Journal of Convex Analysis
Volume 26 (2019), No. 2, 449483

On the Approximation of Anisotropic Energy
Functionals by Riemannian Energies
via Homogenization

Till Knoke

Mathematisches Institut, RWTH Aachen, Templergraben 55, 52062 Aachen, Germany
till.knoke @rwth-aachen.de

Received: August 17, 2017
Revised manuscript received: February 28, 2018
Accepted: April 4, 2018

In [3], Braides, Buttazzo and Fragala proved the density of Riemannian energies in the class of
Finsler energy functionals with respect to I'-convergence in the one-dimensional case. In this
article we prove that one of the main tools in the above-mentioned article, a homogenization the-
orem, can be extended to arbitrary dimension, however, the density result cannot be generalized
to higher dimensions. In fact, we construct counterexamples that show: there are anisotropic
energy functionals, such as Finsler energies, Cartan functionals and their dominance functionals
that cannot be I'-approximated by Riemannian energies.

Keywords: Gamma convergence, Riemannian metrics, Finsler metrics, Cartan functionals, dom-
inance functions.

2010 Mathematics Subject Classification: 49J45, 58B20, 53B40.

1. Introduction

In [3], Braides, Buttazzo and Fragala established the density of isotropic Rie-
mannian energy functionals in a class of in general anisotropic Finsler energy
functionals with respect to the topology induced by I'-convergence. To be more
precise, for every Finsler energy functional

L(u) = /ap(u(az),Du@))dw

I

defined on curves u: I C R — RY, where ¢(s,2) is lower semicontinuous in s,
convex and 2-homogeneous in z and mq|z|? < ¢(s,2) < my|z|? for every (s,2) €
RY xR for some constants 0 < m; < ms, there exists a sequence of Riemannian
energies of the form

Ln(u) = / o (u(x))| Du(z)|? dz.

I
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where a" are lower semicontinuous functions bounded from above and below, such
that the functionals L™ I'-converge to L in the (L?(1,RY))-topology. This means
that for every sequence u" converging to u in L?(I,RY) the liminf-inequality
L(u) < liminf L™ (u")
n—oo
holds and that there exists a recovery sequence u™ converging to u in L*(I,RY)
satisfying the limsup-inequality
L(u) > limsup L™ (u").
n—oo
The present work addresses the question if such a density result can be generalized

to higher dimensions. We will discuss the Riemannian approximation of energy
functionals of Finsler metrics (see [5], [8], [14], [16], [18])

waa/wmemw»m (1)

Q

with a Lagrangian ¢: RY x RV*™ — R 2-homogeneous in the second variable, or
of Cartan functionals (see [10], [11], [13])

L(u) = /@(u(m), Duy(z) A Dug(z)) dx (2)

with a function ®: R3 x R? — R positively 1-homogeneous in the second variable,
and of their dominance functionals (see [12])

Gw»—/gwwwamwm (3)

Q

with an integrand g which is a dominance function of the parametric integrand ®
of the Cartan functional L. That is, the associated Lagrangian f of ®, given by

f(s,A) := ®(s, A} A Ay) for any s € R*, A = (A}, Ay) € R® x R?

satisfies f(s, A) < g(s, A) with equality if and only if | A;|* = | A|? and A;- Ay = 0.
Since I'-convergence implies the convergence of minimizers of the approximating
Riemannian energies to a minimizer of the approximated functionals (1), (2) or
(3) under some mild assumptions (see [6, Chapter 7]), one could hope to import
some regularity results from the minimizers of the approximating functionals to
the minimizers of the limit functionals.

The proof of the density result in [3] is based on a homogenization theorem (see |3,
Proposition 2.4]). Such a homogenization theorem holds also for uniformly almost
periodic functions in the multi-dimensional case; see [4, Theorem 15.3]. As we will
see in Chapter 2, not every periodic function is uniformly almost periodic, but in
Theorem 2.5 the homogenization result will be extended to all periodic functions
in the following way (and this may be of independent interest):
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Theorem 1.1. Let p > 1 and let f: R™ x RN x RV*™ — R be [0, 1]™-periodic in
its first and [0, 1] -periodic in its second variable satisfying

lAP < f(z,5,A) < a(1+ |AP) (4)

for some 0 < ¢; < ¢y and all (x,s,A) € R™ X RN x RN*X™  Then there exists a
quasi-convex function from: RY*™ — R such that for every bounded open subset
Q of R™ and every u € WIP(Q,RYN) the T-limit (in the LP(Q, RY)-topology)

F(LP(Q,RN))—% f(g,—,Du(a:)>da::/fhom(Du(x))dx

3

RNxm

exists, and the function from satisfies for all Y € the equation

from(Y') = Jim mf{tim / Fz,u(z)+Yz, Du(z)+Y)dr; u € ngp((o,t)m;RN)}.

(Choks

However, the approach used in [3] for the one-dimensional case can not be gen-
eralized to the multi-dimensional case, and we are going to show that we cannot
expect such a density result in higher dimensions. In Chapter 3 we will see that
an approximation of a Finsler metric is not always possible, at least if one of
the Riemannian manifolds is a Euclidean domain. These results will be pre-
sented in Theorem 3.12 and Theorem 3.14. Furthermore, in Theorem 3.11 we
prove that isotropic approximating sequences for Cartan functionals can not sat-
isfy a certain growth condition if they exist at all. This growth condition would
be expected intuitively since the Cartan functional itself satisfies this condition.
Moreover, we will discuss the approximation of dominance functionals of Cartan
functionals. These dominance functionals are interesting because every confor-
mally parametrized minimizer u (i.e. a function u with |Duy(x)[* = |Duy(z)|?
and Duy(x) - Dug(z) = 0 for almost every z € Q) of L is a minimizer of G,
too. This can easily be seen by the following inequality for every v € X (see [13,
Theorem 6.2]):

G(u) = L(u) < L(v) = /f(v(x), Du(z))dx < /g(v(x), Du(z))dx = G(v).
Q

Q

However, in Theorem 3.7 we give a counterexample for the approximation of
dominance functionals of non-even Cartan functionals by isotropic Riemannian
energy functionals where the Riemannian manifold of the preimage of u is a Eu-
clidean domain €2 C R™. Here, a Cartan functional is non-even, if there exists
(s,2) € R? x R3 so that ®(s,z2) # ®(s,—z) for the parametric integrand ®. In
Theorem 3.10 this counterexample will be extended to certain dominance func-
tionals of even Cartan functionals. In Chapter 5 we show that we can drop the
assumption that one of the Riemannian manifolds is a Euclidean domain under
certain conditions on the approximating sequences, and we still find counterex-
amples for the approximation of all Finsler metrics (Theorem 5.1), any Cartan
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functional (Theorem 5.5) and all perfect dominance functionals of Cartan func-
tionals (Theorem 5.8). These conditions on the approximating sequences are used
in Chapter 4 to prove that an approximating sequence of an anisotropic energy
with an integrand only depending on the values of the derivative Du(x) can be
chosen independently of x and wu(z) as well (Theorem 4.8 and Theorem 4.14)
under these conditions. Omne of these conditions is quite technical providing a
certain uniform absolute continuity of the respective recovery sequences of the
approximating sequences. This condition is needed to prove an extension of [4,
Proposition 12.3] from all open sets to all Borel sets (see Proposition 4.9) in the
following way:

Let L™ be a sequence of energy functionals satisfying a growth condition and let
every subsequence of L™ satisfy the technical condition mentioned above. Then
there exists a subsequence L™ so that F/(u, E) = I'(L?(Q, RY)) —limy_,o L™ (u, E)
exists for all u € W12(Q,RY) and every Borel set £ C Q and F(u,-) is a Borel
measure for every u € Wh2(Q, RY).

This proposition is used to show that the approximating energy functionals of an
anisotropic energy with an integrand only depending on the values of Du(z) can
be chosen independent of u(z) so the technical assumption can be replaced by the
assumption that the approximating sequences are independent of u(x) in the first
place.

2. A homogenization theorem

In [4, Theorem 15.3], Braides and Defranceschi proved a homogenization result
for uniformly almost periodic functions. In this section, we will see that not every
periodic function is uniformly almost periodic and afterwards we will extend the
homogenization theorem to all periodic functions. First we recall the definition
for uniformly almost periodicity (see [4, Definition 15.1]).

Definition 2.1. Let (X, ||-||) be a complex Banach space. We say that a measur-

able function v: RN — X is uniformly almost periodic if it is the uniform limit of

a sequence of trigonometric polynomials on X, i.e. klim | P — v]|oo = 0 for some
—00

Tk .

functions of the form Py (y) = > x?ez’\?'y with z¥ € X, \¥ € RV and r;, € N. The
j=1

definition easily extends to real Banach spaces.

Definition 2.2. A set T' C R¥ is relatively densein RY if there exists an inclusion
length L > 0 such that T+ [0, L)Y = RY.

By virtue of [4, Theorem A.6], for an uniformly almost periodic function f: R™ x
RY x R¥*m 5 R for all Y € R¥X™ and n > 0, the sets

{ - |f(x+7’,s+Y7’,A)—f(x,s,A)|<77(1+|A|p)}
T 3

Y =
for all (z,s, A) € R™ x RY x RV*™

n

are relatively dense in RV,
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1 sezV . m C o
Define f(z,s,A) = 5 othermwise’ Clearly, f is [0, 1]™-periodic in its first

variable and [0, 1]¥-periodic in its second variable, but for m = N = 2 and

2
Y = (\}5 \}5) we have |f(z+7,Y7,A)— f(2,0,A)| = {0 Yrel

1 otherwise.

Thus, 7 € T, is equivalent to Y7 € Z? for all n < 1. This implies that T, =
{r € R* 7y = —7}. Now assume T, were relatively dense in RY. Then there
would be an inclusion length L > 0. Let = (2L, 2L)". If there werea 7 € T, and
ay € [0,L)* with x = 7+y, we would deduce L =2L—L <2L—y, = 21—y, =71
and 7, = —7; < —L. This would imply yo = 29 — 7 > 2L + L = 3L, which is
a contradiction to y € [0, L)% Thus, Tg/ is not relatively dense in R and so, f
cannot be uniformly almost periodic. To extend [4, Theorem 15.3] to all functions
which are [0, 1]™-periodic in its first variable and [0, 1]¥-periodic in its second
variable, we will follow the proof in [4] and adjust it to our new setting. We start
with a lemma similar to [4, Proposition 15.4]:

Lemma 2.3. Let p > 1 and let f: R™ x RN x RVN*™ — R be [0, 1]™-periodic in
its first and [0, 1)N -periodic in its second variable satisfying ci|A|P < f(z,s, A) <
ca(1 + |A[P) for some 0 < ¢; < ¢p and all (z,s,A) € R™ x RY x R¥*™_ Then
for every sequence (¢;) of positive real numbers converging to 0, there exists a
subsequence (g;,) and a quasi-convez function ¢: RN*™ — R such that for every
bounded set 2 C R™ the ['-limit

P(IP(Q,RY)) — lim / f( , ,Du(:z:)) iz — / o(Du(x)) dz

k—o0 €ix ik

exists for every u € WyP(Q,RN).

