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1. Introduction

In this paper all linear spaces are over a non-Archimedean non-trivially valued field
K which is complete under the metric induced by the valuation |- |: K — [0, c0).
Then for all o, € K we have: |o| = 0 if and only if a = 0; |af| = |o||F];
la + 5| < max{|al|,|B|} (the strong triangle inequality); |« + 8| = max{|«/|, | 5|}
if || # | 8| (the isosceles triangle principle). By the strong triangle inequality, a
series Y > a, in K is convergent if and only if the sequence («,) is convergent
to 0 in K.

For fundamentals on locally convex Hausdorff spaces (lcs) and normed spaces we
refer to [2, 3, 5, 6].

By a Kothe space we mean an infinite-dimensional Fréchet space with a Schauder
basis and with a continuous norm.

An infinite matrix A = (a¥) of positive real numbers is a Kithe matriz if at < aF*!
for all k,n € N.
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The space K(A) = {(a,) C K : lim,, |a,|ak = 0 for every k € N} with the base
(px) of norms, where

pr((ay)) = max ]an\afb, k€N,

is a Kothe space. The sequence (e;), where e; = (d;,), is an unconditional
Schauder basis in K (A). Any Kothe space is isomorphic to the space K(A) for
some Ko6the matrix A (see [1, Proposition 2.4]).

A Kothe space K (A) is nuclear if and only if A = (a¥) is nuclear i.e. for any i € N

there exists j € N with j > 4 such that lim, a,/a/ = 0 ([1, Proposition 3.5]).

Let T' be the family of all non-decreasing sequences a = (a,) of positive real
numbers with lim, a,, = oco. For r € (—o0, 00| we denote by A, the family of all
strictly increasing sequences (1) C R with limy r, = 7 such that rir; > 0 for all
k,j € N. Let a = (a,) € I',r € (—o00,00| and (r) € A,. Denote by A(a,r) the
Kothe space K (A), where A = (a¥) = (exp(rra,)). It is said to be a power series
space (of finite type, if r < oo, and of infinite type, if r = 00).

Denote by ®. the family of all strictly increasing odd functions f: R — R such
that f is convex in [0,00). Let f € ®.,a = (a,) € [',r € (—o00,00] and (1) € A,.
Denote by Dy(a,r) the Kothe space K(A), where A = (a¥) = (exp f(rran)).
It is said to be a generalized power series space (see [9, 10]). It is nuclear ([9,
Proposition 2]).

Clearly, D¢(a,r) = A(a,r), if f: R =R, f(z) =2 and r € (—o0, 0], (rx) € A,

The power series spaces A(a,r) and the generalized power series spaces Dy(a,r)
are the most known and important examples of nuclear Kothe spaces (see [1, 7,

9, 10]).

In [8], we studied the linear isometries on the power series spaces. Let a = (a,,),b =
(bp) € I',r,s € (—oo,00] and (ry) € Ay, (sg) € As. We have shown that the power
series spaces A(a,r) and A(b, s) are isometrically isomorphic if and only if (1)
there exist C, D € R such that a, = Cb, and sy = Cri + D for all n, k € N; (2)
for every n € N there is ¢, € K with [¢,,| = exp[—(D/C)a,]. In this case the
linear map P: A(a,r) — A(b,s), (x,) = (¥nx,) is an isometric isomorphism ([8,
Theorem 3.1]).

Let a = (a,) € I',r € (—00,00] and (rg) € A,. Let (V) be a partition of N into
non-empty finite subsets such that a; = a; for all 4,7 € Ny,s € N and a; < q;
for all « € Ny, 5 € Ngy1,5 € N. We have proved that a continuous linear map
T: A(a,r) = A(a,r) with Te; = "2 t; je;, 7 € N, is an isometry if and only if

(1) |tij| <expl(aj —a;)r1] when a; < a;, and |t; ;| < exp[(a; — a;)r] when a; > a;;

ti;| =1 and |det[t; j]; jen,| =1 for all s € N ([8, Theorem 3.5].

(2) maXiyjeNS
Finally we have shown that for any power series space A(a, ) every linear isometry
T: A(a,r) — A(a,r) is surjective ([8, Corollary 3.10 and Theorem 3.12]).

A Kothe matrix A = (ak) is said to be regular if af*'/ak < aft{/ak, | for all

n
k,n € N; and strictly reqular if k™1 /ak < alt]/ak_ | for all k,n € N.
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For non-empty subsets X, Y C N we write X <Y ifz <yforallz e X,y €Y.

We will say that a Kothe matrix A = (a¥) is strongly regular if there exists a

partition (N,) of N onto non-empty finite subsets such that (1) af = a for all

7

i,j € Ny, s,k € N; (2) aft'/al < af™/ak for alli € Ny, j € Noy1, s,k € N;
(3) Ny < Ngyq for every s € N.

Clearly, any strictly regular Kéthe matrix is strongly regular and any strongly
regular Kéthe matrix is regular.

We say that a Kothe space K(A) is [strongly] regular if A is [strongly] regular.
Any generalized power series space D(a,r) is strongly regular (Proposition 3.2).

In this paper we study linear isometries on strongly regular Kothe spaces.

Let A = (af) and B = (V%) be strongly regular Kéthe matrices. The Kothe
spaces K(A) and K(B) are isometrically isomorphic if and only if there exists a
sequence (1,) C K* such that a* = |1, |bk for all k,n € N. In this case the linear
map P: K(A) - K(B),x = (z,) — Pz = (¢¥,z,) is an isometric isomorphism
(Theorem 3.4).

Let A = (a¥) be a strongly regular Kéthe matrix. Let (N;) be a partition of N
associated with A. We prove that a continuous linear map 7: K(A) — K(A)
with Te; = >°7°, t;je;, 7 € N, is an isometry if and only if [t; ;| < infj a¥/af for
all 4,7 € N and |det[t; j]; jen,| = 1 for every s € N (Theorem 3.8).

Finally we show that for any nuclear strongly regular Kéthe matrix A, every linear
isometry T': K(A) — K(A) is surjective (Theorem 3.14).

2. Preliminaries

Let K* = K\ {0}. The linear span of a subset V' of a linear space E' is denoted by
lin V. By a seminorm on a linear space E we mean a function p: E — [0, c0) such
that p(az) = |a|p(z) for all @ € K, x € E and p(z + y) < max{p(x),p(y)} for
all z,y € E (the strong triangle inequality). Then p(x + y) = max{p(x), p(y)}, if
z,y € E with p(z) # p(y) (the isosceles triangle principle). Indeed, if p(z + y) <

max{p(z),p(y)} and p(y) < p(z) (or p(z) < p(y)), then

p(r+y—y) <max{p(z +y),p(-y)} <p(x), or
p(y) = p(r +y — ) <max{p(x +y),p(—)} < py),

=
8

N~—
I

a contradiction.
A seminorm p on a linear space F is a norm if {x € E : p(z) = 0} = {0}.

Remark 2.1. Let A = (a*) be a Kéthe matrix and let p € [1,00). Let

() |lx = [Z(|an\aﬁ)p]l/p for all (a,) € KY¥ and k€ N.
n=1
Clearly, N*(A) = {(a) € KV : ||(an)||r < oo for any k € N} is a linear subspace
of KN but the functionals || - ||z : A?(A) — [0,00), (o) = [|(an) ||z, k& € N, are not
seminorms on AP(A). O
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A sequence (v,,) in a lcs E is a Schauder basis in E if each x € E can be writ-
ten uniquely as x = Y~ v, with (a,) C K, and the coefficient functionals
fo: E = K,z — a,(n € N) are continuous.

Let E and F be locally convex spaces. A linear map T: E — F' is called an
isomorphism if it is injective and surjective and the maps T, T~! are continuous.
If there exists an isomorphism 7": £ — F, then we say that E is isomorphic to F'.
The family of all continuous linear maps from F to F' will be denoted by L(FE, F).

The set of all continuous seminorms on a les E is denoted by P(FE). A non-
decreasing sequence (p) of continuous seminorms on a metrizable lcs E is a base
in P(E) if for any p € P(FE) there are C' > 0 and k£ € N such that p < Cp,. A
complete metrizable Ics is called a Fréchet space. By the strong triangle inequality
of seminorms, a series >~ x, in a Fréchet space E is convergent if and only if
the sequence (x,,) is convergent to 0 in FE.

Let E and F be Fréchet spaces with fixed bases (|| - ||,,) and (||| - |||,) in P(£) and
P(F), respectively. A map T: E — F' is an isometry if |||Tz — Ty|||,. = ||z — yllx
for all x,y € E and k € N; clearly, a linear map T': E — F is an isometry if and
only if |||Tz|||, = ||z||x for all z € E and k € N. A linear map 7: £ — F' is a
contraction if |||Tz|||, < ||z||x for all z € E and k € N.

By [4, Corollary 1.7], we have the following

Proposition 2.2. Let m € N. Equip the linear space K™ with the mazimum
norm. Let T: K™ — K™ be a linear map with Te; = Y t; e; for 1 < j < m.

Then T is an isometry if and only if max; ; |t; ;| = 1 and | dett; ;]| = 1.

3. Results
First we show that any generalized power series space Dy(a,r) is strongly regular.

Lemma 3.1. Let f € ®. and uy, ug, v1,v9 €[0,00) with uy <ug and vy <vy. Then
f(ulvg) + f('LLQUl) < f(U1U1> + f<U2U2>. (1)

Proof. If u; =0 or v; =0, then (1) is obvious. Assume that u; > 0 and v; > 0.
Put t = (uyvy — ugv1)/(ugve — ugvy). Then t € (0, 1), tugve + (1 — t)uvy = ugvy
and tujvy 4+ (1 — t)ugvy > ugvy. Indeed, tujvy + (1 — t)ugve =

2 2,2 22 2
(u1vy — ugvy)ugvy N (U2 — U V) UV UTVIV2 — UTVT + UZV; — UiURV;

U2V2 — UIV1 U2V2 — UIV1 U2V2 — U171

_UIUQ(UQUQ — U1U1> + (’LLQUQ - ulvl)(uQvg + U1U1>
UV — ULV

= UgVs + U1V — UV = (Uug — uy) (Ve — V1) + UV > UgVy.

Thus f(uivs) + flugve) < f(tusvs + (1 — Husvr) + fltwrvr + (1 — t)ugva) <
tf(uzva) + (1 = 0) f(urv) + tf (urve) + (1 = 1) f(ugv2) = flwvr) + flugve). O
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Proposition 3.2. Any generalized power series space Dy(a,r) is strongly reqular.

Proof. Let f € ®., a = (a,) € T, r € (—00, 0] and (r;) € A,. Then we have
Dy(a,r) = K(A) where A = (a¥) = (exp f(rzan)).

Let (a,,) be a strictly increasing subsequence of (a,,) with {a,, : s € N} = {a, :
n € N}. Let Ny ={m € N: a,, = a,,} for s € N. Then (Ny) is a partition of N
onto non-empty finite subsets with Ny, < N4, for every s € N.

Clearly, a* = a* if k € Nand n,m € N,, s € N.

If ke Nand n € Ny, m € N, for some s € N, then using Lemma 3.1 we get
f(ream) + f(rppan) < flrran) + f(rgs1am), if 7 > 0, and
f(=rep1am) + f(=rran) < f(=rpg1an) + f(=rpan) if r < 0.

Hence f(risian) — F(raan) < f(rkpitm) — F(riam), so ok /a < alfak,
Thus af*t/a% <kt /ak if k € Nand n € Ny, m € Ngiq, s €N,
It follows that A is strongly regular, so D(a,r) is strongly regular. [

Corollary 3.3. Any generalized power series space Dy(a,r) is reqular. It is
strictly regular if and only if the sequence a = (ay,) is strictly increasing.

Now we show when two strongly regular Kothe spaces K(A) and K(B) are iso-
metrically isomorphic.

Theorem 3.4. Let A = (a¥) and B = (bF) be strongly regular Kéthe matrices.
The Kothe spaces K(A) and K(B) are isometrically isomorphic if and only if
there exists a sequence () C K* such that a® = |1, |bE for all k,n € N. In this
case the linear map P: K(A) — K(B), ©x = (x,) — Pz = (Ynx,) s an isometric

isomorphism.

Proof. (=) Let (N,) and (M,) be partitions of N associated with A and B,
respectively. Let v,w: N — N be functions such that j € N, and i € M, for
all i,j € N. Let T: K(A) — K(B) and S: K(B) — K(A) be linear isometries.
Let (t;;), (s1;) C K with Te; = Y00, t;5¢; and Se; = > .7, s1,¢; for all 4,5 € N.
For all j,k € N we have ||Te;||, = |||, so max; |t;;|bf = a¥. Let k € N with
k> 1. Let j € N. For some i € N we have |t;;bf = a%; clearly [t;;|bf™" < a}*!
and |t; ;|bF ! < af‘l. Hence we get aé?/béC < CL?—H/b?—H and a;?/bi»C < af‘l/bf_l.
Thus

Bl gkl ak bk
Vi3 t— <2 — and L < . 2
J bf - a;? affl N bffl @)
Similarly, for all i € N we have || Se;||, = ||eillx, so max; |s;;|af = bF. Let i € N.

For some | € N we have |s;;|af = b¥; clearly, |s;;|ai™ < b5 and |s;af ™" < 0F 1.
Hence we get bf/af < bit!/af ™ and bF/af < b¥~'/a;~". Thus

k+1 blf-i-l k k
K3

a \ a
L < and — L

)
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Let j € N. By (2) and (3) there exists [ € N such that

ak+1 ak+1 ak ak
;k < ;k and kil < klfl
! J a; ]

Hence v(l) < v(j) and v(j) < v(l), so v(j) = v(l) and aj = a} for any ¢ € N. Thus
using (2) and (3) we get

k+1 k+1 k k

Q. : ay; b
Vi Ji: L — =2 and = 4
J a? bf af_l bf_l )

Clearly, (2) is equivalent to

VTR A AN . (5)
j < an — < 5.
b= o R

Let i € N. By (3) and (5) there exists j € N such that

prtl phel bk b
- < and —5 < 2.
bbbk byt b

Hence w(j) < w(i) and w(i) < w(j), so w(j) = w(i) and b} = b} for any ¢ € N,
Using (3) and (5) we get

bk+1 ak+1 bk ak
Vidl: A — ="t and 4 =L 6
be af vitt o af! (6)

By (4) and (6) we get {a5™"/ak : j € N} = {o;*! /b : | € N} for every k € N. If
(4r) € I, Ny and (1) € [[,2; M,, then

ok fﬂ
G 2 gorall mkeN, 7
a; bﬁ or all r (7)

. k+1/ Kk \oo k+1 /pk \oo : : :
since the sequences (a; " /a7 )72, and (b, /by )72, are strictly increasing and

k+1 k+1 k+1
AR G .jeN :{bf—ﬂzleN}: W ent
aj, af bf bf

Now we shall prove that |N,| = |M,| for any r € N. Let r € N. Let j, € N,.. Let
(p;)jen, C K with max;ey, |¢;] > 0. For k € N we have

max |;]af = max |p;laf = | Y wieillk = 1T wie)lle =11 Y ;Tellx
JEN- JEN; JEN,

= 1> @i Y tageills = 1 (O tgeieille = max| > tielbl,

JEN,  i=1 i=1 jEN, FEN,
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bk
SO maX| Z ti 05| — a = Tax lp;| for every k € N. (8)
jEN,

Let £ € N with £ > 1. For some 7, € N we have

k:
| Z tw503| k = max |90J| (9)
JEN- 7
clearly | Z]ENT ZmJSDJ|bk+1/al?jl < maxjen, |90j|
and |ZjeN. tz‘mj%lbk l/ak P < maXx;en, |90J|

k+1/ k k=1 k— k k
Hence bifl/aj:“l < b} /ab and b 1/a L<ph "Jak | so itk < ajjl/aﬁ and
a?r/afr_l < bf /o' Therefore, using (7), we infer that w(i,) < r and r < w(i,),
so w(i,) = r. Thus i, € M, and

k+1

BEFL Akt a¥ bk

_— = z and & rl g & Tl s

k k — —
bi a;, a;, bs,
so, by (8),
a’?Jrl k k—1
Ir _ Jr Ir *

=k T g K (10)

k+1 k -1
biT bir bir

The linear map P, : K" — KM ())jen, — (3 en, tijPs)iem, is injective since

be\ af af
1Pl = (max‘ Zt,J‘PJ > = (max| Z b5l ) bk

JEN- JEN,
k k
a” v
J
(ggxm!)a,{ =

for any p € KN, Thus |N,| < |M,|.

Similarly, using the linear isometry S: K(B) — K(A) we prove that the linear
map
Qr: KM 5 KN, ()iens, = (D sjithi)jen,
€M,
is injective. Thus |M,| < |N,|. We have shown that |N,| = |M,| for every r € N.
Since N, < N,y and M, < M, for any r € N, we infer that N, = M, for any
r € N. Let r € N and j € N,.. We have

ak—H ak—i—l ak :

/e | S |
b§+1_bf“_bir = for any k € N,

a:
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so the sequence (a¥/b¥)p2, is constant. By (10) there exists D, € K* such that
a¥ /b = |D,| for any k € N. Let ; = D, for j € N,,r € N. Then a}, = [¢),,|b}; for
all k,n € N.

(<) Let z = (z,) € K(A). Then |z,||[t|bt = |x,|ak for all k,n € N, so
Yptpe, — 0 in K(B). Thus the series Y ", ¢¥,,e, is convergent in K(B) for
any = = (z,) € K(A). It follows that the operator

P: K(A)— K(B), = (x,) = Pxr= i¢nxnen

n=1

is well defined. Clearly, P is a linear isometry. Thus P(K(A)) is closed in K(B).
Since lin{e,, : n € N} € P(K(A)) we infer that P(K(A)) = K(B). Thus P is an
isometric isomorphism, so K(A) and K (B) are isometrically isomorphic. O

Corollary 3.5. Let f,g € ®., a = (a,), b = (b,) € I, 1,5 € (—00,00] and
(ri) € A, (sk) € As. The generalized power series spaces Dy(a,r) and Dy(b, s)
are isometrically isomorphic if and only if there exists a sequence (v,,) C K* such
that In |1, | = f(rran) — g(skby) for all k,n € N.

Hence for power series spaces we get the following (see [8, Theorem 3.1])

Corollary 3.6. Let a = (a,), b = (b,) € T, 1,5 € (—o0,00] and (ry) € A,,
(sk) € As. The power series spaces A(a,r) and A(b, s) are isometrically isomorphic
if and only if there exist a sequence (V) C K* and constants C, D € R such that
a, = Cby,, sy = Cri + D and In |¢,| = —Db,, for all k,n € N.

Proof. By Corollary 3.5, the power series spaces A(a,r) and A(b, s) are isomet-
rically isomorphic if and only if

I(¢n) C K" Vk,n € N:rra, =In|v,| + sgby. (11)

Assume that (11) holds. Put C' = (s3 — $1)/(rg — 1) and D = s; — C'ry. We have
(ro —ri)a, = (s — s1)b, for n € N. Thus a,, = Cb,, for n € N. Hence

In |¢,| = rea, — sgby = (Cry — sg)b, for all k,n € N,

so In |¢,| = —Db,, and Cry, — sy = —D for all n, k € N.

If there exist a sequence (1,,) C K* and constants C, D € R such that a,, = Cb,,
s, = Cry+ D and In |¢),| = — Db, for all k,n € N, then (11) is obvious. O

As a consequence of Theorem 3.4 and its proof we get the following.

Proposition 3.7. Let A and B be strongly reqular Kéthe matrices. If there exist
linear isometries T: K(A) — K(B) and S: K(B) — K(A) then the Kéthe spaces
K(A) and K(B) are isometrically isomorphic.

Now we determine all linear isometries on a strongly regular Kéthe space K (A).
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Theorem 3.8. Let A = (a¥) be a strongly reqular Kithe matriz. Let (Ny) be the
partition of N associated with A. Let T: K(A) — K(A) be a continuous linear
map and let Te; = > "2 t;ie; for j € N. Then T is an isometry if and only if
ak
|ti,j| S Hlif&—i for all Z,j € N and |det[ti,j]i,j€Ns

i

=1 for every s € N.  (12)

Proof. (=) For all j,k € N we have ||Te,|x = |lej]«, so

max |t; ;|aF = a? for all j,k € N. (13)
Hence |t; ;] < af/af for all 4,5,k € N, so [t; ;| < infyaf/a} for all 7,5 € N and
|tij] <1foralli,je Ns seN.
Let s € N, js € NS and (ﬂj)jENs C K with maxXi;en,

Bl > 0. Then we have

(max|ﬁ]|) = max|ﬂj|a = || Z Biejlle = IT( Z Bie)llk = || Z BiTe;llx

JE

JEN ]eNs ]ENS
=1>8> tiells =1 Z(Z Bjtij)eills = max| > Bjtijlay
jEN,  i=1 i=1 jEN, JEN
for any £ € N. Thus
max| Z Bt ,J|ak/a = max|63| for kK € N. (14)

JEN,

Let k > 1. For some 75, € N we have

[ D Bitiv

JENS

= max (15)
JEN.

clearly

1D Bitin

altt /ot < max]ﬁj\ and | Z Biti,jlai " fak~t < max\ﬂ]|

JEN, JEN,
Hence GZH af@ and af:l < ai
BT = gk oL = gk
js Js js Js
k41 k+1
ai: jj f ai
S0 — < = and o= <
a; a a:~ ar~
s Js Js 1s

Thus v( s) < v(js) and v(js5) < v(is), so v(is) = v(js). Therefore iy € N, and
a;, = af, for any t € N. By (15) we have | ..y Biti, ; 3;|. Hence

K
maXie N,

- ma’XjeNS
> jen, Bitij| = maxjen, [8;]. Thus the following map

S KNS — KNS 5] ]ENS Z /8] i, zENS

JENs

is a linear isometry. By Proposition 2.2, | det[t; ;]; jen,| = 1 and max; jen, |ti ;| = 1.
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(<) Let z = (v;) € K(A) and k € N. Let V,, = J)L, N, for m € N.
Clearly x = limy, Yy, €5, so [[zlly = limy, [| 32 o, @je;lr and [T, =
limy, [|[T(3 ey, zj€5) ||k Thus to prove that ||Tz|[x = [|z||x it is enough to show
that [|T(3 ey, zjei)llk = | 22 ev,, Ti€jllx for any m € N. Let m € N. We have

T jev,, i€i) = e, TiTes = D icv, T 2oim tigei = 221 (D jevs, Titig)ei-
Define L:= HT(Z:].GVm zje;)|lr =max; | ZjeVm zit; jla¥ and P:=|| Zje\/m zjejlly =
maxjevy,, [£;]al. We shall prove that L = P.

By (12) we have |t; ;| < a¥/a} for all i, j € N. Hence for i € N we get

Z zt; ilal < max|x]|a =P,

JEVm

so L < P. If P=0, then L=P. Assume that P > 0. Put s=max{l <p <m:
maxjey, |7;la¥ = P} and jo € N, with P = maxjen, |z;|a¥ = |2j,|ak . Then
maxjen, |2;| = |z, Put Wy = J{N, : 1 <p < s}and My, =J{N,:s <p<m}.
Then |z;|a¥ < |zj,|a% for j € Wy and |zj|al < |zj|af for j € M,. By (12) we
have |t; ;| <1 for ¢,j € Ny and max; jen,

By Proposition 2.2, the linear map

S: KN — KNS, yj jENs —* Z ti Jy] iEN,

JENs

is an isometry, so maxjen, | Yy, ti il = maxjeNs |xj| = |z;,|. Thus for some

io € N5 we have | >y ti, ;x| = |z)o]; clearly af = al . If j € W, then

koo k1 k gk
|x]"|ti07j| < |x30‘ j]? ‘]]g+1 < |xjo‘ k k: |xjo‘
i i i %o

80 | D iew, Titiog| < |xjl- If j € M, then

E gk
3 [Ei0.5| < lo | = =5 = |2,
J o

SO \Z]EMS xjti, | <|zj|. Thus

1D wtigl =1 ) @it + > it + Y Titins] = lajl,

J€Vm JEWS JENs JEM;
50 | D ev,, Titioslas, = |xjlal, = P. Hence P < L. Thus P = L. We have shown
that [|Tz||x = ||z||x for all z € K(A),k € N, so T' is an isometry. O

Remark 3.9. Let A = (a*) be a nuclear strongly regular Kéthe matrix. Let (V;)
be a partition of N associated with A. For every n € N there exists v(n) € N
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such that n € Ny,. Let 7,7 € N. The sequence (af/af)z"zl is strictly increasing
if v(i) < v(j), constant if v(i) = v(j) and strictly decreasing if v(7) > v(j). Thus
aj/aj, it v(i) <v(j);
. k k _ . AN -\ .
1%faj/ai =1 1, if v(i) =v(j);
limy, a%/af, if v(i) > v(j).
Proposition 3.10. Let A=(a¥) be a nuclear Kéthe matriz. Assume that (t; ;) CK
with |t; ;| < infyal/aj for all i,j € N. Then there exists a linear contraction
T: K(A) — K(A) such that Te; = Y 2, t;j¢; for j € N. If additionally A is
strongly reqular and |det[t; j|; jen,| = 1 for every s € N, then T is an isometry.

Proof. First we prove that >".° ¢ je; is convergent in K (A) for any j € N. By

the nuclearity of A, for every k € N there exists s(k) such that a¥/ af(k) —; 0.
Let j € N. Then [t;]a}f < (aj(k)/af(k))af = a;f(k)(af/af(k)) for all i,k € N, so
|t; jla¥ —; 0 for every k € N. Thus ¢, je; —; 0 in K(A), so the series > o= t; je; is

Kk k
i 4

convergent to some 7} in K(A) and [|T}||; = max;
for every k € N.

Let z = (z;) € K(A). For any k € N we have [|2; ;|| = |z;|[|T;l|x < |z5]a}, so
2Ty —; 0 in K(A), so the series > 7 | z;T; is convergent in K (A).

Thus the operator T': K(A) — K(A),z = (z;) = T = 72, x;T}; is well de-
fined; clearly it is linear. 7T is a contraction, since ||Tz|; < max; ||z; 1|y <

max; |z;|a¥ = |z|| for all z € K(A), k € N. The use of Theorem 3.8 completes
the proof. n

tijlak < maxi(af/af)a

By the proof of Proposition 3.10 we get

Corollary 3.11. Let A = (a¥) be a Kithe matriz. Assume that (d; ;) C K with
|d; ;| < infyal/aj for alli,j € N. IfVj3s;Vi > s; : d;; = 0 then there ezists a
linear contraction D: K(A) — K(A) such that De; = > .~ d; je; for j € N. If
additionally A is strongly regular and |det[d; ;)i jen,| = 1 for every s € N, then D
15 an isometry.

We shall need the next two propositions to prove that any linear isometry on a
nuclear strongly regular Kéthe space is surjective.

Proposition 3.12. Let A = (a¥) be a strongly reqular Kithe matriz. Assume
that (d; ;) C K,|d;;| < infy af/aéC if v(i) < v(j), dij = 0 if v(i) > v(j) and
|det[d; j|ijen,| = 1 for every s € N. Then there exists an isometric isomorphism

D: K(A) — K(A) such that De; = "2, d; je;,j € N.

Proof. By Corollary 3.11, there exists a linear isometry D: K(A) — K(A)
such that De; = > 02, d;je;,j € N. We shall prove that D is surjective. Put
W, = U,_; Ny for r € N.

We have lin{De; : j € W;} C lin{e; : j € Wy} for every k € N, since De; =
ZiEWk di,jei fOI'j S Nk, k € N.
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D is alinear isometry, so D(K(A)) is closed in K (A) and the sequence (De;) ew, is
linearly independent for every k € N. Thus lin{De; : j € Wy} =lin{e; : j € Wi}
for every k € N, so D(K(A)) D lin{e; : j € N}. It follows that D(K(A)) = K(A),

so D is an isometric isomorphism. [

Proposition 3.13. Let A = (a*) be a nuclear strongly regular Kéthe matriz.
Assume that (s;;) C K, [s;;] < infp(af/af) if v(i) > v(j), sy = 0 if v(i) <
v(j) and |det[s; )i ; ] ' '

5J

isomorphism S K(A) — K(A) such that Se; =Y~ s;;e;,7 € N.

Proof. By Proposition 3.10, there exists a linear isometry S: K(A) — K(A)
such that Se; = >, s;€;,5 € N. We shall prove that S is surjective. Put
W, = Uy Nk for r € N. Let y = (y;) € K(A). We shall construct an z € K(A)
such that Sz = y. By Proposition 2.2, the linear map

KM — KM (B))jem = (D 5i48))ien,

JEN:

is an isometry. Thus there exists (z;)jen, C K with maxjen, |z;| = maxen, |y
such that >y, si;2; = y; for every i € Ni. Assume that for some [ € N with
[ > 1 we have chosen (z;)jen, C K for 1 < s < I. By Proposition 2.2, the
linear map KM — KM, (8;)jen, — (3 ;cn, 5i.i0))ien; is an isometry. Thus there
exists (7;)jen; C K with maxjen, [2;| = maxien, [yi — D _;cw, , Sij2;| such that

D ien SigTi = Yi— D jew, , Si;rj for i € Ni. Thus by induction we get z = (z;) €
K" such that 3y, ;525 = y; foralli € Ny, I € Nand maxjen, |7;| = maxen, |il
and maxjen, |7;] = maxien, [Yi — > e, , Sij7;| for L > 1. We shall prove that
x € K(A). Let k € N. Clearly, maxjew, |z;|a¥ = max;ew, [y1]af. Forl > 1,i € N,
and j € Wi_y we have |s; ;||z;]a; < (a}/af)|zj|af = |z;]al. Hence
max\:vz|a = max|yl Z sijrjla® < max{max |y;|a¥, max |$j]a§}.

iEN JEWI 1

1EN,
JEW 1

Thus by induction we get max;ew, |z;]af < max;ew, lysla} < [ly[lx for all [ € N.

It follows that |zj|a¥ < ||y for all k,j € N. Let k € N. Let s(k) > k with
s(k s(k) s(k s(k

(aj/a™) =, 0. Then |z;laf = |o;la;" (a /™) < [lylluqe (af/a5™) for every

j € N. Thus |z;|a} —; 0 for every k € N, so 2 € K(A). We have

o0 oo o
St = g x;Se; = g x; E i€ = g g SijT;)e
‘= —

=1 j=

- Z Z Z S, ;)€ Z Z Yiei = ;yiei =y.

=1 ieN; jeW; =1 i€eN;

Thus S is surjective, so S is an isometric isomorphism. O
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Now we can prove that every linear isometry on any nuclear strongly regular Kéthe
space is surjective.

Theorem 3.14. Let A = (a¥) be a nuclear strongly reqular Kithe matriz. Then
every linear isometry T on K(A) is surjective.

Proof. Let [,m € N and N;,, = N; x N,,,. Denote by M,,, the family of all
matrices B = [53; ;] j)en,,, With 8;; € K such that

(a) |B;| < infyak/af for all (i,7) € Ny, if 1 # m;
(b) 16, <1forall (i,5) € Niy and |det Bl =1,if l=m

By Proposition 2.2 , for every m € N and B € M,,,, we have B™* € M, ,,. Let
Tej =327, tijei for j € No Put Ty = [tij]G.g0ene,, and Lym = (053] j)ens.,, for
all k,m € N. We define matrices Dy, ,,, Sgm € M for k€ Nand m =1,2,3, ...

Put Dy, = I1 and Sp1 = Ty for k € N; clearly Dy, Sp1 € My, for k € N.
Assume that for some m € N with m > 1 we have Dy ;, Sk, € My, for k € N
and 1 < j <m. Let Dy, = SillTl,m. It is easy to see that D, ,, € M,,,, since

Si% S M171 and lem S Ml,m-

Let D]“m = k:k:[Tk?m Z Skv ,m] for k = 2,3,...m—1. Let 1 < k < m.
Let [sin](in)en,, = S;w and [dy ;] n.j)eNy = Dom for 1 < v < k. Put Cpp, =
[Cm] (4,9)ENg,m = Z Sk,v vym- Then

k—1
el = 1D Simdn gl < Jnax |s;ndn,|

v=1 nENy
for (i,7) € Ngm. For i € Ny, j € N,,, and n € W,_; we have

[Sinds| < infal, falinf a3 /a3, < (al/ab)(a /L) = ab /o]

for every I € N, so that [s;,dn;| < inf,a/al. Hence |¢;;| < inf;al/al for all

(1,7) € Nk, 50 Crm € My . Since S,;,i € My and Tk ,,, € My, ,,, we infer that
Dk,m S Mk;,m fork=2,....m—1.

Let Dy, = Iim for k > m; clearly Dy, € My, Let Spp = I for 1 <k <m
and let Sp = T — Somy SkwDym for k > m. Clearly, Si,, € My, for
1<k<m.

Let & > m. Let [sia]imnyen,. = Sko and [dnjlnj)en, . = Dom for 1 <o < m.
Put Crm = [Cijl)eni, = va:_ll SkwDym. Then

m—1
el = 1)) simdn| < max |sndy,j|
v=1 n€EN, neWm—1
for (i,7) € Ngm. For i € Ny, j € N,, and n € W,,,_; we have by Remark 3.9

it g| < inf at atinf a3 /a5, < (al,/al)(al fal,) = af faf
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for every I € N, so that [s;,dyn;| < inf;a/a]. Hence |¢;;| < inf;al/a} for all
(4,7) € Nins 50 Crogn € My, for k > m. Since |t; ;| < inf;d/af for (i, ) € Nim,
we get Sgm € Mg, for k> m and |¢; ;| < 1 for all (¢,5) € Ny, . Moreover for
some (Ay)oes(n,,) C {o € K:|a| < 1} we have

| det Spym| = | Z sgno H (tio(i) — Cio()| = | Z sgn o|( H tio(i)) — Aol

oc€S(Nm) i€Nm o0€S(Nm) i€Nm
= |det(Tpm) = > sgnoAy| = |det(Tpm)| = 1.
c€S(Nm)

Thus Sym € M. By definition of Dy, ,,, and Sk ,,, we get

(a) Tha = Ska = 25:1 SyoD, for k € N;

(b) S11Dym=Tim for m>2 and Sgx Dy =Trm— S —1 SkwDym for 2<k<m,
50 that Ty = S2F_, SkwDym for 1 < k < m;

(©) SkmDmm = Skm = Thom — Sor ! SkwDym for k > m > 1, so that Ty, =
S SkwDom = S, Skw Dy for k> m > 1.

k
Thus Tim = SkoDym forall k,meN. (16)
v=1
Let [s;7](ij)enxn and [d; ] jyenxn be matrices such that [s; ;] j)en,.,, = Skm and
[di,j](i,j)ENk,m = Dk,m for all k,m € N.

