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1. Introduction
1.1. Motivation

Optimal transport and Wasserstein metrics are becoming increasingly popular
tools in many applied fields. In particular, they provide a robust and intuitive
measure of discrepancy for histograms and mass distributions, which can for in-
stance be exploited in image processing for image interpolation [2], deformation
analysis [35], colour transfer [29], cartoon-texture decomposition [23], or shape
averaging [33].

A significant practical limitation of Wasserstein metrics is their high naive com-
putational complexity. Various algorithms and methods for computational accel-
eration and efficient approximation have been proposed: a flow formulation [6],
entropic regularization [7, 18] and adaptive sparse solvers [32] among others. The
Wasserstein-1 metric W represents an exception, since it can be reformulated
as a minimal cost flow problem with local constraints, leading to a significant
reduction of the problem size.

Plain Wasserstein metrics can only compare nonnegative measures of equal mass,
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Figure 1.1: Extracting flows from video sequences via an unbalanced extension
of Wi. From left to right: Two consecutive video frames py and p; show the
distribution of a fluorescent molecule at the boundary between two biological
cells (data courtesy Hans-Joachim Schnittler, Miinster). Flow extracted from W,
transport between normalized images (colour-coding according to inset). Flow ex-
tracted using a particular unbalanced transport discrepancy Wpa 4opu pa. Change
of mass during unbalanced transport (bright means increase).

which often does not reflect the requirements of applications. Therefore, early
on, ad hoc extensions of optimal transport to unbalanced measures have been
proposed (e.g.[5, 27, 30]). An extension of Wj that retains its computational
efficiency can be found in [23]. More recently, unbalanced optimal transport has
been studied from a dynamic [19] and geometric perspective ([16, 17, 22, 24].

Figure 1.1 illustrates the need for unbalanced versions of W;. It displays two
consecutive frames from a microscopy video of biological cells showing the tem-
porally evolving distribution of a specific molecule. The optimal mass flow with
respect to the Wi distance would be a natural estimate of the actual molecule
flux, however, due to inhomogeneous brightness changes, image acquisition noise,
and other artefacts the resulting mass flow is useless. This is remedied if the mass
is allowed to slightly change (to accommodate the above artefacts), using an un-
balanced version of Wi, so that the resulting mass flow indeed correctly identifies
the motion of several distinct biological structures.

This article provides a unified framework for unbalanced extensions of Wi, thereby
covering several previous approaches as special cases and providing a new family
of efficient transport-based discrepancy measures.

1.2. Overview: Old and new Wasserstein-1 metrics

The Wasserstein-1 metric between two nonnegative measures py, and p; on a do-
main 2 (which has to fulfill certain properties but can simply be thought of as a
subset of R™ for the time being) is given by

Wiporpr) = _inf / (o) dr(a.n). (1)

7€l (po,p1)

where d denotes the distance measure between points in 2 and I'(po, p1) is the set
of so-called couplings, that is, nonnegative measures 7w on €2 x €2 satisfying

(B x Q) =po(B) and w(Q2x B)=pi(B)
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for all measurable B C (). By convention, the infimum is infinite for empty
['(po, p1), which is equivalent to po(€2) # p1(€2). The metric Wi(pg, p1) can be in-
terpreted as the cost of transporting the mass py to the final distribution p;, where
the cost contribution of each mass particle is its transport distance, and 7 (x,y)
can be interpreted as the mass transported from x to y. Other optimal transport
problems are obtained when replacing the distance d by other nonnegative cost
functions.

The above formulation is based on a variable 7 that lives on the high-dimensional
space €2 x €2, thus making a direct implementation infeasible except for special
cases. However, W; has the particular property that it can also be expressed by
the Kantorovich-Rubinstein formula [34, Rk. 5.16]

Wi(po, p1) =Sup{/ozdpo+/6dp1
Q Q

Typically one function is eliminated by setting f = —a. Note that this represents
a (computationally feasible) convex optimization problem in the variables o and
B that only live in 2 and only satisfy local constraints (for the latter one needs
to work in a path metric space such as R" since then the Lipschitz constraint just
amounts to ensuring |Vea|, |[VB| < 1 almost everywhere). Such a reduction of the
high-dimensional problem domain 2 x €2 to just {2 is only possible for W; transport
and represents a substantial decrease in memory requirements (and typically also
computation time due to the smaller number of variables and constraints). For
other transport problems, the strongest dimension reduction can be achieved by
considering a dynamic formulation [6] which in addition to €2 only requires a single
further (time) dimension. In the special case that the measure py is Lebesgue-
continuous, a Monge map T: 2 — (Q exists describing the transport so that one
may try to identify T  instead, however, even though the problem dimension then
is the same as for Wi, the formulation in 7" is highly nonlinear and nonconvex
preventing a global optimization.

a, B Lipschitz with constant 1, )
a(z)+B(z) <0 Vz e '

A natural question to ask is to what extent (2) is distinguished among optimal
transport metrics or whether it is just one special instance in a larger family
of transport discrepancies. Put another way, one can ask how to generalize the
above problem while maintaining convexity and locality of the constraints, the
two requirements for an efficient implementation. We suggest the following simple
extension:

Who,ni,5(po; p1) = sup{/ho(a) d,00+/h1(5) dp
0 0
«, # Lipschitz with constant 1, (a(z),5(z)) € B V& € Q} : (3)

where hg, hy: R — [—00, 00] are concave functions and B C R? is a convex set (a
few more natural conditions on hg, hy, B will be stated in detail later). A specific
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instance of this class turns out to be given by the Kantorovich-Rubinstein distance
examined in [23], also known as the flat metric in geometric measure theory,

Wxr,a(po, p1) = sup {/ ad(py — p1)
Q

a Lipschitz with constant 1, |a| < )\} .

This metric can for example be recovered by the choice B = {(a, ) |a+ 5 < 0}
and ho(a) = hi(a) = a if @ > —X and —oo else (where the variable § may be
eliminated via f = —a).

An alternative way to generalize W; is motivated by the desire to extend it to
unbalanced measures. To this end one can introduce pointwise discrepancy func-
tionals that locally penalize growth or shrinkage of mass and are of the form

Dipu,pn) = [ (e, %) an,

where p > po, p1 is an arbitrary measure, i’l)j is the Radon-Nikodym derivative,

and ¢(mg, m1) > 0 is the cost of changing the mass of a particle from mg to my
(assumed one-homogeneous in (mg, m;) so that D is independent of the choice
of ). Using such a discrepancy D one can extend W; to allow for unbalanced
measures py and py, for example via inf, ,»» Wi(po, p') + D(p', p") + Wi (p", p1) or
inf v D(po, p') + Wi(p', p") + D(p”, p1) or in the more general case via

Wby, Do1,D1 (po, p1) =
= inf  Do(po, po) + Wilpg: o) + Dor(p, p1) + Wilpl, p1) + Dilpy, p1)  (4)

/ (NN

Po1Po P71 P

with potentially different discrepancy functionals Dg, D1, and D;.

Such ‘inf-convolutions’ can also be constructed for more general transport dis-
tances beyond ;. The models used in [27, 30] can be interpreted as instances of
this framework, where the discrepancies D; were chosen sufficiently simple, such
that (4) remains a linear program. Indeed, assuming without loss of generality
p1(£2) > po(€2), those models can (in the continuous setting) be formulated as

Wemb (po; P1) =

— ot ey (o) + Adian®lon () - ()
QxQ

720, m(2x€)2p0(Q),
m(BxQ)<po(B),
7(2xB)<p1(B)VBCQ

with A > 0 (A = 0 in [30]). It turns out that for A ¢ (0,1) this can be re-
covered by picking Dy = Dg; to be infinite unless their arguments are identical
and D1 (po, p1) fQ ‘iiii, (il—’: dp with ¢(mg, my) = Adiam|m; — mg| if A > 1 or,
if A =0, ¢(mg,my) = 0 for my > my and oo else. In [24] entropy functionals
were considered as local discrepancies and alternative dynamic and lifted refor-
mulations of (4) were given for particular choices of discrepancies and transport

costs.



B. Schmitzer, B. Wirth / A Framework for Wasserstein-1-Type Metrics 357

In this article we exploit the particular structure of W; to show that the two
approaches (3) and (4) are actually equivalent in the sense that for any admissible
(ho, h1, B) one can find (Dg, Do, D1) and vice versa such that

Who,hl,B = WD07D017D1 .

1.3. Contributions
The main contributions of this article are the following.

e  Weintroduce and analyse the simple, but very broad and flexible new class (3)
of Wasserstein-1-type discrepancies, including existence of optimizers. In a
sense it represents the most general extension of the Kantorovich-Rubinstein
formula for Wasserstein-1 transport that is still convex without nonlocal con-
straints.

«  We furthermore introduce and analyse the alternative generalization (4) of
the Wasserstein-1 distance, which on the one hand represents a more complex
optimization problem in more variables, but which on the other hand allows a
more straightforward interpretation of the different involved terms. This for-
mulation represents a general framework for Wasserstein-1-type discrepancies
since it covers various unbalanced transport models from the literature.

o  We show equivalence of both above generalizations and detail how both for-
mulations relate to each other.

«  We propose a discretization and feasible numerical implementation for the
simpler first formulation and perform a number of experiments showcasing
the versatility of the Wasserstein-1-type discrepancy framework by producing
different effects with different discrepancy variants. This should raise aware-
ness of the fact that the way optimal transport is extended to unbalanced
measures has to be carefully chosen depending on the application.

The article is organized as follows. The mathematical setting and notation are
fixed in Section 1.4. In Section 2 we introduce in detail the W) generalizations (3)
and (4) and prove their equivalence via convex duality in Section 2.3. Examples
and special cases are described in Section 3. In particular, different existing ap-
proaches fit into our framework such as the Kantorovich-Rubinstein norm from [23]
and a Wi-type variant of the Hellinger-Kantorovich distance from [24]. Finally,
a numerical discretization and optimization algorithm are provided in Section 4,
followed by a number of numerical experiments in Section 5. We conclude in
Section 6.

1.4. Setting and notation
Throughout the article we will use the following conventions.

o  We will work in a compact path metric space (£, d), that is, the metric d(z, y)
represents the infimal length of continuous paths 7: [0,1] — € connecting
x and y. For instance, 2 could be a closed bounded convex subset of a
normed vector space such as R™ or a compact geodesically convex subset of
a Riemannian manifold.
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For a topological space X we denote by C(X) the set of continuous bounded
real functions over X equipped with the sup-norm.

For a metric space X we write Lip(X) C C(X) for the set of 1-Lipschitz
functions on X.

For a compact space X we identify the topological dual of C'(X)™ with the
space of R™-valued Radon measures on X, denoted by M (X )™, and we equip
it with the weak-* topology arising from this pairing (see e. g. [1, Def. 1.58]).

We write M (X) for the nonnegative Radon measures on X.

The Dirac measure §, € M (£2) at a point z € 2 is defined for all measurable
AcCQviad(A)=1ifxr € Aand 6,(A) =0 else.

For two measures p, v € M(2), u < v expresses that u is absolutely contin-
uous with respect to v; its Radon-Nikodym derivative is denoted by 3—’;.

For two measurable spaces X, Y, some p € M(X), and a measurable map
f: X — Y we denote by fyn € M(Y') the push-forward of y under f defined
by fiu(A) = p(f~1(A)) for any measurable A C Y.

For i = 0, 1 we define the canonical projections pr;: QxQ — Q, (zg,z1) — z;.

For two pg, p1 € M () the set of couplings is given by
F<p07p1> = {7T S M+<Q X Q) ‘ prOﬁﬂ' = pPo and prlﬂﬂ' — ,01} )

Note that ['(pg, p1) is empty when po(€2) # p1(Q2).

Let X be a normed vector space with dual space X*. For a function f: X —
R U {oo} the Legendre-Fenchel conjugate is given by

fH(a") = sup(z, ™) — f(x),

zeX

where (-, -) denotes the dual pairing. The preconjugate of a function f: X* —
R U {oo} will be denoted

f(x) = sup (z,2%) — f(z7).

TreX*

For two functions f,g: X — R U {oco} on a vector space X, their infimal
convolution is denoted

fOg: X - RU{co}, (fOg)(x)=inf{f(r—y)+g(y)lyecX}.

The indicator function (c: X — R U {oo} of a set C' C X is defined as
te(x) =0if x € C and 1o(x) = oo else.