Proof. The proof of [4, Proposition 15.4] can be applied here with the special
choices of (0k); = [(z — y)i/cj.] - €j, and wvi(z) = wp(r — 7%) — op, where
(on)i = | (=ATk)i/€j.] - € —

The next lemma is similar to [4, Proposition 15.5].

Lemma 2.4. Let p > 1 and let f: R™ x RN x RVN>™ — R be [0, 1]™-periodic in
its first and [0, 1] -periodic in its second variable satisfying

Cl’A‘p < f({,E, S,A) < 62(1 + ‘Alp)

for some 0 < ¢; < ¢g and all (z,s,A) € R™ x RN x RVN*™. Then the limit

from(Y) = tli>noi> inf {tim /f (z, Yo+u(x),Y+Du(x)) dv; u € Wol’p((O,t)m,]RN)}
(0,8)™

exists for every Y € RN*m,
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Proof. Let g;, us; and I, be defined as in the proof of [4, Proposition 15.5] with
L, = 4. Then, for every z € I, choose 0, € (t +4)z+ (1,2|"NZ™, A\, €
Ao ,+(0,1)"NZ™ and define 7, € Z™ by (7,); := (0.);—1foralli € {1,2,..,m}. By
these definitions, for z # z/; the following inequalities hold for all i € {1,2,..,m}:
lo, —ou| >t +3, |1 —7u| > t+3, |0, —Tu| > t+2, (0.); > 1, (1.); >0,
(0,); < (t+4)(s/(t+4)—1)+2=5—1t—2,(7.); < s—1t—3 (see Figure 1). Thus,
Vz € I; we have 7, + [0, +2)™ C (0,s)™ and o, + [0,t)™ C (0,s)™ and the sets
7. +[0,t 4+ 2)™ are disjoint. Define B, := o, +[0,t)", A, :=7. + [0,t +2)" \ B,
and @ == (0,9)™\ U 7 +[0,t+2)"™. Then

ZGIS

s m
Q=™ =t +2)"|L| =™ — (t+2) {—HZLJ (5)
Define u, € W, *((0,1)™,RY) by

w(r —o,) — Ao, + A, ifxeB,
us(z) =< 0 ifre@
linearly extended ifezeA,.

Then us(x) = —Ao,+ A, € [0,1)" for x € B, and |2/ —z| > 1 for 2/ € Q,z € B,,
so [Dus(x)+Y| < (YY) for x € A,. Now we can estimate gs by using the fact that
uy € Wy P((0, 5)™, RN), splitting the integral over (0, s)™ into integrals over Q and
the sets A, and B, for z € I, and using the growth condition on f, transforming
the integrals over the sets B, into integrals over [0,¢)™ and using the periodicity
of f, then using (5):

g < (L= (E2 — E2)m)ey(1 4 [AP) + EAT 0 (1 4 c(AP) + (7)™ (g0 + 1)

Taking the limit, first as s — oo, then as t — 0o, we obtain lim sup g, < li{n inf g;.
— 00

S—00
Thus, the limit exists and the proof is complete. Il
B., B.,
Ozq Az3 Oz AZ4
Tz Q Tz
B, B.,
Oz AZ1 Oz A22
Ty Tay

Figure 1: Partitioning of R™ into the sets A., B, and @)
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Now we can extend [4, Theorem 15.3] to all periodic functions.

Theorem 2.5. Let p > 1 and let f: R™ x RY x RV*™ — R be [0, 1]™-periodic in
its first and [0, 1] -periodic in its second variable satisfying

cr| AP < [z, s, A) < eo(1 + |A]) (6)

for some 0 < ¢; < ¢y and all (x,s,A) € R™ X RN x RN*™  Then there exists a

quasi-convex function from: RV*™ — R such that for every bounded open subset

Q of R™ and every u € WIP(Q,RY) the limit

L(LP(Q,RY)) — lim f( ,—,Du(x))dmz/fhom(Du(x))dx
Q

e—0 g £

exists, and the function fuom satisfies for all 'Y € RNX™ the equation

1
Jrom(Y) = tlggo inf {t_” / f(z,u(z)+Yx, Du(x)+Y) dx; u € W()l’p((O,t)m,RN)}.
0,5)™

Proof. Let © be a bounded open subset of R™ and (g;) a sequence of positive
real numbers converging to 0. By Lemma 2.3 there exist a subsequence (¢;,) and
a quasi-convex function ¢: R¥*™ — R such that the I'-limit

lim / f(i,“(l‘),pu(@) iz = / o(Du(x)) dx

(LP(Q,RY))

k—o0 €ix ik

exists for every u € WH(Q,RY). Now fix an arbitrary Y € RY*™ and define
Q= (0,1)", GIr(u) « LP((0,1)™,RY) — [0, 00] by

|1 (i, ule) Du(@“)) dv ifu—Ya e WiP((0, )", RY)
GY:D (u) N €. Eg
&4y, ’ (0,1)m

+00 otherwise
and ¢(u) = T(LP((0,1)™ RY)) — Jim GZ: (u). The existence of this T-limit is
—00 J
granted by [4, Proposition 11.7].

Let T be the trace operator, let u € WP((0,1)™, RY) so that T'(u—Yx) # 0 and
let u, be a sequence in WH?((0,1)™,RY) that converges to u in L”((0, 1)™,RY).

Then there exists no subsequence u.; € VVO1 P((0,1)™,RY) + Yz because other-
l

wise, by the continuity and the linearity of the trace operator,

0= lim HT(U% —u)
Rl

=00

= lim ||T(u.,, ~Ya)=T(=Ya)| =IT@=Ya)],,>0
Rl Lp

Lp =00

would hold. That implies that

W (u) > limsup GL* (ue,, ) = oo (7)

k—o0
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for a recovery sequence u., . Now let u € W,?((0,1)™, RY) + Yz. Then by [4,
Proposition 11.7]

/@(Du(m))dm:F(Lp((O,l)m,RN))—1im /f(_, ,Du(m))d:p

k—o0 €ix  Ein
(0,1)m (0,1)™

which equals the ' — lim Gg;: (u) = ¥ (u). By that and (7) we get

min {¢(u); u € LP((0,1)™,RY)} (8)
=min { / o(Du(z) +Y) dz; w € WyP((0, 1)m,]RN)}.
(0,1)m
On the other hand, by [4, Theorem 7.2] we obtain
min {¢(u); v € LP((0,1)™,RY)}
— lim inf {GY‘”( ) we WHP((0,1)™, RV + Ya:}

k—o0
y
— Jim inf{ / f (i,w,pu(gg) +Y) du; u € W(}’p((O,l)m,RN)}.
k—yoo € €k
01"
and by (8)
min / o(Dulz) +Y) dz; u € WP((0,1)™ RY) ()
0"
y
:khm inf / < ule) + Yo , Du(z) + Y) dr;u € WyP((0,1)™, RY)
oo i
01"

By the quasi-convexity of ¢ and [4, Remark 5.15] ¢ is W'P-quasi-convex and
therefore the left-hand side equals ¢(Y'), so, by substituting y = x/¢;, in the
integral on the right hand side and defining T}, := 1/¢;, and v(y) := Tru(y/Ty),
the equation can be written as ¢(Y)

k—o0

= lim inf{% /f(y,Yy+v(y),Y+Dv(y)) dy; UEW&’p((O,Tk)m,]RN)}. (10)

(0,T%)™

By Lemma 2.4 the limit fj,om(Y)

= t]gg} inf {tim / f(z,u(x)+Yx, Du(x)+Y)dx; u € Wol’p((O,t)m;RN)} = p(Y)

o™

exists for every Y € RV*™, [



T. Knoke / On the Approzimation of Anisotropic Energy Functionals ... 457

In [3], the Homogenization Theorem is used to prove the density of Riemannian
metrics in the space of all Finsler metrics, which is not possible in higher dimen-
sions, as we will see in the following sections.

3. Counterexamples for the I'-density of Dirichlet energies
with Euclidean domain or target

We will start this section by defining some classes of metrics and functionals.
Later, we will see that those classes can not be approximated by certain classes of
Riemannian metrics. From now on, €2 will always denote a bounded open subset
of R™ and A(2) will denote the set of all open subsets of €.

Definition 3.1. For 0 < ¢; < ¢y we define &.,.,(§2) as the set of all energy
functionals of Finsler metrics controlled from above and below by ¢y and ¢; times
the Euclidean norm |-| on €2, respectively, i.e. every L€€&.,.,(€2) can be written as

L(u) = /(p(u(x),Du(x))d:z: for every u € WH2(Q,RY),
0

where p: RY x RV*™ — [0, 00) satisfies the following conditions:

. s+ (s, A) is lower semicontinuous for all A € RV*™

. A (s, A) is convex and 2 — homogeneous for all s € RY,
o AP < (s, A) < o] AJ? for all (s, A) € RN x RV*™,

Furthermore, define £(2) := | &0, (92).

c1,c220

Definition 3.2. We define R(£2) as the set of all energy functionals of Rieman-
nian metrics in £(Q), i.e. L € R(N) if and only if L € £(2) and the integrand ¢ can
be expressed as ¢(s, A) = b;;(s)AL A7 for a coefficient matrix (b;;); jeq1,..n}. The
energy functional is called isotropic if the integrand ¢ satisfies ¢(s, A) = b(s)|A[?,
ie. b;(s) = b(s)d;;, and we denote the set of all isotropic energy functionals in
R(Q) by R;(Q).

Definition 3.3. Let Q2 C R% We define C(Q) as the set of all Cartan function-
als L(u) = [, ®(u(z), Dui(x) A Duy(x))dx for all w € Wh2(Q,R?), where the
parametric integrand ®: R? x R? — [0, 00) satisfies the following conditions:

o D(s,tz) =td(s,2) for all (s,2) € R® x R3¢ > 0,

o mylz| < P(s,2) < mylz| for some 0 < my < my and for all (s, z) € R x R3,
e 2> ®(s,2) is convex for all s € R3.

