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1. Introduction

Given two maximal monotone operators A and B on the space £ = RY, where B is
single valued, the Forward-Backward splitting algorithm is an iterative algorithm
for finding a zero of the sum operator A + B. It reads

Tpt+1 = (] + VA)_I(J;R - ’VB(:EH)) ) (1)

where v is a positive step. This algorithm consists in a forward step (I —vB)(z,)
followed by a backward step, where the resolvent (I + vA)™! of A, known to be
single valued as A is maximal monotone, is applied to the output of the former.
When B satisfies a so called cocoercivity condition, and when the step v is small
enough, the convergence of the algorithm towards a zero of A 4+ B (provided it
exists) is a well established fact [6, Ch. 25]. In the field of convex optimization, this
algorithm can be used to find a minimizer of the sum of two real functions F'+ G
on F, where F'is a convex function which is defined on the whole F and which has
a Lipschitz gradient, and where G is a convex, proper, and lower semi continuous
(Isc) function. In this case, the Forward-Backward algorithm is known as the
proximal gradient algorithm, and is written as x,11 = prox g(z, — YVF(z,)),
where prox. = (I + vOG)~1 is Moreau’s proximity operator of yG.

In this paper, we are interested in the situation where the operators A and B are
replaced with random maximal monotone operators. Denote as .# the set of max-
imal monotone operators on F, let A, B: = — .# be two functions from a measur-
able space (Z2,9) to ., and let (,) be a sequence of independent and identically
distributed (iid) random variables from some probability space to (=,%) with
the probability distribution p. Assuming that B(s) is single-valued operator de-
fined on the whole E, we examine the stochastic version of the Forward-Backward
algorithm

Lnt1 = ([ + ’VA(gn—i-l))_l(I - VB(gn—l-l))xn? v>0. (2>

Our aim is to study the dynamical behavior of this algorithm in the limit of the
small steps 7, where the effect of the noise due to the &, will be smoothened.

To give an application example for this algorithm, let us consider again the
minimization problem of the sum F + G, and let us assume that these func-
tions are unknown to the observer (or difficult to compute), and are written as
F(z) = Eg f(&,2) and G(z) = Egg(&,2). When the functions f and g are
known with f(&,-) being convex differentiable, and g(&;, -) being convex, proper,
and lsc, and when an iid sequence (&) is available, we can approximatively solve
the minimization problem of F'+G by resorting to the stochastic proximal gradient
algorithm

Tn+1 = Proxyg(gnﬂ,.)(xn =YV f (&nt1, @)

Similar algorithms has been studied in [12, 38] with the additional assumption that
the step size v vanishes as n tends to infinity. The main asset of such vanishing
step size algorithms is that the iterates (with or without averaging) converge
almost surely as the iteration index goes to infinity. This paper focuses on the
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case where the step size « is fixed w.r.t. n. As we shall see below, convergence
hold in a weaker sense in this case. Loosely speaking, the iterates fluctuate in
a small neighborhood of the set of sought solutions, but do not converge in an
almost sure sense as n — co.

Yet, constant step size algorithms have raised a great deal of attention in the signal
processing and machine learning literature ([21]). First, they are known to reach
a neighborhood of the solution in a fewer number of iterations than the decreasing
step algorithms. Second, they are in practice able to adapt to non stationary or
slowly changing environments, and thus track a possible changing set of solutions.
This is particularly helpful in adaptive signal processing for instance.

In order to study the dynamical behavior of (2), we introduce the operators

A= / p(ds) and B = /

where the first integral is a set-valued integral, which is to be recognized as a
selection integral [30]. Assuming that the monotone operator A + B is maximal,

it is a standard fact of the monotone operator theory that for any x( in the domain
of A+ B, the Differential Inclusion (DI)

{ igé)) i ;0(A+B>(X(t>> (3)

admits a unique absolutely continuous solution on R, := [0, 00) [3, 15]. Let x, ()
be the continuous random process obtained by assuming that the iterates z,, are
distant apart by the time step 7, and by interpolating linearly these iterates.
Then, the first step of the approach undertaken in this paper is to show that x,
shadows the solution of the DI for small 7, in the sense that it converges narrowly
to this solution as v — 0 in the topology of convergence on the compact sets of
R, . The same idea is behind the so-called ODE method which is frequently used
in the stochastic approximation literature [7, 28].

The compact convergence alone is not enough to control the long term behavior
of the iterates. A stability result is needed. To that end, the second step of
the approach is to view the sequence (x,) as a homogeneous Feller Markov chain
whose transition kernel is parameterized by ~. In this context, the aim is to show
that the set of invariant measures for this kernel is non empty, and that the family
of invariant measures obtained for all v belonging to some interval (0, o] is tight.
We shall obtain a general tightness criterion which will be made more explicit in a
number of situations of interest involving random maximal monotone operators.

The narrow convergence of x,, together with the tightness of the Markov chain
invariant measures, lead to the invariance of the small v cluster points of these
invariant measures with respect to the semiflow induced by the DI (3) (see [24, 23,
8] for similar contexts). Using these results, it becomes possible to characterize the
long run behavior of the iterates (x,,). In particular, the proximity of these iterates
to the set of zeros Z(A + B) of A+ B is of obvious interest. First, we show that
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when the operator A + B is demipositive [16], the probabilities that the iterates
are away from Z(A+ B) are small in Cesaro mean. Whether 4+ B is demipositive
or not, we can also characterize the ergodic behavior of the algorithm, showing
that when v is small, the partial sums n=! > "7 x, stay close to Z(A + B) with a
high probability.

Stochastic approximations with differential inclusions were considered in [9] and
in [22] from the dynamical systems viewpoint. The case where the DI is defined
by a maximal monotone operator was studied in [11], [12], and [38]. Instances of
the random proximal gradient algorithm were treated in e.g., [1] or [37]. All these
references dealt with the decreasing step case, which requires quite different tools
from the constant step case. This case is considered in [19] (see also [18]), which
relies on a Robbins-Siegmund like approach requiring summability assumptions
on the random errors. The constant step case is also dealt with in [39] and in
[13] for generic differential inclusions. In the present work, we follow the line
of reasoning of our paper [13], noting that the case where the DI is defined by
a maximal monotone operator has many specificities. For instance, a maximal
monotone operator is not upper semi continuous in general, as it was assumed for
the differential inclusions studied in [13] and [39]. Another difference lies in the
fact that we consider here the case where the domains of the operators A(s) can
be different. Finally, the tightness criterion for the Markov chain invariant mea-
sures requires a quite specific treatment in the context of the maximal monotone
operators.

We close this paragraph by mentioning [10], where one of the studied stochastic
proximal gradient algorithms can be cast in the general framework of (2).

Paper organization. Section 2 introduces the main algorithm and recalls some
known facts about random monotone operators and their selection integrals. Sec-
tion 3 provides our assumptions and states our main result about the long run
behavior of the iterates. A brief sketch of the proof is also provided for conve-
nience, the detailed arguments being postponed to the end of the paper. Section 4
provides some illustrations of our results in particular cases. The monotone op-
erators involved are assumed to be subdifferentials, hence covering the context
of numerical optimization. Our assumptions are discussed at length in this sce-
nario. The case when the monotone operators are linear maps is addressed as
well. Section 5 analyzes the dynamical behavior of the iterates. It is shown that
the piecewise linear interpolation of the iterates converges narrowly, uniformly on
compact sets, to a solution to the DI. The result, which has its own interest, is
the first key argument to establish the main Theorem of Section 3. The second
argument is provided in Section 6, where we characterize the cluster points of the
invariant measures (indexed by the step size) of the Markov chain formed by the
iterates. The appendices A and B are devoted to the proofs of the statements
contained in Sections 4 and 5.
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2. Background and problem statement
2.1. Basic facts on maximal monotone operators

We start by recalling some basic facts related with the maximal monotone oper-
ators on E and with their associated differential inclusions. These facts will be
used in the proofs without mention. For more details, the reader is referred to
the treatises [15], [3], or [6], or to the tutorial paper [32].

Consider a set valued mapping A: F =% E, i.e., for each x € F, A(z) is a subset
of E. The domain and the graph of A are the respective subsets of £ and F x E
defined as dom(A) := {z € E : A(x) # 0}, and gr(A) == {(z,y) e EXE : y €
A(z)}. The operator A is proper if dom(A) # (. The operator A is said to be
monotone if Vo, 2" € dom(A), Vy € A(x),Vy' € A(2’), it holds that (y—v', x—a') >
0. A proper monotone operator A is called mazimal if its graph gr(A) is a maximal
element in the inclusion ordering among graphs of monotone operators.

Denote by I the identity operator, and by A~! the inverse of the operator A,
defined by the fact that (z,y) € gr(A™') & (y,x) € gr(A). It is well known that
A belongs to the set .# of the maximal monotone operators on FE if and only if,
for all v > 0, the so called resolvent operator J.,, := (I +~vA)~! is a contraction
defined on the whole space E (in particular, J,, is single valued).

We also know that when A € .Z, the closure cl(dom(A)) of dom(A) is convex, and
lim, 0 Jy () = Hei@om(a)) (), where Ilg is the projector on the closed convex set
S. It holds that A(x) is closed and convex for all z € dom(A). We can therefore
put Ag(z) = Ila@)(0), in other words, Ag(x) is the minimum norm element of
A(x). Of importance is the so called Yosida regularization of A for v > 0, defined
as the single-valued operator A, = (I —J,)/v. This is a 1/v-Lipschitz operator on
E that satisfies A, (z) = Ao(z) and ||A,(z)|| T [|Ao(z)|| for all z € dom(A). One
can also check that A, (z) € A(J,(x)) for all z € E.

A typical maximal monotone operator is the subdifferential Of of a function f €
[y, the set of proper, convex, and lsc functions on E. In this case, the resolvent
(I +~0f)~! for v > 0 is the well known proximity operator of f, and is denoted
as prox, ;. The Yosida regularization of df for v > 0 coincides with the gradient
of the so-called Moreau’s envelope f.(z) := min, (f(w) + |w — x[|*/(27)) of f.

2.2. Set valued integrals and random maximal monotone operators

Let (2,4, 1) be a probability space where the o-field ¢ is p-complete. For any
Euclidean space F, denote as Z(F) the Borel field of E, and let F': = = E be a
set valued function such that F(s) is a closed set for each s € Z. The function F' is
said measurable if {s : F(s)NH # 0} € ¢4 for any set H € (FE). An equivalent
definition for the measurability of I’ requires that the domain dom(F') := {s €
E : F(s) # 0} of F belongs to ¢, and that there exists a sequence of measurable
functions ¢, : dom(F') — E such that F(s) = cl{pn(s)}, for all s € dom(F') [17,
Chap. 3] [25].

Assume now that F is measurable and that p(dom(F)) = 1. Given 1 < p < oo,
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let £P(2,9, 1u; E) be the Banach space of the ¢-measurable functions ¢: = — FE
such that [ ||¢[[Pdu < oo, and let

Shi={peLl(EY,1,E) : p(s) € F(s) u—ae.}.

If GL # 0, the function F is said integrable. The selection integral [30] of F' is

the set
/de::cl{/gpd,u : @G@}:}.