Remark 1.1. (Choice of metric space) The property o € Lip(Q2) of a function
a: Q — R is usually a global one; to verify it one needs to assert a(z) — a(y) <
d(x,y) for all pairs (z,y) € Q x Q. However, in path metric spaces €, the 1-
Lipschitz property reduces to a local condition on a that only needs to be checked
for all z € 2 (on R", for instance, o € Lip(R") is equivalent to |Va(x)| < 1 for
almost every € R™). This reduction of a pointwise constraint on Q x 2 to a
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pointwise constraint only on 2 underlies the computational efficiency of Wi, and
for this reason we here restrict to path metric spaces €2.

On the other hand, the choice of a compact space is rather technically motivated.
Indeed, for compact 2, a predual space to M(€2) is simply C(€2) and thus contains
Lip(€2). Therefore, formulations as in (2) can be obtained via standard duality
arguments. On noncompact 2, by contrast, considering the space Cy(£2) of con-
tinuous functions that vanish on the boundary and at infinity as the predual to
M(Q), we have Lip(Q) ¢ Cyp(€2) so that additional approximation arguments are
required (see e. g. the discussion in [34, p.99] or the more direct application of the
Hahn-Banach Theorem [20]).

2. Static formulations of Wasserstein-1-type discrepancies

In this section we consider two different extensions of the classical W, metric and
subsequently demonstrate their equivalence.

2.1. Wasserstein-1-Type discrepancies

One may ask how the W metric (2) can be generalized without giving up its effi-
ciency, particularly the convexity of the problem and its low dimensional variables
and constraints. This motivates the following definition of a discrepancy between
two nonnegative measures pg and p;.

Definition 2.1. (W}, , p-discrepancy) Consider a convex set B C R? and con-

cave, upper semi-continuous functions hg,h1: R — R U {—o0}. For pg,p; €
M (Q2) we define

B (0 ) = / ho(a(x)) dpo(x) + / hn(8(x)) dpy (x)
if a, B € Lip(Q) with (a(z),5(z)) € B Vz € Q,

Eﬁg:ﬁLB(a,B) = —o00 else,
Wioni,B(pospr) = sup  Epvp p(a, B). (5)
a,B€C(Q)

Remark 2.2. (Inhomogeneous versions) In principle one could also allow hg, hq,
and B to have spatially varying, inhomogeneous forms hg, hy: RxQ — RU{—00}
and B: Q — 28R To avoid technicalities we shall for now only consider the
spatially homogeneous case. The generalization to the inhomogeneous case will
be discussed in Section 2.4.

Remark 2.3. (Complexity) Just like (2), definition (5) represents a convex op-
timization problem whose variables a and (3 are functions on the low-dimensional
domain €2 and satisfy three local constraints everywhere on €2, two Lipschitz con-
straints as well as (a(z), 8(x)) € B.

Remark 2.4. (Convexity) As the pointwise supremum of linear functionals in py
and py, the discrepancy Wi, s, 5(po, p1) is jointly convex in py and p;.
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Remark 2.5. (Reduction to W; case) The Wasserstein-1-distance is obviously
retrieved for the choice

ho(a) =« hi(8) =8, B={(a,8) e R*|a+ 3 <0}.

Definition 2.6. (Admissible (hg, hi, B)) We call (hg, h1, B) admissible if there
exist functions hg1, hig: R — R U {—o00} such that

B = BOI N (BO X Bl) with

(

Bo = {(o,8) € R*| a < hor(—=5)} = {(o, ) € R?| B < hyo(—a)},  (
By = [min, +0),  amin = inf{a € R : ho(a) > —o0}, (8

B = [Buin, +00),  Buin = Inf{f € R : hy(B) > —o0}, (

and hg, hy, hoy or equivalently hyq satisfy the following conditions (where we drop
the indices of h):

(C1) h is concave,

(C2) h is upper semi-continuous,

(C3) h(s) <sforall seRandh(0)=0,
(C4) h is differentiable at 0 and A/(0) = 1,
(C5) h is monotonically increasing.

Note that on their respective domains, hg; = —hyy (—-) and hig = —ho (—).

Remark 2.7. (On the conditions) The admissibility conditions are chosen as to
make W}, 5, p a reasonable discrepancy on M (2), especially if two of hg, hy, and
B are taken as in Remark 2.5. In particular, we ask for the following properties:

(P1) Epri 5 should be upper semi-continuous (a natural requirement for well-
posedness of optimization problem (5)),

(P2) Wi ni,5(po, p1) 20 for all po, p1 € M(Q) and Wiy p,,5(po, p1) =0 if po = p1,
(P3) Wi n,5(po; p1) > 0 for po # p1,

(P4) Wigni.B(po, p1) = 00 whenever pg or p; are negative,

(P5) Whgni.B(po, p1) should be sequentially weakly-*lower semi-continuous in

(Po; p1)-

Now to obtain corresponding conditions on By, we first consider the case hg =
hy = id (then B = By). Property (P1) requires closedness of B, while property
(P4) implies (—o0, a)* C B for some finite a € R. Together with the convexity of B
it follows that By can be expressed in the form (7) for an upper semi-continuous,
concave, monotonically increasing ho;.

Next, we set any two of hg, hy, and hg; to the identity. For the remaining one
it is not difficult to see that condition (C1) is equivalent to the convexity of
optimization problem (5). Likewise, condition (C2) is necessary for property (P1)
(it is also needed to make sense of the integrals in £7°7" 1) and will in the proof of
Proposition 2.10 turn out to be also sufficient. It is furthermore a simple exercise to
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show the equivalence between condition (C3) and property (P2). Indeed, assume
hi = he1 = id (the other cases follow analogously), then condition (C3) implies

Who,hl,B(PmPl) > EZS:Zi,B(()? 0) =0

as well as

Whoni,5(p, p) = sup / ho(a) — adp < 0 for p € M ().
aeC(Q) JO

Vice versa, taking p = 9, for some x € Q, Wy, », 5(p, p) = 0 implies sup,cg ho(c)—
« = 0 and thus in particular hy < id. Furthermore, for a contradiction assume
ho(0) < 0, then by virtue of the hyperplane separation theorem, the concavity
and upper semi-continuity of hg there exists s € R and € > 0 with hg(a) < sa—¢
for all @ € R. Due to hy < id we may assume s > 0 and thus obtain
0 < Wi .s(p,sp) = Slgg ho(a) — sa < 0.

Assuming now conditions (C1) to (C3) one can easily derive the equivalence of
condition (C4) and property (P3). Indeed, taking again hy = hg; = id, condi-
tion (C4) implies that E;>}" 5 is differentiable at («, 8) = (0,0) in any direction
(, —p) € Lip(2)? with

Nap) Enris pla, B) (0, —¢) = /Qsod(po —p1).

Thus, Ept 5(0,0) = 0 can only be a maximum if pg = p;. On the other hand,
—hyg is convex with subgradient d(—hg)(0) D {—1} due to condition (C3). Now
taking po € M, (Q) and p; = spg for some s > 0 with s # 1, property (P3)
implies the existence of some « € Lip(£2) with

0< ERf sl —a) < = [ (0(=ho)(0) + s dpo
Q

Thus, —s ¢ 9(—h)(0) and therefore d(—ho)(0) = {—1} from which condition
(C4) follows. Note further that condition (C3) automatically implies property
(P4) since ho and hy are unbounded from below, while condition (C5) may simply
be assumed for hy and h; without loss of generality: Indeed, suppose for instance
ho to be nonmonotone, then conditions (C1) and (C3) imply the existence of a
unique maximum value ho(a@) > 0. Therefore,

Eﬁg:ﬁ,B(a’ 6) S EZS:Zi,B(min(a> d)v 5) = E;Z?/L/:B(av 5)
and thus Wy, p, 5 = Wi, 5 for monotonically increasing h(a) = ho(min(a, @)).

Finally, the structure (6) of the set B is necessary for property (P5) (that con-
struction (6) actually implies property (P5) will later follow from Corollary 2.33).
For instance, take h; = id and let p; = J, and pj = %pl — 0asn — oco. If
hio(—@) > hio(—min) for some & < ayn, then

W01 (0, p1) = E’s g (@, hao(—a)) = hio(—a) > hio(—Cnin)

> liminf sup %a) + th(_a) = lim inf Who,h1,BO1 (Pg, Pl) :

n—o0 n—oo
Q> min
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Without explicit mention we will in the following always assume (hg, hi, B) to be
admissible. The class of W}, 5, p-discrepancies is natural to consider and allows to
extend the classical W; distance to unbalanced measures as we will see. Several
previously introduced extensions of the Wi-distance (as well as W itself) can
be shown to fall into this category. In Section 3 some examples, both already
well-known and new variants, will be discussed in more detail.

Remark 2.8. (Discrepancy bounds) The conditions on hg, hi, and B imply
Whoni,8(po; pr) < Wi(po, p1) for all po, p1 € M (Q).

Remark 2.9. (Non-existence of optimizers) Maximizers of £}°") ny,5 40 not exist in
general unfortunately. For instance, consider the relevant Spe(31al case of ho(a) =
T4 for @ > —1 and ho(a) = —oo else (see the Hellinger distance in Section 3)
and set hy = hg; = id for simplicity. For py = d, and p; = 0 it is easily seen that
Whoni.B(po, p1) = 1 but that E;> 5(a, 8) < 1for all , 8 € C().

Due to the potential non-existence of maximizers we will later also examine a dual
problem formulation. However, non-existence happens rather for certain special
cases. As shown in Proposition 2.11, those cases can be characterized by equations
which are simple to check.

Proposition 2.10. (Upper semi-continuity)

Energy Epeit 5 is upper semi-continuous on C(Q)?,

Proof. Let (o, 3,) — (a,f8) in C(Q)* with E7 p(an, B,) > —oo for all n
sufficiently large (else there is nothing to show). Due to the closedness of Lip(£2)
and B we have («, 8) € Lip(Q2)? as well as (a(z), 8(z)) € B for all x € Q. Finally

limsup/ ho(cu,) dpo zlimsup/(ho(an) —ay) dpo—l—/an dpo
Q Q Q

n—oo n—o0

< [ (imsupho(an) — ) dpo + T [ 0, do
Q

n—00 n—oo Jo

S/Q(ho(a)—a)dpoJr/QOédpo:/Qho(a)dﬂoa

where we have used Fatou’s lemma (noting that hg(a,) — «,, < 0), the upper
semi-continuity of hg, as well as the continuity of the dual pairing between M ()
and C(£2). Analogously, limsup,_,.. [, h1(3,)dpr < [, hi(B) dpy, concluding the
proof. O

Proposition 2.11. (Existence of optimizers) Let po, p1 € M ().

® Whon .B(po, p1) = 0o if and only if SUDP(q,8)eB Po(§2) ho(ar) 4 p1(€2) hi(B) = oo
(in which case there are no mazimizers of Eyo7 o).

o A maximizer of Eﬁg:zlhB exists if and only if there exist o, 5* € (—o0, 0] with
po() (—ho © ho1)'(=87) = p1(Q2) (—=h1)'(B7) or
p1(€2) (—hy 0 hig) (—a™) > po(2) (—ho)' () ,

where the prime refers to a favourably chosen element of the subgradient.
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o A mazimizer of B} 5 exists if and only if
SUD(a,8)e 5 Mo(a)po(2) + hi(8)p1(Q) has a mazimizer.

Proof. For a function f€C(2) we abbreviate f=max,cq f(z), f=mingeq f(z).
Throughout the following, let «,, 5, € C(£2) denote a maximising sequence and
assume without loss of generality that &, > Bn for n large enough (else we may
simply swap the roles of hg, a and hy, ).

As for the first statement, let us show that W, n, 5(po, p1) = 0o implies the diver-
gence of SUp,, 5 constant Lo (0 B) (the converse implication is trivial). Indeed,
we must have hg(&,) — oo and thus a,,(x) — oo for all x € Q due to the Lipschitz
constraint. Then for n sufficiently large,

[ men@)dmia) + [ m(e@) doito) <

< Do () po(2) + M (Ba)p1(Q) + (ho(én) — ho(dn))po(€2) -

Using (v, Bn) € B and ho(a&,) — ho(dy,) < éy, — &, < diam2 (since hy is a contrac-
tion on [0, 00)) we obtain Epp s (cn, B,) > Eper glan, Bn) — diam§Qpo(Q2) — oo.