Definition 3.4. Let L(u) = [, ®(u(x), Duy(z) A Duy(z))dz € C(2). We call
f(s,A) :=®(s, A; A Ay) for A = (A, Ay) € R x R? the associated Lagrangian of
the parametric integrand ®.

We now recall the definition of dominance functions (see e.g. [12]).
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Definition 3.5. Let ®(s, z) be the parametric integrand of a functional L € C(£2)
with the associated Lagrangian f(s, A). Then a function g: R3 x R3*? — R is
said to be a dominance function for @ if it is continuous and satisfies the following
conditions:

o f(s,A) < g(s,A) for any (s, A) € R3 x R3*2
. f(s,A) = g(s, A) if and only if |A;]* = |As|? and A; - Ay = 0.

A dominance function g € C°(R3 x R3*?) N C?(R3 x (R**?\ {0})) is called perfect
if it satisfies the following conditions:

o g(s,tA) =1t2g(s, A) for all t > 0, (s, A) € R x R3*2,

o Tui, e €R, 0 < g < g so that py|AP2 < g(s, A) < g AJ? for all
(5, A) € R3 x R3*2

o  for any Ry > 0 there is a constant \,(Rp) such that
£ ganl(s, A)E > Ny(Ro)|€]? for all |s] < Ry and A,& € R¥2 A £ 0.

Definition 3.6. Let L(u) = [, ®(u(z), Dui(x) A Duy(x)) dz € C(£2) and let g be
a dominance function for ®. We call G(u) := [, g(u(x), Du(z)) dz a dominance
functional for L. If g is a perfect dominance function for ®, we call G a perfect
dominance functional of L.

Theorem 3.7. Not every functional L € E(Q2) can be approzimated by elements
of R;(£2).

Proof. From now on e; will denote the ¢th unit vector. Let m =2, N = 3,() =
(0,1)? and L be the energy functional of a function ¢ satisfying ¢(s, (e1]es)) >
©(s, (ezler)) for all s € R3. Suppose there exists a sequence of Riemannian coeffi-
cients b, such that [, bn(u(2))|Du(z)[* dz T'(L*(<, R™))-converges to L. Define

uy(z) := (x1,22,0) and us(x) := (z2,21,0). Let ul be the recovery sequence for
ug and uf(z) := ul(xe,z1). Then by substituting (x2, 1) by x and later resubsti-
tuting we achieve

lim sup / bn(uy ()| Dub (z)]? dx < /gp(ug(x),Dug(x))dx

n—o0
(0,1)2 (0,1)2
< / o(ur(z), Duy(z)) de < liminf / by (u? ()| Dut (z) | da
n—oo
(0,1)2 (0,1)2
. . (0 1\ . . W o
= liminf [ b,(uy(z)) |Duj(z) 10 dx =liminf [ b, (u5(x))|Dul(x)|* dz,
n—o00 n—oo
(0,1)2 (0,1)2
which is a contradiction. Hence there exists no such sequence. Il

Such a function ¢ can clearly be a perfect dominance function for a parametric
integrand ® of a Cartan functional in C(Q2), at least if ®(s,z) = ®(s,—z) is not
true for every (s,z) € R? x R®. This motivates the following definition.
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Definition 3.8. A Cartan functional is called even if for the parametric integrand
® the equation ®(s, z) = ®(s, —z) holds for every (s,z) € R® x R3.

As a consequence of Theorem 3.7 not every dominance functional of a non-even
Cartan functional in C(£2) can be approximated by elements of R;(€2). We will
see that the same is true for even Cartan functionals. For this purpose we need
the following lemma.

Lemma 3.9. Let g be a perfect dominance function of an even Cartan functional
in C(QQ). Then there is a perfect dominance function g which satisfies

/ g (A + Agp, A) dx < / G(Arz1 + Agzg, (Ag|Ar)) dx

(0,1)? (0,1)?

for a matriz A € RVx™,

Proof. Let again m = 2, N = 3, let ® be the parametric integrand of an even
Cartan functional in C(2) and let g be a perfect dominance function of ®. Then
either there is a matrix A € R3*? such that

/ g (All'l + AQZL'Q, A) dx < / g(All’l + AQJIQ, (A2|A1>> dx

(0,1 (0,1)?

or for every A € R3*?

/ g (Ayz + Aszo, A) do = / g(A1xy + Aoy, (As]Ar)) do

(0,1 (0,1)

holds, since if the reverse strict inequality were true for a A € R3*2 then for

A = (A2|A;) we obtain by the same substitutions as in the proof of Theorem 3.7
that

/ Q(All'l + AQ(L’Q, A) dx < / g(AlfL‘l + AQIQ, (A2|A1)) dx
(0,1)2 (0,1)2

which is a contradiction to the assumption that there is no A satisfying this
inequality. In the second case, we can modify ¢ in the following way: Define

7rsin 0 cos ¢

3 3w T T
B = i i S > - — —, =
rsinfsing | ;7> 0,0 € [ 6’ 16] ,0 € [32, 32}

7 cos 6

and D :=[0,00) x [5, 2] x [-3Z,3T]. Further, define F: D — B by

327 32 167 16

F(r,0,¢) := (rsinf cos @, rsin 0 sin ¢, r cos §)
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and g1, g2 : [0,00) X [%,3%] x [-Z,Z] = R by
0 if (0,¢) € 0[%, 3] x O[—-F,Z] orr =0
gi(r,0,¢) =4 7 if r > 0and (0,¢) = (% %)
linearly extended otherwise,
0 if (6,¢) € 0[%,22] x 9[—Z,Z] or r =0
ga(r 0, 0) = 7 if r > 0 and (0,¢) = (Z,0)

linearly extended otherwise.

Note that F' is a C?-diffeomorphism for » > 0. Then mollify ¢, go with a mollifier
ne. Choose ¢ small enough, so that supp(n. x g1) CC D, supp(n. * g2) CC D and

( ) 1l o« - 1l n«x
ek T =y s € T =y a0 & |
Tle * g1 5°6 6 Te * g2 V266

(7 * go) (% %,0) > 0% g1 (7 ' 0) (11)

Note that F(J5, %, %) = 5(*2,1, )" and F(J5,£,0) = J5(3,0,42)7. Define

hi,hat B = R by hi(p) := [p[*(ne + g1) o F~(p) and ha(p) = [p|* (1% g2) o F~}(p).
Here choose k > 2, so that hy, hy € C2(B). Then define H: B x B — R by

H(A) = |AP(h({3)ha (7).

In consequence H € CZ((B x B) \ {0}) and for

103
2 4
D=|0 1
V3 V3
2 2

Obviously, H is quadratic and 0|A|?> < H(A) < |A|?>. Since H € C*(R3) there
exists a constant Ay such that

EHAa(A)E > Apg|€]? for A, € € R%, A # 0.
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Thus, since there are no perpendicular vectors in B and obviously H > 0 every-
where, g := g + aH is still a perfect dominance function of F, if we choose a > 0
small enough, so that A\, + aAy > 0, but for D and D as above, we have

/ g(Dll'l + DQCL’Q, (D2|D1>) dr = / g(Dll'l + DQCL’Q, (D2|D1)) + CLH(D) dx

(0,1)2 (0,1)2

> / g(Dlﬂfl +D2.I‘2,D) +CLH(D) dr = / §<D1I1 +D2.I‘2,D) dz.

(0,1)? (0,1)?

So if there is a perfect dominance function for an even ®, there always is a perfect
dominance function g with

/ g(All’l -+ AQZEQ, A) dx < / g(All’l + AQIL’Q, (A2|A1)) dx

(0,1) (0,1)?

for some A € R3*2, O]

Theorem 3.10. Not every perfect dominance functional of an even Cartan func-
tional in C(2) can be approximated by elements of Ry(2).

Proof. Let g be a perfect dominance function of an even Cartan functional in
C(£2). By Lemma 3.9 we get a perfect dominance function § which satisfies

/ f](z‘hﬂ?l =+ AQZ’Q, A) dx < / f](All'l =+ AQZ‘Q, (AQ‘Al)) dx
(0,1) (0,1)2

for some A € RV*™. Now suppose § could be approximated by elements of R;(Q)
with coefficients b,. Then let u;(z) := Asxy + Ajze and ug(z) = Az + Az,
Let u} be the recovery sequence for uy and let uf(x) := uy (2, 21). Then again
by substituting (xs, 1) by = and later resubstituting we achieve

lim sup / b (uy (2)) | Dul (z)|* dor < / g(A1z1 + Asxo, A) dx

n—oo
(0,1)2 (01

)2
< / Q(A1x1+A2$2,(A2\A1))dx:(/ g(ui(x), Duy(z)) dx

(0,1)2 0,1)2

2

< lim inf / bn(ug‘(xg,xl))‘Dug(iﬂz,xl) ((1) é) dx

n—oo
(0,1)2

=lim inf / b (u(x))| Dul (z)|* d,

n—o0
(0,1)?

which is a contradiction, so not every perfect dominance functional of an even
Cartan functional in C(€2) can be approximated by elements of R(€2). O
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Theorem 3.11. Let L: W'2(Q,RY) — [0,00) € C(Q) with parametric integrand
®: R3 x R® — [0,00). If L can be approzimated by a sequence of elements of
R1(Q) with coefficients b, : RY — [0, 00), then there exists no ¢; > 0 so that

arlz]* < bn(s)l2/” (12)

for all (s,z) € R® x R® and alln € N.

Proof. Define u(z) := (z1 + x2,21 + 22,21 + x2) and let u™ be the recovery
sequence for u. Suppose there is ¢; > 0 satisfying (12). Then

0= /@(u(m) Duy(x) A Dug(z)) de > lim sup/bn(u"(:v))|Du”(x)]2 dx

n—oo

> 11msupcl/|Du )|? da. (13)

n—oo

Thus, Du" is a bounded sequence in L(Q, RY*™) so because of the weak com-
pactness of reflexive Banach spaces there exists a L2(£2, RN*™)-weakly converging
subsequence u™. Let h € L*(Q, RV*™) be the limit of this subsequence. Thus, h
is the weak derivative of u. Since every weakly convergent subsequence of (Du")
converges weakly to Du, and since every subsequence has a weakly converging
subsequence, the whole sequence converges weakly to Du and so we have by the
weak lower semicontinuity of norms

lim sup ¢; /|Du"(:zc)|2 dr > ¢y /|Du(x)|2 dxr = 6¢; > 0.

n—0o0

Together with (13), this is a contradiction, so there exists no such ¢; > 0. 0]

In Theorem 3.7, we have seen that not every functional L € £(£2) can be approx-
imated by elements of R;(£2). The next theorem shows that not every functional
L € £(2) can be approximated by elements of R(f2), i.e. that the isotropy is not
the reason for which the approximation does not always work.