Now, consider a function A: = — #. By the maximality of A(s), the graph
gr(A(s)) of A(s) is a closed subset of E' x E [15]. For any v > 0, denote by
Jy(s,) == (I +~A(s))"'(-) the resolvent of A(s). Assume that the function
s + gr(A(s)) is measurable as a closed set-valued = = E x E function. As
shown in [2, Ch. 2], this is equivalent to saying that the function s — J,(s, ) is
measurable from = to E for any v > 0 and any € E. Observe that since J,(s, z)
is measurable in s and continuous in z (being non expansive), J,: = x £ — E
is 9 ® B(E)/PB(E) measurable by Carathéodory’s theorem. Denoting by D(s)
the domain of A(s), the measurability of s +— gr(A(s)) implies that the set-
valued function s — cl(D(s)) is measurable, which implies that the function
s+ d(z, D(s)) is measurable for each z € E, where d(z,.S) is the distance between
the point x and the set S. Denoting as A(s,z) the image of x by the operator
A(s), the measurability of the set valued function s — A(s,z) for each x € F
is another consequence of the measurability of s — gr(A(s)). In particular, the
function s — Ay(s, ) is measurable for each x € E, where Ay(s, ) := ILa(s.)(0).

The essential intersection D of the domains D(s) is defined as [27]

D= |J () D(s),

Ge9:u(G)=0 seE\G

in other words, x € D < u({s : © € D(s)}) = 1. Let us assume that D # (), and
that the set-valued mapping A(:, z) is integrable for each x € D. For all z € D,
we can define

A(z) = /:A(s,x) p(ds) .

One can immediately see that the operator A: D =% E so defined is a monotone
operator.

2.3. Differential inclusion involving maximal monotone operators

We now turn to the differential inclusions induced by maximal monotone oper-
ators. Given A € . and xy € dom(A), the DI x(¢) € —A(x(t)) on R, with
x(0) = x¢ has a unique solution, i.e., a unique absolutely continuous mapping
x: Ry — E such that x(0) = o, and x(t) € —A(x(t)) for almost all ¢ > 0.

Consider the map ®: dom(A) x R, — dom(A), (zo,t) — x(t) where x(t) is the
DI solution with initial value zo. Then, ® satisfies ||®(x,t) — D(y,t)|| < ||z — y||
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for all ¢ > 0 and all z,y € dom(A). Since E is complete, & can be extended to
a map from cl(dom(A)) x R to cl(dom(A)). This extension that we still denote
as @ is a semiflow on cl(dom(A)) x Ry, being a continuous cl(dom(A)) x Ry —
cl(dom(A)) function satisfying ®(-,0) = I, and ®(z,t+s) = ®(P(x, s),t) for each
x € cl(dom(A)), and ¢,s > 0.

The set of zeros Z(A) := {x € dom(A) : 0 € A(z)} of A is a closed convex
set which coincides with the set of equilibrium points {z € cl(dom(A)) : V¢ >
0, ®(z,t) = x} of &. The trajectories ®(z,-) of the semiflow do not necessarily
converge to Z(A) (see [32] for a counterexample). However, the ergodic theorem
for the semiflows generated by the elements of .Z states that if Z(A) # (), then
for each = € cl(dom(A)), the averaged function

® : cl(dom(A)) xR, —  cl(dom(A))
1 t
(z,t) — ;/ O(x,s)ds
0
(with ®(-,0) = ®(+,0)), converges to an element of Z(A) as ¢ — oo. The conver-
gence of the trajectories of the semiflow itself to an element of Z(A) is ensured
when A is demipositive [16]. An operator A € .# is said demipositive if there
exists w € Z(A) such that for every sequence ((un,v,) € gr(A)) such that (u,)
converges to u, and such that (v,) is bounded,

(up —w,v,) — 0 = we Z(A).
n—oo

Under this condition and if Z(A) # (), then for all z € cl(dom(A)), ®(z,t) con-
verges as t — 0o to an element of Z(A).

We recall some of the most important notions related with the dynamical behavior
of the semiflow ®. Denote as M(FE) the space of probability measures on F
equipped with its Borel o-field #(FE). An element 7 € M(F) is called an invariant
measure for @ if m = 7®(-, 1)~ for every t > 0. The set of invariant measures for
® will be denoted Z(®). The limit set of the trajectory ®(z,-) of the semiflow ®
starting at x is the set

Ly(z,) := mCl (®(z, [t,00)))

of the limits of the convergent subsequences (®(x,t;))r as t, — oo. A point
x € cl(domA) is said recurrent if x € Lg(,,.). The Birkhoff center BCg of @ is
BCy = cl{z € cl(domA) : © € Lo},

i.e., the closure of the set of recurrent points of ®. The celebrated Poincaré’s
recurrence theorem [20, Theorem I1.6.4 and Cor. 11.6.5] says that the support of
any m € Z(®) is a subset of BCg.

Proposition 2.1. Assume that Z(A) # 0, and let 7 € Z(®). If A is demipositive,
then supp(m) C Z(A). If m has a first moment, then, whether A is demipositive
or not,

/xﬁ(da:) c Z(A).
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Proof. When A is demipositive, Z(A) coincides straightforwardly with BCg, and
the first inclusion follows from Poincaré’s recurrence theorem.

To show the second result, we start by proving that {®(-,¢) : ¢ > 0} is uniformly
integrable as a family of random variables in (E, Z(F),n). Let ¢ > 0. Since
the family {®(-,¢) : ¢ > 0} is identically distributed, it is uniformly integrable,
thus, there exists 7. > 0 such that sup, [, ||®(xz, )| 7(dz) < ¢ for all S € B(E)
satisfying 7(S) < n.. By Tonelli’s theorem,

_ 1 t
sup / 1Bz, )] 7(d) < sup = / / |®(x, 5)|| w(de)ds < e
s >0t Jo Js

t>0

which shows that, indeed, {®(-,¢) : t > 0} is uniformly integrable [31, Proposition
I1-5-2]. By the ergodic theorem for semiflows generated by elements of .#, there
exists a function f: cl(domA) — Z(A) such that ®(-,¢) — f as t — oco. Since

/xw(dm) - /6(x,t)7r(dx) for all ¢ >0,

we can make ¢ — oo and use the uniform integrability of {®(-,#) : ¢ > 0} to obtain
that [ ||flldr < oo, and [z w(dx) = [ f(x)w(dx). The result follows from the
closed convexity of Z(A). O

2.4. Presentation of the stochastic Forward-Backward algorithm

Let B: Zx E — E be a mapping such that B(:,z) is 4-measurable for all z € E,
and B(s,-) is continuous and monotone (seen as a single-valued operator) on
E. By Carathéodory’s theorem, B is ¥4 ® %(E)-measurable. Furthermore, since
B(s,-) is continuous on F, this monotone operator is maximal [15, Proposition
2.4]. We also assume that the mapping B(-,x): = — E is integrable for all x € E,
and we set B(z) := [ B(s,z)u(ds). Note that domB = E.

Let (&,) be an i.i.d. sequence of random variables from a probability space (2, .7, P)
to (£,9) with the distribution p. Let xy be a E-valued random variable with
probability law v, and assume that g and (§,) are independent. Starting from
Zp, our purpose is to study the behavior of the iterates

Tny1 = J’y(fn+17 Ty — P)/B(gnJrla xn))a n e N7 (4)

for a given v > 0, where we recall the notation .J,(s,-) := (I +vyA(s))"!(:) for
every s € =.

In the deterministic case where the functions A(s, ) and B(s,-) are replaced with
deterministic maximal monotone operators A(-) and B(-), with B still being as-
sumed single-valued with dom(B) = FE, the algorithm coincides with the well-
known Forward-Backward algorithm (1). Assuming that B is so-called cocoercive
and that 7 is not too large, the iterates given by (1) are known to converge to
an element of Z(A + B), provided this set is not empty [6, Theorem 25.8]. In the
stochastic case who is of interest here, this convergence does not hold in general.
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Nonetheless, we shall show below that in the long run, the probability that the
iterates or their empirical means stay away of Z(A + B) is small when ~ is close
to zero.

3. Assumptions and main results

We first observe that the process (x,) described by Eq. (4) is a homogeneous
Markov chain whose transition kernel P, is defined by the identity

P (x. f) = / F(I (5,2 — vB(s,2))) pu(ds) (5)

valid for each measurable and positive function f. The kernel P, and the initial
measure v determine completely the probability distribution of the process (z,,),
seen as a (Q,.F) — (EN, Z(F)®N) random variable. We denote this probability
distribution on (EY, Z(E)®N) by P*?, and by E*" the corresponding expectation.
When v = 6, for some a € E, we shall prefer the notations P*” and E* to P
and E%7. From now on (z,) will denote the canonical process on the canonical
space (BN, Z(E)®N). We denote by %, the sub-o-field of .# generated by the
family {zo,{ : 1 <k <n}}, and we write E,,[-] = E[- | #,] for n € N.

In the remainder of the paper, C will always denote a positive constant that does
not depend on the time n nor on . This constant may change from a line of
calculation to another. In all our derivations, v will lie in the interval (0, o]
where ~q is a fixed constant which is chosen as small as needed.

3.1. Assumptions

Assumption 3.1. For every compact set K C FE, there exists ¢ > 0 such that

sup / | Ao(s, )] p(ds) < oo.

zeKXND

Assumption 3.2. The monotone operator A is maximal.

Assumption 3.3. For every compact set K C E, there exists € > 0 such that
sup [ B(s, )" u(ds) < 0.
S

The next assumption will mainly lead to the tightness of the invariant measures
mentioned in the introduction.

We know that a point z, is an element of Z(A + B) if there exists ¢ € 6}4(_@*)
such that [ (s)u(ds) + [ B(s,x,) pu(ds) = 0. When B(-,z,) € L*(E,9,1; E),

and when the above function ¢ can be chosen in £*(Z,%, u; E), we say that such
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a zero admits a £? representation (¢, B). In this case, we define

Urla) = [ {0 = 1Bls.2) = 9(5). (5,0 = 1B(s.2)) — )+
+ (B(s,z) — B(s, 1),z — a;}} p(ds) +
o [ WAsts =B ) Puds) — 03 [ 1BGs.2) = Bls.o)Putds) . (6)

x — Jy(s,x)
Y

Assumption 3.4. There exists 7, € Z(A + B) admitting a £? representation
(¢, B). The function W(x) := inf,c (o) ¥y (x) satisfies one of the following prop-
erties:

where A, (s,x):= is the Yosida regularization of A(s,z) for v > 0.

(a) lim infM >0, (b) Dix) — 00, (¢) liminf \I](Xg
Ixll =00 [|x]| [ 11xl1—o0 x| =00 [x[|

> 0.

Let us comment these assumptions: Assumptions 3.1 and 3.3 are moment as-
sumptions on Ag(s,z) and B(s,z) that are usually easy to check. Assumption 3.1
implies that for every x € D, Ao(.,x) is integrable. Hence, A(.,x) is integrable.
This implies that the domain of the selection integral A coincides with D.

Conditions where Assumption 3.2 are satisfied can be found in [15, Chap. I1.6]
in the case where p has a finite support, and in [12, Proposition 3.1] in other
cases. When A(s) is the subdifferential of a function g(s,-) belonging to Iy, the
maximality of A is established if we can exchange the expectation of g(&,x)
w.r.t. & with the subdifferentiation w.r.t. z, in which case A would be equal to
0G, where G(z) = [ g(s,z) u(ds). This problem is dealt with in [40] (see also
Section 4.1 below).