As for the second statement, note first that —hg o hgy is convex and that

—(=ho) (ho1(B)) - (=ho1)(B) € O(—ho 0 hor)(B),

where the prime indicates an arbitrary subgradient element. Assume now the
existence of a suitable 8*. For a contradiction, suppose &, — oo and Bn — —00
(both are equivalent due to o+ 8 < 0 for all (o, 5) € B). Then for any A > 0
and n large enough, £, < 8 — A. Now define ,(z) = Bn(x) + A and @, (z) =
hot(—fBa(z)). Note that &, € Lip(Q) (since §, < 8* < 0 and he, is a contraction
on [0, 00)) with &, > ho1(—8) +A(=ho1) (—fn) > an+A(—he1)'(—5*). We have

B (s ) = [ o)) dpn(o) + [ m(Bul)) doa(o)
< [ ofGin) + (<o) @) —har) (=7 o+ [ o) + (=) (B A dp
< [ i) o+ (=ho) Ghon(—)A(—hon (=)l @) +

+ [ mB) dp+ () (5)8m(@)

_ / (@) dpo + / B (B) dpy — A[(—ho 0 hao) (—B8)p0(Q) — (=11 )'(8°)pr ()]
< BPA (G, ).

Thus, (&, Bn) is an even better maximising sequence so that we may assume
the maximising sequence «,, 3, € C(f2) to be uniformly bounded with 3, >
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A~

B — diamQ) > * — diam) and «,, < —f,. Since ay,, 3, € Lip(£2), the sequence is
equicontinuous and converges (up to a subsequence) against some (a, 3) € C(Q)%.
By the upper semi-continuity of the energy, this must be a maximizer. The
argument for a suitable a* is analogous.

For the converse implication assume po(€2) (—hg o ho1)' (—=F*) < p1(Q) (—h1)'(6)
for all 5* € (—o00,0] (the proof is analogous if the other condition is violated).
Taking 8* = 0, this implies po(Q2) > p1(Q). Let (o, 3) € C(2)? be a maximizer
and choose A > max{/3,0}. We now set 3 = 8 — A, a(z) = hoi(—3(z)) (note
that again & € Lip(£2)) and obtain as before

B (0, ) = /Q ho(a) dpo + /Q ha(8) dpy

< / ho(@&) dpo — (=ho (o (—3)) A(—hor) (= 5)po(€) +
Q

+ [ m(B)am = (=m)Bam@
= [ ho(@ dpn-+ [ 1a(5)dpr-+ A [(=o o by (=B)pnl@) = (=) (Bhpa(@)]

< Eﬁg:pri,B<da 6) )
contradicting the optimality of («a, ).

By repeating the arguments for the second statement under restriction to spatially
constant (a, ) € Lip(Q2)?, we find that the existence conditions of the second
statement are equivalent to existence of maximizers for sup, gep ho(@)po(2) +

ha(B)p1(€2). L

There may be some redundancy in the choice of hgy, hy, and B. In detail, it
turns out that in particular cases the model can be simplified by eliminating the
constraint set B and the variable 5. Later, this will also allow to simplify some
infimal convolution-type discrepancy measures (cf. Corollary 2.35 and Section 3.2).

Proposition 2.12. (Model reduction) Let v > 0 (possibly v = 4+00), po,p1 €
M (), and abbreviate

B(a,b) = {(a, B) € R |+ B < 0} N ([a, +00) x [b, +00)) -

o If hyo(a) = min{a, v} for all « > 0 (or equivalently hoi(8) =  — t[—y.00)(B)
fO’f’ ﬁ < 0), then Who,hl,B = Wh00h01,h1,B( ) with

&minyﬁmin
&min - _hIO(_amin) == max{amin7 _’7} .
o If ho1(B) = min{pB,v} for all 5 > 0 (or equivalently hio(e) = @ — L[y 00y ()
for a < 0), then Wy p,.5 =W, ) with

0,h10h10,B(CminBmin
Bmin = _h01<_ﬁmin) = nlax{ﬁmim _7} .
® Wy hi,Blap) = SUDP {fQ ho(a) dpo + fQ hi(—a)dp; |a€lip(Q), a < a < —b}.
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Proof. In the first case, notice that for any 5 € Lip(Q2) with § < v we also have
& = hgy o (—f) € Lip(Q2), since hg1(—-) is a contraction on (—oo,~|. Note that if
B(x) > ~ for some = € Q, both energies are —oo for any a. Moreover, for & to be
feasible, we need &(x) = ho1(—f(x)) > qmin for all z € Q (see (8)—(9)), which is
equivalent to —f(x) > —hio(—0min) = Gmin (see (7)). Thus,

sup Epoh pla, B) = B p(G&8) = ERll B o (0 B)
aeC ()
— P0;P1
— agg?ﬂ) Ehooh()l’hl7B(dmin7ﬁmin) (057 /8)

from which the statement follows. The second case follows analogously. Finally,

Who,hl,B(a,b) =

—sup{ /Q ho() dpo + /Q hi(8) dpy

= sup {/Qho(oz) dpo +/Qh1(—a) dpr ‘ a € Lip(Q), a < a< —b} . 0

a,ﬁeLip(Q)7a+B§0,a§a,bsﬁ}

Remark 2.13. (Wasserstein-1 metric) For standard Wy, where hg = hy = hg; =
id, one has awin = Bmin = —00 and B = B(uin, Bmin) = R% Consequently, by
virtue of Proposition 2.12, one can eliminate one dual variable by setting a = —f,
as is common practice (cf. Section 1.2).

2.2. Infimal convolution-type extensions of W,

In the literature typically a different approach is taken to achieve convex and
efficient generalizations of the W; metric, namely an infimal convolution-type
combination of non-transport-type metrics with the Wasserstein metric. To in-
troduce a general class of such discrepancies we now fix a suitable family of local,
non-transport-type discrepancies.

Definition 2.14. (Local discrepancy) Let ¢: R xR +— [0, 0o] satisfy the following
assumptions,

(a) ¢ is convex, positively 1-homogeneous, and lower semi-continuous jointly in
both arguments,

(b) ¢(m,m) =0 for all m > 0 and ¢(mg,my) > 0 if mg # my,

(¢) ¢(mp,my1) = oo whenever mg < 0 or my < 0.

Then ¢ induces a discrepancy D on M () (extended to the rest of M(2) by
infinity) via
dp 0 dp

D: M(QP? = (0,00, (poup1) = / A o1 ) (10)

where p is any measure in M (Q) with pg, p1 < p (for instance p = |pg|+|p1| with
| - | indicating the total variation measure). Note that due to the 1-homogeneity
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of ¢ this definition does not depend on the choice of the reference measure p (see
e.g. [21, Thm. 2]), for which reason we shall also use the shorter notation

D(po, p1) = /QC(PO,M)'

Several examples of local discrepancies will be provided in Section 3, including
the squared Hellinger distance or the metric induced by the total variation,

2
DR (pg, p1) = / (2% = /%) o and D™ (o0, p1) = lloo — pilla.
Q

Below we discuss a few basic properties.

Remark 2.15. (Metric properties) It is straightforward to check that a local
discrepancy with integrand c is a metric on M (Q) if ¢ is a metric on [0, c0).

Remark 2.16. (Seminorm properties) Obviously, a local discrepancy D is posi-
tively homogeneous and convex on M (£2)2.

Proposition 2.17. (Lower semi-continuity) A local discrepancy D is weakly-*

(and thus sequentially weakly-*) lower semi-continuous on M(Q)2.

Our proof follows [8], who have shown sequential lower semi-continuity for more
general functionals on M()2. In case of a finite integrand c, sequential weak-*
lower semi-continuity also directly follows from [21, Thm. 3].

Proof. Let us define the sets

B ={uecR*|u-m < c(mg,my) for all m = (mg, m;) € R*} and
H = {u € C(Q,R?) |u(z) € B for all z € Q}.

Note that the set B is also characterized by ¢* = t5. Now consider a net p® =
(p%, pt) which converges weakly-* to p = (pg, p1) in M(Q)?. For an arbitrary

u € H we have
D(p§, pi) = / C<%%> dlp”] Z/u(x) (@) %/u(x)'dp’
Q 0 Q@

where |- | indicates the total variation measure. Introducing the indicator function
v L2(Q, p])? — {0,00}, ty(u) =0 if u € H and 1ty (u) = oo else, we now have

sup/ﬂu(:c) ~dp = *LH(ﬁ) = /QC (%, %) dlp| = D(po, p1) -

ueH
Indeed, the first and last equality hold by definition of the preconjugate and D,
while the middle one is due to [9, Thm. 2] (taking their J = 0, in which case their

k(x,(mg,mq)) = ¢(mg,mq)), where the conjugation is with respect to the dual
pair (L1(S2, |p[)?, L=, [p])?). [
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Remark 2.18. (Coercivity) The convexity and positive homogeneity of ¢ imply
D(po, p1) > c(po(£2), p1(2)) via Jensen’s inequality. Furthermore, for any ¢ €
(0,1) we have D(p,p) > c(e,1)p(2) and D(p,p) > ¢(1,e)p(2) for all p, p
with  p(Q) > p(Q)/e due to D(p,p) > p()c(p()/p(2),1) and D(p,p) >
p(Q)c(1, () /p(€2)).

Definition 2.19. (Infimal convolution of discrepancies) Let X be a space and
dy,dy: X x X — [0,00]| with d;(x1,22) =0, i = 1,2, if and only if z; = z5. We
define a new function d; o dy: X x X — [0, 00| by

(dy o do)(x1,19) = l}g}f{ dy(z1,x) + do(x, x2) .

Remark 2.20. (Properties of d; ¢ dy)

(1) The operation ¢ is associative, that is, d; ¢ (dy ¢ d3) = (dy © d3) © d3, but not
commutative.

(2) For X a vector space, the operation ¢ can be viewed as an infimal convolution
[1 for an arbitrary y € X via

(di o da)(x1,72) = (di(1,) Oda(y — -, 22))(y) = (di(z1,y — ) Oda(-, 22))(y).

(3) We have (dy o dy)(x1,22) < d;(xq1,29) for i =1,2.

(4) The nonnegativity of d; and ds is inherited by d; ¢ ds. Furthermore,
(dl < dg)(l’l, .1'2) = 0 if and only if 1 = T9.

(5) If X is a vector space and d; and dy are jointly convex and positively 1-
homogeneous in both arguments, then d;<od, is so as well, as is straightforward
to check. If in addition X has a topology and d; and d, are lower semi-
continuous, then so is dy ¢ ds.

(6) If dy = dy = d for a metric d, then d; o dy = d.

We are now in a position to introduce a new class of generalizations to the
Wasserstein-1 metric. The idea is to just combine W; with local discrepancies
via the above infimal convolution-type approach. There are multiple possibili-
ties to do so, for instance one might append the local discrepancy before or after
the Wasserstein metric, or one might want to allow mass change in between two
mere mass transports. The below definition is held general enough such that it
encompasses all these possibilities.

Definition 2.21. (Wp, p,, p,-discrepancy) For three local discrepancies Dy, Doy,
D, we define the following discrepancy on M (2),

Wpe,001,01 (P0, p1) = (Do © W1 © Doy © Wy o Dy)(po, p1)
= inf { Do(po, p) + Wi(po, ) + Dor (g, p1) + Wilpt, o) + Di(p), p1) |

Remark 2.22. (Unbalanced measures) The above-defined discrepancy can be
used to extend W; to unbalanced measures. Indeed, the mass can change in
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three places, before the first W, transport (penalized by Dy), after the second
Wi transport (in D;), and in between (in Dg;). This does not only allow to
accommodate mass differences in py and p;, but will also have the effect that mass
may be decreased a little before transport and then re-increased again afterwards.
By choosing the extended discrete metric

0 if po=p1 € M(Q),

(12)
oo else

Dd(ﬂo,m) = {

for some of the Dy, Dy, D1, mass change can be prohibited and thus the level of
‘local flexibility’ in (11) be varied. Note that the model can then be simplified
due to

WoD'=DloW =W
for any (local or nonlocal) discrepancy W on M (). Furthermore, due to Re-

mark 2.20(6) a further model reduction results from

W1<>W1:W1.

The existence of minimizers pf), p!, pp, pf will follow automatically from the proof
of Proposition 2.26 below, but can also easily be proven directly, only using the
sequential weak-* lower semi-continuity and coercivity of the discrepancies.

Proposition 2.23. (Existence) Given py, p1 € M () such that Wp, po, .0, (o, p1)
is finite, problem (11) admits minimizers py, py, po, P} -

Proof. Consider a minimising sequence (pf,, 0} s P00 Pin)s 7 = 1,2,.... By
the coercivity of Dy and D; we may assume (p,(€2),p,(2)) and thus also
(P0.n(2),01,,(22)) to be uniformly bounded. Therefore, a subsequence of (o,
Pims Pl Pln) converges weakly-* against some (pf), o, oy, pf) € M (Q)*, which
must be the minimizer due to the sequential weak-* lower semi-continuity of Dy,

Dl, DOla and Wl. L]

Proposition 2.24. (Sequential lower semi-continuity) The discrepancy Wp, py,.p,
is sequentially weakly-* lower semi-continuous on M(£2)2.

Proof. Indeed, let p? —, o p;i weakly-*, i = 0,1, and assume (potentially by
restricting to a subsequence) Wp, po, b, (pg, ) < C for some C' > 0 and all n
(otherwise there is nothing to show). Let (pg,,, P} n, P0.ns P1,) De the correspond-
ing minimizers in (11). The coercivity of Dy, Dy, and W; now implies the uniform
boundedness of (pf ., P} s Pons P1 ) iIn Mo (€)%, Therefore we have weak-* con-

vergence against some (pf, p!, po, p) up to taking a subsequence and thus

Wpo,001,01 (P0, 1) < Dolpo, po)+Wi(po, po)+ Do (pg, p1)+WilpY, p1)+Di(pi, p1)
< lim inf Do(p5, p,0) +W1(0o.0: £6,0) +Dor (06,05 01,) + WP s 01,0) +D1(01 1, 07)

T n n
= lim inf WD07D017D1 (,0() » P1 )
n—oo

due to the weak-* lower semi-continuity of Dy, Dy, Do, and Wj. [



B. Schmitzer, B. Wirth / A Framework for Wasserstein-1-Type Metrics 369

Remark 2.25. (Semimetric properties) If Do(u,v) = Di(v,u) for all p,v €
M (Q2) and Dy, is symmetric, then also Wp, py,.p, Will be symmetric. Thus,
Wpe,Dor,D, 1S @ semimetric in that it satisfies all metric axioms except for possibly
the triangle inequality.

2.3. Model equivalence

Here we prove that the two previously introduced model families Wp, ,, 5 and
Wpe.0or.p, are actually equivalent. As a byproduct we arrive at a more intuitive
interpretation of the quantities from definition (2.1), which so far was just derived
as the most general extension of the predual W; formulation.

Proposition 2.26. (Primal and predual formulation) Let the local discrepancies
Dy, Doy, and Dy be induced by the integrands cy, co1, and cy, and let py, p1 €
M (Q) with finite mass. The following primal and predual formulations hold:

WDe,Do1,01 (P05 p1) = inf /CO(PO,Pfoﬂl) +/ d(z,y) dm (2, y) +
7T1,7T2€M+(92) 9] QxQ

+/001(Pf1ﬁ7T1>P1"0ﬁ7T2)+/ d(z,y) dﬂ2($ay)+/cl(prlﬂ2>01)> (13)
Q QxQ Q

Wo.00r.01 (P02 1) = sup / ho(a) dpo + / (8)dpy,  (14)
a,B€Lip(Q) Q Q
(a(z),B(x))€Bo1N(Bo x B1) VreQ

where

hoi(B) = —[cor(1,)]"(=8),  ho(a) = —[co(1,")]"(—a),
h(B)=—la D (=8), Bu={(a,p8) e R?|a < hu(-F)}, (15)
BOZCI{O[ER|]'L0(06> > —OO}7 B,y zcl{ﬂ€R|h1(B) > —OO}7

where cl denotes the closure. If it is finite, the infimum in the primal formulation
is achieved.

Remark 2.27. (Relation to Wy, », 5) Problem (14) looks very similar to a prob-
lem of type Wi, »,.p as specified in (5), where partial conjugates of (co, c1, co1) take
the roles of (hg, h1,ho1). We will make this correspondence more precise at the
end of this section. Note that the set By; can also be characterized by cfj; = tp,,-
However, the characterization via the function hy; emphasises the symmetry of
the roles of hg, hy and B, as counterparts of ¢y, ¢; and cq;.

Remark 2.28. (Relation to entropy transport) With Dy, the extended discrete
metric (12) (in which case one of m; and 7y can be eliminated) and the metric d
replaced by a more general cost ¢, the above primal problem (13) has for instance
also been considered by Liero et al. [24, (1.6)].

The proof of Proposition 2.26 requires a few preparatory lemmas. The first one
is the analogue of the well-known Fenchel-Moreau theorem, only stated for func-
tionals on the dual space.
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Lemma 2.29. Let X be a Banach space with topological dual X* and w: X* —
(—00, 00| be proper conver and weakly-* lower semi-continuous. Then w = (*w)*.

Proof. Let Y = X* equipped with the weak-* topology, then its dual space, the
space of continuous linear functionals on Y, is Y* = X. Now define v: ¥ —

(—o0,00] by v(y) = w(y) for all y € Y, then v is proper convex lower semi-

continuous on Y. By the Fenchel-Moreau theorem, v = *(v*), however, v* = *w

and *(v*) = (*w)* by definition of the Legendre-Fenchel conjugate. O

Next, recall that any discrepancy D acts on all of M ()% with D(pg, p1) = oo as
soon as pg ¢ M () or p; ¢ M (Q).

Lemma 2.30. Let D(po, p1) = [, ¢(po, p1) be a local discrepancy on M (2)* and
pEM(Q). We have

*[D(p,-)](a):/Qh(a)derLd[h(a)@o}(a) and  *D(a, B) = tja<—n(p)(, B)

for all a, € C(Q) and h(a) = [c¢(1,-)]*(«), where cl denotes the closure and
[h(a) < o0o] € C(Q) and [B < h(a)] C C(Q)? denote the sets of functions a and
B such that the respective conditions hold pointwise. Moreover we have

c{a e R|h(a) < oo} = (—o0,c(0,1)]. (16)

Proof. We have

“ID(p,)](@) = sup / adj — Dolp. p)

PEM(Q)
dp dp dp d
= sup /aﬁ—c(ﬁ,&%) dp = sup /ag—c(ﬁ,g) dp .
PHEML(Q):JQ HEM4(Q): p<p JQ
PP g>0 measurable

Now take as a test case u = d; + p for £ € Q and g(z) =n € N, g(z) = 1 else.
We obtain

D) = [

er-C(i—ﬁ,g) dp
Q

= (14 p({a}) - n-a@) —n-c(%(@)/n1)| + /Q\{f} (a —¢(1,1)) dp

which, due to ¢(z/n,1) — ¢(0,1) for any z > 0, diverges to infinity as n — oo if
a(z) > ¢(0,1). Thus

“[D(p, )](a) = o0 if a(z) > ¢(0,1) for any = € Q.

Furthermore, for any pu € M, (Q) let us denote the Lebesgue decomposition by
t = gup—+ pt, where g, is a density and p* is the singular part with respect to p.



B. Schmitzer, B. Wirth / A Framework for Wasserstein-1-Type Metrics 371

If a(z) < ¢(0,1) for all x € 2, we have

[D(p, (@) = sup /Q (ag —c(0,9)) dp +/ (ag - C(j,g)) gudp

HEM4(Q), p<Lp Q
g>0 measurable

= sup / (ag—c(l,g)) dp.

g measurable JQ

Since ¢ is a normal integrand and o € L*>(€2, p) we have (see e. g. [13, Thm. VII-7])

DN = swp [ (05— e.9) do= [ [{1,9) (@) dp,

GELY(Q,p) J O

while on the other hand also

WMmmws/wM@—w@»w:AMuwwmp

Q g
Finally, it is straightforward to check
cfa € R [e(1,)]" (@) < 00} = (—00,¢(0,1)]

so that summarising, we arrive at *[D(p = [ h(@) dp + tap(a)<oo) ().

As for *D we can finally compute

*D(B,a) = sup / Bdp+*[D(p,-)|(e) = sup /Q (B-+N(a)) dpttan(a)<oc) (@)

PEM (2 PEM ()
where it is straightforward to identify the right-hand side with ¢jg<_p) (8, ). O

Lemma 2.31. (Support function of Lip(€2)) For p € M(Q2) we have

Lipey () = ueﬁf( o Wi, p+ ),

where the infimum is achieved if it is finite.

Proof. Let € M(Q) be any measure with u, p+ p € M (). By Remark 2.13
we have

Wip,p+p) = sup / Bdu+/5dp+u sup /ﬁdp—mp p)-

B€Lip() BELip(Q

Taking the infimum over u € M() yields the result (recall that Wy (i, p+p) =
for p & M (Q) or p+ p ¢ M (2)). Obviously, the infimum is achieved by any
p with g, p4+p € ML(Q). O
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Proof of Proposition 2.26. To obtain the primal formulation of Wp, p,, p, it
is sufficient to replace any occurrence of W by its definition (1), so let us now
consider the predual formulation. Let us abbreviate

K ={(a,8) € C(0)?*|(a(z), B(z)) € By, YV € Q}.

By Lemmas 2.29 and 2.30 we have Dy = (*Dg1)* = ¢}, (note that Lemma
2.29 can be applied to Dy; due to Proposition 2.17). Next consider the indicator
function H: C'(Q)? — {0, 00},

H(a, B) = (o, B) + tripo) (@) + trip) (B) -

Denoting by [ the infimal convolution and by cl the closure of functions (also
known as lower semi-continuous envelope), for pu, v € M(2) we have

H*(p,v) = ol [15D0(wipe), tipe) ] (1)

=cl [ inf  Doi(p— i, v —0) + Wip(en (1) + Liip(ﬂ)(é>:|
7,0eM(Q)

=cl [ inf min Doy (g — 7, v — 0) + Wi () +n,1) + Wi(0 + 6, 0)}
7,60e M () MIEM(Q)

by Lemma 2.31. Substituting ¢ = 7+ n and & = 6 + 6 we arrive at

H(o) =l | i Do G 0 = 6-+) + W) + T (646)

— i D — — 0) + W W&, 0
C,E,nglelr/ti(ﬂ) n(p—C+nv—E+60)+Wi(¢,n) +Wi(&0),

where the closedness of the right-hand side follows as in Proposition 2.24 and the
existence of minimizers follows via the direct method from the sequential weak-*
lower semi-continuity of Wi and Dy, as well as the fact that the minimization may
be restricted to [|¢l|v = [[nlla < llpllac and [|€]a = [0l < [Vl a1- Indeed, we
may assume 7 and ¢ to be nonnegative (else the functional would be infinite) and
to be singular, n L (, since otherwise we can subtract their common part from
both 1 and ¢ without changing the functional value. Then, however, we require
¢ < p, for otherwise we would have p— (+n ¢ M, () and the functional would
be infinite. The analogous argument holds for ¢ and &.

Now abbreviate for i =0, 1
F;: C(Q) — (—o0, 0], Fi(a) = —/ hi() dpi + teifn; (a)>—o0] -
Q

By Lemma 2.30 we have

F5(p) = Do(po,—p),  Fi(p) = Di(=p,p1).

Furthermore, by the conditions in Definition 2.14 there exist a, 8 € Lip(Q2) with
(a(z), B(x)) € int(Bgr N (domhg x domhy)) for all x € Q (for instance take
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a = = —¢ for § > 0 small enough). Thus we have strong Fenchel duality [26,
p. 201, Thm. 1], that is,

sup  — [(Fo, F1)(o, B) + H(a, B)] =
a,BeC(02)

= min Fy  F)(—=py, —ph) + H*(pg, p
oo EM(9) [( 0 1)( Po /)1) (Po Pl)]

= min Do(po, py) + D1(p', p1) + Dor(py — C+n,01 —E+6) +
£6:01>m,0,¢,EEM(Q)
+ Wi(¢,m) + Wi(&,0)

= g i Do(po. py) + Wi(ph +n — py.n) + Dor(pf, p7) +
Po>P1:P0 5P n,0eEM ¢ (Q) , y /
- WDO7D01,D1 (Po, Pl) )

where in the last step we used Wi(p[, +n — pi,n) = Wi(py, pg) and W1 (0, py +
0 — pl) = Wi(p}, p}) due to the fact that Wi(u,v) = Wi(u + p,v + p) for any
u,v € My(Q) and p € M(Q) such that u+ p,v + p € M, (). Note that in
the above calculation we have assumed the value of the optimization problem to
be finite (else the min would have to be replaced by inf) so that Fenchel duality
automatically yields the existence of optimal pj, pg, p7, P} O

The predual formulation (14) of the Wp, p,, p,-discrepancy (11) already looks
very similar to a W, p, g-type formulation, (5). For the equivalence it remains to
establish that the functions hig, hy and h; as defined in (2.26) are admissible in
the sense of Definition 2.6 and that conversely, admissible choices hig, hg and hy
can indeed be induced via (2.26) from local discrepancy integrands ¢, cg; and ¢;
in the sense of Definition 2.14.

Lemma 2.32. (Conversion of c and h) Let ¢ be a local discrepancy integrand in the
sense of Definition 2.14. Then h: o+ —[c(1, )] (—«) is an admissible function
in the sense of Definition 2.6, and cum = —c(0,1) (see (8)—(9)). Conversely, if h

is admissible, then

my (_h)*(_%) if mg >0, my >0,
o (mo’m1> N my 1m, (( ) ( Z)/Z) Zf myo 07 mq > ()’ (17)
O me0207m1:(),
00 else,
is a local discrepancy integrand and h = —[c(1,-)]*(—).

Proof. For a given ¢, the induced h is concave and upper semi-continuous due
to the properties of the Fenchel-Legendre conjugate (conditions (C1) and (C2)).
Furthermore, condition (C3) is a consequence of ¢ > 0 and ¢(1,1) = 0 for all
local discrepancy integrands ¢, while condition (C4) then follows from the strict
positivity property (b) of Definition 2.14 due to the conjugate subgradient theorem
(see e.g. [3, Prop. 16.13]). Finally, condition (C5) from Definition 2.6 is implied by
property (c) of Definition 2.14. The value of ay,, = —¢(0,1) is given by Lemma
2.30.
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Now let an admissible h be given and consider the induced c¢. We need to show
that it satisfies the properties in Definition 2.14. It is a straightforward exercise
to show that property (b) is implied by conditions (C3) and (C4) on h. The
positive one-homogeneity of ¢ follows by definition. Convexity is implied by this
one-homogeneity together with the subadditivity

c(mo +no, my +m1) = (mo +ng) (—h)* (_m1+m>

mo+no

< (mo -+ no) | s (—h) (=2 ) 4 oo (< (=) | = elmo, o) + (i, ma)

where we have used convexity of (—h)*(—-). The lower semi-continuity of ¢ on
(0, +00) %[0, +00) is a direct consequence of the lower semi-continuity of (—h)*(—-)
and the continuity of (mo,m1) — (mo, 1:t). The function for mg = 0 and my > 0
is just defined as the limit my — 0 for m; > 0, and lower semi-continuity in
(mo,m1) = (0,0) follows since 0 is the global minimum of ¢ (this establishes
property (a)). Property (c) is satisfied by definition of ¢. Finally, it is a simple
exercise to show that the h induced by c is in fact the original h. [

We can finally state the equivalence relation between (5) and (11).

Corollary 2.33. (Equivalence of formulations) Let the local discrepancies Dy,
Dy, and D; be induced by the integrands cy, co1, and ci. Then Wp, py,.p, =

Wh(),hl,B f07“

ho(a) = —[co(L, )" (=), M(B) = =lar(-, D]"(=5),
hio(a) = —[cor (-, D]"(—a), hoi(B) = —[cor (1, )]"(=8)
By = {(a, ) € R?|a < hor(=0)} = {(a, B) € R*| B < hio(—0a)},
By = [amin, +00), min = —¢0(0,1), Bi = [Buin, +00), Bmin = —c1(1,0),
B =By N(By x By),

and the triple (ho, hy, B) is admissible in the sense of Definition 2.6.

Conversely, given admissible (ho, h1, B) and hoy describing B we have Wiy, p, 5 =
Wne.Dor.0y With ¢, ¢1 and co1 being induced by ho, hy and hoy as given in (17)
(for the conversion of hy into ¢; the arguments mg and my have to be swapped).
(Do, Do1, D1) are local discrepancy measures in the sense of Definition 2.14.

Proof. The claim follows directly from Proposition 2.26 and Lemma 2.32. [

The above identification of different formulations allows to always choose the more
convenient for analytical and numerical purposes. The following corollary makes
use of this fact and proves a reduction of particular infimal convolution type
discrepancies via Proposition 2.12, which is by far not obvious from Definition
2.21. It can be stated more elegantly with an auxiliary Lemma.

Lemma 2.34. (Infimal convolution of local discrepancy measures) Let Dy, Dq be
two local discrepancy measures in the sense of Definition 2.14 with integrands co,
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c1, and let hy = —[c;(1,)]* (=) for i € {0,1}. Further, let ¢ be the discrepancy
integrand induced by h = hg o hy via (17) and D be the corresponding discrepancy
measure. Then, D = Dy ¢ D;.

Proof. It is easy to see that h = hg o hy is indeed admissible in the sense of
Definition 2.6 and therefore, by virtue of Lemma 2.32 ¢ is an admissible local
discrepancy integrand. With arguments as in Lemma 2.30 one can show that

D = Dy ¢ D, is equivalent to ¢ = ¢y ¢ ¢;. Consider now mg, m; > 0. Introducing
g1 = _[Cl('7 1)]*(_)) we find

(co o c1)(mg,my) = érégg co(mo, m) + c1(m, my)

[e1 (-, ma)]" ()

mo-ho(a) m1-g1(—a)

= sup e ()

N

= sup mg-ho(a) +mi-B= sup mg-ho(a) +mi-p
(o, 8)€R?: (a,B)eR?:
B<g1(—a) a<hi(—p)

= sup  mg-a+my - f=c(mg,m).
(a,8)€R?:
a<ho(h1(-B))
In the second equality we have used the Fenchel-Rockafellar Theorem and that
ho(0) = ¢1(0) = 0 and both functions are continuous at 0 (see Definition 2.6).
For mg < 0 or my < 0 it is easy to verify that (¢ ¢ ¢1)(mg, m1) = 0o, and so is
¢(mgp, mq) since it is admissible. Finally, since ¢, ¢y, and ¢; (and thus also (¢ ¢ ;)
by Remark 2.20(6) are convex and lower semi-continuous, they must all be right-
continuous in mg = 0 or my; = 0. Since ¢ and (cg ¢ ¢1) coincide on (0, +00)?, this
implies their equality also on {0} x [0,00) U [0, 00) x {0}. O

Corollary 2.35. (Reduction of infimal convolution formulation) Let the local dis-
crepancies Dy, Doy, and Dy be induced by the integrands cy, co1, and ci, and let
ho, h1, hot, and hyg be as in Corollary 2.33. Furthermore let z € (0, 00|, and let
the extended discrete metric be defined by (12).

. If co1(mo, my) = z|mg — my| for all my > my > 0, then
Wpy.Do1,01 = Wpoonei,pd, 0y = Do © Doyr © W1 o Dy .
. If co1(mo, my) = z|mg — my| for all 0 < my < my, then
Wpe.Do1.D1 = WDO,Dd,DmoDl =DooWi0 Dy oD .
Proof. Consider the first statement (the second follows analogously). The second

equality follows from W; o Do W, = Wy o Wy = W, (Remark 2.22). As for the
first equality, by Corollary 2.33 and Proposition 2.12 we have

WDO;DOLDI = Who,hl,B = Whoohol7hluB(&minaﬂmin) )
where we have used the notation from Corollary 2.33 and Proposition 2.12 as well
as the fact hip(a) = min{a, z} for all @« > 0. Now it is straightforward to check via
Lemma 2.34 and Corollary 2.33 that the equivalent formulation of Wp .p,, pi p,
is also Whooh()lyth(dmianmin)’ [
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Let us close by giving yet another, flow-based formulation.

Remark 2.36. (Flow formulation) In Euclidean space R, the following relation
is known as Beckmann’s problem [31, Thm. 4.6],

W = mi :
1(po, p1) e [19][| a1

divg=p1—po

where the divergence is taken in any open superset of Q (cf. also [23]) in the
distributional sense. As a consequence we have the alternative flow formulation

Wpo, 001,01 (0, p1) = min  Do(po, pg — dive) + [|[#][| s +
po’p1€M+(Q)a
ppeM(@)"

where ¢ and 1 have the interpretation of a mass flow field and can thus be used
in applications to extract flow information. The divergence essentially arises via
dualization of the Lipschitz constraint in (2), interpreted as a local constraint
|Va| <1 almost everywhere (see Section 4.1).

2.4. The inhomogeneous case

For ease of exposition we restricted ourselves to the spatially homogeneous case in
the previous sections. For the sake of completeness we shall here briefly comment
on what changes if all integrands become space-dependent. In more detail, hq, h,
and B in Definition 2.1 are now also allowed to depend on z € €2, and the energy
becomes

o ho(a(a), ) dpo(a) + f ba(Bz), ) dpa ()
Eﬁg:ﬁ73(a,ﬂ) = if a, 8 € Lip(Q2) with (a(z),5(z)) € B(x) Vz € Q,

—00 else.

The spatial dependence demands two additional admissibility conditions in Defi-
nition 2.6: hg, hy, and B must depend measurably on z so that E,’Zg,’ﬁ g is well-
defined, where B(z) = By (x) N (By(x) x By(z)) for

Bo(z) = {(a,8) e R?*| a < hoy (=6, 2)} = {(o, 8) € R?| B < hyo(—a, z)}
By(z) = cl{a € R| ho(a,z) > —o0}, Bi(x) =c{f € R|hy(B,2) > —c0}.
Furthermore,
Bo(x) = {(, 8) € R*|a < ho(=,2)}, Bi(w) ={(a,f) € R*| B < hi(—a, )},

and B(z) have to be lower semi-continuous in z (a multifunction x — B(x) is
said to be lower semi-continuous if the set {z € Q| U N B(z) # 0} is open for any
open set U) to ensure sequential weak-* lower semi-continuity of Wy, 5, 5. At first
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glance one might expect the stronger requirement of hg and h; being upper semi-
continuous in x, however, due to the restriction of o and 5 to the domains of hg
and h; we essentially only need upper semi-continuity where hg and h; are finite,
resulting in lower semi-continuity of By and By. That this heuristic intuition is
correct will turn out from the model equivalence below.

Likewise, the local discrepancy integrand in Definition 2.14 may depend on x as
well, inducing a discrepancy

Dipn, ) = [ el (0). %0, ) dola).

Of course, in addition to the properties from Definition 2.14 ¢ is required to be
measurable also in x. Furthermore it needs to be jointly lower semi-continuous
in all its arguments, which can easily be seen to be a necessary condition for
sequential weak-* lower semi-continuity of D (its sufficiency is shown below).

Under the above natural conditions, the equivalence between both models stays
valid with slight proof variations. In particular, the proof of weak-* lower semi-
continuity, Proposition 2.17, becomes more complicated as more work would be
required to apply [9, Thm. 2] in the last step. Instead we can make use of [8,
Lemma 3.7] (which performs that additional work inside its proof). Before, we
require a little lemma which takes the role of [8, Lemma 3.6].

Lemma 2.37. F: M(Q)? — (—o0, 00| is weakly-* lower semi-continuous if and
only if F.(p) = F(p) +¢ [, (1) - dp is so for any e > 0.

Proof. This follows directly from the fact that e [ (}) -dp is a weak-* continuous
perturbation. O

Proposition 2.38. (Lower semi-continuity)

33
=

Dipn,pr) = [ (2 (a). %), ) dpf)

is weakly-* lower semi-continuous on M()2.