Theorem 3.12. Not every functional L € E£(S2) can be approximated by elements
of R(Q2).

Proof. Let m = 2, N = 3, Q = (0,1)? and let L € £(Q) with an integrand ¢
satisfying o(s, (e1]e2)) > ¢(s, (ealer)) for all s € RY. Suppose that there exists a
sequence of coefficients b" such that f(o 12 b} (u(x))ul, (z)ul, () dz is T(L* (2, RY))-
convergent to L. Define uy(z) := (x1,22,0) and ug(z) := (x9,21,0). Let ul be
the recovery sequence for uy and uf(z) := uf(xa, 7). Then

Duf(z) = ((uy)2, (uy)1) (w2, 71).
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Thus, by the same computations as in the proof of Theorem 3.7

fmsup [ 8 (u3(a)) (), (o) (3 o)
(0,1)2

<timint [ (0 (@) ()0 (1) (o)

n—oo
(0,1)2

~limint / b (0 (s 1)) (s (2 1) (3 (0, 1)

n—o0
(0,1)2

—timint [ (0 (0) (1)1 o) (12 o)

n—oo
(0,1)2

holds, which is a contradiction. Hence, no such sequence exists. Il

In addition to the Riemannian metrics which are covered by R(f2), we might be
interested in the behavior of sequences of energy functionals of maps u: Ry — Ra,
where both R;, Ry are Riemannian manifolds, not only Rs. The energy func-
tional of such a map u will then, up to a constant factor, be defined by L(u) :=
Jo, a8 ()b (u(z))ul, (x)uﬁ( z) dx, where a®” is the inverse of the metric tensor aqg
of Ry and b;; is the metric tensor of Ry (c.f. [14, Chapter 8]). At first, assume that
R, is the Euclidean space RY.

Definition 3.13. We define Z(f2) as the set of all energy functionals of a map
u mapping from a Riemannian manifold to RV, i.e. L € Z(Q) if and only if
= [o a®? (z)ul(x)uf(z) dz for a metric tensor a.g of a Riemannian manifold.

Theorem 3.14. Not every functional L € E£(QQ) can be approximated by elements
of Z(Q).

Proof. Let m = 2, N = 3, Q = (0,1)? and let L € £(Q) with an integrand
@ satisfying ¢(s, (e1]e2)) > (s, (ealer)) for all s € RY. Suppose there exists a
sequence of coefficients a,, such that [, aff (z)ul (x)uf(x) do is T(L*(Q, RY))-

convergent to L. Define ui(x) := (x1,22,0) and us(x) := (v9,21,0). Let ul be
the recovery sequence for uy and ul(z) := (eslei|eg)ul(x). Then

Dui(z) = ((u3)*, (uz)", (u3)*)" (2).

Thus, by computations analogous to those in the proof of Theorem 3.7 and then
simply changing the order of summation

1m®/wwwmw<m</mwﬂwwx

n—oo

(0,1 (0,1)
<liminf [ a’(z)u)),(2)(u})(z) de =liminf [ alf(2)(u}); (@) (uy)}(2) da
(0,1)? (0,1)?

holds, which is a contradiction. Hence, no such sequence exists. O
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We have now seen that an approximation of all functionals in £(2) with Rieman-
nian energy functionals is not possible if either Ry or Rs is a Euclidean domain.
Therefore, in Chapter 5 we will discuss the behavior of sequences of energy func-
tionals of a map u mapping from a Riemannian manifold R; to another Rieman-
nian manifold Ry. In the next theorem we will see that the T'(L?(2, RY))-limit
of a sequence of elements of R(Q) with an oscillation in the coefficients b;; must
be given by a function F(u) = [, ¢(Du(z)) dz, where the function ¢ is even with
respect to permuting Columns This is a structural restriction for classes which
could be approximated by such elements of R(12).

Theorem 3.15. Let L be the T'(L*(Q,RYN))-limit of a sequence of elements of
R(Q) with integrands ¢™ defined by ¢"(s, z) = bm(ns)z' 22 with [0, 1]N -periodic,
measurable and bounded coefficients b;;. Then L(u) = [, ¢(Du(z)) dx, where the
function ¢ is even with respect to permuting columns

Proof. By Theorem 2.5 we have L(u) = [, ¢(Du(z)) dz for a function ¢, where
©(A) is given by

lim inf{tim / by (u(x) + Az) (Du() + A)'. (Du(x) + A) da:}

t—o00
0,))m

taken over all u € Wy((0,£)™, RY). For every t € R, let uf be a minimizing
sequence in W, ?((0,¢)™, RN )Such that

o [ by (k@) + Az) (Duj(a) + A)! (Dul(x) + A) da.

(0™

©(A) = lim lim

t—oo k—oo T

Let A be the matrix A with permuted columns [y, I, let I be the identity matrix
with permuted columns [y, [, let & be the vector  with permuted elements [y, l5
and let uj, be defined by 1 (x) = u(Z). Then obviously, A# = Az. Furthermore,
Dit (z) = D [uk(#)] = Dul,(#)I. This yields

) + Ax) (Dﬂ};(x) + A)l

(67

(Dﬂi(x) + A)J dx

[0}

¢(A) < lim lim — /

t—00 k—o0 ¢
(0 t)m

s (it
= tlinog kh_)lrgo — / i (u )+ Am) <Du}2(f)i+ A); (Du}i(i)f—l— A)i dx
0.1y
(vt

- tlgglo kh—>I£lo — / i (ug () + Aa:) (Duj(z) + A); (Duj(z) + A)i dx
= p(4).

By symmetry arguments, we get ¢(A) < p(A), so there must be equality and
thus, ¢ is even with respect to permuting columns. O
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4. Properties of approximating sequences

In Chapter 5, we will see that not all energy functionals of Finsler metrics, Cartan
functionals or perfect dominance functionals can be approximated by sequences of
energy functionals of maps mapping from one Riemannian manifold R; to another
Riemannian manifold R, defined by L"(u, B) = [ ag® (2)b}; (z, u(x))ul, (z)w(x) dz
satisfying the following conditions:

IMeR: sup [a®(z)| < M, sup b7 (2, )| < M; (14)

n,x,o,f n,x,s,i,7

o1 >0 alf (2)bf(z, S)AQAZ% > c1|A|? for all (z,s, A) eR™ xRN xRN*™: (15)

J29:Ve>036>0: [a2P(z) —a®(x0)| <eVneEN, a,B € {1,..,m},

and for almost every = € B(xg,0); (16)
there is a bounded continuous function w: RT — R* such that w(0) =0

and Vz € R™, 51,50 € RY, A € RV*™ .

ja® (2)bl (2, 1) AL AL — @i ()0 (@, 52) AL AB| < w(]s1 — sa|)(L+ [APP); (17)

for every e > 0, every Borel set £ C  and every u € W?(Q, R") there

exists an open set U O E and a sequence u" in W'?(Q, RY) converging

to u in L*(Q, RY), satisfying limsup L"(u", E) =min {lim sup L™ (v", E)}

n—oo n—oo
taken over all v™ with v™ € W'?(Q,RY) and v" — u in L*(Q,RY) so
that L"(u",E) > L"(u",U) —e¢ VneN. (18)

In this section, we discuss some properties of L™ which will be crucial for the
proofs of the theorems in Chapter 5.

Remark 4.1. By [4, Proposition 7.6] there exists a sequence u” in W12(Q, RY)
converging to u in L?(Q, RY) and satisfying

limsup L"(u", E)

n—oo

= min {limsup L*(v", E); v" in WY (Q,RY) and v" — u in Lz(Q,]RN)} :

n—oo

which is needed in (18).

Remark 4.2. From (14) we can deduce L"(u, B) < M*m*N?||Dul|7, g, for every
B C Q) since

Ln(u,B):/agﬁ(x)bﬂ.(x u(x))ul (x) dx</M2Z Z\u ()| dz

a,f=11,j=1

< Mz/m sup  |u',(z)*dr < MQWQNQHD“H%Q(B) dx.

ie{1,...,N}
ae{l,...,m}
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Remark 4.3. The conditions (14) and (15) are in some way coherent because
the limit functional satisfies those conditions. The conditions (16), (17) and (18)
are needed for technical reasons.

Remark 4.4. There are sequences of functionals satisfying the condition (18) as
we will see in Corollary 4.6.

Lemma 4.5. Let L™ be a sequence of functionals defined by

L™(u) == /aﬁBqug(m)ujﬁ(m) dx
Q

for some coefficients a%® and b satisfying the conditions (14) and (15). Then
if L™ T(L?(Q,RY))-converges to some functional L which satisfies the growth
condition L(u) < CQHDUH%Q(Q) for some cy > 0, the constant sequence u is a

recovery sequence for every u € W5H2(Q, RY).

Proof. Let u € WH2(Q, RY) and let u™ be the recovery sequence for L™. Then we
have 0o > ¢a||Dul|r2(q) > L(u) > limsup L™ (u") > lim sup cl||Du”||i2(Q), so that

n—oo n—oo
Du" is bounded in L?(Q, RY*™). Due to the weak compactness of reflexive Ba-
nach spaces, there exists a subsequence Du™ weakly converging in L?(£2, RN*™)
to some h € L*(Q, R¥*™) and h is the weak derivative of u. Since every weakly
convergent subsequence of Du™ converges weakly to Du and since every subse-
quence has a weakly convergent subsequence, the whole sequence converges weakly
to Du. We have

L) = L) + [ a0~ w)(o) do

> L™(u) + /aﬁ’gbfj(u);(w) u" — u)é(x) dx + /agﬁbg(u” — u)’a(x)(u)]ﬁ(x) dx

and thus we can deduce

n

L(u) >limsup L™ (u) 4 lim inf/a“ﬁb%(u);(a:)(u" — U),]é’($) dx

n—00 n—00
Q
+ lim inf / agﬁb?j(u” - u)za(x)(u)é(x) dx = limsup L"(u)
n—oo n—oo
o —
since |1i£g£1.}f /Q agﬁbfj(u)a(x)(u" - u)]ﬁ(x) dr| =0
and |li7£ri’g31f / agﬁbffj (u" — u)fl(x)(u)%(x) dx| = 0.

Q
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To see that, let u™ be a subsequence of u™ so that

lim inf aiﬁbZ(u)’a(x)(u —U)B( x)dr = lim /asz:;’“(u)z(x)(u"k —u)]ﬁ(x) dx.

n—00 k—o0
Q Q

Then the sequence agf b?j’“ is bounded by M? so there exists another subsequence

a®® b " converging to some c%ﬁ for all 4,5 € {1,..,N} and «, 8 € {1,..,m}. This

Uy, Vi
implies

n 7
n—o00 kp J

. . afBin i o k af
|11m1nf/an5bij(u)a(x)(u —u) (x)dzx| < 11m|a 5. t = |

i@ = w@lds | [ e e - w)w) did = o

The equality |hm mffaaﬁbn " — ) (x)(u)j(x) dz| = 0 can be proven in the
same way, so the constant sequence u™ = u is a recovery sequence for u. O

Corollary 4.6. Let L™ be a sequence of functionals defined by

L) = / a2 ()l () dt

Q

for some coefficients a®® and bi; satisfying the conditions (14) and (15). Then L™
satisfies the condition (18) as well.

Proof. Let E C Q be a Borel set. By Lemma 4.5 for every u € W12(Q, RY) the
constant sequence u is a recovery sequence, i.e.

1. Ln( E) . 1 Ln( n E) Un ln Wl,Q(Q7RN) a’nd
1m , = min < im B .
L e L0 E) i 130, Y

Then by Remark 4.2, for every U € A(Q2) with £ C U we achieve that

L"(u,U) < L™(u, E) + / M?N?m? Du(x)|? dz.
U\E
By the outer regularity of the Lebesgue measure, we have L£(E) = inf {L(U)

U e AQ), E C U}. Let U, be a sequence in A(€2) such that E C U, for every
[ € N and llim L(U;) = L(E). Then we have
—00

lhm M?N?*m?| Du(x)|* dz = llim /M2N2m2|Du(x)|2 -lype(x)dr =0
— 00 — 00
UN\E

by Lebesgue’s Dominated Convergence Theorem ([15, Theorem 1.8]). Let ¢ > 0
and choose L € N so that fUL\E M2 N?m? Du(z)|*dx < e. Then for this set Uy,

we achieve L"(u,Ur) < L™(u, E) + € so the condition (18) is satisfied. O]
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Lemma 4.7. Let L™(u,€)) be a sequence of energy functionals (L3, RY))-
converging to the energy functional L(u,Q) = [, ¢(u(z), Du(x))dz for a non-
negative function ¢ satisfying the growth condztzon gp(s A) < o)Al for some
ey > 0 and for all s € RN, A € RV*™ and let L™ satisfy the conditions (14), (15)
and (17). Then L™(u,U) T(L*(2,RY))-converges to L(u,U) for every U € A(Q)
and u € WH2(Q,RY).

Proof. By [9, Theorem 2.4] every subsequence L™ of L"(u,U) has another sub-
sequence L™a which I'(L*(Q, RY))-converges to a function

F(u,U) = /g(x, u(x), Du(x)) dx

U

for every U € A(Q2). Now choose arbitrary = € Q and € > 0 such that B(z,&) C (2
and let u € W, (B(x,¢)). Then we have

L(u,Q):/gp(u(m),Du(x))da:: / o(u(x), Du(x)) dz.

Q B(z,e)
With D(L*(Q,RY)) — lim L™a(u, Q) < liminf L™ (u"a, ()
q— 00 q—00
= liminf L™ (u"*, Q \ 0B(x,¢))
q—o0

for an arbitrary u™ — w in L2(2, RY) and

D(L2(Q,RY)) — lim L™a(u, ) > limsup L™ (v, Q)

q—0 q—00

= limsup L™a (v, Q\ 0B(z,¢))

q—00
for the recovery sequence v™ and the uniqueness of the I'-limit, we get

D(L2(Q,RY)) — lim L™a(u, 2\ 0B(x,¢)) = D(L*(Q,RY)) — lim L™ (u, Q).

q—00 q—00
On the other hand, we then get

L(u, Q) = T'(L*(Q,RY)) — lim L™a(u,Q\ 0B(x,¢))

q—00

= F(0,Q\ B(z,¢)) + /g(y,U(y%DU(y))dy = /g(y,U(y%DU(y)) dy,

B(z.£) B(z.e)
since with Remark 4.2

0 < F(0,Q2\ B(x,¢)) <liminf L™« (0,Q \ B(z,¢))

q—0

< M*m 2N2”0“L2 @\ Baary) = 0
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Altogether, this yields fB(LE) o(uly), Du(y)) dy = f Bz, )g(y, u(y), Du(y)) dy and,
by letting ¢ — 0, we get p(u(x), Du(z)) = g(z,u(z), Du(x)) almost everywhere
in Q. Thus, for every u € W12(Q,RY) and U € A(f), every subsequence of
L™(u,U) has another subsequence I'(L?(Q2, R"))-converging to L(u,U) and by
Urysohn’s property of T'-convergence ([2, Theorem 1.44]), the whole sequence also
[(L*(Q,RY))-converges to L(u,U). O

The main reason why we cannot approximate all of the desired metrics with such
sequences is that metrics independent of x and u(x) can be approximated by
Riemannian metrics independent of z and u(z) if they can be approximated at
all, as we can see in the following lemma and Lemma 4.14.

Lemma 4.8. Let L™: W 2(9 RM) x A(Q) — [0,00) be a sequence of functionals
defined by L™(u, B) := [ a2’ ()b} (u(x ))ufl(x)ué(:c) dx satisfying the conditions
(14), (15), (16) and (17) so that L"(u,) T(L*(2,RY))-converges to L(u, ()
for every u € Wh2(Q, RN), where the functz’onal L: WE(Q,RY) x A(Q) —
0,00) is defined by L(u,B) = [, ¢(u(zx), Du(x)) dz for a non-negative func-
tion ¢ satisfying the growth condztzon <,0(s A) < |Al* for some co > 0 and
for all s € RY, A € RY*™  Then the sequence K" defined by K"(u) =
0 gﬁ(xo)b;;(u(m))u;(x)ué(m) dz T(L*(Q,RY))-converges to L(u,Q) as well for
all u € WH2(Q,RY). Note that in particular, the coefficients a®®(zq) are chosen
independent of x.

Proof. Let £ > 0 and define M}, = g + %Zm. Then define ZZ by

=Y / A b

ZEMk(

m

LL
kk

where &Zi(%) =aP(x — z + x) for & € 2+ (=55, 5:)™, 2 € My. By Remark

4.2 and [4, Proposition 12.3], for every subsequence Lk’ we obtain the existence

of a subsequence L, so that I'(L2(,RY)) — lim L, (u, U) exists for every u €
q—00

W2(Q,RY) and every U € A(Q), and that
(L3, RY)) — lim L, (u, Q) =
q—00

- 3 re@ ) - i L (u (s+ (C5ppp") n0).

ZEMk
By defining v,(z) := u(z + z — xp) and using Lemma 4.7 we get
D(LA(Q,RY)) — lim L, (u, Q)

q—o0

= Z D(LA(Q — 2 + 20, RY)) — qlijgo / agi(a:)bglq (Uz(x))(vz);(x)(vz)é(x) dx
#E My ($o+(—ﬁ,i)m)ﬂ(9—z+wo)
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=) / (v.(z), Dv,(z dx—Z/ (z))dz = L(u,Q),

ZGMk ZEMk
(z0+( =, Qk)m)m(Q z+x0) (z+( i,i)m)mﬂ

so for every subsequence Lk of ZNLZ there exists a further subsequence f/Zlq SO
that L, (-, Q) T'(L*(Q, RY))-converges to L(-,Q). By Urysohn’s property of I'-
convergence ([2, Theorem 1.44]), the whole sequence L?(-, Q) also I'(L*(€, RV))-
converges to L(-,Q) for all k > 0. Then choose an arbitrary u € W12(Q,RY)
and a sequence u” in WhH2(,RY) converging in L?(2,RY) to u. Let u™ be the
subsequence of u" satisfying liminf K" (u") = llg(r)lo K™(u™). Then if u™ is not
bounded in W12(Q, RY), we have

liminf K" (u") = Jim K™ (u™) > limsup ¢;|| Du™ |72y = o0,
—00

n—00 l—o0

since [[u™||12(q) is clearly bounded. So the liminf-inequality is satisfied for K™.
Otherwise, choose an arbitrary € > 0 and define

g
MN2m2(sup||u"l 2@ +1)

Choose k large enough so that [a2”(x) — aP(xzo)| < e for almost every x €
2o+ (—%. o) foralll €N, a,8 € {1,...,m}. Then, |LY (u™, Q) — K™ (u™)] is

less than or equal to
Z / V(@ — 2+ o) — ap? (wo)| - [0 (u™ ()] - |(u")5 ()] - [(u™ )5 ()| da

< MeN?*m?|| Du™||72q) < &

Now suppose there is N € N so that L(u,Q) — 28 > K™(u™) for all [ > N.
Then with the same k as above, we have K™ (u™) > L} (u™, ) — . This im-
plies LY (u™, ) < L(u,Q) — ¢ for all [ > N which is a contradiction to the
lim inf-inequality ligg)lf i};(u”, Q) > L(u,Q). Thus, for every £ > 0 and N € N,
we find [ > N so that K™ (u™) > L(u,Q) — 2¢. This implies lir?l)iorolf K™(u") =
lim K™ (u™) > L(u, ) which is the lim inf-inequality. For the lim sup-inequality

l—o0
let u" be the recovery sequence for L. If u" is not bounded in W'?(Q,RY)
we have L(u,Q) > limsup L?(u”, Q) > limsup ¢, || Du” ||L2(Q) = oo. Thus, the

n—o0 n—oo

lim sup-inequality clearly holds for K™. Otherwise, let u™ be the subsequence

of u™ satisfying limsup K™(u") = llirn K™(u™) and suppose there is N € N
—00

n—oo

so that L(u,Q) + 28 < K™(u™) for all [ > N. With the same computation
as above, we get K™ (u™) < Ly(u™,Q) + & for k large enough. This implies
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LY (um™, Q) > L(u,Q) + & for all | > N which is a contradiction to the lim sup-
inequality limsup L} (u™, Q) < L(u, Q). Thus, for every £ > 0 and N € N, we find
[ > N so thg?);(”l (u™) < L(u, ) + 2. This implies lilrgglf K™(u™) < L(u, )
and so we get hgl—igp K"(u™) = lilrg(i)?f K™(u™) < L(u, Q) which is the lim sup-
inequality for the recovery sequence u". Altogether, we have now proven that K"
(L2, RY))-converges to L(-, Q). O

Proposition 4.9. Let L" be a sequence satisfying (14), (15) and let every subse-
quence of L™ satisfy (18). Then there exists a subsequence L™ so that

F(u, E) :=T(L*(Q,RY)) — lim L™ (u, E)

k—o00

exists for all u € WH2(Q, RY) and every Borel set E C Q and F(u,-) is a Borel
measure for every u € Wh2(Q, RY).

Proof. By [4, Proposition 12.3], there exists a subsequence L™ of L™ so that
Fu,U)=T — khjEO L™ (u,U) exists for all U € A(Q) and u € W?(Q,RY) and
F(u, ) is the restriction of a Borel measure v, to A(Q) for every u € WH2(Q, RY).
Let E C 2 be a Borel set. Let L™ be an arbitrary subsequence of L. Then by [4,
Proposition 7.9] there exists a further subsequence L™ so that I'(L*(Q,RY)) —
lim L™ (u, E) exists for all u € W'2(Q,RY). Let u € W'2(Q,RY). Choose

q—0

e>0and U € A(Q) and u'™s — u in L*(Q,RY) so that £ C U,
D(L2(Q,RY)) — limsup L™ (u, E) = limsup L""a (v, E)
q—0 q—00

and that L™ (v E) > L™ (v U) — ¢ for all ¢ € N. Thus, we achieve

D(L*(Q,RY)) — lim L™ (u, E) > limsup L™ (v, E)

q—© q—00
. s ny, . . Nk Nk
> limsup L " (u ", U) —e > liminf L™ (u ", U) — ¢
q—)OO

q—o0

>v,(U)—e> v, (F)—¢

and by the arbitrariness of & we deduce I'(L*(Q,RY)) — lim L™ (u, E) > v,(E).
q— 00

Now choose ¢ > 0 and U € A(2) so that £ C U and v,(U) < v,(E) + ¢, which

is possible by the regularity of Borel measures on Polish spaces [7, Theorem 1.16,

p.320]. Then for the recovery sequence v in U, we get

I(L*(Q,RY)) — Jim L™ (u, E) < lim inf L™ (™| E)

<limsup L™ (u""a, U) < 1,(U) < v,(E) + ¢

q—0
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and by the arbitrariness of ¢ we deduce I'(L*(Q,RY)) — lim L™ (u, E) < v,(E),
q—00
which implies T'(L?*(Q,RY)) — lim L™ (u, E) = v,(E). Thus, for every subse-
q—00

quence L™t of L™ there exists a further subsequence L™ so that

L(LA(Q,RY)) — lim L™ (u, E) = v,(E).

q—o0

By Urysohn’s property of I'-convergence ([2, Theorem 1.44]), the whole sequence
L™ (u, E) also T'(L*(Q, RY))-converges to v, (E), which concludes the proof. [J

Lemma 4.10. Let L™(u,Q) be a sequence of energy functionals T'(L*(Q,RY))-
converging to the energy functional L(u,Q) = [, ¢(u(z), Du(x))dz for a non-
negative function @ satisfying the growth condition ¢(s, A) < co]A|* for some
ey >0 and for all s € RN, A € RN*™_ Let L™ satisfy the conditions (14), (15),
(17), and let every subsequence of L™ satisfy (18). Then L™(u, E) T'(L*(2,RY))-
converges to L(u, E) for every Borel set E C Q and every u € WH2(Q, RY).

Proof. By Lemma 4.7, L™(u,U) T'(L*(2,RY))-converges to L(u,U) for every
U e A(Q). Let E C Q be a Borel set. Let L™ be an arbitrary subsequence
of L™. Then by [4, Proposition 7.9], there exists a further subsequence L™ so
that T'(L*(Q,RY)) — Jim L (u, E) exists for all u € WH2(Q,RY). Let u €

W2(Q,RY). Choose € > 0, U € A(Q2) and u™ — u in L?(2,RY) so that

E cU, and I(L*Q,RY)) —limsup L™ (u, E) = lim sup L™ (u™, E)

=00 =00

and that L™ (u™, E) > L™ (u™ U) —¢ for all [ € N. Thus, in the same way as
in the proof of Proposition 4.9 we achieve

D(LA(Q,RY)) — lim L™t (u, E) > L(u, E) — ¢

l—o00

and by the arbitrariness of € we deduce I'(L*(Q,RY)) — lim L™ (-, E) > L(-, E).

l—o00

Now choose e > 0 and U € A(Q) so that E C U and L(u,U) < L(u, E) + ¢.
Such a set U exists because by the regularity of the Lebesgue measure we have
L(E)=inf{L(U);U € A(QQ),E C U}. Now let U, be a sequence in A(£2) so that
E C U for every | € N and zliglo L(U;) = L(E). Then we have

lim L(u, U\ E) = lim / o(ulx), Du(x)) - Loy p(x) dz = 0
—00 —00
Q
by Lebesgue’s Dominated Convergence Theorem ([15, Theorem 1.8]). Now choose
L € Nsothat L(u, UL\ E) < e. Then with U = Uy, we achieve L(u,U) = L(u, E)+

L(u,U\ E) < L(u, E) + . Then for the recovery sequence u™ in U, we achieve
[(L3(Q,RY)) — llim L™ (u, E) < L(u, E) + ¢ as in the proof of Proposition 4.9
—00

and by the arbitrariness of ¢ we deduce T'(L?(Q2, RY)) — Jim L (E) < L(-,E),
—00
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which implies ['(L?(2,RY)) — llim L™ (-, FE) = L(-,E). Thus, for every subse-
—00

quence L™ of L™ there exists a further subsequence L™ so that ['(L?(2, RY)) —
lim L™ (-, E) = L(-, E). By Urysohn’s property of I'-convergence ([2, Theorem

l—00
1.44]), the whole sequence L"(-, E) also T'(L?(2, R"))-converges to L(-, E'), which
concludes the proof. O

Corollary 4.11. Let L™(u, ) be a sequence of energy functionals T'(L?(£2, RY))-
converging to the energy functional L(u,Q) = [, ¢(u(z), Du(x))dz for a non-
negative function o satisfying the growth condition p(s, A) < c3|A|* for some
ca > 0 and for all s € RN, A € RVN*™. Let L™ satisfy the conditions (14), (15),
(17), let every subsequence of L™ satisfy (18), and let u™ be a recovery sequence
forw in Q. Then u" is a recovery sequence for u in E for every Borel set E C ().

Proof. By Lemma 4.10, we get ['(L*(Q, RY)) — lim L"(u, F) = L(u, E) for every
n—od
Borel set E C Q. Let E C ) be a Borel set and assume

limsup L"(u™, E) > T(L*(Q,RY)) — lim L"(u, E) = L(u, F).

n—>00 n—yo0
This implies
(L*(Q,RY)) — lim L"(u,Q\ E) = L(u,Q) — L(u, E) >
> limsup L™ (u", E) + liminf L™ (u",Q\ E) — L(u, E) > liminf L™ (u",Q \ E)

n—00 n—00 n—00

which is a contradiction to the lim inf-inequality in Q \ E. [

Remark 4.12. In Corollary 4.11, the main requirement is the T'(L%*(Q2, RY))-
convergence to L(-, F) for every Borel set E, as can be seen in the proof. So
instead of requiring the conditions (14), (15), (17) and (18) for every subsequence,
it is enough to prescribe the I'(L?(€2, RY))-convergence for every Borel set E.

For the independence of values in the image of u of the approximating functionals,
we will need the following notations: for u € WH2(Q, RY) we define the sets

NP = {mu(z) € 12+ [— 5. )"} fork>0,2€Z"

and, for a given sequence L"(u, B) = [ a3 (z)b}(u(x))u (:E)u%}(x) dx, we define
B

Ly (v,B) := Z / aﬁﬂ(x)bfj(v(x) - %z)vé(z)vé(m) dx.

N
ZEZ Nkz:,umB

Remark 4.13. If the sequence L" is defined by L"(v) := [ aﬁﬁb%vfx(x)vf(x) dx,
we have L"(v,B) = L} (v, B). Hence, by Corollary 4.6, L™ and L}, satisfy
the condition (18). Furthermore, the conditions (14), (15) and (16) clearly are

inherited by Ly, if L™ satisfies these conditions.
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Lemma 4.14. Let L™ : WH2(Q,RY) x A(Q) — [0,00) be a sequence of functionals
defined by L™ (u, B) := Bagﬁ(x)b?](u(x))ug(x)u%(x) dx satisfying the conditions
(14), (15), (16) and (17), so that every subsequence of L™ and every subsequence
of L, satisfies (18) for every k > 0, u € W"*(Q,RY) and so that L"(u,Q)
L(L*(Q,RY))-converges to L(u,Q) for every u € WH2(Q,RY), where the func-
tional L: W2(Q,RY) x A(Q) — [0,00) is defined by L(u, B) := [, ¢(Du(z)) dx
for a non-negative function o satisfying the growth condition ¢(s, A) < co|A|* for
some cg > 0 and for all s € RN, A € RVX™_ Then for the sequence K™ defined by

K"(u, B) = / 028 (@) (Ot () () i

C(L3(Q,RY)) — lim K™(u, Q) exists for every u € WH2(Q,RY) and

n—oo

D(L*(Q,RY)) — lim K"(u, Q) = L(u, Q)

for every u € WY2(Q,RY). Note that in particular, the coefficients bi5(0) are
chosen independent of u(zx).

Proof. Choose an arbitrary function u € WH23(Q, RY). As in [1], we can choose
a representative of u so that u; is a Borel function for every i € {1,..,m}. Thus,
NZ" is a Borel set for all k& > 0, z € Z", since it is the intersection of Borel sets.
By Remark 4.13 and Proposition 4.9, for every subsequence Lzlu we obtain the

existence of a subsequence L, ? so that T(L*(Q,RN)) — lim L, (v, E) exists for
) q—00 ’

every Borel set £ C 2 and that

D(L(O,RY) = lim L, ) = 37 TEAORY) ~ lim L (0, Ni* 1 )
z€ZN

for every Borel set E C 2. With v fixed and w,(x) := v(z) — 12, we observe with

k
Lemma 4.10 that T'(L*(Q,RY)) — lim L, “(v, E) equals
q—00 ’

> D(L(QRY)) = lim L™ (w,, N;*NE) = ) /(p(Dwz(x))dx = L(v, E),
z€ZN e z€ZN

NZ“NE

. ny
so for every subsequence L;' of L} there exists a further subsequence L, ? so

that LZlZ(,E) ['(L*(Q,RY))-converges to L(-, E) for every Borel set E C Q.
By Urysohn’s property of I'-convergence ([2, Theorem 1.44]), the whole sequence
Ly (-, E) also T(L*(,RY))-converges to L(-, E) for all k& > 0. Let u" be an
arbitrary sequence in W1H2(Q, RY) converging to u in L*(Q, RY). Then let u™ be
a subsequence satisfying zliglo K™(u™, Q) = h,?;é},}f K"(u™, Q) and u"(x) — u(x)

for almost every x € Q. Then by Egorov’s Theorem ([7, Theorem 5.3, p 252]) and
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the regularity of the Lebesgue measure, for every € > 0 there is an open set A.
satisfying |2\ A.| > || — & so that ™ uniformly converges to v in Q\ A.. Then
if u™ is not bounded in W1H2(Q, RY), we have

lim inf K" (u", ) = T [ a2 ()b (0) ()i () (u™ Y () i

Q

> limsup ¢, || Du™||72q) = 00,
l—o0

since ||u"™||r2(q) is clearly bounded. Thus, we can assume that «™ is bounded in
W2(Q,RY). Then choose an arbitrary & > 0 and

€

e <
up [ Dt [y + £(D)
leN

so that [, c|Du(z)[?dz < 5. This is possible since |A.| — 0 for ¢ — 0 and

thus, by Lebesgue’s Dominated Convergence Theorem ([15, Theorem 1.8]), we
have llg(l) [ c2| Du(z)? dw = llgcl) Jo c2| Du(2)|*1 4, (x) dz = 0. Then choose k large
1 1>N

enough so that w(|y|) < e for every y € [_E’ z

all | > N we have |u"(z) — u(z)| < 5 forall z € @\ A.. We observe for | > N
that [L;", (u™, Q\ Ac) — K™ (u™,Q\ A.)| is less than or equal to

and N large enough so that for

ZV / W(’Un’@)—%z\)-(1+|Du"l(x)|2)dg;

Z2E€Z
< e (L(Q) + [|1Du™ (2) 72 < &
Now suppose there is N € N so that L(u, Q) — 28 > K™ (u™,Q) for all | > N. We

know that for [ > N and the same k as above K™ (u™, Q\A.) > L (u™, Q\A.)—¢
holds. This implies for all I > max{N, N}

L (", Q\ A) < L(u, Q) — £ < / o(Du(x)) dz + o3 /|Du(x)\2 do — 2
O\A. A
< L(u,Q\ A.) — %,
in contradiction to the liminf-inequality L(u,Q \ A.) < liminf L} (u™, 2\ A.).
n—00 ’
Thus, for every € > 0 and N € N, we find [ > N so that K™ (u™, Q) > L(u, Q)—2&.
This implies lim inf K™ (u™, ) = llim K™(u™, Q) > L(u, (), which is the lim inf-
n—o0 —00

inequality. For the lim sup-inequality let u” be a recovery sequence for Ly, (u, ).
If u™ is not bounded in W12(Q, RY), we have

L(u, ) > limsup L, (u", Q) > limsup ¢; | Du"||72(q) = oc.

n—o0 n—oo
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Thus, the lim sup-inequality clearly holds for K™. Otherwise, with the same com-
putation as above, we get the existence of N € N so that for [ > N and k large

enough [L!, (u™, Q\ A;) — K™ (u™,Q\ A.)| < € for the subsequence u™, which

satisfies llim K™(u™, Q) = limsup K"(u™, Q) and u™(z) — u(x) for almost every
—o0 n—00

z € Q and which is still a recovery sequence for L} (-,€2). Furthermore,

%>02/\Du($)\2 dx > L(u, A;) > limsup L™ (u™, A.) > ¢ lim sup/]Du"’ (z)]? dx
l—o0 l—00
Ae Ae

since, by Corollary 4.11 and Remark 4.12, u™ is a recovery sequence for v in every
Borel set E C 2 so that

2c1”
l—o00

1imsup/|Du”l (z)*dv < 5= (19)
Ae

By Corollary 4.11 and Remark 4.12, u™ is a recovery sequence for L' (u, 2\ A.)
as well. Summarizing, by this and the non-negativity of ¢ and by using Remark
4.2 and (19) in A. we achieve

lim sup K" (u", Q) = lim K™ (u™, )
n—00 l—o0
< limsup K™ (u™,Q\ A;) + limsup K™ (u™, A,)

l—00 l—o00

<limsup L}, (u™,Q\ A.) + E+ MPm2N? =

=00 ’ 2Cl
M2 2N2

< L(u,Q)+&(1+ 2L).

€1

By € — 0, this implies the lim sup-inequality limsup K™ (u", Q) < L(u,€)) and

n—o0

thus, K™(u, Q) T(L*(Q, RY))-converges to L(u, ). O

Remark 4.15. Clearly, in Lemma 4.8 and Lemma 4.14, the sequence K" inherits
the conditions (14), (15) and (16) from the sequence L".

5. Counterexamples for the I'-density of general Dirichlet energies

In Theorem 3.12 and Theorem 3.14, we have seen that not every functional L &
E(Q) can be approximated by energy functionals of functions u: Ry — Ry if one
of the Riemannian manifolds R; and Ry is a Euclidean domain. Now we will see
that under the assumptions of Chapter 4 an approximation is not possible even if
both Riemannian manifolds are not Euclidean domains.

Theorem 5.1. Not every functional L € £(S2) can be approzimated by energy
functionals of the form L"(u) = [o, a%® ()b (u(x))ul, (x)uy(x) de which satisfy the
conditions of Lemma 4.14.
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Corollary 5.2. Not every functional L € £(82) can be approvimated by energy
functionals of the form L™(u) = [, a%®(x)bjul, (x)u uy(z) dv which satisfy the con-
ditions of Lemma 4.8.

Remark 5.3. Corollary 5.2 restricts the approximating metrics L™ to those met-
rics whose integrands are independent of u(z). By this effort, we do not need the
condition (18) any more. Since this condition is difficult to prove, it is nice to be
able to omit it.

Proof of Theorem 5.1. Let L be defined by L(u) := [, p(Du(z)) dz and
_ 2 _1 212 1 2, 22
ZZ al 2(%) + 2(“1 +a3)".
i=1 j=1

Note that ¢ is independent of u(x). Then if there were a sequence L™ I'(L%(2, RY))-
converging to L and satisfying the conditions of Lemma 4.14, with Lemma 4.8
and Lemma 4.14 We could find another sequence L™ given by the definition

= JoaPbrul (x)ul(x) dz, so that L™(u) T'(L*(Q,RY))-converges to L(u)
for every u € W12(Q, RN ). By Lemma 4.5, we can choose the constant sequence
u as recovery sequence.

Now choose the functions u(z) := x' - ey, v(z) 1= 2! - 9, w(x) 1= 2% - €1, 2(x) :=
x? - e. With the above choice of ¢ we obtain evidently ¢(Du(s)+ Dw(s)) = 2
and o(Duv(s) 4+ Dz(s)) = 3. Then altogether we have that

2-L(Q) = /gp(Du(x) + Dw(z))dr = lim L"(u+ w)

n—oo
Q
= lim [ al'b}, + a?2b7, + al?0?, + o207, do
" a
= tim [ p(Due)) + p(Du(a)) + (@ + a2 )by da
Q
= 71113010 L+ 1+ (a? +a2hHo?, de,
Q

so that we can see that lim (al? + a?') b}y = 0. On the other hand, in the same
n—o0

way we achieve that

3-L(Q) = /(,O(D"U(ZB) + Dz(z))dx = lim L"(v+ z)

Q
= lim [ o(Dv(z)) +¢(Dz(z)) + (a}? + a2")by, dz
n—oo

Q

= lim [ 141+ (a}* + a?")by, du,
n—oo

Q
so that we can see that lim (a!? + a2')b3, = 1. This means that, for n large
n—o0

enough, we have |a;? + a2'| - [b;] < 1 and |a}? + a2!| - |b3,] > 2, and thus 3|b7| <
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|bh, |, because by Remark 4.13, |al? + a?}| > 0 and |a}? + a?'| > 0. This implies
1lbn 1lbn

3la| - o7 ] < |all| - |b5y| which is a contradiction to lim al'd?, =1 = lim al'd3,,

n—oo n—oo
so that there can be no such sequence L™. Il

Proof of Corollary 5.2. Define L as in the proof of Theorem 5.1. If there
were a sequence L™ ['(L*(Q, RY))-converging to L and satisfying the conditions

of Lemma 4.8, we could find another sequence L"(u) := [, a2? by vl (x uﬁ(x) dz so
that L™(u) T(L*(Q,RY))-converges to L(u) for every u € WH2(Q,RY). The rest
of the proof is analogous to the proof of Theorem 5.1. [

Remark 5.4. The class in which not every functional can be approximated can
even be chosen smaller than £(2) since the counterexample holds for a functional
L with integrand ¢ completely independent of u(x).

In Theorem 3.11, we have seen that no functional L € C(2) can be approximated
by a sequence of elements of R;(€2) which satisfies the condition (15). Now we will
see that under the assumptions of Chapter 4 an approximation is not possible even
without demanding isotropy and without demanding that one of the Riemannian
manifolds is a Euclidean domain.

Theorem 5.5. No L € C(2) with a parametric integrand ®(Duy(z) A Dug(x))
independent of u(x) can be approzimated by energy functionals of the form L"(u) =
0 0P ()b} (u(x ) )ut, (x)uy(x) dv which satisfy the conditions of Lemma 4.14.