The first role of Assumption 3.4 is to ensure the tightness of the invariant measures
of the kernels P,, as mentioned in the introduction. Beyond the tightness, this
assumption controls the asymptotic behavior of functionals of the iterates with
a prescribed growth condition at infinity. Assumption 3.4 will be specified and
commented at length in Section 4.

Regarding the domains of the operators A(s), two cases will be considered, ac-
cording to whether these domains vary with s or not. We shall name these two
cases the “common domain” case and the “different domains” case, respectively.
In the common domain case, our assumption is therefore:

Assumption 3.5. (Common domain case) The set-valued function s — D(s) is
p-almost everywhere constant.

In the common domain case, Assumptions 3.1-3.4 will be sufficient to state our

results, whereas in the different domains case, three supplementary assumptions
will be needed:
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Assumption 3.6. (Different domains case) For all x € F|

/ d(z, D(s))? p(ds) > Cd(x).

where d(-) is the distance function to D.

Assumption 3.7. (Different domains case) For every compact set XL C E, there
exists € > 0 such that

_1 £
o Yyt / |‘=]7(s,ac) - Hcl(D(s))(ﬂ’?)H1+ p(ds) < oo.
Te

’76(07’7/0]7

Assumption 3.8. (Different domains case) For all v € (0,70 and all z € E,

/(HJ»Y(SJ) —Scl(ms))(fﬁ)!\

; ||B<s,w>||) u(ds) < C(L+ (1))

Assumption 3.6 is rather mild, and is easy to illustrate in the case where pu is
a finite sum of Dirac measures. Following [5], we say that a finite collection of
closed and convex subsets {Cy,...,C,,} over E is linearly reqular if there exists
k > 0 such that for every =z,

max d(z,C;) > kd(z,C), where C = ﬂCi,
and where implicitly C # (). Sufficient conditions for a collection of sets to satisfy
the above condition can be found in [5] and the references therein.

We know that when v — 0, J,(s,z) converges to Ilyp(s))(z) for each (s,z).
Assumptions 3.7 and 3.8 add controls on the convergence rate. The instantiations
of these assumptions in the case of the stochastic proximal gradient algorithm will
be provided in Section 4.1 below.

3.2. Main result

Lemma 3.9. Let Assumptions 3.2 and 3.3 hold true. Then, the monotone oper-
ator A+ B is mazimal.

Proof. Assumption 3.3 implies that the monotone operator B is continuous on E.
Therefore, B is maximal [15, Proposition 2.4]. The maximality of A + B follows,
since A is maximal by Assumption 3.2, and B has a full domain [15, Cor. 2.7]. [

Note that dom(A 4+ B) = D. In the remainder of the paper, we denote by
®: cl(D) x Ry — cl(D) the semiflow produced by the DI x(t) € —(A + B)(x(t)).

Recall that Z(®) is the set of invariant measures for the semiflow ®.
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We also write Z,, :=
wri T ] kz

We now state our main theorem.

Theorem 3.10. Let Assumptions 3.1, 3.2, 3.3, and 3.4(a) be satisfied. Moreover,
assume that either Assumption 3.5 or Assumptions 3.6-3.8 are satisfied.

Then, Z(®) # 0. Let v € M(E) be with a finite second moment, and define
U:= UWEI(‘I)) supp(m). Then, for all e > 0,

lim sup

n—oo N 7—=0

! - > P (e U) > ) —> 0. (7)

In particular, if the operator A+ B is demipositive, then

ZIP” (21, Z(A+B)) > ) — 0. (8)

lim sup
v—0

n—oo N+

Moreover, the set {m € Z(®) : n(V) < oo} is not empty. Let N' € N*, and let
f: E — RY be continuous. Assume that there exists M > 0 and p: RN — R,
such that limjq| e @(a)/||al| = oo, and ¢(f(a)) < M(1+ ¥(a)) for alla € E.

Then, for alln € N, v € (0,7], the r.v.

F, =
e kz:% fak)
is P-integrable, and satisfies for all € > 0,
limsup P*7 (d (F,, Sf) > ¢) — 0, 9)
n—00 7—0
limsup d(E"(F,),Sf) — 0. (10)
n—00 7—0

where 8¢ = {m(f) : m € Z(®)}. In particular, if f(x) = x, and if Assumption
3.4(b) is satisfied, then

limsup P (d(z,, Z(A+ B)) > ¢) — 0, 0, (11)
n—o0 =
limsup d(E"(z,),Z(A+ B)) — 0 (12)
n—00 7=

By Lemma 3.9 and Proposition 2.1 the convergences (8), (11), and (12) are the
consequences of (7), (9), and (10) respectively. We need to prove the latter.

3.3. Proof technique

We first observe that the Markov kernels P, are Feller, i.e., they take the set
Cy(E) of the real, continuous, and bounded functions on E to Cy(F). Indeed, for
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each f € Cy(F), Eq. (5) shows that P,(-, f) € Cy(E) by the continuity of J,(s, -)
and B(s,-), and by dominated convergence.

For each v > 0, we denote by Z(P,) := {m € M(E) : m = nP,} the set of in-
variant probability measures of P,. Define the family of kernels P := { P, },c(0.4]

and let
P) = |J z(r)

Y¥€(0,70]
be the set of distributions 7 such that 7 = 7P, for at least one P, with v € (0, ).

The following proposition, which is valid for Feller Markov kernels, has been
proven in [13] in the more general context of set-valued differential inclusions.

Proposition 3.11. Let V: E — [0,+00) and Q: E — [0,+00) be measurable.
Assume that Q(x) — 0o as ||x|| — oo. Assume that for each v € (0, o],

Py, V) <V(z) — a(7)Q(x) + B(v), (13)

where a: (0,70] — (0, +00) and B: (0,7] — R satisfy sup,e (o] % < 00. Then,

the family Z(P) is tight. Moreover, sup, czp) m(Q) < 0o.

Assume moreover that, as v — 0, any cluster point of Z(P) is an element of
Z(®). In particular, {m € Z(P) : n(Q) < oo} is not empty. Let v € M(E) s.t.
v(V) <oo. LetU := ez supp(m). Then, for all e >0,

n

Z]P””(d(xk,Z/{) >¢e) — 0.

—0
k=0 7

lim su

Let N e N* and f: E — RY be continuous. Assume that there exists M > 0 and
@: RN — Ry such that limyg) -0 ¢(a)/]la]] = co and ¢(f(a)) < M(1+ Q(a))
foralla € E. Then, for alln € N, v € (0,7)], the r.v.

1 n

is PV -integrable, and satisfies for all € > 0,

limsup d (E"7(F,),Sy) — 0, and limsupP”? (d(F,,Sf) >¢e) —> 0,
Y—

n—00 n—00 =0
where Sy = {n(f) : m € Z(P)}.

Proof. Assume that (13) holds. By [13, Proposition 8.7], Z(P) is tight and
SUp,ez(py T(Q) < 0o, which proves the first point. Assume moreover that, as
v — 0, any cluster point of Z(P) is an element of Z(®). By the tightness of Z(P)
and the Prokhorov theorem, such a cluster point 7 exists, and satisfies 7(Q) < oo
by the first point just shown. The rest of the proof follows [13, Section 8.4] word
by word. [
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In order to prove Theorem 3.10, it is enough to show that the assumptions of
Proposition 3.11 are satisfied. Namely, we need to establish (13) and to show that
the cluster points of Z(P) as v — 0 are elements of Z(®).

In Section 5, we show that the linearly interpolated process constructed from the
sequence (x,) converges narrowly as v — 0 to a DI solution in the topology of
uniform convergence on compact sets. The main result of this section is Theorem
5.1, which has its own interest. To prove this theorem, we establish the tightness
of the linearly interpolated process (Lemma 5.3), then we show that the limit
points coincide with the DI solution (Lemma 5.4-5.8).

In Section 6, we start by establishing the inequality (13), which is shown in Lemma
6.1 with Q(x) = ¥(z). Using the tightness of Z(P) in conjunction with Theorem
5.1, Lem 6.2 shows that the cluster points of Z(P) are elements of Z(®). In the
different domains case, this lemma requires that the invariant measures of P, put
most of their weights in a thickening of the domain D of order v. This fact is
established in Lemma 6.3.

4. Case studies: Tightness of the invariant measures

Before proving the main results, we first address three important cases: the case
of the random proximal gradient algorithm, the case where A(s) is an affine mono-
tone operator and B(s) = 0, and the case where D is bounded. The main problem
is to ensure that one of the cases of Assumption 3.4 is verified. We close the sec-
tion with a general condition ensuring that Assumption 3.4(a) is verified. The
proofs are postponed to Appendix A.

4.1. A random proximal gradient algorithm

Let (X,47,() be a probability space, where &/ is (-complete. Denoting as epi
the epigraph of a function, a function h: 3 x E — (—o00,00] is called a convex
normal integrand [34] if the set-valued mapping s — epi (s, -) is closed-valued and
measurable, and if h(s,-) is convex. To simplify the presentation, we furthermore
assume that h is finite everywhere, noting that the results can be extended to
the case where h can take the value oco. Observe that the set-valued function
s +— Oh(s,-) is a measurable ¥ — . function in the sense of Section 2.2 [2] (in
all what follows, the subdifferential or the gradient of a function in (s, x) will be
meant to be taken w.r.t. z). Assume that [ |h(s,z)|((ds) < oo for all z € E, and
consider the convex function H(x) := [ h(s,z)((ds) defined on E. By e.g., [36,
page 179], 0H (x) = [ Oh(s,z)((ds).

Let f: ¥ x E— R be such that f(-,x) is o/-measurable for all z € E, and f(s, )
is convex and continuously differentiable for all s € ». Moreover, assume that
J1f(s,2)|¢(ds) < oo for all 2 € E, and define the function F(z) := [ f(s,z) ((ds)
on E. This function is differentiable with VF(z) = [ V f(s,z) ((ds).

Finally, given m € N* let {Cy,...,C,,} be a collection of closed and convex subsets
of E. We assume that (), ri(C;) # 0, where ri is the relative interior of a set.
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Our purpose is to approximatively solve the optimization problem

min F(z)+ H(z), C:= nCi (14)
whether the minimum is attained. Let (u,) be an iid sequence on ¥ with the
probability measure (. Let (I,) be an iid sequence on {0,1,...,m} with the
probability measure « such that a(k) = P(I; = k) > 0 for each k. Assume that
(I,) and (u,) are independent. In order to solve the problem (14), we consider
the iterates

prOXa(O)*l'yh(un+1,~)(xn =YV f(uns1, ) if Ly =0,
n+l = (15>

HCan (% - VVf(UnH’ lL“n)) otherwise,

for v > 0. This problem can be cast in the general framework of the stochastic
proximal gradient algorithm presented in the introduction. On the space = :=
¥ x {0,...,m}, define the iid random variables &, := (uy, I,,) with the measure
i = ¢ ® a. Denoting as tg the indicator function of the set S, let g: = x £ —
(—00, 00] be defined as

a(0)th(u,z) ifi=0,
te, () otherwise,

where s = (u, 7). Then, Problem (14) is equivalent to minimizing the sum F'(z) +
G(x), where

g(s, @) := {

G(r) = /g(s, x) p(ds) = Z te, () + H(z).

It is furthermore clear that the algorithm (15) is the instance of the general al-
gorithm (4) that corresponds to A(s) = 9g(s,:) and B(s) = Vf(u,-) for s =
(u,i). With our assumptions, the qualification conditions hold, and the three sets
argmin(F + G), Z(0G + VF), and Z(A + B) coincide.

Before going further, we recall some well known facts regarding the coercive func-
tions belonging to I'y. A function ¢ € Iy is said coercive if lim,o q(x) = 00. It
is said supercoercive if lim g0 ¢(2)/||z]| = co. The three following conditions
are equivalent: (i) ¢ is coercive, (ii) there exists a € R such that the level set
lev<, ¢ is non empty and compact, (iii) liminf|,—e q(x)/||z]| > 0 (see e.g., [6,
Propositions 11.11 and 11.12] and [14, Proposition 1.1.5]).

The main result of this paragraph is the following:

Proposition 4.1. Let the following hypotheses hold true:

(H1) There exists x, € Z(0G + VF) admitting an L* representation
(p((u, ), Vf(u,.)).

(H2) There ezists ¢ > 0 s.t. for every x € E,

/ (Vf(s,2) = Vf(s, ), 2 — 2,) ((ds) > / 1 (s.2) — F(s, 2] C(ds).
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(H3) The function F + G satisfies one of the following two properties:
(a) F'+ G 1is coercive. (b) F + G is supercoercive.

Then, Assumption 3.4(a) (respectively 3.4(b)) holds true if Hypothesis (H3)(a)
(respectively (H3)(b)) holds true.

Let us comment these hypotheses. A light condition ensuring the truth of Hy-
pothesis (H1) is provided by the following lemma.

Lemma 4.2. Assume that there exists x, € Z(0G+VF) satisfying the two follow-

ing conditions: [ ||V f(u,z.)||? ((du) < oo, and there exists an open neighborhood
N of z, such that [ h(u,z)*((du) < oo for all x € N'. Then, Hypothesis (H1) is
verified.

We now turn to Hypothesis (H2). When studying the deterministic Forward-
Backward algorithm (1), it is standard to assume that B is cocoercive, in other
words, that there exists a constant L > 0 such that (B(z) — B(y),z —y) >
L||B(z) — B(y)]||* [6, Theorem 25.8]. A classical case where this is satisfied is the
case where B is the gradient of a convex differentiable function having a 1/L-
Lipschitz continuous gradient, as is shown by the Baillon-Haddad theorem [6,
Cor. 18.16]. In our case, if we assume that there exists a nonnegative measurable
function S(s) such that ||V f(s,2) =V f(s,2")|| < B(s)||x—='||, then by the Baillon-
Haddad theorem,

1
(Vf(s,z) =V [(s,2"),x —a') > wHVf(S#ﬁ) = Vf(s,2)]*.

Thus, one obvious case where Hypothesis (H2) is satisfied is the case where (s)

is bounded.

Using Proposition 4.1, we can now obtain the following corollary to Theorem 3.10.

Corollary 4.3. Let Hypotheses (H1)—(H3) hold true. Assume in addition the
following hypotheses:

(C1) For every compact set KK C E, there exists ¢ > 0 such that

sup /||8h0(u,x)||1+€ ((du) < o0,

rekNC
where Ohg(u, ) is the least norm element of Oh(u,-).

(C2)  For every compact set K C E, there exists € > 0 such that

sup / IV £ (u,2) |+ ¢ (du) < oo.
zelC

(C3)  The sets Cy,...,Cp, are linearly regqular.
(C4) Forally € (0,7)] and all z € E,

/(Hth(u,x)H +IVf(w2)[) C(du) < C(A + [F(x) + Hy(2)])

where h.(u,-) is the Moreau envelope of h(u,-).



P. Bianchi, W. Hachem, A. Salim / A Stochastic Forward-Backward ... 413

Then, for each probability measure v having a finite second moment,

n

ZIP’”’”Y (d(xy,argmin(F + G)) >¢) — 0.

~—0
k=0

lim sup
n—oo N 1

Moreover, if Hypothesis (H3)(b) is satisfied, then

limsup P*7 (d(Z,,argmin(F + G)) > ¢) 7 0, and
Y

n—o0

limsup d(E"(z,),argmin(F + G)) — 0.

n—o00 v—0

Proof. With the Hypotheses (H1) - (H3) and (C1)—(C4) one can check that the
Assumptions 3.1-3.8 are verified. Note that 0G + VF is a demipositive operator,
being the subdifferential of a I'y function having a minimizer [16]. The results of
the corollary follow from those of Theorem 3.10. ]

4.2. The case where A(s) is affine

In all the remainder of this section, we shall focus on the validity of Assump-
tion 3.4. We assume that B = 0, and that

A(s,x) = H(s)x +d(s),

where H: = — R¥*N and d: Z — E are two ¥-measurable functions. It is easily
seen that the affine operator A(s) is monotone if and only if H(s) + H(s)? > 0
in the semidefinite ordering of matrices, a condition that we shall assume in this
subsection. Moreover, assuming that

/(HH(S)II2 +[|d(s)[I*) pu(ds) < o0,

the operator

Ax) = (/ H(s),u(ds))x + /d(s) wu(ds) .= Hx +d

exists and is a maximal monotone operator with the domain E. When d belongs
to the image of H, Z(A) # 0, and every z, € Z(A) has a unique £? representation
(p(s) = H(s)xy + d(s),0). We have the following proposition:

Proposition 4.4. If H + H" > 0, then H is invertible, Z(A) = {x,} with
r, = —H™'d, and Assumption 3.4(c) is verified.
4.3. The case where the domain D is bounded

Proposition 4.5. Let the following hypotheses hold true:
(H1) The domain D is bounded.
(H2) There exists a constant C' > 0 such that for all x € E

/d(s,x)2 p(ds) > Cd(z)>.
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(H3) There exists z, € Z(A+ B) admitting a L£* representation.
(H4) There exists ¢ > 0 s.t. for every x € E, for all vy small enough,

J(Bs.) = Bls,w)x — z) i) = ¢ [ 1B(s.0) = Bls.o)| n(ds).
Then, Assumption 3.4(c) is satisfied.

4.4. A case where Assumption 3.4(a) is valid

We close this section by providing a general condition that guarantees the validity
of Assumption 3.4(a). For simplicity, we focus on the case where B(s) = 0,
noting that the result can be easily extended to the case where B(s) # 0 when a
cocoercivity hypothesis of the type of (H4) of Proposition 4.5 is satisfied.

We denote by S(p, d) the sphere of E with center p and radius d. We also denote
by int .S the interior of a set S.

Proposition 4.6. Assume that B(s) = 0, and that there exists x, € Z(A)Nint D
admitting a L representation ¢ € 6?4(_ )" Assume that there exists a set 3 € &

such that D C NgexD(s), w(X) > 0, and such that for all s € X, there exists
d(s) > 0 satisfying S(p(s),d(s)) C int D, and

Vo € S(p(s),d(s)), inf (y—p(s),z—x,) >0.

YEA(s,x)

Then, Assumption 3.4(a) is satisfied.

Note that the inf in the statement of this proposition is attained, as is revealed
by the proof.

5. Narrow convergence towards the DI solutions
5.1. Main result

The set C(Ry, E) of continuous functions from R, to E is equipped with the
topology of uniform convergence on the compact intervals, who is known to be
compatible with the distance d defined as

d(x,y) = ) 27" (1 A sup [[x(?) —y(t)H) :
neN* te[0,n]
For every v > 0, we introduce the measurable map
X’Y: (ENJ %(E>®N) — (C<R+7 E)7 ‘@(CGRJH E)))7

defined for every x = (z,, : n € N) in EY as

Xy(@):t ey + )y = D@L —21).
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This map will be referred to as the linearly interpolated process. When z = (x,,)
this the process with the probability measure P*7 defined above, the distribution
of the r.v. X, is IP’””X;I. If S is a subset of £ and € > 0, we denote by S, := {a €
E :d(a,S) < €} the e-neighborhood of S. The aim of the present section is to
establish the following result:

Theorem 5.1. Let the Assumptions 3.1-3.3 hold true. Let either Assumption 3.5
or Assumptions 3.6-3.7 hold true. Then, for every n > 0, for every compact set
KCFE st KND#I(,

VM >0, sup P*"(d(X,, ®(Lap)(a),")) >n) — 0. (16)

aE]Cﬁ'D.Y]w 7—0

Using the Yosida regularization A, (s, x) of A(s, ), the iterates (4) can be rewrit-
ten as g = a € Dy and

Tpt+1 = Tn — ’YB(fn—i-ly zn) - 'VA’y(gn-Ha Tp — ’VB(éan-‘rla $n)) (17)

Setting h,(s,z) := —B(s,x) — A,(s,x — vB(s,x)), the iterates (4) can be cast
into the same form as the one studied in [13]. The following result, which we state
here mainly for the ease of the reading, is a straightforward consequence of [13,
Theorem 5.1].

Proposition 5.2. Let Assumptions 3.1-3.3 hold true. Assume moreover that for
every s € =, D(s) = E. Then (16) holds true.

Proof. It is sufficient to check that the mapping h., satisfies the Assumption (RM)
of [13, Theorem 5.1]. Assumption (i) in [13, As. (RM)] is satisfied by definition
of h,. As D(-) is a constant equal to E, the operator A(s,-) is upper semi contin-
uous as a set-valued operator [33]. Thus, H(s,-) := —A(s,-) — B(s,-) is proper,
upper semi continuous with closed convex values, and p-integrable. Hence, the
assumptions (iii)—(iv) in [13, As. (RM)] are satisfied. Assumption (v) is satis-
fied by the natural properties of the semiflow induced by the maximal monotone
map A + B, whereas Assumption (vi) in [13, As. (RM)] directly follows from
the present Assumptions 3.1 and 3.3 and the definition of h,. One should finally
verify Assumption (ii) in [13, As. (RM)], which states that for every converging
sequence (un,v,) — (u*,0), h,,(s,u,) = H(s,u*), for every s € Z. To this end,
it is sufficient to prove that

A, (s, up — Y B(s,uy)) — A(s, u*). (18)
Choose ¢ > 0. As A(s,-) is upper semi continuous, there exists n > 0 s.t. Vu,

|lu — w*|] < n implies A(s,u) C A(s,u*).. Let v, := J, (s,u, — vB(s,u,)). By
the triangular inequality and the non-expansiveness of J,, ,

[on = w|| < flun — @[ + 7l B(s, wn) | + ([ I, (u") = 7],

where it is clear that each of the three terms in the right hand side tends to zero.
Thus, there exists N € N s.t. Vn > N, |lv, — v*|| < n, which in turn implies
A(s,v,) C A(s,u*)e. As A, (s, un — v B(s,u,)) € A(s, vy,), the convergence (18)
is established. [
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5.2. Proof of Theorem 5.1

In the sequel, we prove Theorem 5.1 under the set of Assumptions 3.6-3.7. The
proof in the common domain case i.e., when Assumption 3.5 holds, is somewhat
easier and follows from the same arguments.

In order to prove Theorem 5.1, we just have to weaken the assumptions of Pro-
position 5.2: for a given s € =, the domain D(s) is not necessarily equal to FE
and the monotone operator A(s, .) is not necessarily upper semi continuous. Up
to these changes, the proof is similar to the proof of [13, Theorem 5.1] and the
modifications are in fact confined to specific steps of the proof.

Choose a compact set K C E s.t. KNcl(D) # (. Choose R > 0s.t. K is contained
in the ball of radius R. For every z = (z,, : n€N) in EN, define 7g(x) := inf{neN:
x, > R} and introduce the measurable mapping Bg: EY — EY, given by

BR(x): n — xn]ln<TR(x) + Trp(x) ]]-nZTR(:c) .

Consider the image measure P*7 := ]P’“’“’B;zl, which corresponds to the law of the
truncated process Br(x). The crux of the proof consists in showing that for every
n > 0 and every M > 0,

sup P (d(X,, ®(Ilapy(a),-)) > n) — 0. (19)

CLGK:QD.Y]M 7—=0

(19) is the counterpart of [13, Lemma 6.3]. Once it has been proven, the conclusion
follows verbatim from [13, Section 6, end of the proof]. Our aim is thus to establish
(19). The proof follows the same steps as the proof of [13, Lemma 6.3] up to some
confined changes. Here, the steps of the proof which do not need any modification
are recalled rather briefly (we refer the reader to [13] for the details). On the other
hand, the parts which require an adaptation are explicitly stated as lemmas, whose
detailed proofs are provided in Appendix B.

Define hy gr(s,a) := hy(s,a)Ljq)<gr- First, we recall the following decomposition,
established in [13]:

Xy =To+ Gy roXy+ X, 040k,

P+ almost surely, where Ily: EY — C(Ry, E), G, z: C(R,, E) — C(R,, E) and
A, p: EN — EY are the mappings respectively defined by

o(z): t — xo

Bl ns (o= 0) =7 S [ Bl las)

Gyn(x): £ / / By (s, x(y /7)) u(ds)edu

for every x = (x,, : n € N) and every x € C(R_, E) .
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Lemma 5.3. Forallvy € (0,v)] and allz € EN, define Z, . () := 7 (Tnt1—T0).

There exists € > 0 such that:
_ d(x, I+e
sop B8 ( (1231 + B tpaen) ] < ohoc (20)
neN, v€(0,70] i

(J,EICI'TD,YM

Using [13, Lemma 6.2], the uniform integrability condition (20) implies" that
{P7X;t :a € KNDyuy,y € (0,7} is tight, and for any 7' > 0,

sup I@“’”’(HX7 oA, glloor > €) 220, 0, (21)

QEICI’YD,YJW
where the notation ||x||or stands for the uniform norm of x on [0, 7.

Lemma 5.4. For an arbitrary sequence (an,7,) such that a, € K N D,y and
Yo — 0, there exists a subsequence (still denoted as (an, 7)) such that (an, vn) —
(a*,0) for some a* € K Ncl(D), and there exists r.v. z and (x, : n € N) defined
on some probability space (U, F',P') into C(Ry, E) s.t. x, has the distribution
P X1 and x,(w) — z(w) for all w € V. Moreover, defining

Unp, (t) = Xp (%1 I_t/PYnJ) )

the sequence (a,,y,) and (x,) can be chosen in such a way that the following holds
P'-a.e.

T/ d(u,(t I+3
sup/ (wﬂun(f)lld%) dt <400 forallT >0, (22)
0

n n

where € > 0 is the constant introduced in Lemma 5.3.

The limit z satisfies the following:

Lemma 5.5. Introduce the open ball B(R) := {u € E : ||u|]| < R}. The following
holds P'-a.e.:
Vit >0, z(t) € cl(D) U B(R)°. (23)

Define v,(s,t) := h., r(S,u,(t)). Thanks to the convergence (21) the following
holds P'-a.e.:

z(t) = z(0) + lim / / s,u) pu(ds)du  forallt > 0. (24)

n—oo

We now select an w € Q' s.t. the events (22), (23) and (24) are all realized, and
omit the dependence in w in the sequel. Otherwise stated, u,, and v,, are handled
from now on as deterministic functions, and no longer as random variables. The
aim of the next lemmas is to analyze the integrand v, (s, u).

Let Hg(s,a) := —A(s,a) — B(s,a) if |ja|]| < R, Hg(s,a) := E if |ja]| = R and
HR(S a) := 0 if |la]] > R. Denote the corresponding selection integral as
Hr(a) = [ Hg(s,a) p(ds).

'Lemma 6.2 of [13] was actually shown with condition [a € K] instead of [a € K N D], but
the proof can be easily adapted to the latter case.
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Lemma 5.6. For every s p-a.e., it holds that for every t > 0, (u,(t),v,(s,t)) —
gr(Hr(s, .)).

Consider some 7" > 0 and let Ay represent the Lebesgue measure on the interval
[0, T]. To simplify notations, we set L/ := L1*¢(Z x [0,T],9 ® £([0,T]), u ®
)\T; E )

Lemma 5.7. The sequence (v, : n € N) forms a bounded subset of E};Eﬂ.

The sequence of mappings ((s,t) — (v,(s,1), ||va(s,t)]|)) is bounded in E}EJ;EHQQ and
therefore admits a weak cluster point in that space. We denote by (v, w) such
a cluster point, where v: = x [0,7] — E and w: Z x [0,7] — R. The following
lemma is a consequence of Lemma 5.6.

Lemma 5.8. For every (s,t) u® Ap-a.e., (z(t),v(s,t)) € gr(Hg(s, .)).

By Lemma 5.8 and Fubini’s theorem, there is a Ap-negligible set s.t. for every ¢
outside this set, v(.,t) is an integrable selection of Hg(.,z(t)). Moreover, as v is

a weak cluster point of v,, in E};E/ 2, it holds that

z(t) = z(0) +/0 /:v(s, w) p(ds) du, (Vt € [0,77).

Define Hg(a) := [ Hg(.,a)dp. By the above equality, z is a solution to the DI
x € Hg(x) with initial condition z(0) = a*. Denoting by ®z(a*) the set of such
solutions, this reads z € ®(a*). As a* € K Ncl(D), one has z € Pr(K N cl(D))
where we use the notation ®g(S) := U,esPr(a) for every set S C E. Extending
the notation d(z,S) := inf,esd(x,y), we obtain that d(x,, (K Ncl(D))) — 0.
Thus, for every n > 0, we have shown that P (d(X,, , ®r(KNcl(D))) >n) = 0
as n — o0o. We have thus proven the following result:

Vn >0, lim sup P™(d(X,,Pr(KNcl(D)))>n)=0.

’Y%O aGKﬂD,Y]\/[

Letting 7' > 0 and choosing R > sup{||®(a,t)| : t € [0,T],a € KN cl(D)} (the
latter quantity being finite, see e.g.[15]), it is easy to show that any solution to
the DI x € Hg(x) with initial condition a € K N cl(D) coincides with ®(a, .) on
[0, 7. By the same arguments as in [13, Section 6, end of the proof], Theorem 5.1
follows.

6. Cluster points of the P, invariant measures. End of the proof of
Theorem 3.10

Lemma 6.1. Assume that there exists x, € Z(A+ B) that admits a L* represen-
tation. Then,

Py(a, ||+ —2|*) < flo = 2. = 0.5y, (2) +9°C,

where 1., is the function defined in (6).
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Proof. By assumption there exists a £? representation (¢, B) of z,. By expand-
ing

241 = 2ul” = |20 — 2ul* + 2(Tni1 = o, 20 — 22) + [[T0s1 — @0,
and by using (17), we obtain

21 = el = lan — 2l = 29(A, (Garr, 20 — YB(Ensr, 7)) + (25)
+ B(§n+1, xn); Ly — x*> + 72|‘A’y(§n+17 Tn — ’YB(&’L+17 xn)) + B(fnﬂ, xn)HZ
Write z = o A7 = Av(fn—l—hxn_’yB(gn—&-l»xn))» J’y = Jv(gn-i-la xn_/yB(gn—I—la l’n)),
B = B(&11, ), By = (§ns1,%4), and ¢ = o(&,41) for conciseness. We write
(A«/,:L’ - I*> =
= <A'y _9071]7 _$*> + <A'y —gD,iL‘—"yB— J’y) +P)/<A’Y_90:B> + <90,.1'—l’*>
= (Ay = ¢, Iy — ) T4 =74y, 0) +9(A; — 0, B) + {p, 2 — 2).
We also write (B,z — x,) = (B — By, 2 — 24) + (Bs,x — 24) and 2| A, + B||? =

Y2(||A4]12 + || BII* + 2(A,, B)). Plugging these identities at the right hand side
of (25), we obtain

[@nsr = 2ull? = [lz = 2P =2y {{Ay =, Jy—2.) + (B = Bi,w — )} = V|4, ||
+29%(A,, ) +29%(p, B) + V| B|* = 2v(¢ + B, w — )
< o =2l =29 {(A, — ¢, Jy = 2) + (B = Bi,x — )} = (V/2) |4, ||
+ B/ DIBI* + 497l — 2v(p + Bz — )
< o =@l = 29 {(A, — ¢, Jy = w.) + (B = Biyw — )} = (V/2) |4, |
+37%1B = Bull” + 37| B.lI* + 49*0]l* = 2v{p + By, — )
where the first inequality is due to the fact that 2(a,b) < |la||*/2 + 2||0]|*> and the
second to the triangle inequality. Observe that the term between the braces at the
right hand side of the last inequality is nonnegative thanks to the monotonicity
of A(s,-) and B(s,-). Taking the conditional expectation E, at each side, the

contribution of the last inner product at the right hand side disappears, and we
obtain

f%@A-—aW)gux—xAP—osww¢w+4w{/WM@wuw@
-mf/wammma

where ), is the function defined in (6). O

Given k € N, we denote by Pf the kernel P, iterated k times. The iterated kernel
is defined recursively as PY(x,dy) = d,(dy), and

ﬁm&=/ﬁ“m&a@@>

for each S € B(FE).
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Lemma 6.2. Let the assumptions of the statement of Theorem 5.1 hold true.
Assume that for all € > 0, there exists M > 0 such that

sup  sup 7((Duny)°) <e. (26)
+E(0,70] TEL(Py)

Then, as v — 0, any cluster point of Z(P) is an element of Z(P).

Note that in the common domain case, (26) is trivially satisfied, since the supports
of all the invariant measures are included in cl(D).

Proof. Choose two sequences (7;) and (m;) such that v, — 0, m; € Z(P,,) for all
i € N, and 7; converges narrowly to some m € M(FE) as i — o0.

Let f be a real, bounded, and Lipschitz function on F with Lipschitz coefficient
L. By definition, m;(f) = m;(PL f) for all k € N. Set t > 0, and let k; = [t/;].
We have

rmf—wxfo¢wHMDx»¢»r=\/kp%«af»—f@wndwxaxw»wxmw
S/Uﬁwdﬁ—ﬂ¢mmm@%MMMmM®+
/‘f cl(D ki) — f(q)(Hcl(D)( |7T7, da)

| f (@) — F(@(ampy(a), k)| mi(da) +

/ ‘f Hamy(a), ki) — f(@ (o) (a), |7rZ da)

By the boundedness and the Lipschitz-continuity of f,

Ui < /E“’” [201fllso A Llzr, — (e (@), kivi)ll] mi(da) -

Fixing an arbitrarily small ¢ > 0, it holds by (26) that m;((Da,)¢) < €/2 for a
large enough M. By the tightness of (7;), we can choose a compact I C E s.t. for
all 7, m;(K¢) < /2. With these choices, we obtain

U< sup  E"" 2 flloc A Lllzx, — @(apy (@), kivi)ll] + 2l flloo e -

aEICﬂDM.yi

Denoting as ()[4 the restriction of a function to the interval [0, ¢], and observing

that ||z, —®(Ileyp)(a), ki)l < [|(Xy(2) = @(ap) (@), -))o.4]le; We can now apply
Theorem 5.1 to obtain

sup B 2] floe A Ll — (M) (@), k)] — 0.

(IEICI’TDJWVZ.
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As ¢ is arbitrary, we obtain that U; —; 0. Turning to V;, fix an arbitrary € > 0,
and choose a compact K C E such that m;(K¢) < ¢ for all i. We have

Vi < sup | f(@(Tap)(a), ki) — f(@(Mawy(a),1))] + 2 flle -

ael

By the uniform continuity of the function f o ®(Ilgpy(-), ) on the compact K x
[0,t], and by the convergence k;7y; 1 t, we obtain that limsup, V; < 2||f||cce. Ase is
arbitrary, V; —; 0. In conclusion, 7; f —m;(fo®(Ilap)(-), t)) —4 0. Moreover, m; f —
71-z<f © ¢(H01(D)(')7t)) i 7Tf - W(f © ®<HCI(D)(')7t)) since f() - f © CI)(HCI(D)(')v t))
is bounded continuous. Thus, 7f = 7(f o ®(Ilapy(-),t)). Since m; converges
narrowly to 7, we obtain that for all > 0, 7(cl(D,)¢) < liminf; m;(cl(D,)¢) =0
by choosing ¢ arbitrarily small in (26) and making v; — 0. Thus, supp(7) C cl(D),
and we obtain in conclusion that 7w f = w(fo®(-,t)) for an arbitrary real, bounded,
and Lipschitz continuous function f. Thus, 7 € Z(®). O

To establish (26) in the different domains case, we need the following lemma.

Lemma 6.3. Let Assumptions 3.6, 3.8, and 3.4(a) hold true. Then, for alle > 0,
there exists M > 0 such that

sup  sup 7((Dumy)) <e.
YE(0,70] TEZ(Py)

Proof. We start by writing

d(rpi1) < || Tng1 — Hep) (zn)]|

< wns1 — Maoe,) (@) | + Tepign i) (Tn) — Heapy ()]

On the one hand, we have by Assumption 3.8 and the nonexpansiveness of the
resolvent that

En | 2ns1 — Hanie, ) (@a) || <
< B2y (Ensts @) — Hapens) @n) | + YESTIB(Entrs ) || < Cy(1 + ¥y (z0)),

on the other hand, since
ITLei(D (1)) (20) — My (@a)[* < d(24)? = d(0, D(r41))?  (see (28)),

we can make use of Assumption 3.6 to obtain

Ef e piensa) (2n) — Ham) (@n) || < (B8 aipe,. ) (2n) — Map) (2)]1) >
< pd(z,,),

where p € [0,1). We therefore obtain that

ES7d(tn41) < pd(w,) + O (14, (2,).
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By iterating, we end up with the inequality

Py a,d) < pd(a) + Cy Y p" (1L + Pia, b)), (27)

k=0
From Assumption 3.4(a) and Lemma 6.1, the inequality (13) in the statement of
Proposition 3.11 is satisfied with V(z) = ||z —z,|?, Q(z) = ¥(z), a(y) = v/2, and
B(v) = C~2. By the first part of this proposition, SUD.y¢(0,9] SUPrez(p,) T(¥) < 00.

Moreover, with a small adaptation of the proof of Proposition 8.7 in [13], we can
show the slightly stronger result that

sup sup w(¢y) < oo.
vE€(0,70] TEZ(Py)

In particular we obtain sup sup 7(d) < oc.
v€(0,70] TE€Z(Py)

Let v € (0,7) and @ € Z(P,). We can integrate w.r.t. 7 in (27) to obtain

w(d) < g (d) + Cy S p (1 + m(1p,).

k=0

Using Markov’s inequality, we have for all n € N,

m(d) _ p"*t! C & . p"tic ¢
D H< —= <K + — E " 1+ < — + —.

By making n — oo, we obtain that 7((Dys4)¢) < C/M, and the proof is concluded
by taking M as large as required. [

Theorem 3.10: proofs of the convergences (7), (9), and (10)

We must check if the assumptions of Proposition 3.11 are satisfied. Lemma 6.1
shows that the inequality (13) is satisfied with V(x) = ||z — 2,]]?, Q(z) = ¥(z),
a(y) = v/2, and $(y) = C+?%, and Assumption 3.4(a) ensures that ¥(z) —— oo
as required. el =0

When the assumptions of Theorem 5.1, are satisfied, Lemma 6.2 shows with the
help of Lemma 6.3 when needed that any cluster point of Z(P) belongs to Z(®).
The required convergences follow at once from Proposition 3.11. Theorem 3.10 is
proven.

A. Proofs related to Section 4
A.1. Proof of Proposition 4.1

It is well known that the coercivity or the supercoercivity of a function g € I’y
can be characterized through the study of the recession function ¢* of ¢, which is
the function in Ty whose epigraph is the recession cone of the epigraph of ¢ [35,
§8], [29, § 6.8]. We recall the following fact.
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Lemma A.1. The function q € [y is coercive if and only if 0 is the only solution
of the inequality ¢>(x) < 0. It is supercoercive if and only if ¢ = (o).

Proof. By [29, Proposition 6.8.4], lev<y¢™ is the recession cone of any level set
lev<, ¢ which is not empty [35, Theorem 8.6]. Thus, ¢ is coercive if and only if
lev<o¢™ is the recession cone of a nonempty compact set, hence equal to {0}.
The second point follows from [4, Proposition 2.16]. O

Lemma A.2. For each v >0, ¢ = (¢q,)™

Proof. By [29, Theorem 6.8.5], the Legendre-Fenchel transform (¢*)* of ¢* sat-
isfies (¢™)* = teldomgr. Since ¢, = ¢O((2y)7Y] - ||*) where O is the infimal
convolution operator, (¢,)* = ¢* + (7/2)]| - ||*. Therefore, dom¢* = dom(q,)*,
which implies that (¢>)* = ((¢,)>)*, and the result follows. O

Lemma A.3. ([26, Theorem I1.2.1]) Assume that q: = x E — (—o00,00] 4
normal integrand such that q(s,-) € Ty for almost every 5. Assume that Q(x) :
[ q(s,z) pu(ds) belongs to Ty. Then, Q®(z) = [ ¢°( ds), where ¢*(s,-) is
the recession function of q(s,-).

S a

We now enter the proof of Proposition 4.1. Denote by g, (s, -) the Moreau envelope
of the mapping ¢(s,-) defined above.

Lemma A.4. Let Hypothesis (H1) hold true. Then, for all v > 0, the mapping

G x> /gy(s,x),u(ds),

is well defined on E — R, and is convex (hence continuous) on E. Moreover,

G"1Gasvy 0.
Proof. Since x, € dom G from Hypothesis (H1) it holds from the definition of the

function g that [|g(s,z,.)|u(ds) < oo. Moreover, noting that ¢(s) € dg(s,x.),
the inequality g(s,x) > (p(s),z — z,) + g(s, z,) holds. Thus,

(s
wf(g S, W +—Hw—xH >
> inf((e

D g(s,m) + —||w—as|| ?)

85

= (p(s), & = x,) + g(s,2.) — §||90(8)H2‘

Writing © = 27 — 2~ where * = x Vv 0, this inequality shows that g, (-, z,)” is
integrable. Moreover, since the Moreau envelope satisfies g,(s,z) < g(s,x), we
obtain that g,(-,z,)" < g(-,z4)" < |g(-, z,)| who is also integrable. Therefore,
|g,(+, z,)| is integrable. For other values of x, we have

9+(8,7) = g,(s, r,)+

1
+/ (T — 2., Vg, (5,25 + t(x — 24)) = Vg, (s,25)) dt + (x — 2., Vg, (s,24)),
0
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where Vg, (s, z) is the gradient of g,(s,x) w.r.t. . Using the well know properties
of the Yosida regularization (see Section 2.1), we obtain

|z — .

o tlz—ad le ()%

|g’Y(SJI>| S |g’Y(87I*)| +

Consequently, g¢,(-,z) is integrable, thus, G"(z) is defined for all x € E. The
convexity and hence the continuity of G7 follow trivially from the convexity of
97(57 )

Since the integrand g, (s, z) increases as  decreases, so is the case of G7(z). If z €
dom(G), it holds that |g(-, z)| is integrable. On the one hand, g,(s,z)" < |g(s, z)|,
and on the other hand, g, (s,z)” < ||o(s)||[|x — 2| +19(s, z+) |+ [|¢(s) || for v < 2.
By the dominated convergence, G7(z) — G(z) as v — 0. If z ¢ dom G, then
[ g-(s,2)Tp(ds) — oo as v — 0 by monotone convergence, and [ g,(s, ) u(ds)
remains bound. Thus, G7(z) — oc. O

Lemma A.5. Let Hypotheses (H1) and (H2) hold true. Then,
GY(x) + F(z) = G'(x.) — F(x.) < 204(x) +1C,
for all v small enough, where 1), is given by (6).

Proof. By the convexity of g,(s,-) and f(s,-), we have
g,y(S,iC - ’ny(S,l’)) - gv(s,x*) < <Vg’y(57x - ’)/Vf(S,SC)),iC - ’ny(S,l’) - l'*),
and f(s,x) — f(s,2y) —(Vf(s,2:),x — ) <V [f(s,2) = Vf(s,2:), 0 — ).

Wite g, = g, (5, 5=V £(5,2)), V. = V£(5,2), prox, = prox, ., (a—1V f(5,2)),
v = ¢(s), and Vf, = Vf(s,z,). From these two inequalities, we obtain

Gy(s,2 =V [(8,2)) = g4(s,24) + f(s,2) — f(s,2:) — (p(s) + Vf(s,24), 2 — x4)
<(Vgy,x =V f —z, +prox, —prox,) + (Vf - Vf,x—z,)—
— (¢, — x, + prox, — prox,)

= (Vg, — ¢, prox, —z,) + (Vf = V., z — z.) + Vg > —v(e. Vg, + V).

Again, by the convexity of g, (s, -), we have

Gy(s,0 =V [f(s,x)) > g,(s,2) — v (Vyg,(s,z),V[f(s,x)).
Thus, we obtain
02(5,2) — 92(5,22) + F(5,2) — F(5,2) — () + V f(5,22),0 — )
<(Vg, —¢,prox, —z,) + (Vf = Vf,z —z.) +7|Vg, | -
= (0, Vgy + V) +7(Vg,(s,2), V).

We now bound the sum of the last two terms at the right-hand side. By the
~~LLipschitz continuity of the Yosida regularization we first obtain that
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(Vg (s,2) — Vg,, V)| < |[Vf]>. Using in addition the two inequalities
[{a, b)| < llall?/2 +[|bI[?/2 and [[Vf]* < 2[[VLP + 2| V.f — VLI, we get
1Vgy(5,2), V) =26, Vgy + V) =
=1(Vay(s,2) = Vg5, V) +7(Vg,, V) = {p, Vg, + V)
< 29VAIP + Ve + el
S DIV = VLI + WIVLI + Vg7 + el

Thus,
9y (5,2) = g4 (8, 2.) + f(5,2) = f(5,2.) = (0(s) + Vf(s5,20), 7 — 25) <

<2((Vgy — ¢, prox, —z.) + (Vf = V i,z — z.) + 7]V, |* = 67|V = VL)
H16[Vf = VLI? = (V] =V ez — ) +9llel* + 4V L

Taking the integral with respect to u(ds) at both sides, the contribution of the
inner product (¢ + Vf,,z — z,) vanishes. Recalling (6), we obtain

G (1) + F(x) — Gy (2) — Fl2) < 20 (x) / ((Vf = Yz =) -
169V = VL) dut [ (el + 419517 do.

Using Hypothesis (H2), we obtain the desired result. N

End of the proof of Proposition 4.1. Let vy > 0 be such that Lemma A.5
holds true for all v € (0,]. Denoting as ¢(s,-)* the recession function of ¢(s, -),
we have

(G + Fy> 2 / (g (5, + F(s, %) pu(ds)
o / (905, + F(s, %) ulds) L (G + F),

where the equalities (a) and (c) are due to Lemma A.3, and (b) is due to Lemma
A.2. Thus, by Lemma A.1, F' + G is coercive (resp. supercoercive) if and only
if F'+ G is coercive (resp. supercoercive). Consequently, since G7 increases
as 7y decreases by Lemma A.4, the hypotheses (H1), (H2), and (H3)(a) (resp.,
(H1), (H2), (H3)(b)) imply Assumption 3.4(a) (resp. Assumption 3.4(b)). This
completes the proof of Proposition 4.1.

A.2. Proof of Lemma 4.2
We first recall that 0G(-) = [ dg(s, ) u(ds), where

[ a(0)"ton(u,-) ifi=0,
99(s,") = { Ote, otherwise,
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for s = (u,i) € =. Let ¢ be an arbitrary measurable ¥ — FE function such that
Y(u) € Oh(u,x,) for (-almost all u € 3 (such functions are called measurable
selections of the set-valued function 0h(-,z,)). For each d € E, it holds by the
convexity of h(u,-) that

B2+ d) > Bl 2) + (9(u), d), and

hu, z, —d) > h(u, z,) — (¥(u),d),

for ¢-almost all u € . Equivalently,
h(u, z.) = h(u, 2, — d) < (Y(u), d) < h(u, 2.+ d) = h(u, ).

Thus, if ||d|| is small enough but otherwise d is arbitrary, we get from the sec-
ond assumption of the statement that (i)(u),d) is (-square-integrable. Thus,
J P (u)]]? ¢(du) < oo (see [26, Theorem I1.4.2] for a similar argument). Now,
writing s = (u,7) € Z, every measurable selection ¢ of dg(-, x,) is of the form

6(s) = { a(0) Mp(u) if i =0,

0; otherwise,

where 1) is a measurable selection of Oh(-, x,), and 6; is an element of Ji¢,(z,). By
what precedes, it is immediate that [ ||¢||?du < oo. By assumption, there exists a
measurable selection ¢ of dg(-, z,) such that [(¢(s)+ V f(u,z,))p(ds) = 0. Using
the first assumption, we get that the couple (¢(s), V f(u, z,)) is a £L? representation
of z,.

A.3. Proof of Proposition 4.4
The assertions about Z(A) are straightforward. A small calculation shows that

Jy(s,2) = (I +7H(s)) (¢ = 7d(s)), and
A (s,2) = Als, J,(s,)) = (I +yH(s))" (H(s)z + d(s)).

Using these expressions, we obtain ., (x) =

— [{A(s 1.0 = H(s)as = d(5). Ty (500) = ) 4 2]} Als, . )} ()

H(s)+ H"(s
= [{onts.0) = D (o) — ) 1 4G, ) )
Since (I + yH(s))™' and H(s)(I + yH(s))™!' are respectively the resolvent and
the Yosida regularization of the linear, monotone and maximal operator H(s), it
holds that ||(7 +~vH(s))™Y| < 1, and ||[yH(s)(I +vH(s))7!| < 1.

Denoting as || - ||s the semi norm associated with any semidefinite nonnegative
matrix S, we write

Py(z) > / [ J5(s,2) — w*”%H(s)—i-HT(s))/Q p(ds)

2

— [la+moy (@ - 2 = G+ D) | (o).

(H(s)+HT(s))/2
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Using the inequality ||a —b||> > 0.5]|a||* — ||b]|?, we obtain ¢, (z) > 0.5W,(z) — U,,
with

W) = [ I+ AH) o= 2y 1), and
U= [+ AH ) H )+ Ay 105

zv/ﬂm$%+ﬂWMM$M“)

_pH(s)+ HT(S)

where I,(s) = (I +vH(s)) 9

(I+~H(s)™"

< 1. Therefore,

From the inequalities shown above, we have )‘7—]7(3)

0< U, <9 [ H(s)r. + )| u(ds) < C.
Turning to W, (z), it holds that
W) = (o= )" ([ 1,(5) ulds)) & = )

Since ||I,(s)|| < |[HOEEE | and L(s) =0 (H(s) + H"(5))/2, it holds by
dominated convergence that [ I,(s) u(ds) =0 H+H". If H+ H" > 0, then
there exists 79 > 0 such that

inf A [ I ds)) >0,
nt v ([ 105 uta)

where A\, is the smallest eigenvalue. Thus, Assumption 3.4(c) is verified.

A.4. Proof of Proposition 4.5
Since A, (s, -) is 1/~-Lipschitz,
1Ay (s, 2 = B(s,2))| = [[Ay(s, )| = |[B(s, z)]]
> [|Ay (s, 2)| = 1 B(s, x) = B(s, z,)[| = [ B(s, z)|-
Therefore, ., (z) >

> [{Bls.2) = Bls.)a — ) ~ 03] B(s.2) - Bl )|+

4 (s, = Y B(s,2) |12} plds)
> [{(Bls2) = Bls.)a =) = 891 B(s.2) — B, )|+

+ (1214 (5, D) = 2] Bls, )|} u(ds)
> 2 [ 145,21 ntas) = €

for 4 small enough, by Hypothesis (H4). We now have
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14 (s, )| pu(ds) lz = Jy (s, 2)[* p(ds) = = [ d(s, ) p(ds) = —d(x)’
'/ -/ - :

thanks to Hypothesis (H2). The result follows from the boundedness of D.

A.5. Proof of Proposition 4.6

To prove this proposition, we start with the following result.

Lemma A.6. Let A € .# be such that 3 (z.,y.) € gr(A), 36 > 0, such that
S(x,,0) C int(domA) and Vo € S(x.,0), infycaw)(y — Y, — 24) > 0. Then,

assuming that dom A is unbounded,

i Pveam (Y = yew - 2)
zedom A, ||z||—o0 ||.7)||

> 0.

Proof. Given a vector u € E, define the function

(\) = inf — Y
Ju(N) yeAg£+Au)<y Y, U)

for all A > 0 such that z, + A\u € domA. For all A\; > Xy in dom f,, and all
y1 € A(x, + Mu) and yo € A(x, + Aou), we have

1
A — A2

Passing to the infima, we obtain that f,(A\1) > f.(\2), in other words, f, is non
decreasing.

(Y1 — sy u) — (Y2 — Y, u) = (Y1 — Yo, u) = (Y1 — Yo, T+ A — (2 +Au)) > 0.

For all z € dom A such that ||z—x.|| > ¢, we have by setting u = d(x—=x,)/||lx—z.||

[ — .||

Ful67 o = ) 2

: |2 — .||
inf (y—yy,x —xy) = ———
yeA(x)<y y ) 5

Ju(1).

For any u € S§(0,0), it holds by assumption that f,(1) = infyea(m,+u) (¥ — ys, u) is
positive. We shall show that f,(1) is lower semicontinuous (Isc) as a function of
u on the sphere S(0,d). Since this sphere is compact, f,(1) attains its infimum
on S(0,0), and the lemma would be proven.

It is well-known that A is locally bounded near any point in the interior if its
domain [15, Proposition 2.9] [6, §21.4]. Thus, by the closedeness of gr(A), the inf
in the expression of f,(1) is attained. Let u,, — u, and write f,, (1) = (Yn—Ys, Un)-
By the maximality of A, we obtain that for any accumulation point y of (y,) (who
exists by the local boundedness), it holds that (u,y) € gr(A). Consequently,
liminf, f,, (1) > f.(1), in other words, f,(1) is Isc. O

We now prove Proposition 4.6. We write

(Ay(5,2) = 0(5), y(s5,2) = 2) o = Sy (s, 2)|]"

flns @) = el el

, and

£
g(s,x) = é?o ’ f(v,s,x).
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Note that ¢ (z)/||z|| = [ f(v,s,2) p(ds). We show that liminfj, | g(s,z) > 0
for all s € ¥. Assume the contrary, namely, that there exist s € ¥ and ||zx|| — oo
such that g(s,z;) — 0. In these conditions, there exists a sequence () in (0, 1]
such that f(yx,s,zx) — 0. By inspecting the second term in the expression of
f(Vk, s, 1), we obtain that [|J,, (s, zx)||/||zx]] = 1. Rewriting the first term as

[T (8, i) || (A (s, k) — p(5), Joy (8, 28) — )
2l 175 (5, )| ’

and recalling that A, (s, zy) € A(s, J,, (s, zx)), Lemma A.6 shows that the lim inf
of this term is positive, which raises a contradiction.

Note that

inf ¥y (2)

ve0,1] ||z

> / g(s,2) u(ds).

Using Fatou’s lemma, we obtain Assumption 3.4(a).

B. Proofs related to Section 5
B.1. Proof of Lemma 5.3

Let ¢ be the smallest of the three constants (also named ) in Assumptions 3.1,
3.3 and 3.7 respectively where K = B (R). For every a,~, the following holds for
P*Y-almost all x = (z, : n € N):

d(Tp 1) e i<k = ATni1) Vg <R (Ljen < + Ljzn|>R)
= d(Tn+1) Lz, |<RLjzn )<k < (Tn1) La, <R

= [|znt1 — Up(@nt 1) | Ljzni<r < 1Zns1 — Up(zn) [ Ljza)<r -
Using the notation E%7 = E%7(. |z, ..., ,), we thus obtain:

En(d(2n1) " Loy i<r) < /HJV(S, Tn—B(5,20)) = p (@) | L0, <k dpa(s) -

By the convexity of || - |17, for all a € (0, 1),

«

1+e
o+ gl = —||ow + (1= )2y < @l e (1 - )y

a1+5 1—a«a

Therefore, by setting d,(s, a) := ||J,(s,a — vB(s,a)) — Lpe)(a)l,
En(d(@n1) " Lo, 1<r) < a—a/gv(&mn)lﬁﬂ”%@ dp(s) +

(- a) / 1ML () — T () |1 <t ()

Note that for every s € =, a € F,

165(s, )l < [IJ5(s,a) = Hp (a)]| + [ B(s, a)l
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By Assumptions 3.7 and 3.3, there exists a deterministic constant C' > 0 s.t.

Sup/57(57$n>1+€ﬂ|anR du(s) < Oy,

Moreover, since ILyp(s)) is a firmly non expansive operator [6, Chap. 4], it holds
that for all u € cl(D), and for p-almost all s,

Ty (2n) = ull® <l — ul® = [Mape) (Tn) — za]l*.
Taking u = Ilyp)(2,), we obtain that
Ty nsy) (2n) = M) (2n)[|* < d(wn)* = d(wn, D(s))*. (28)

Making use of Assumption 3.6, and assuming without loss of generality that ¢ < 1,
we obtain

/ Moy (2n) = Meepy () [ du(s) <

(1+e)/2
< ( [ M) = Mo )1 du(8)> < o/d(wn)™,

for some o € [0,1). Choosing « close enough to zero, we obtain that there exists
p € [0,1) such that

Ea (d(l’n+1>1+€

14€

d(z,
n ite ]1||xn+1<R) < p—/yl+a Ljzp<r + C.

Taking the expectation at both sides, iterating, and using the fact that d(z¢) =
d(a) < M~, we obtain that

_ d n ].-‘rE
sup EQK)’ (( (l’ )) 1|1‘n§R> < +00. (29)
0,70]

neN, ye( Y
(ZGKIQD.YM

Since A, (s,-) is v~ !-Lipschitz continuous, ||A,(s,z — vB(s,x))| < ||A(s,2)| +
| B(s,x)||. Moreover, choosing measurably & € D in such a way that ||z — Z|| <

2d(x), we obtain [|A,(s,z)|| < [[Ao(s,Z)| + 2@. Therefore, there exists R’
depending only on R and D s.t.

3 d(x)
1Ay (s, 2) 1L jzp<r < [[Ao(s, 2) || Ljay<r + 2= Lsli<r -
Thus,
EnY (125 117°) = / 17, m (5, ) I dpa(s) (30)

= / 1B(s,2) + Ay (5,20 — YB(s, 20) ) L < dpa(s)

d(z,)

1+e
< [ (213l + st 20+ 282 ) gy et
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By Assumption 3.3, [ ||B(s, z,)||' ™1}z, <r di(s) < C where the constant C' de-
pends only on ¢ and R. By Assumption 3.1, we also have

/ 1 Ao(s, ) [ o dp(s) < C

for some (other) constant C. The third term is controlled by equation (29). Taking
expectations, the bound (20) is established.

B.2. Proof of Lemma 5.4

The first point can be obtained by straightforward application of Prokhorov and
Skorokhod’s theorems. However, to verify the second point, we need to construct
the sequences more carefully. Choose ¢ > 0 as in Lemma 5.3. We define the
process Y7: EN — RN s.t. for every n € N,

n—l d(zy, 1+¢/2

Yv(x) = 75/2

Loy i<r
k=0

and we denote by (X,Y7): EN — (E x R)" the process given by (X,Y7),(x) :=
(2, Y] (x)). We define for every n, Z)  := v (X, Y")p41 — (X,Y7),). By
Lemma 5.3, it is easily seen that

= 5 A—+00
a,?y Yy ~
sup B (123111 2154 ) <25 0.
neN, ’76(0770}
aelCﬂD,yM

We now apply [13, Lemma 6.2], by replacing E by E xR and P%? by P47 (X, Y7)~L.
By this lemma, the family {P*7(X, YV)_li;l ca € KN Do,y € (0,%]} is
tight, where X;l: (E xRN — C(R,, E x R) is the piecewise linear interpolated

process,defined in the same way as X, only substituting £ x R with E in the
definition. By Prokhorov’s theorem, one can choose the subsequence (a,,yy)

s.t. Pann (X YV")”X;; converges narrowly to some probability measure T on
E x R. By Skorokhod’s theorem, we can define a stochastic process ((x,,y,) : n €
N) on some probability space (', . #',P’) into C(R,, E x R), whose distribution

for a fixed n coincides with P (X, YV”)”X;;, and s.t. for every w € (U,

(X (W), yn(w)) = (z(w),w(w)), where (z,w) is a r.v. defined on the same space. In

particular, the first marginal distribution of P (X, YV”)*lX;n1 coincides with
IP“””“X;}. Thus, the first point is proven.

For every v € (0, 7], introduce the mapping
F'Y: C(R+,E> — C(R+,R)

X (m / <w1d<xmu/ﬂ>>>1+€/2ﬂuxmu/m”gdu) |
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We denote by X7 L' RN — C(R,,R) the piecewise linear interpolated process,
defined in the same way as X, only substituting R with E in the definition. It is
straightforward to show that X, oY =T, o X,. For every n, by definition of the
couple (xy,yy), the distribution under P’ of the r.v. I, (x,) — y, is equal to the
distribution of I';, oX,, —X_ oY under [Pann - Therefore, P-a.e. and for every n,
Yn = Iy, (). This implies that, P-a.e., I, (x,,) converges (uniformly on compact
set) to w. On that event, this implies that for every 7" > 0, I, (x,,)(T") — w(T),
which is finite. Hence, sup,, I',,(x,)(T") < oo on that event, which proves the
second point.

B.3. Proof of Lemma 5.5

For every ¢t > 0, notice that u,(t) — z(t) P-a.e. Thus, d(z(t))Lj,@)<r <
liminf,, d(u,(t)) 1y, @) <k - By Fatou’s lemma,

E'(d(2(t) 1z <) < lim inf BY(d(un (8))Lju, 0))<r) -
Define k,, = L%J and notice that

"(d(un(t)Vjunvyj<r) = E ko) Ly, <r) < SUDE W)L jagl<r) -
B (d(un (£))1 ) = o (d(zp, )1 ) < Sup B (d(w) Uy <)

By Lemma 5.3 and since v, — 0, the supremum in the above inequality converges
to zero as n — 00. As a consequence, E'(d(z(t))Lj)<r) = 0. This means
that, P-a.e., z(t) € cl(D) U BS,. As cl(D) U BS, is closed and z is continuous, the
probability-one event on which the above inclusion holds can be made independent
from ¢, and the conclusion follows.

B.4. Proof of Lemma 5.6

Consider any ¢t > 0 and any s s.t. D C D(s). We prove that (u,(t),v,(s,t)) —
gr(Hg(s, .)). It is clear that u,(t) — z(t). If ||z(t)|| > R, the result is trivial. We
now assume that [|z(¢)|| < R. In this case, note that z(t) € cl(D) by Lemma 5.5.
This also implies that z(t) € cl(D(s)).

To simplify notations, we now omit the dependence in (s,t) and write u,, := u,(t),
Up = Un(8, 1), A= A(s, . ), B:=DB(s, .), v:="Yn, Jy = Jy(s, . ), Ay = A(s, ),
D := D(s), Hg = Hg(s, .), z :=z(t). We also define @,, := J,(u,, — vB(u,)).

As ||z|| < R, it holds that ||u,|| < R for every n large enough. Thus, —v, =
B(uy,) + A (u, —vB(uy)). We decompose:
(Un, —vp) = (tn, B(tin) + Ay (un — vB(un))) + (tn — tn, B(un) — B(y)) -

As A, (u, — vB(u,)) € A(w,), the first term in the right hand side belongs to
gr(A + B). It remains to show that the second term converges to zero, and we
deduce that (u,,v,) — gr(Hg), as obviously gr(—A — B) C gr(Hg). One has
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[t = un| < T3 (un = yB(un)) = (tn — ¥ B(un)) || + 7/ Bun)]|
= VA5 (un =y B(un)) || + 71| Bun)]]
< ANA @+ 1A (un = 7B (un)) = Ay (2)[| + (1B (un)]]
< |[15(2) = 2|l + llun = vB(un) = zl| + ¥[| B(un)]| ,

where, for the last inequality, we used the y~!-Lipschitz continuity of A,. As
z € cl(D(s)), it holds that ||.J,(z) — z| — 0. Using the continuity of B and
the convergence u,, — z, we conclude that |4, — u,|| — 0 as n — oo. Thus,
(up, — Uy, B(u,) — B(@i,)) — 0 and the lemma is shown.

B.5. Proof of Lemma 5.7

Define ¢, := sup /||A0(s,a)||1+5/2d,u(s) and ¢, 1= sup /||B(s,a)||1+5/2d,u(s).

a€BRrND a:||a||[<R
These constants are finite by Assumptions 3.1 and 3.3). By the same derivations
as those leading to (30), we obtain

d U, t 1+e/2
/ lon(s, O]/ 2dp(s) < C (%ﬂnunm@ +Cat Cb) :

The proof is concluded by applying Lemma 5.4.

B.6. Proof of Lemma 5.8

The sequence ((vp, ||va(., .)||)) converges weakly to (v,w) in E%EJ;EHQQ along some
subsequence (n.b.: compactness and sequential compactness are the same notions

in the weak topology of £}Et€ﬂé2). We still denote by ((v, [|[vn( ., .)||)) this subse-

quence. By Mazur’s theorem, there exists a function J: N — N and a sequence
of sets of weights {ag, :n € NJk=n...,J(n) : ar, >0, Zi(znrz Qgn = 1} such
that the sequence of functions

J(n)

(T, @a): (3,1) = D awn(vn(s,t), [lon(s, £)]))

k=n

converges strongly to (v,w) in that space, as n — oo. Taking a further subse-
quence (which we still denote by (9, W, )) we obtain the u® Ar-almost everywhere
convergence of (0, w,) to (v, w). Consider a negligible set A4~ € Z([0,T])®%¥ such
that for all (s,t) ¢ A4, the following assertions are true: @) (0,(s,t), w,(s,t)) —
(v(s,t),w(s,t)); @) (un(t),vn(s,t)) —n gr(Hg(s, .)); i) w(s,t) is finite. The
point ) is made possible by Lemma 5.6. Let ¢ > 0. By conditions ¢) and
the fact that w,(t) — z(t), there exists n = n. s.t. for all k& > n, there exists
(ag,br) € gr(Hg(s, .)) satisfying ||ax — z(t)|| < € and ||bp — vi(s,t)|| < e. If
|z(t)|]| > R, obviously (z(t),v(s,t)) € gr(Hg(s, .)). We just need to consider the
case where [|z(t)|| < R, in which case the condition (z(t),v(s,t)) € gr(Hg(s, .))
is equivalent to:

(z(t), —v(s,t)) € gr(A(s, .) + B(s, .)). (31)
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To show (31), consider an arbitrary (p,q) € gr(A(s, .) + B(s, .)). Decompose:

(q+ n(s,t),p—2(t)) = Ay + B, + Ch, (32)
J(n) J(n)
where A, = Z apn{q+b,p—ag), B, = Z Qpn(—br + vi(s,t),p —ag), and
k=n J(n) k=n
C, = Z apn(q + vk(s, 1), ap — z(1)).
k=n

The left hand side of (32) converges to (q + v(s,t),p — z(t)). The term A, is
positive by monotonicity of A(s, .)+ B(s, .). Moreover,

J(n)
Z%E—fzywﬂp—%HZ—dMW+$MMd)Z—dc+@,
k=n =n
where the constant C' := ||p|| + sup,, ||un(t)| is finite, since wu,(t) converges. Simi-
larly,
J(n)
Co 2 =2 Y aralllall + llowls, )1
k=n

and the right hand side converges to —(||g||+w(s,t)). Letting e — 0, we conclude
that (q+v(s,t),p—z(t)) > 0. As A(s, .)+ B(s, .) € .4, this implies the validity
of (31).
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