Proof. Due to the previous lemma it is sufficient to show the weak-* lower

semi-continuity of D.(pg, p1) = [, ce( dpo , Cg;l( x),z)dp(zx) with c.(mg, my,x) =

c(mo, my, x) + e(my + my). Define the sets

A(z) ={u € R? |u-m < c.(mg,my, x) for all m = (mg,my) € RQ}, and
H={ueC)|u(z) € A(z) for all z € Q}

and consider a net p® = (pd, p}) converging weakly-* against p = (pg, p1) in
M(Q)% For an arbitrary v € H we have

a a dpg  dp?
D6<p07p1) = /QCE <d|zg|’ d|Za|’ > d|p ‘ >/ ( dp —)/
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Now note that A(x) is lower semi-continuous in x due to the lower semi-continuity
of ¢ and c.(mg, my,x) = SUDye A(z) oMo + U1y [10, Thm. 17] and that obviously
{u € R?||u| < e} C A(x) for all z € Q. Thus we may apply [8, Lemma 3.7] with
=0, A= p, and h = c., yielding

Sup/ws -dpz/ca 2,94 ) dlpl = De(po, p
v do= [ (3 3.2) diel = Do)

ueH

which concludes the proof. [

Another change is required in Remark 2.18, where the coercivity estimate now
turns into D(po, p1) > ¢(po(2), p1(2)) with é(mg, m1) the convex envelope of
mingeq ¢(mg, my,x). Note that ¢(mg, mq) is well-defined (due to the lower semi-
continuity of ¢ in z and the compactness of 2) and strictly positive for mg # m;.

The final addition concerns the proof of Corollary 2.33, where we need to show
that the lower semi-continuity of By, By, and B in x is equivalent to the lower
semi-continuity of ¢y, co1, and ¢; in all their arguments. This is true by [10,
Thm. 17].

3. Examples

In this section we provide a few examples of local discrepancies and their combina-
tions with W;. For the reader’s convenience we furthermore list all the functionals
required to move from formulation (11) to formulation (5).

3.1. Different discrepancy measures

In Table 3.1 and Figures 3.1 and 3.2 we list several commonly used discrepancies,
the corresponding integrands ¢ from Definition 2.14 and their convex conjugates
[c(1,-)]* used in the equivalence relation of Corollary 2.33. The special case of
the extended discrete metric D¢, which does not allow any mass change, has al-
ready been introduced in (12). The standard case of the total variation metric
D™ is just the norm of the difference; we will see that it has implicitly been
used in [23]. In Section 3.2 we discuss the slightly more general variant Dg}f
with different weights for increasing and reducing mass. The examples of squared
Hellinger-Kakutani distance DY, Jensen-Shannon divergence D’®, and symmet-
ric x? measure DX* have also been considered as examples in [24, (1.14)-(1.17)].
Further examples are given by the entropy functions D®P for p € R (see e. g. [24,

(1.4)]).

3.2. Unbalanced optimal transport

Of course, the above discrepancies can be combined in Definition 2.21 in various
possible ways. We shall have a look at some exemplary special cases.
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c(mo,ml) [6(17 )]*(Oé)
Dd {0 if mo = My o
oo else
DTV Imy — mo| max (o, —1) + ¢(—o01] ()

— if >
DIy {a|m1 mo| it 71 2 mo, max (v, —b) + t(—oo,q) (@)

blmy — mg| else.

D (Vi — /o)’ 25 U ()

DS | mglog, 21— + my log, 20— 1085 555 + {(—o0,1) (@)
-1 ifao<—3

D¥’ (o), d—a—-4yT—a ifae-31]
00 else

DEO my — mo — mg log % —log(1l — @) + t(—o0,1) ()

D1 my log %J —my + myg expa — 1

m m 1—(1—p)a)P/(P—1) _1
D | oty ()P = p(e = 1) = 1) | 5022 + tse(1 = p)o)

Table 3.1: Formulas of different local discrepancy integrands and their conjugates.
Formulas for ¢(mg, m;) are only valid for mg, m; > 0, otherwise set c(mg, m;) =
oo. Note that due to symmetry we have [¢(1,-)]* = [¢(-, 1)]* for all discrepancies
except Dy, for which [} (-, 1)]* = ¢}y (1,-)]*, and D"®, for which [¢"?(-, 1)]* =
[CE,lip(L )]*

6 :
_pd
5 . DTV
oDH
4 <1DJS 1
> DX
) x DEO 1 05
E,1
5 +D
0O 1 2 3
1
0 & ; .
0 2 4 6

Figure 3.1: Graphs of local discrepancy integrands ¢ from Table 3.1. We only plot
¢(1,m) as a function of m, which is sufficient due to the 1-homogeneity of ¢. The
right graph shows a zoom.
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2

Figure 3.2: Legendre-Fenchel conjugates [c(1,-)]* of the local discrepancy inte-
grands from Table 3.1. The right graph shows a zoom.

Combination with total variation. Let us first consider cases with DTV or
a generalization thereof. For a,b € (0,00] let D} be induced by

a|m1 — mo‘ if my > mo > O,

9

aT,Z(moamﬂ = blmy —mg| if mg>my >0,

400 else,

where a is the cost for increasing and b for decreasing the mass by one mass unit.
Note D™V = DY and D! = DY, . By Corollary 2.35 we have

v vV v
D,y <>W1<>Dcd oWyo Def = Da/\cb/\dowl Def =D,y W10 Dipeany s

where A indicates the minimum. Taking a = b = e = f = oo this in particular
implies

WioD J oW =Dy oW, =WyoDl] =Dl oWy oDLY,

that is, W, and the generalized total variation metric commute. This can now be
used to imply the fully reduced form

TV _ TV
D ab © Wio Dcd oWpo Def = Da/\c/\e DAIAS © Wy =Wyo Da/\c/\e,b/\d/\f :

Furthermore, using Corollary 2.33 and Proposition 2.12 it is straightforward to
show that a corresponding predual formulation is given by

WDd,DE}{,Dd(Poapl) = sup / adpo +/ Bdpy = sup / ad(po—p1) -
’ a,B€Lip(Q): Q Q a€Lip(Q): JQ
Q+BS07 _QSC’ _IBSd —CSOASd

According to Proposition 2.11 optimizers exist as long as ¢ < oo (or po(£2) >
p1(2)) and d < oo (or po(R2) < p1(£2)). Applications of optimal transport with
‘reservoir bins’ to account for superfluous mass [30, 27], with truncated cost func-
tions [28], as well as the optimal partial transport problem [12] are (or can be
interpreted as) combinations of optimal transport with total variation.
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Kantorovich-Rubinstein norm. In [23] the authors propose to use a variation
of the Kantorovich-Rubinstein norm as image discrepancy. For A\;, Ay > 0 and two
given images (in our case measures) pg, p1 they define

W %(po, p1) = A2 sup / ad(po — p1)-
a€clip(Q) JQ
|| <A1/ A2

Comparing with the above, we obtain

W¥(po, p1) /A2 = D3 5, o Wi = LDV o Wy

POREY

which is a special case of the combination with total variation. Note that the
authors provide several primal and dual formulations (however, none of the simple
explicit form (11) or of the form (5)).

Hellinger-Kantorovich distance. Liero et al. [24] propose a class of optimal
entropy-transport problems, for instance

i D®! D&! d :
eain (po, Progm) + D™ (p1, pryym) + QXQC(%@“Q) (21, 22)

This obviously has the form W (pg, p1) = DB o W, o DEO for W, the Wasserstein
distance with cost ¢ (note that D®? is the symmetric discrepancy to D¥!, obtained
by swapping both arguments). For c(z,y) = |v — y|* this yields the so called
(squared) Gaussian Hellinger-Kantorovich distance, for ¢(x,y) = — log(cos®(|z —
y|)) if |z —y| < 7/2 and 400 else one obtains the (squared) Hellinger-Kantorovich
distance or Wasserstein-Fisher-Rao distance, as also introduced in [22, 17]. It can
be interpreted as a Riemannian infimal convolution between the Wasserstein-2
distance and the Hellinger /Fisher-Rao distance.

In our setting we choose the cost ¢(z,y) = |z — y| for computational efficiency,
yielding the special case Wpe1 pa peo of our class of functionals. The correspond-
ing predual formulation reads

Wpea pa peo(po, p1) = sup /(1 — exp(—a)) dpo +/(1 —exp(a)) dp: -
Q

a€Lip(Q2) Q

Combination with squared Hellinger distance. In Section 5 we also con-
sider a combination of W, and the squared Hellinger distance, namely W; o\ D" o
W, for positive weights . The D term is well-suited for balancing gradual local
fluctuations of intensity, since the corresponding integrand c(1,-) is flat around 1
(cf. Figure 3.1). Moreover, when D is put between two W; terms, it allows to
shrink mass that is transported in the second W; term as well as to increase mass
that is transported in the first W, term. Thus it can symmetrically account for
discrepancies in both directions (similar properties hold for D’S and DXQ).
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4. Discretization and optimization

In all examples we shall consider, the corresponding formulation (5) is well-posed
and admits optimizers (as can easily be checked via Proposition 2.11). In fact,
nonexistence of optimizers usually only happens if no mass growth or shrinkage is
allowed despite po(2) # p1(2) for the two input measures or if one of the measures
is zero. Thus we will base our implementation on formulation (5), exploiting the
locality of the constraints on o and . In fact, a numerical implementation of
(11) instead would involve solving two W; problems which each have complexity
similar to (5) (using the standard formulation (2) or Beckmann’s formulation from
Remark 2.36). For ease of exposition and with regard to imaging applications we
shall here restrict ourselves to the domain Q = [0,1]>. The discretization in
higher dimensions or in non-Euclidean spaces can be performed in a similar way,
but might require the use of unstructured grids.

4.1. Variable splitting

To achieve a simple proximal point type algorithm, we aim to separate the different
constraints on o and § from each other. First note that o € Lip(2) is equivalent to
a € Whe(intQ) with [Va| < 1 almost everywhere. Thus, the indicator function
of the set Lip(Q2) is given by

tLip(a) (@) :/ sup Va - ¢ — |¢p|dz = sup /Voz-qb— |o| dzx
Q ¢peR? PeLl(int2)2 JQ

where the second equality follows by [13, Thm. VII-7]. Thus, (5) can be trans-

formed into the saddle point problem

W, = inf ho(a)d hi(B) dpy —
ho.hn,B(P0, 1) O ) s iy /Q o(@) dpo + /Q 1(8)dp1 — tp(a, B)

+/Q|(,b]+]¢|dx—/QVa-¢+Vﬁ-wd3:.

The vector fields ¢ and v indicate the material flow and may themselves be of
interest for applications, see Remark 2.36. Now splitting the variables a and
up into two representatives allows to separate the Lipschitz constraint from the
set B,

Who.hi,B(Pos p1) = sup inf / ho(a) dpo + / hi(B) dp1 — t(n,0)
a,B.m,0€C(Q) dveL (intQ)? Jq Q
PGP EM(Q)

T / (n—a) dgl + / (6-5)dpl + / (14 1)) do — / (Va-6+V8-¢)de. (18)

4.2. Discretization

We choose a pixel-based regular grid of width Ax = % Discrete quantities will
be denoted by a hat. The functions «, 8, n, and 6 will be represented by their
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values at the positions z;; = (iAx, jAx), i,j = 1,..., N, that is,
& = (Qij)ij=1...x  With oy = afzy)

and analogously for the other variables. The gradient operator is usually imple-
mented via forward finite differences,

(V)i = az(aivy — i, i — agy)” (19)
To reduce anisotropic effects due to the discretization (forward differences behave
differently along both diagonals, see Section 5.2), we alternatively also consider a
discrete representation as the collection of two gradient approximations, the first

one via forward differences, the second one via a mixture of forward and backward
differences.

& A T T
(Va)ij = a5 [(Qirry — aijs @i — aig) s (@i — gy i — i)' ] (20)
Just for comparison purposes we introduce a third variant, where the gradient
information is represented as a collection of directional derivatives, for instance
with eight directions,

Q42,41 Qj Q1,41 —0hj Qg1 j42—0j

(V@)ij = ﬁ(@iﬂ,j — Oy, 5 ) NG ) NG )

Qg1 — i, aifl,jjg_aij7 ai—l,j\jﬁl_aij’ Oéi72,g\'}r§1_aij) )
Note that here we used a horizontal vector so that in all discretization cases the
(directional) gradients are contained in the columns of (Vé&);;. The discretization
(21) corresponds to a network flow problem where the plane is approximated by a
discrete grid graph in which each vertex is connected to its 8-neighbourhood (see
e.g. [25]). The vector fields ¢ and v are discretely represented as the duals to the

discrete gradient vectors, that is, QAS = (¢ij)ij=1,. N and zﬁ = (¥ij)ij=1,..~N, Where

(21)

¢;; and %g have the same shape and dimension as (Va) Finally, the measures
Po, P1, Py, and pf shall be discretized as a sum of Dirac measures, that is,

N

Pk = Z(pk)ij(sxij ) pr = ((Pr)ij)ij=1,..N

ij=1
and analogously for the other measures. The discrete version of saddle point
problem (18) is then given as

max min (ﬁ—@,ﬁg>+<é—8,,@'{>—<@@ é> <@B 1&> —
&,B3,1,0 b0y pY

— F™ &, 3,1, 0] + G, ¥, 5y, 1) (22)

A

for  F™[a, B8,1,0] = —Ax? Y0 (ho(ais)(po)ij + ha(Big) (p1)is — ti(mij, 0)) |
Gl . s 1] = D 30 Sl (18] + [whl)
<d, B> = AZL’Q zi,jzl bij * Qg

where gzﬁf] and 1[)11“] for k =1,..., M are the columns of ¢;; and 1);;, respectively.
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4.3. Proximal operators

To apply a standard primal-dual method we require the corresponding proxi-
mal operators. In detail, for a convex function f and a stepsize 7 > 0 we set
prox, ((x) = argming 1||# — /|3 + 7f(Z), where in the discrete vector-valued case
12113 = (2, 2).

The proximal operator of G is straightforward to compute,

~

@mndéwﬁ&wn =
= (Is+(13,D 050 - - se (1037 iy 1 [ (i i - s (1035 D3 ], (06)is (1))

with s;(t) = max(1—7,0). The proximal map for F’ A1 can in general not be given
by an explicit formula, hence we will usually solve it via a Newton iteration. Note

that the proximal map can be computed separately for each component,

~

(prOXO—Fﬁl <d7 57 ﬁ? é))” =

= (prOX(UAccz(po)ij)(—ho) (aig), PrOX(5Az2(p1)is)(—h1) (Bij), PTOX; A2, (135, 9@)) .
To find prox, (@) (and analogously for hi) we minimize f(a) := (@ —a)* —
20ho(«) for a via Newton’s method, that is, we iterate

ey = O — f’(ak) = oy — ap —a — Uhé(()zk)
' f"(ew) 1—ohglox)

Oé():ONJ.

Lemma 4.1. Let ¢ be the integrand of any local discrepancy from Table 3.1 except
DTV DIV or DEP with p ¢ [0,1], and let ho(a) = —[c(1,)]*(—a). Given & € R

a,b ’
with ho(&) > —oo, the function f has a unique minimizer o* > &, and ap — o

monotonically.

Proof. The uniqueness of the minimizer follows from the strict convexity and co-
ercivity of f. Furthermore, a* > & since hy is increasing. Finally, in all considered
cases, hy turns out to be convex below a*, thus f’ is concave on [&, a*] = [y, ]
and the Newton iteration converges monotonically. [

For the hy deriving from D;FX we can instead find the explicit formula
ProX,(_p,) (@) = min(max(—b, & + o), max(a, @)) .

()} is the

Finally, as for prox,,,, we exploit that B = {(a,f) € R*|3 < ¢(a
q = hyo(—) with

hypograph of a concave, monotonically decreasing function
q(0) = 0 so that

(@, ) if § < q(a),
prox,, (&, 8) = { (a*, ¢(a*)) else, with a* = argmin, f(«) for
fla) = 5(a —a)* + 5(a(a) - §)*
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Here again, we perform a Newton iteration to find the minimizer o* of f. To this
end we set

ACHE - Y~ & + (qlax) = B)q' (o)
() 1+ (q'(aw))? + (g(an) = B)q" ()

Lemma 4.2. Let ¢ be the integrand of any local discrepancy from Table 3.1 except

DTV, DIV or DEP with p ¢ [0,1], and let g(a) = hio(—a) = —[c(-,1)]*(). Given

a,b

O./O:d.

Qg1 = Ak

&, B € R with 3 > q(&) > —o0, the function f has a unique minimizer o* < @,
and o — o monotonically.

Proof. The uniqueness of the minimizer follows from the convexity and closedness
of the set B. Furthermore, a* < @& since ¢ is decreasing and § > q(&). Finally,
in all considered cases, f’ or equivalently (B —q)q is concave on [o*, &) = [a*, oy
so that the Newton iteration converges monotonically. Indeed, in those cases

() =3¢ (a)¢"(a) + (q(a) — B)q" () > 0, since all factors are nonpositive for
o> at. O]

For the ¢ deriving from D,)" we can instead find the explicit formula

(@ B) ifa<bf<ada-+p<0,
1) else if & < —a,

(1,3) else if B < —b,
( BY) . (1,-1) else.

o

max(—a, min(b,

w‘

Note that the initial iterate o of Newton’s method can be improved in various
ways; in our simulations we actually use oy = min{0, @} whenever 3 > & (other-
wise we simply swap the roles of @ and /3 so that we iterate in [ instead). Lemma
4.2 stays valid with this choice.

4.4. Primal-dual iteration

A standard primal-dual ascent-descent method can now be applied to solve (22),
for instance the algorithm by Chambolle and Pock [14],

AR A D\ AR A D\ 0 A anntd
(&,53,9,0)""" = prox,ps ((&,3,9,0)" + o K (¢, 1, py, p1)""2)
(¢7 1/}7 pAg7 [A)/ll)n—i_l = prOXTG((¢7 Ib, 156/7 ﬁ/l/)n - TKT(d7 67 ﬁ7 6)n+1)
0 A a2 D7 Al AT LT Al AT 27 Al AT
(0,0, 6, A1) 2 = (0,0, g, 1)+ (0,00, 95, A1) — (0,9, 6, 1))

with overrelaxation parameter ¥ = 1, time steps o, 7 > 0 satisfying o7||K||* < 1,
and linear operator
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4.5. Including further terms

The discrepancy Wp, p,,,p, can also be used as a fidelity term in inverse or image
processing problems. Here, typically py represents a given measure, and we aim
to solve a minimization problem of the form

. W H
pGIAI}lill(Q) Do,Do1,D1 (;007 p) + (,0) )

for instance with H being the total variation seminorm on images. This will lead
to saddle point problems of the form

max  min [<ﬁ—a,ﬁ3>+<é—6,ﬁ'{>—Wd,é}—(%@}—

&,B8,1,0,C b.p4p7,p:€

(details on Fy, Gy, K, and K3 will be given in the next section). Note that this

formulation contains a term F? in which the primal and dual variables p and B
are coupled in a nonlinear manner (if desired, this can be avoided by replacing
hi(B) = inf,, mB + c¢1(m, 1), thereby introducing another variable m). In that
case, the primal-dual iteration can simply be complemented by the additional
steps

(Y = prox, p, (" + o (Kop™ 3 + KEm3))
(5, &)™ = prox, ¢, (5, €)" — T(KT " + hy (8™, K1 ¢™H)
(5, €)% = (p, )"+ 9((p, )" — (5, €)").

5. Numerical Experiments

In this section we provide some numerical examples, comparing different exten-
sions of Wj.

5.1. Discretization

Figure 5.1 shows results for different discretizations of the gradient in a simple
test example. Here, py consists of Dirac masses equally distributed on a circle,
while p; has all mass concentrated at the centre. The exact optimal flow is a
line measure connecting all Dirac masses to the centre, however, such line mea-
sures are difficult to represent on the discrete level. The employed discretization
of the gradient determines how concentrated the flow can be represented. One
can clearly see that simple forward differences (19) produce rather diffuse flows
along the south-east diagonal, which is remedied by the mixed differences ver-
sion (20). The discretization (21) via directional derivatives only has eight possi-
ble flow directions at its disposal and results in perfectly concentrated flows along
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po & p1 (20)

Figure 5.1: Computed mass flows ¢ — ¢ from solving (18), using different gradient
discretizations and Wy, 4, B = Wpa oprv pa with a slightly larger than the circle
radius. The top row shows the flow magnitude, the bottom row the corresponding
vector field overlaid over a.

those directions, however, it exhibits stronger diffusion in other directions. Us-
ing Wi n,8 = Wpa oprv pa, the mass will be changed rather than transported as
soon as the transport distance exceeds 2a. However, the numerical flow diffusion
induces slightly increased effective transport distances so that the mass change
already occurs earlier. For all three discretizations, the transition from mass trans-
port to mass change happens within the range a € [17.5Az, 18.5Ax] (the circle
radius is roughly 36 pixels), so the effective transport distance is accurate up to
the size of a pixel.

Here and in the following, we compute ¢, :  — R? by solving (18) and then use
1 — ¢ to visualize the material flow (cf. Remark 2.36 and Section 4.1). Moreover,
all further weights are given in units of Az, or equivalently Az = 1.

5.2. Robustness of unbalanced transport and material flow from videos

Analysing fluorescence microscopy videos to track the spatio-temporal distribution
of a certain fluorescent molecule is a common application in biology. The overall
intensity in such videos typically changes over time due to various effects such as
photobleaching, changing focus, or material in- and out-flow. Therefore, standard
optimal transport, applied to normalized images, may reconstruct faulty flows and
notions of similarity. This can be remedied with unbalanced transport models.

First, we illustrate the advantage of unbalanced models in a synthetic example.
For [ty, 1] € [0,1]? we create a two parameter family of images Iy(to, t1). Io(to, 1)
is an image of two white disks with radius » = 10 on black background, one on
the left and one on the right side of the image. The parameters ¢y, t; control
the vertical positions of the two discs. More generally, we introduce families Ia,



388 B. Schmitzer, B. Wirth / A Framework for Wasserstein-1-Type Metrics

Ar =20 Ar =3
to = 0.00,t1 = 0.57 to = 0.00,t; = 0.57 Wi flow legend

to = 0.14,t1 = 0.00 to = 0.14,¢t1 = 0.00 WDd,QODH,Dd DH mass change

flow fields

Figure 5.2: Robust flow reconstruction with unbalanced transport. First and
second column: two samples from the image families I5,. For Ar = 0 all radii are
identical, for Ar = 3 the radii change with position and the disks have different
sizes. Third column: mass flows for transporting Ia,—3(0,0.57) onto Ia,—3(0.14,0)
with W, (between normalized images) and Wpa g9pu pa (combined flow for both
W terms is shown). Fourth column, bottom: Mass change in the D term (bright
means increase) with two characteristic effects: mass is generated at the larger
disks to compensate for the difference, and mass that is to be transported very
far, is reduced before transport.

where the radii of the disks oscillate around » = 10 by Ar while moving. This is a
toy model for local fluctuations of intensity. Some sample images for Ar = 0 and
Ar = 3 with corresponding flows for W, and the unbalanced extension Wpa 99pu pa
are shown in Figure 5.2. For Ar > 0, to compensate for the mass asymmetry
between left and right disks, W} must send mass from left to right, leading to an
‘unnatural’ flow. The unbalanced model can compensate for the difference with
the DY term and robustly extracts a flow that represents the movement of the
disks.

Further, let Tsample = {0,0.14,0.29,0.43,0.57,0.71,0.86, 1} be eight equidistant
samples from [0,1]. For the sample images Ia,(to,t1) with (to,t1) € T, We
compute the metric matrix for W; and the discrepancy matrix with respect to
Wpa sopu pa. We then use the dimensionality reduction scheme of [4] to embed the
samples into R? (Figure 5.3, left). For Ar = 0 both discrepancy measures correctly
extract the 2-d grid structure of (to, 1) € TS2aInple' As Ar increases, the embedding
based on W; becomes increasingly distorted, while the embedding based on the
unbalanced model preserves the structure more clearly. The embeddings with
respect to Wpa 9opu pa were also more robust with respect to the choice of the
time-scale parameter required in [4]. In Figure 5.3 it was set to five times the

nearest neighbour distance.

The metric/discrepancy matrices for the ‘diagonal’ subset ¢y = t; € Tgample are
shown in Figure 5.3, right. Again, for Ar = 0, the 1-d chain structure is well pro-
nounced in both matrices. As Ar increases, the W, matrices become substantially
distorted, while the unbalanced model remains more robust.
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Wy

WDdeoDH’Dd

Ar=0 Ar=2 Ar=3

Figure 5.3: Left: Two-dimensional embedding of images Ia,(to,t1) for (to,t1) €
T&mple Via the graph Laplacian [4] based on the W) metric matrix and the
Wpa gopu pa discrepancy matrix. Lines represent the Cartesian grid structure
of Tgample. Right: Visualization of metric matrices for ty = 1 € Tsample, With
standard Wy (after normalization to unit mass) and with Wpa o9pu pa.

Wy

<

Wpd 20pH, pa

8322eR
8LV

Ar=0 Ar =2 Ar=3

An example on real data was illustrated in Figure 1.1. It shows the computed
flow of fluorescent molecules between two consecutive frames from a microscopy
video of an endothelial cell contact. With standard W; transport between normal-
ized images, mass for the expanding structure at the center has to be gathered
from throughout the frame, drowning out any local movements. The flow ex-
tracted with Wpa 4opu pa is localized around the growing structure (and other
growth /shrinkage events) and clearly indicates the expansion. It should be noted
that part of its mass is still collected from outside the structure, which in this
specific example is known to be unbiological. This could only be remedied by a
more complex model incorporating additional biological prior knowledge. Never-
theless, unbalanced transport gives a much clearer interpretation than standard
Wi transport.

5.3. Cartoon-texture-noise decomposition

Lellmann et al. [23] have employed the Kantorovich-Rubinstein discrepency for
cartoon-texture decomposition in images. Expressed in our notation, they con-
sidered the problem

in W )+ A in [DooWil(pe. p) + A 24
uin Do,Do1,D1 (P0s p) + 1|P|Tvp€%1ﬁm[ 0 © Wil(po, p) + Milplrv — (24)

for Dy = \gDTV (see Section 3.2), in which \g, A; > 0 are two weighting param-
eters, pg denotes a given image and | - |1y is the total variation semi-norm. Here
we minimize the same energy, exploring different choices of Dy. To this end we
express the discretized total variation semi-norm and the nonnegativity constraint

for p as
_max  ((,Vp) = ¢ (€) + e20(p) ,
CeRNXNXZ
where ¢>( is a more intuitively appealing notation for the indicator function to the

set [0,00)V*N (thus t>0(p) = oo unless all entries of j are nonnegative) and ¢.j<y,
stands for the indicator function to the set {¢ € RVN*N*2||(Cii1, Gijo)| < M Vi, 5}
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input po 2. DTV 2DTV o Wy 10DH o Wy

Figure 5.4: Cartoon, texture and noise parts (p, p, — p, Py — po) extracted from pg
(left) via (24), using A\; = 5 and the indicated data fidelity measures. The weights
were chosen so as to smooth out roughly the same length scales. For 2 - DTV
and W there is no intermediate pf, and we interpret the difference py — p as local
(noise) or transport (texture) component respectively.

Consequently, in the full problem (23) we set
B =yen@),  Galp &l =150(p), K=V, K3=0.

Denote by pf, the implicit intermediate measure of the infimal convolution DyoW;
n (24) (cf. (11)). Then the effects of Dy and W; on the image can be clearly
separated. Dgy can be thought of as ‘fixing’ single corrupted pixels, hence we may
interpret py — pf, as the (local) noise component of the image. W) can equalize
high frequency oscillations with little cost, therefore we interpret pj, — p as the
texture component. The remaining smooth image p will be called the cartoon
part. The measure pf, can for instance be obtained from the variables in (23) via
po = po — dive (see Remark 2.36).

As an illustrative example we consider the input image pg as shown in Figure 5.4
left, which contains grey value oscillations of different length scales and ampli-
tudes. If instead of [Dy o W] one uses DTV as data fidelity in (24) one obtains
the well known L!'-TV regularization [15], where the L' term cuts off extreme
values and high frequencies to reduce the total variation. Standard W; as fidelity
in (24) was also studied in [23] where the weight of the DV term was often set so
high as to essentially act like DY, that is, there was no separate noise component.
High frequencies can be eliminated by W; with little transport cost. Due to con-
servation of mass, extreme values are not cut off, but ‘pressed flat’, that is, the
mass is distributed more evenly around the extreme value (cf. the alternating lines
in the low frequency area of the texture component). Using \gDTV o W, (with
sufficiently small \g), both effects are combined: high frequencies are absorbed
by Wi, extreme values are truncated by D™V, Overall, the effect of regularization
is relatively independent of the oscillation amplitudes.
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| Gaussian noise I | salt & pepper noise |

20TV o W, 2DTV o Wy

Figure 5.5: Cartoon, texture and noise parts (p, py, — p, py — po) extracted from
noisy po via (24), using A; = 5 and the indicated data fidelity measures. Columns
are arranged as in Figure 5.4. Left: Original image py from Figure 5.4 with added
Gaussian noise with o = 0.05 (largest amplitude at bottom of image is 1). Right:
Salt & pepper noise with corruption probability 0.5% and magnitude 20. For W;
only p and the total difference py — p are shown.

With \gD™ o W the situation is qualitatively different: since the integrand ¢(1, -)
of DY is flat around 1 (cf. Figure 3.1), low amplitudes can be equalized by D™
with little cost and thus appear in the noise component. For this reason, DS,
DX* and D®P produce visually similar results to DY,

Examples with added noise are illustrated in Figure 5.5. Gaussian noise is more
consistently separated by D!, whereas DTV still only filters extreme values. Con-
versely, for high peaked salt & pepper noise, DV captures more of the spikes than
DY, Additionally, due to the non-linearity of D it is very costly to fully remove a
concentrated high spike. Therefore, in this case the peaks appear ‘smeared out’ in
the noise component, which is subsequently corrected for by W;. More generally,
image features with high total variation, but with a local zero mean against a
constant background can easily be flattened by the W) term, hence the distinc-
tion of noise and texture is not always straightforward. Despite this ambiguity,
both unbalanced models handle the salt & pepper noise clearly better than the
standard W, fidelity. The behaviour of D™ and DY on Gaussian and salt &
pepper noise is consistent with previous observations in image denoising. Again,
the other discrepancy measures of Table 3.1 where ¢(1, -) is smooth around 1 yield
results comparable to DY,

5.4. Enhancement of thin structures

Thin elongated structures are difficult to extract from noisy images since they
are frequently interrupted and do not provide a strong signal. Here a curvature
regularization may help to improve the continuation of elongated structures. One
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particular choice is the TVX, functional [11], which penalizes the number of direc-
tion changes by lifting the gradient Vu of an image u into roto-translation space
Q x S* and applying the regularization there. For two weights A\g, A; > 0, the
TVXAO’)‘1 functional of an image u € L() is given by

A
TVXP™N () = inf [ Noll€llp+ 28 sup / Vox(e, )9 de(z,9) | (25)
£€0u 2 XECP (xSt JOx st
Ixlleo <1

where

/udiv'y dx —|—/ v(z) - 9+dp(z,9) = 0
Q Qx St

for all v € C2°(, R?)

Gu=1&eEM (xS (26)

and Y1 denotes the rotation of orientation ¥ € S* by 7/2. Intuitively, the set
G., consists of measures £, where ¢ is the roto-translational lifting of the (distri-
butional) gradient of u, rotated pointwise by 7/2. The Ay term in (25) yields the
total variation semi-norm of the image u € L'(€2) (which equals the total variation
of its distributional gradient). When w is the indicator function of a polygon, the
A1 term penalizes each vertex by ;. For more details we refer to [11].

Based on this, for an observed image py € M (€2) we consider the minimization
problem

min W, 5(po, u) + TVX(’}O’)‘1 (u), (27)
uelLl ()

where in the first summand we interpret u as a measure.
For the discretization we consider 16 directions sy, ..., s in S' (more directions
are possible in a similar way), namely the directions from a pixel to all the 16

second nearest neighbour pixels, counting counter-clockwise from s; = (1,0). Let
* | the supremum norm in R? and define for k € {1,...,16}

Sk = |sf\io
(1,(imod 2) + 1) if k € {2,8,10, 16},
Tije = Ty + 55 ¢ ((fmod 2) + 3,1) if k € {4,6,12,14},
(1,1) else.
Now ¢ is discretized as

N 16
- > k=1,...,16
Z Z Sijliji &= (Sijk)i =i N s
: k=1

Where lAz-jk is the unit line measure starting at (x;;, — %’“, si) and ending at (z;j; +

&, s1). With this discretization we obtain the identity

N
/ Vax(z,9) - 9 dg(z, V) Z Zfzgk X(Tijr + %’“,Sk) — X (@i — %’“,Sk)} :
Qx St

i,7=1 k=1
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L |

o -

(b) : p, 10- DTV (c) : p, 102- DTV

(e) : p, W1 ) : p, WopTv pd pd (8) : po WapTv pd, pd

Figure 5.6: Reconstructing a line from a distorted observation with TVXSO’Al
regularization. (a): input image po, (b)-(d): reconstruction p with DTV as data
fidelity in (27) with different weights. (e): reconstruction with Wj as fidelity
term. (f): reconstruction with Wyprv pa pa. (g): intermediate image pj in infimal
convolution (11), illustrating the impact of the DTV term.

Hence, we discretize x as the collection of its values at all points (z;, £ %‘“, Sk).
Moreover, we introduce a variable v which acts as Lagrange multiplier for con-
straint (26). For simplicity, in this application we choose the forward differences
discretization (19). For the discrete saddle point problem (23) we then find

é = ()27/3/)7 FQ(C) = LHS)\l/?()A()’
Ga2(p, &) = 120(p) + t20(€) + Mo Yorimy Dousy [8klSisn
KQ - _@7 <<:7 K3 é> = <>A(7 Bl é> + <§/’ BQ é>

for the operators By and Bs given by
(BT R)ijr = x(@ig + %, 51) — x(@ije — 2,50), and (Ba&)yy = 3000, 8 &g -

An example where a vertical line has to be reconstructed from partial observations
is shown in Figure 5.6. The discrepancy measure D™V has no notion of ‘moving
mass a little’. Consequently, when using DTV as data fidelity term in (27), it fails
to assemble coherent structures. For low weight the whole signal is removed, for
intermediate weight the salt and pepper noise is filtered, for high weight the image
remains unchanged. When using W; as fidelity measure, the chunks at the image
center can be rearranged with little cost to form a straight line. The salt and
pepper noise is spread out to reduce the regularization penalty, but remains as
blur in the background. Finally, with Wyprv pa pa, the DTV-term can cope with
the salt and pepper noise, and the transport term(s) can form the line, combining
the advantages of both fidelity terms.
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Ao =0.1, Ay =10 Ao =1, Ar =100

(a) : po (b) : p, W1 (c) : p, WDd,QDH,Dd (d) : p, W1 (e) : p, WDd,zDH,Dd

Figure 5.7: Reconstruction p from noisy observation p, with TVXS‘O”\1 regulariza-
tion via (27) for different transport fidelities and regularization strengths.

The difference between standard W; and unbalanced transport as fidelity term and
the impact of the regularization parameters (A, A1) in (27) are further illustrated
in Figure 5.7. For both, low and high regularization, Wpa opn pa has less clutter
in the background and reconstructs a more homogeneous line. As before (Section
5.2), choosing DY in the middle allows for smooth and symmetric balancing of lo-
cal mass fluctuations. By increasing the regularization parameters (Ao, A1) a more
schematic line is obtained. The broadening of the line for strong regularization
is a typical effect of combining transport fidelity and TV-type regularization and
has already been observed in [23].

6. Conclusion

Determining the Wasserstein-1 transport distance can be rewritten as a compact
minimal cost flow problem which can be solved more efficiently than general opti-
mal transport problems. However, the restriction to balanced measures is imprac-
tical in many applications. In this article we proposed two ways to generalize W,
transport to unbalanced measures: First, via the efficient dual formulation, con-
taining only local constraints. Second, by an intuitive infimal convolution-type
combination with purely local discrepancy measures. We showed that (under
suitable assumptions) both classes are actually equivalent and instances can be
transformed into each other. This allows to combine intuitive modelling of un-
balanced transport-type discrepancy measures with efficient numerical methods.
Several examples, a discretization scheme and a simple primal-dual algorithm are
discussed and numerical experiments demonstrate the usefulness of unbalanced
Wi-type discrepancy measures.

It would be interesting to obtain a little more intuition on how a particular lo-
cal discrepancy measure D influences the unbalanced transport depending on its
position in the infimal convolution with W;. As a first step in this direction we
will in future work investigate a dynamic reformulation for the proposed models
or a subclass thereof, which might separate mass change and mass transport ef-
fects in time. Another interesting question is concerned with the (appropriately
rescaled) limit of infinitely many alternating convolution-type combinations of
local discrepancy measures and Wj.

Bernhard Schmitzer has been supported by the European Research Council (ERC
project SIGMA-Vision).
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