Corollary 5.6. No L € C(Q) with a parametric integrand ®(Duq(z) A Dus(z))
z'ndependent of u(x) can be approzimated by energy functionals of the form L"(u) =
0 028 (z)brul (z)w up(z) dv which satisfy the conditions of Lemma 4.8.

zyoc

Remark 5.7. Asin Corollary 5.2, Corollary 5.6 restricts the approximating met-
rics L™ to those metrics whose integrands are independent of u(x). Again by this
effort, we do not need the condition (18) any more. Since this condition is difficult
to prove, it is nice to be able to omit it.

Proof of Theorem 5.5. If there were a sequence L™ T'(L?(2, RY))-converging to
L and satisfying the conditions of Lemma 4.14, With Lemma 4.8 and Lemma 4.14
we could find another sequence L™ defined by L"(u) := [, a%’bsu, (z)u 5( x) dz so
that L"(u) T'(L?(2, RY))-converges to L(u) for every u € WH2(Q, RY). By Lemma
4.5, we can choose the constant sequence u as recovery sequence. Thus, we can

deduce that 0 = [, ®(0) dx can be expressed as L(0,21,0)" = Tim Jo antbs, dz,
but also as L(0,0,z1)" = lim [, a}'b4sdx, as L(0,2,,0) = lim [, a?*b3, dz and
n—00 n—00
as L(0,0,29)" = lim [, a2?b%; dz. This implies that
n—oo

L(0, 2, 21)" = lim [ al'b3, + alloly + allol, + allbl, da
n—oo
0

= lim / a, by + a)'bl, dz, and
Q

n—oo
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T : 22 22 22 22
L<O7 L2, $2) = lim a, b7212 + an, b7213 + an, b?? + ay, bg?) dx
n—00
Q

. K 221n 221n
= nlLH; a,“bys 4 a; by, dx,

QO
which both as well equals [ ®(0)dx = 0. Moreover, we get [®(1,0,0)7 =
Q Q

L(0, 21, 22)T, which equals

: 111n 121n 211n 221n I 121n 211n
lim [ a, b3, + a, by + a, bsy + a, by de = lim [ a,bys + a;, by, dx,
n—oo n—oo

Q Q

and [ ®(—1,0,0)" = L(0, 2, x1)", which equals
Q

: 111n 121n 211n 221n 1 121n 211n
lim [ a, b3s + a, b5y + a, bys 4+ a;"by, de = lim [ a,by, + a;, bhys dz.
n—oo n—o0

Q Q

Furthermore, for M € R, & = (M +2)x1 +22) - e and & = (M + 1)z +22) - €3
we achieve the expressions

L(&) = lim [ (M +2)%ay' b3y + (M + 2)a,’by, + (M + 2)a;' by + a;°bh, da

Q
and

L(&) = lim [ (M +1)%ay b + (M + 1)a, by + (M + 1), bs + a,°bg da
Q

for [ ®(0)dz = 0. Putting all these things together, we achieve
Q

/@(1, 0,0)" = L&+ &) = /(M +2)®(1,0,0)" + (M + 1)®(—1,0,0)" dx
Q Q

which implies ®(1,0,0)" = —®(—1,0,0)". But that is impossible because of
$(1,0,0)7 >0 and ®(—1,0,0)T > 0. O

Proof of Corollary 5.6. If there were a sequence L™ T'(L?(2, R"))-converging
to L and satisfying the conditions of Lemma 4.8, with Lemma 4.8 we could find
another sequence L" defined by L™(u) := [, aa®biiul,(z)uj(z) dx so that L"(u)

[(L%(Q,RY))-converges to L(u) for every u € W12(Q,RY). The rest of the proof
is analogous to the proof of Theorem 5.5. ]

In Theorem 3.7 and Theorem 3.10, we have seen that not every perfect dominance
functional of a Cartan functional in C(2) can be approximated by elements of
R(£2), no matter if the Cartan functional is even or not.
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Now we will see that under the assumptions of Chapter 4 an approximation is
not possible even without demanding isotropy and without demanding that one
of the Riemannian manifolds is a Euclidean domain.

Theorem 5.8. Not ecvery perfect dominance functional of a Cartan functional in
C(Q) can be approximated by metrics of the form

L™ (u) = /agﬁ(x)b;;(u(x))u;(x)u]ﬂ(x) dx ,

Q

which satisfy the conditions of Lemma 4.14.

Corollary 5.9. Not every perfect dominance functional ofa Cartan functional in
C(2) can be approzimated by metrics of the form L™ (u) = [, a%? ()b}l (x)uy(x) d
which satisfy the conditions of Lemma 4.8.

Remark 5.10. As in Corollary 5.2 and 5.6, Corollary 5.9 restricts the approx-
imating metrics L" to those metrics whose integrands are independent of u(zx).
Again by this effort, we do not need the condition (18) any more. Since this
condition is difficult to prove, it is nice to be able to omit it.

Proof of Theorem 5.8. Define the Cartan functional L in terms of its paramet-
ric integrand ®(s, z) := 3|z| = k- |z| + ®*(s, z) with ®*(s, z) := |z, k = 2 and let
L* be the Cartan functional with the parametric integrand ®*. Then obviously,
O* satisfies mj|z| < ®*(s,z) < mi|z| for mi = mb = 1. Furthermore, we have
|2|€T D% (s, 2)€ = [€)* — W( £ 2)? and

[Pl = |6~ (& 2)2 % = 6P+ (6 2% —2(6 - 2Pty = €2 — (€ 2)* ks

so that we get |2|€T®% (s,2)€ > Ap«(Ro)|P.r&|? for every &,s,2 € R3, |s| < Ry

with Ap«(Rp) = 1 for all Ry > 0. Thus, \* := . 11(10f ])\L*( o) = 1. Moreover, we
0€(0,00

have 2 = k > ko := 2(mj — min{\*, % ) = 1. Thus, ® possesses a perfect domi-
nance function g(s, A) := |A|2 + g*1(s, A) with ¢g*1(s, A) := SIAPG + %77%(7'(14)))
with 7(A) = 2"72?542‘ for A # 0, 7(0) = 1 (see [12, Proofs of Theorems 1.3, 2.8,
2.14]). Here, ni: [0,1] — R is a cut-off function with 51 (0) = 0, (1) = 1 and

1 1
0<ni(r) <1forul <r<1withul = . We will see that every such function
775 will provide a counterexample. Simple computation yields

glerles +e5) =3+ 3(3 + 37 (22)) = L + Ini(22) (20)
V2
% < % < 1 and
g(erle2) + g(erles) — g(e1|0) + g(Olez + e3) — g(0le2) — g(0les)
= 241G + i) + 24 12 + LT (1) — (14 3G + 195 (0)) + 2+
1 1
F1G+ 7 0) — (1 + 3G+ 3 0) - A+ 3G+ 0)) = 2. (1)

with 0 < ni(%i) < 1 since
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Now if there were a sequence L" being T'(L*(Q,RY))-convergent to G(u) =
Jo9(u (x))dx and satisfying the conditions of Lemma 4.14, with Lemma
4.8 and Lemma 4.14, we could find another sequence L™ defined by L"(u) :=
Jo a8Poul (x)ul(x) dz so that L"(u) is T'(L*(2,RY))-convergent to G(u) for
every u € Wh 2(9, RY). By Lemma 4.5, we can choose the constant sequence u
as recovery sequence. This implies that

G(21, 29, 12)" = /9(€1|e2 +e3)" du
O

:T}LH;O (a,lllbnl—I—amb%—kambm—l—ambgl+a22b22+a22b23+a21b”1+a22632+a22b" )d

Q

On the other hand, we would have
G (21, 22,0)" 4G (21,0,29) =G (21,0, 0)"+G(0, x5, 25) "= G(0,25,0)"=G(0,0,z5)"

= /9(61!62) + g(e1les) — g(e1]0) + g(Olez + e3) — g(0le2) — g(0les) dx
Q

= lim (artbl, +ar?bly +a, bl + a2l by 4 a2 bhy + a2 b + a2 by +a2? b, + a2 bl ) dz,
Q

which equals [ g(ei]es + e3) da as we have seen above. This implies
Q

gleilez + e3) = gleilea) + glerles) — g(e1|0) + g(Olez + e3) — g(0fea) — g(Oles)

which by (20) and (21) is equivalent to £ + ivﬁ (ﬁ) = Y In consequence
1ooys
1 (&=

ni (i) 3 > 1 which is a contradiction to 0 < 7 (242) < 1. O
Proof of Corollary 5.9. Define g as in the proof of Theorem 5.8. If there were
a sequence L™ being T'(L*(Q,R")) - convergent to G(u) = [, g(u( (7)) dz
and satisfying the conditions of Lemma 4.8, with Lemmalél 8 we could ﬁnd an-
other sequence L" defined by L"(u fQ alPbul (x)u(x) de so that L™ (u)
[(L%(Q,RY))-converges to G(u) for every u € W”(Q,RN). The rest of the
proof is analogous to the proof of Theorem 5.8. [

To see that there are perfect dominance functionals of Cartan functionals which
can be approximated by metrics satisfying the conditions (14), (15), (16), (17) and
(18), note that the energy functional of g(A) = 1|AJ? clearly can be approximated

by metrics with a®? = %55, b = 67, where ¢7 is the Kronecker delta with value 1
if i = 7 and 0 otherwise. By Corollary 4.6 and Remark 4.13, the approximating
metrics satisfy (18), the other conditions of Lemma 4.14 are clearly satisfied. Note
that G(u) = [, g9(Du(x))dx is lower semicontinuous with respect to the weak
wh 2(9 ]R3) -convergence and a perfect dominance functional of the even Cartan
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functional L with parametric integrand ®(z) = |z| (see [12, p 301]), and that
the metrics of the energy functionals L™ in this example are isotropic. There are
non-even Cartan functionals whose perfect dominance functionals define energy
functionals which can be approximated by metrics satisfying the above conditions
as well. Of course, these metrics cannot be isotropic in this case. An example
is the Cartan functional with the parametric integrand ®(z) = |z| + 23, which
possesses the perfect dominance functional G(u) = [, g(Du(z)) dz with g(A) =
LAPP4(0,0, )T (A1 AAs) (see [12, p. 302]). G is lower semicontinuous with respect
to the weak W12(Q, R?)-convergence, so the respective energy functional can be

approximated by metrics with a%® = bl = \}5, a;? = —aZ = bfy, = —by;, = 1 since
1 1 1 1 1 1 1 1
g(A) = 5(14%)24'5(14%)24'5(/@2"'5(A§)2+5(143)24'5(143)24'5/1}143—5143145
and
1 11 11 1
L) = [ SO+ 5 = AL = