf(zo+w) < Agam <m, (61)

and, taking w =0, (Ap.a¥k.a, o) < m. Due to (60), implying that
(MaYa + -+ At1,a¥nti,a, To) = (U, To) ,

we deduce that the net ((Ar,a¥k,a; T0)),cy is bounded. Consequently, (61) ensures
that for some r > 0
(Me.alk.a,w) <71 forallwe W,

showing that (Mg a¥ka)aer C rW°. Without loss of generality, we may suppose
that (AgaVk.a)aer converges to some y € R™.

Let
Ky ={k=1,---,n+1| >0} and Ky:={k=1,--- ,n+1]| X\ =0}
If k € Ky, from y,o € 9(cl f;, ,)(0) we obtain, for all z € dom f,

(Uk.ar 2) < (el fr, ) (2) = (el fo, )(0) = (L fi,. ) (2),

which, by assumption (ii) and after passing to the limit on a € T, yields

(Ne'yk, 2) < limsup(cl fy, ,)(2) < (el fu)(2) < fu(2)

for all z € dom(cl f) (D dom f).
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By taking into account Moreau-Rockafellar’s Theorem, this shows that
N € 0o + Taom £)(0) = 94, (0) + Naom £(6). (62)
If k € Ky, for all z € dom f we have

(Mealkas 2) < Aral(cl fi, )(2) = (el fi, )(0) < M f(2),

and by taking the limit on o € T we obtain that y, € Ngom s(x). This, together
with (62) and (60), leads us to

u= Z Ae(A k) + Z Yk € €O U Afe(0) » + Naom £(0),

keK keKo teT (z)
as the inclusion ”C” follows. O]

Finally, we give Valadier’s formula under slightly weaker conditions.

Corollary 3.13. Assume that the family of convex functions {f;,t € T'} is such
that f is finite and continuous at x € X. Suppose that for some gy > 0:

(i) the set T.,(z) is compact,
(ii) the functions t — fi(z), z € dom f, are usc on T.,(z). Then

of(x)=coq |J 0fix)

teT (x)

=co U Ofi(x) p (when X =R").

teT (x)

Proof. Since the inclusion "D” is immediate, we only need to show the converse
one when df(x) # (); hence, we may suppose that x = 6 and f(0) = 0. We choose
an open #-neighborhood U C X and an m > 0 such that

—2e9 < f(u) <m forallu € U.
We denote,
fi = max{f;, —2e0} + 1y, t € T, and f := St,IGJIP]Et = max{f, —2e0} + Iy
It is clear that the proper convex function f is finite and continuous at 6, with
f(8) =0, and that
{teT| ft(ﬁ) > f(0) — e} =T1.(0) for all e € [0,e0]. (63)
Also, from the inequalities

fi(u) < f(u) < max{m, —2e} =m forallt € T and u € U,
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we deduce that all the proper convex functions f;, t € T, and f are continuous on

U. So,
ft(u) = (clft)(u), teT, and f'(u) = (clf)(u) for all u € U.

Therefore, by assumption (ii), for every z € dom(cl f) (= dom(cl f)NU Cc U C
dom f) the function

te (cLfi)(2) = fi(z) = max{fi(2), —2e0}

is usc on 1., (6). Consequently, by Theorem 3.12 applied to the family {f;, t € T'}
we obtain (recall (63))

of(0) = 0j(6) =54 |J a0) }. (64)
)

teT(0

Moreover, if t € T(0) is such that 9f,(6) # 0, then f; is Isc at 6, and so using
Remark 3.4 (and (63)),

0= f(8) = fi(6) = (L f)(0) = (cl(max{f,. —220}))(6)
= max{(cl f;)(0), —2¢o} < max{fi(f), —2e0} < max{f(0), -2} = 0.

Hence, (cl f,)(0) = f,(8) = 0 and so f; is Isc at . This implies that 0f,(8) = df,(6),
and relation (64) gives

of()=co¢ |J 9filx)

teT(z)
The second assertion is obtained in the same way. [
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