By Theorem 3.8, Proposition 3.10 and Corollary 3.11, there exist linear isometries
S and D on K(A) such that Se; = >°, s;;¢; and Dej = > 2 d; je; for all j € N;
by Propositions 3.12 and 3.13, these isometries are surjective. Using (16) we get

k o) 00
tij = E E Sindn; = E E Sindn,j = E Sindn,j
n=1

v=1 nEN, v=1 n€EN,

for (i,7) € Nim and k,m € N. Hence for j € N we get

SDej == S(Z dn,jen) == Z dn,j(z smei) = Z(Z si’ndn,j)ei = Ztmei = T@j;
n=1 n=1 =1 i=1 n=1 =1
so T'= SD. Thus T is surjective. ]

Let A be a nuclear strongly regular Kéthe matrix. By Theorem 3.14, the family
Z4 of all linear isometries T: K(A) — K(A) is a subgroup of the group of all
automorphisms of K(A). Put

Dy = {T €T, Tej = ZiEWU(]-) ti,jei for allj S N},
Ka={T€Zy:Te; = ZieNv(j) t;je; for all j € N}, and
Sa={Te€ly:Te;= ZieMv(j) t;je; for all j € N} where

Wi =Us_ N, and M, =2,N, for keN.



W. Sliwa, A. Ziemkowska / On Linear Isometries ... 339

Proposition 3.15. Let A be a nuclear strongly reqular Kothe matriz. Then
Dy, K4, S84 are subgroups of Zn. Moreover for every T € L, there exist D € Dy
and S € Sy such that T = S o D.

Proof. Let 5,7 € S4. Let j € N. We have

STej = S( Z ti,jei) = Z ti,jS<€i> = Z ti,j ( Z Sk,iek) = ( Z Sk,iti,j) €.
i=1 i=1 i=1 k=1 k=1 i=1

If v(k) < v(j), then for every i € N we have v(k) < v(i) or v(i) < v(j); s0 Sg; =0
or t;; = 0 for i € N. Thus > ;% st;; = 0 for b € N with v(k) < v(j); so
ST € S4.

Let k € N. Let y = (y;) = ex. Then y; = 0 for i € W, with [ < v(k). For some
r = (z;) € K(A) we have Sx = y. Using the proof of Proposition 3.13 we get
sup{|z;la : j € Wi} < sup{lyilal - i € Wi} =0, so z; = 0 for j € W; with
I <wv(k). Hence S~ (ex) = =3y, o L3 for k € N; s0o S7' € §4. Thus S4 is
a subgroup of Z4.

Let D,T € Dy. Let j € N. We have DTe; = > "7 (D77 diitij)ex. Ifv(k) > v(j)

then for every i € N we have v(k) > v(i) or v(z) > v(j); so dy; = 0 or t;; = 0 for
i € N. Thus Y .2, dyt;j = 0 for every k € N with v(k) > v(j), so DT € Dy.

Let £k € N. Put Fj, = lin{e; : v(i) < v(k)}. We have D(Fy) = F} (see the
proof of Proposition 3.12). Thus there exists x = (z;) € F) such that Dz = ey.
Then z; = 0 for j € N with v(j) > v(k) and D™ !(ey) = 2 = Zjewv(k) Tj€ej, SO
D' € Dy. Thus Dy is a subgroup of Z4. Clearly, K4 = Sy N Dy, so K4 is
subgroup of Z4.

The last part of Proposition 3.15 follows by the proof of Theorem 3.14. [

Finally we state the following open problems for regular Kothe spaces.

Problem 3.16. Let A and B be reqular Kithe matrices. When the Kdéthe spaces
K(A) and K(B) are isometrically isomorphic?

Problem 3.17. Let A be a regular Kéthe matriz and let T: K(A) — K(A) be
a continuous linear map with Te; = Y2, t; e; for j € N. Find sufficient and
necessary conditions on (t; ;) C K under which T is an isometry.

Problem 3.18. Let A be a nuclear regular Kithe matrix. Does every linear
isometry T: K(A) — K(A) is surjective?

References

[1] N.De Grande-De Kimpe: Non-archimedean Fréchet spaces generalizing spaces of
analytic functions, Indag. Math. 44 (1982) 423-439.

[2] C.Perez-Garcia: Locally convex spaces over non-archimedean valued fields, in:
Ultrametric Functional Analysis, Contemporary Math. 319 (2003) 251-279.



340

W. Sliwa, A. Ziemkowska / On Linear Isometries ...

C. Perez-Garcia, W. Schikhof: Locally Convex Spaces over Non-Archimedean Val-
ued Fields, Cambridge Studies in Advanced Mathematics, Cambridge University
Press, Cambridge (2010).

A.C.M.van Rooij: Notes on p-adic Banach spaces, Report 7633, Department of
Mathematics, University of Nijmegen (1976).

A.C.M.van Rooij: Non-Archimedean Functional Analysis, Marcel Dekker, New
York (1978).

W. H. Schikhof: Locally convex spaces over non-spherically complete valued fields,
Bull. Soc. Math. Belg. 38 (1986) 187-224.

W.Sliwa: On relations between non-archimedean power series spaces, Indag.
Math., N.S. 17 (2006) 627-639.

W. Sliwa, A. Ziemkowska: On linear isometries on non-Archimedean power series
spaces, J. Convex Analysis 19 (2012) 453-466.

W. Sliwa: On non-archimedean generalized power series spaces, Contemporary
Math. 596 (2013) 281-291.

W. Sliwa: On relations between non-Archimedean generalized power series spaces,
J. Convex Analysis 22 (2015) 569-590.



