Journal of Convex Analysis
Volume 26 (2019), No. 1, 341-351

On Approximate Birkhoff-James Orthogonality
and Normal Cones in a Normed Space®

Debmalya Sain

Dept. of Mathematics, Indian Institute of Science, Bengaluru 560012, Karnataka, India
saindebmalya@gmail.com

Kallol Paul

Dept. of Mathematics, Jadavpur University, Kolkata 700032, West Bengal, India
kalloldada@gmail.com

Arpita Mal

Dept. of Mathematics, Jadavpur University, Kolkata 700032, West Bengal, India
arpitamalju@gmail.com

Received: October 3, 2017
Accepted: May 8, 2018

We study two notions of approximate Birkhoff-James orthogonality in a normed space, from a
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1. Introduction.

Birkhoff-James orthogonality is arguably the most natural and well-studied no-
tion of orthogonality in a normed space. Indeed, in the normed space setting, the
close connection shared by Birkhoff-James orthogonality with various geometric
properties like strict convexity, smoothness etc. can hardly be over emphasized.
As a consequence, Birkhoff-James orthogonality plays a crucial role in exploring
the geometry of normed spaces [5]. In view of this, it is perhaps not surprising
that various generalizations (and approximations) of Birkhoff-James orthogonality
have been introduced and studied by several mathematicians, including Dragomir
[4] and Chmielinski [2]. In this paper, our aim is to study two different approxima-
tions of Birkhoff-James orthogonality, in order to have a better understanding of
the geometry of normed spaces. Among other things, we exhibit that both types
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of approximate Birkhoff-James orthogonality have a close connection with normal
cones in a normed space. Without further ado, let us establish our notations and
terminologies to be used throughout this paper.

Let X be a normed space defined over R, the field of real numbers. Let Bx and
Sx denote the unit ball and the unit sphere of X respectively, i.e., Bx = {z € X:
|z|]| < 1} and Sx = {z € X : ||z|| = 1}. For any two elements z and y in X, z is
said to be orthogonal to y in the sense of Birkhoff-James [1] if ||z + A\y|| > ||=]| for
all real scalars \. Recently, Sain [6] introduced the notions of z, z~ for a given
element x of X, in order to completely characterize Birkhoff-James orthogonality
of linear operators on a finite dimensional Banach space. An element y € X is
said to be in =T if ||z + Ay|| > ||z|| for all A > 0 and y € X is said to be in z~
if ||z 4+ Ay|| > ||z|| for all A < 0. The notion of Birkhoff-James orthogonality has
been generalized by Dragomir [4] in the following way, in order to obtain a suitable
definition of approximate Birkhoff-James orthogonality in normed spaces.

Let € € [0,1). Then for z,y € X, z is said to be approzimate e-Birkhoff-James
orthogonal to y if
lz+ Ayl = (1 —e)flz]| VA e R

Later on, Chmieliniski [2] slightly modified the definition in the following way:
Let € € [0,1). Then for z,y € X, z is said to be approzimate e-Birkhoff-James
orthogonal to y if

|z + Ay|| > V1 —€e?||z|| VA € R.
In this case, we write z_L9y.

Chmielinski [2] also introduced another notion of approximate Birkhoff-James
orthogonality, defined in the following way: Let € € [0,1). Then for z,y € X,  is
said to be approxzimate e-Birkhoff-James orthogonal to y if

lz+ Ayl* > [l2]]* — 2¢[|= [l Ay ]| YA € R.

In this case, we write z L%y.

It should be noted that in an inner product space, both types of approximate
Birkhoff-James orthogonality coincide. However, this is not necessarily true in a
normed space. We would also like to remark that in a normed space, both types
of approximate Birkhoff-James orthogonality are homogeneous.

Recently, Chmielinski et al. [3] characterized “z1%y” for real normed spaces by
means of the following theorem:

Theorem 1.1 (Theorem 2.3,[3]). Let X be a real normed space. For x,y € X
and e € [0,1) :

rlyy< 3 ze Lin{z,y}:xlpz, |z —y| <€yl

The above characterization of “zL%y” is essentially analytic in nature. In this
paper, our aim is to explore the structure and properties of both types of approx-
imate orthogonal vectors from a geometric point of view. In order to serve this
purpose, we introduce the following two notations:
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Given z € X and € € [0,1), we define
F(z,e) ={yeX:zlyy}, and G(z,¢) ={y € X: 2Ly}

In this context, the concept of normal cones in a normed space play a very im-
portant role. Therefore, at this point of our discussion, the following definition is
in order:

A subset K of X is said to be a normal cone in X if
(1) K+ K C K, (ii) aK C K foralla >0 and (iii) KN (—K) = {6}.

Normal cones are important in the study of geometry of normed spaces because
there is a natural partial ordering > associated with K, namely, for any two
elements z,y € X, ¢ > y if x —y € K. It is easy to observe that in a two-
dimensional Banach space X, any normal cone K is completely determined by the
intersection of K with the unit sphere Sx. Keeping this in mind, when we say that
K is a normal cone in X, determined by vy, vo, what we really mean is that

(1 —t)vy + tug e [071]}.

KNSy = :
X {H(l—t)vl—i-tng

Of course, in this case K = {av; + fvg : a,f > 0}. We prove that in a two-
dimensional Banach space X, given any z € X and any € € [0,1), F(z,¢) =
KiU(—K) and G(z, €) = KoU(—Ks), where K7, Ky are normal cones in X. In fact,
in case of F(z,¢), we prove something more. We show that in a two-dimensional
smooth Banach space X, given any normal cone K, there exists x € Sx and € €
[0,1) such that F'(z,e) = KU(—K). Indeed, this interconnection between normal
cones and approximate e-Birkhoff-James orthogonality sets is a major highlight
of the present paper. Equipped with the above mentioned interconnection, we
proceed to obtain a complete geometric description of F(x,¢) and G(x,¢€), when
X is a normed space of any dimension. In order to accomplish this goal, let us
introduce the following two notations:

Let X be a normed space. For z,y € X and € € [0,1), let P, ,(¢), Q4,4(€) denote
the restriction of F(x,€) and G(x,€), respectively, to the subspace spanned by
x and y. Using these notations, we obtain a complete geometric description of
F(z,¢) and G(x,¢€), when X is any normed space. We show that both F(z,€) and
G(z,€) are union of two-dimensional normal cones. We also prove a uniqueness
theorem for F'(x,€), first in the case of a two-dimensional Banach space and then
for any normed space.

2. Main results

Theorem 2.1. Let X be a two-dimensional Banach space. Then for any x € Sx
and € € [0,1), there ezists a normal cone K in X such that F'(z,¢) = K U (—K).

Proof. For x € Sx there exists y € Sx such that x 1 g y. Consider

A={te€[0,1]: 2 L5 {(1 —t)x+ty}} and B={t € [0,1]: x LG, {—(1 — t)x + ty}}.
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Figure 2.1

Clearly, both A and B are non empty proper subsets of [0,1], as 0 ¢ AU B and
1 € An B. We next show that both A and B are closed. Suppose {t,} C A be
such that ¢,, — ¢. Then

Lo {1 = t)z + tay} = [z + M1 =tz + tay}]| = VI — €

for all A € R. Letting n — oo we have, || + AM{(1 — t)z + ty}|| > V1 — €2 for
all A € R. Then z L5 {(1 —t)z + ty} and so t € A. This proves that A is closed.
Similarly, one can show that B is closed.

Let tl = inf A, t2 = inf B. Clearly tl # 0, tg 7é 0.

Let Uy = (1 — tl).f + tly, Ug = —(]. — tQ)QT + tgy and V1 = u1/||u1H, Vg = UQ/HUQH
Let K be the normal cone determined by vy, vs. We next show that F(z,e) =
KU (-K).
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Figure 2.2

If z € X'is such that z = ¢{(1 — t)x + ty}, where ¢ > 0 and ¢ < t; then from the
definition of infimum, x L% z. Let w € X be such that w = ¢{(1 — t)z + ty},
where ¢ > 0 and 1 > ¢t > t;. We show that x L5 w. Let A > 0. Choose
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m =14+ Ac(l —t) > 1 and choose A\; = % Then = + Aw = n;(x + \1y). Hence
|z + M| = |mlllz + Myll = [z + Myl 21> V1€

Let A < 0. Write w = b{(1 — s)x + svi}, where b > 0, s > 1. Choose 1, =
1+ A(1—s)>1and Ay = % Then x + Aw = ma(x + Ayvy). Hence

|z + Aw|| = [n2]l| + Agvi]| > (|2 + Aovr|| > V1 — €2

Thus, for all A € R, ||z + Aw|| > V1 — € = 2 LS w. Similarly, if z = ¢{—(1 —
t)x + ty}, where ¢ > 0 and ¢ < ty then z [$ z and if w = d{—(1 — t)z + ty},
where d > 0 and 1 >t > t5 then x LS w. Therefore, F(z,¢) = K U (—K). O
Remark 2.2. We further observe that if € € (0,1) then ¢; < 1, for if z € Sx and

|z — 9| < ;\/%Z; then ||z + Az|| > ||| z]| — ||=]|| = |A| =1 > V1 — €2, whenever

|IA| > 1+ +v1—€2 Also, if [\| <14 +/1— €2 then
[z + Azl] = [lz + Ay + A(z = y)l| = [lz + Ayl| — [Alllz — y]|
>1-1+V1i—e)|z—y| >V1-—e,

so that x 1% z. This shows that there exists some ¢, 0 < ¢t < 1, such that
z LS {(1 —t)x + ty}. Similarly, if € € (0,1) then ¢, < 1.

Remark 2.3. From the proof of the Theorem 2.1, it is clear that if ¢ > 0 then
both vy, ve can not be simultaneously in = (or z7). In fact, for € > 0, exactly
one of vy, vy will be in ™ and the other one will be in z~. On the other hand, it is
easy to observe that in two-dimensional smooth Banach spaces, v, = vq, if € = 0.

Next, let us consider the set S(z,e) = {z € Sx : infyeg ||z + Az|| = V1 —€2}. In
context of the previous theorem, it is possible to obtain a nice characterization of
S(z,€). We accomplish the goal in the following theorem:

Theorem 2.4. Let X be a two-dimensional Banach space and vi,vs be as in
Theorem 2.1. Then S(x,e) = {Fvy, £}, if € € (0,1) and S(z,e) = {y € Sx :
x lpy} ife=0.

Proof. First, let € € (0,1). Note that every element in Sx can be written as some
multiple of a convex combination of vy, y or y, vy or vy, x or , —vy. From Theorem
2.1, it is clear that inf [z + Az|| < V1 — €2 if z is some multiple of a convex

. . 1-t t
combination of vy, or x, —ve. Now, suppose z = % for some 0 <t < 1.

Let A < 0. Write z = a{(1 — s)z + sv1}, where s > 1 and a = m > 0.

Let n=14aA(l—s)>1land N = “T’\s Then z+ Az = n{x+Nv1} = ||z + Az]| >
|z + Novi|| > v1—¢€2 Now, let A > 0. Write z = b{(1 — ')z + 'y}, where

O<S/§1andb:m' Letq’h:]_—f—)\b(]_—sl)Zland)\lesis’.

Then z + Az = m{z + My} = ||z + Az]| > ||z + Myl > 1 > V1 — €2, Therefore,
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infyer ||z + Az]] > V1 — €2 Similarly, if z = ”8:3—313};” for some 0 < ¢ <1
then we can show that inf) ||z + Az|| > v/1 — €2. Thus, z € S(z,¢) if and only if
z € {£vy, v}

The second part of the theorem is obvious. O

Let P, ,(e) denote the restriction of F'(z,e€) to the subspace spanned by x and y.
Equipped with the characterization of F'(z,€) in two-dimensional Banach spaces,
it is now possible to obtain a complete description of F(z, €) in any normed space.
The following theorem, the proof of which is immediate, illustrates our claim.

Theorem 2.5. Let X be a normed space. Letx € X ande € [0,1). Then F(z,¢€) =
Uyex Pry(€). In particular, F(z,€) is a union of two-dimensional normal cones.

Let us now turn our attention to the converse of Theorem 2.1. As promised in
the introduction, we prove that for any normal cone K in a two-dimensional
smooth Banach space X, there exists some x € Sx and some € € [0, 1) such that
KU(=K) = F(x,e).

Theorem 2.6. Let X be a two-dimensional smooth Banach space. Let K be a
normal cone in X. Then there exists v € Sx and € € [0,1) such that F(z,e) =
KU(-K).

Proof. Let the cone K be determined by vy, vs € Sx. Note that since K is a
normal cone, v; # —vo. First, let us assume that v; # vy. Consider the two sets

Wy ={zeS: irif |z + Avq || > ir;f |z + Aval| },

Wy ={z € Sx: iI)l\f |z + Aval| > il}l\f |z + Avq |}

Clearly, W, # () and Wy # (), since v, € Wi and v; € Wy. We show that W,
is open. Let z € Wi, Let I} = infy ||z + Avy|| > infy ||z + Ave|| = l5. Choose
¢ > 0 such that € < % We claim that B(z,€¢’) N Sx € W;. By standard
compactness argument, there exists A\g such that ||z + Agva|| = l2. Now, suppose
that w € B(z,€¢') N Sx. Then for any A € R, we have,

|w+ Mot = [[(z + Avy) = (z =w)|| > ||z + dvi|| = ||z —w]| > 1, — €.
Also,
|w + Xova|| = [[(z 4 Aova) + (w — 2)|| < ||z + Aove| + |w — 2[| < Iy + €.

Therefore, infy ||w + Avy|| > I3 — € > Iy + € > inf) ||w + Avy||. This implies that
w € Wy. Hence, B(z,¢')NSx C W;. Therefore, W is open in Sx. Similarly it can
be shown that W5 is open. Again, W;NW5 = (). Since Sx is connected, W UW, #
Sx. Choose x € Sx \ (W3 UWs;). Then clearly inf) ||z + Avi|| = inf) ||z + Avg||. We
would like to remark that since X is smooth, and v; # Fwvs, x can not be Birkhoff-
James orthogonal to both v, and vy. Since inf), ||+ vy || = infy ||z 4+ Ava]|, it is now
easy to see that x is not Birkhoff-James orthogonal to either of vy, vo. Therefore,
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there exists € € (0,1) such that infy ||z + Avy|| = inf) ||z + Ave|| = V1 — €2. Now,
by Theorem 2.1 and Theorem 2.4, it is clear that F(z,e) = K U (—K).

Let us now consider the case v; = vy. Clearly, K is simply a half-line in this case,
given by K = {Av; : A > 0}. By Theorem 2.3 of James [5], there exists z € Sx
such that x L v1(= vy). Furthermore, since X is smooth, if y € Sx is such that
x 1lp vy, then y = £v;. Therefore, by choosing ¢ = 0, it is now immediate that
F(z,¢) = KU (—K). This establishes the theorem. O

In the following example, we illustrate the fact that the smoothness assumption
in Theorem 2.6 can not be dropped.

Example 2.7. Let X = (2. Let K be the normal cone determined by (—3,1)
and (—1,1). If possible, suppose that there exists z € Sx and € € [0, 1) such that
F(z,e) = KU(—K). Let « Lg z and z € Sx. Then z € K U (—K). Without
loss of generality assume that z € K. Then z = (1 — t)(—3,1) + ¢(—1,1) for
some ¢t € [0,1]. Then clearly z = £(1,1). Since zLp(—1,0), we must have,
(—=1,0) € F(x,¢). But (—1,0) ¢ K U (—K). This contradiction proves that there
does not exist any = € Sx and € € [0,1) such that F(z,e) = K U (—K).

In the next theorem, we prove a uniqueness result for F'(z, €) in a two-dimensional
Banach space for € € (0, 1).

Theorem 2.8. Let X be a two-dimensional Banach space. Let x1,x5 € Sx and
€1,€2 € (0, 1) [fF(SUl, 61> = F(IQ,EQ) then xr = :i:.’L’Q and €1 = €9.

Proof. We prove the theorem in the following two steps.
Step 1: If F(z,€) = F(y,¢€) for some z,y € Sx, then x = +y.

Let F(z,e) = F(y,e) = K U (—K), where K is the normal cone determined by
v1,v9 € Sx. It is clear from the proof of the Theorem 2.1 that x is either in
the cone determined by vy, —v, or in the cone determined by —wvy,vs. Moreover,
the same is true for y also. Assume that = is in the cone determined by vy, —vy
so that = a{(1 — t1)vy — tyve} for some t; € (0,1) and a > 0. Suppose y is
in the cone determined by vy, —vy and y = b{(1 — t)x — tvy} where b > 0 and
0 <t < 1. Clearly ¢t # 1. If possible, suppose that t # 0. Let (z + fvs) Lp vo
and (y + pv1) Lp v1. Then from the Theorem 2.4, it is clear that ||z + Sus|| =
ly + pvr|| = v1 — €2, Clearly, « + fvy = k(y + Avg) for some scalars k, A. Thus,
x + Bvg = kb(1 — t)x — kbtvg + kdvy = k = b; If £ > 1 then V1 —¢€2 =

(1-t)"
|z + Buo|| = |E|lly + Ava|| > ||y + Ava|| > V1 — €2, a contradiction. Therefore,
1

k= =] < 1. Again, y + pv; = ki(z + Ajvy) for some scalars ky, A;. Therefore,

b(1—t)x — bt[%vl — a—ilx] + pvy = kix + kidaor = k= b(1—t) + cf)Ttl =k > 1.
Therefore, v1 — €2 = ||y + pvi|| = |ki|||lz + Mvr]] > ||z + Awa]| > V1I—€2, a
contradiction. Hence we must have ¢ = 0. However, since x,y € Sx, this implies
that x = y. Similarly, y = b{(1 — t)x + tv,} for some b > 0 implies that ¢t = 0 and
once again we have, y = z. On the other hand, if y is in the cone determined by
—uv1, Ug then it can be shown using similar arguments that x = —y.
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Step 2: Claim F(z1,€1) = F(22,€3) = €1 = €5 .

Let F(x1,€1) = F(x2,€3) = KU(—K), where K is the normal cone determined by
v1, vy € Sx. Then by Theorem 2.4, it is clear that infycg ||xe + Avq|| = infycr ||z2 +

M| = V1 — €2 and infeg || 1+ Av1|| = infyer ||21+Ave|| = V1 — €12, Therefore,
if &1 = £25 then €, = €5 and we are done.

Hence assume that x; # +x, . Clearly xq, 25 ¢ K U (—K). From remark 2.3, we
have, either v; € 1", v9 € 1 or v; € 117, Vo € x;7. Without loss of generality,

assume that v; € x;7, vy € x77. First suppose that z, = ”8:3;—1131” for some
0 <t < 1. Then it can be easily verified that v; € 22", vy € 25~. Now,
( )[L’l + tUl 1—1¢ t
1— — s + v
| (1 — )y + toy | | (1 = t)a, +w1||H vl
S 1—1¢
(A =)z + o]
since v; € x1". Now for any \ € R,
(1 —t)zy + tuy
|2+ Avi|| = | + vy |
(1 = t)z1 + tod |
1—1t t AM(1 =)z + toy]|
R e =1 Jul
1—1¢
= inf ||zg + v mf T1 + Av <1nf T1 + Av
AER” 2 1” H( )SE 1t H H 1 1” H 1 1”

:>\/1—€22§\/1—€12.

(1—t).7}1 “+tvg

We can write o = i for some 0 <t < 1. This implies that

1—t)z1+tva]|
o H(l—t)xl—i—tvgﬂx ot y
! 1—t¢ 1=t
1—1¢ t t 1—1t t
Loq o A=t + vzHHxQ_ ol] > [(1 = t)zs + v2||7
1-—1t H(l—t)xl—l—tvgﬂ 1-—1t
since v9 € xo~. Therefore, for all A € R,
(1 —t)xy + tus| t
Avg = — A
T1 + AU 1—¢ T2 1_t02+ (5
[(1 = t)z1 + tos]

= /1\r€1£||x1 + Ao|| = nf |ze + Avg|| < mf ||ze + Avg|

= V1—62</1—e2
(1715)117151}2

Therefore, €, = €. Similarly, if we assume that zo = T Dzt for some
0 < t < 1, then we can apply similar arguments to prove that ¢; = €. This
completes the proof of the theorem. O

1—-t
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Remark 2.9. For € = 0, F/(21,0) = F(22,0) = 21 = £x9 holds if the space is
strictly convex . Suppose F'(x1,0) = F(x9,0). Then there exists z such that x1 1 gz
and x5 1 gz. Being strictly convex, Birkhoff-James orthogonality is left unique and
SO x1 = +xs.

Remark 2.10. It follows from Theorem 2.6 and Theorem 2.8 that given any
normal cone K in a two-dimensional smooth Banach space X, there exists a unique
(upto multiplication by +1) z € Sx and a unique € € [0,1) such that F(z,¢e) =
K U (—K). This observation strengthens Theorem 2.6 to a considerable extent.

Now we are in a position to prove the promised uniqueness theorem for F'(x,¢€) in
any normed space.

Theorem 2.11. Let X be a normed space. Let x1,15 € Sx and €,€63 € (0,1). If
F(z1,€1) = F(x2,€) then xy = £x9 and € = €.

Proof. The proof of the theorem essentially follows from Theorem 2.5 and The-
orem 2.8. n

Let us now shift our attention to the structure of G(z,¢€) in normed spaces. The
following two lemmas are required to obtain the desired characterization.

Lemma 2.12. Let X be a two-dimensional Banach space. Let (6 #)z € X, € €
[0,1). Then B(z,€) N Sx is either empty or path connected.

Proof. Note that B(z,€) N Sx = () if and only if ||z — ﬁ” > e. Assume B(z,¢) N

Sx # (. Let zg = oy Then 2z € B(z,¢€) N Sx.

Suppose that y € B(z,¢) N Sx. We show that there exists a path in B(z, €) N Sx
joining y and zp. Let u = *3%. Then ||z —ul| = ||y — u[| < §. Let v, = Hg:g—zizﬂ’
where t € [0,1]. Claim that v; € B(z,€) N Sx. Let v] = (1 —t)y + tz. Then either

v; = (1 —7r)z + ru for some r € [0,1] or v; = (1 — s)u + sy for some s € [0,1].

Assume v; = (1 — )z + ru. Then

Iz = oill + [I1vf —ull = [z = (A =r)z = rul + |(1 = 7)z +ru —u
€
=rllz —ull + A =7z —ull =z —ul < 5.
Now, lve = vill = [lve = loglloell = 11 = flozlll = Myl = ot
€ €
< My =il < lly = ull + llu = will < 5+ 5 = llz = v

— =l <l — el + o — vl < e
Hence v, € B(z,€) N Sx. Next assume that v, = (1 — s)u + sy for some s € [0, 1].
Then  ly —vill +[lv; —ull = lly = (1 = s)u — syl| + [[(1 = s)u + sy — ul|

€
=1 =s)lly —ull +slly —ull = ly —uf < 5.
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Again oy — vill = floe = [lvillvell = 11 = [loglll = [llgll = llogll] < lly = il

€
Hence [l —ull < ll2 = ull + llu—wl) < 5+ llu—ofll + lof —

< £ / ' <
) + Hu—th + Hvt_yH > €

Thus, v; € B(z,€) N Sx. Consider the map f : [0,1] — B(z,€) NSk by f(t) = v;.
Then f is a path in B(z,€)NSx joining f(0) =y and f(1) = zy. Hence B(z,¢€)NSx
is path connected. This proves the lemma. Il

Lemma 2.13. Let X be_a two-dimensional Banach space. Let z € Sx and € €
[0,1). Then A = [U,cg B(az, €)] N Sx has at most two components.

Proof. If 0 < a < 1—¢, then for any w € Sx, we have, |az—w|| > ||w| — ||az|| =
l—a>e If a>1+e, then for any w € Sx, |laz—w|| > |laz|]| = ||lw|]| =a—1 > e
Similarly, if —1+€¢ < a < 0or a < —1 — ¢, then for any w € Sx, we have,
||z — w|| > e. Therefore,

A= |J Blezainsd UH U Blazo}nsyl

a€[l—e,1+¢] a€[—1—e,—1+¢€]

Let A1=[{ |J Blaze}nS], and A =[{ ] Blaz.e}n Sy

a€l—e,l+e€] a€[—1—e,—1+¢]

Clearly, to prove the lemma, it is sufficient to show that both A;, A5 are connected.

Now, A1 = [{U,ep_ciq Blaz,€)} N Sx]. It is easy to see that for each a €

[1 —€14¢, z € B(az,e) N Sx. Also, by Lemma 2.12, B(az,¢) N Sx is path
connected for each o € [1—¢, 14¢€]. Since union of connected sets having nonempty
intersection is connected, A; is connected. Similarly, we can show that A, is
connected. This completes the proof of the lemma. [

Let us now exhibit the interconnection between G(z,€) and normal cones in a
two-dimensional Banach space.

Theorem 2.14. Let X be a two-dimensional Banach space. Let © € Sx be a

smooth point and € € [0,1). Then there exists a normal cone K in X such that
G(z,e) = KU (—K).

Proof. It follows from the characterization of approximate e-Birkhoff-James or-
thogonality given by Chmielifiski et al.in [3] that

G(z,e) N Sx ={y € Sx : ||laz — y|| < € for some a € R},

where z € Sx is the unique (up to multiplication by +1) vector such that z Lp z,
since & € Sx is smooth. Therefore, G(x,€) N Sx = [ er Bz, €)] N Sx. Applying
Lemma 2.13, we see that G(z,¢) N Sx has at most two connected components.

However, it is easy to observe that +z € G(x,¢) N Sx and +x ¢ G(z,¢) N Sx.
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Therefore, G(z, €) N Sx has exactly two connected components, one of them con-
taining z and the other containing —z. Since G(x,€) N Sx is closed, each of the
components must be closed in Sx. It also follows from the property of G(x, €) that
the two components of G(x,€) are symmetric with respect to origin. Since X is a
two-dimensional Banach space, any connected component of Sx, not containing
two antipodal points, must be an arc of Sx. Therefore, there exists vy, v, € Sx
such that

(L=Bon=tve ooy,

G(z,e)NSx =1 0=t —tog]]

(1 — t)vl + tUQ ) —
10— tor o) € O

Let K be the normal cone determined by vy,vs. Then from the properties of
G(z,¢€), it is clear that G(z,e) = K U (—K). This completes the proof of the
theorem. O

Let @,,(e) denote the restriction of G(z,e€) to the subspace spanned by z and
y. The following theorem, that describes the structure of G(x,¢) in any normed
space, is immediate.

Theorem 2.15. Let X be a normed space. Let x € X be a smooth point and
e € [0,1). Then G(z,€) = Uyex Quyle). In particular, G(z,€) is a union of
two-dimensional normal cones.

Remark 2.16. Theorem 2.5 and Theorem 2.15 together imply that in a normed
space, both F'(x,€) and G(x, €) are unions of two-dimensional normal cones. How-
ever, since these two different types of approximate Birkhoff-James orthogonality
do not coincide in a general normed space, it follows that the constituent two-
dimensional normal cones for F'(z,€) and G(z, €) may not be identical.

Acknowledgement. The authors would like to heartily thank Professor Vladimir
Kadets for his extremely insightful input towards proving Theorem 2.14. The first
author feels elated to acknowledge the blissful presence of Mr. Arunava Chatterjee,
his childhood friend and a brilliant strategist, in every sphere of his life.

References

[1]  G.Birkhoff: Orthogonality in linear metric spaces, Duke Math. J. 1 (1935) 169
172.

[2]  J.Chmielinski: On an e-Birkhoff orthogonality, J. Inequal. Pure Appl. Math. 6(3)
(2005), article no. 79.

[3] J.Chmieliniski, T.Stypula, P.Wqjcik: Approximate orthogonality in normed
spaces and its applications, Linear Algebra Appl. 531 (2017) 305-317.

[4] S.S.Dragomir: On approximation of continuous linear functionals in normed lin-
ear spaces, An. Univ. Timisoara Ser. Stiint. Mat. 29 (1991) 51-58.

[5] R.C.James: Orthogonality and linear functionals in normed linear spaces, Trans.
Amer. Math. Soc. 61 (1947) 265-292.

[6] D.Sain: Birkhoff-James orthogonality of linear operators on finite dimensional
Banach spaces, J. Math. Anal. Appl. 447 (2017) 860-866.



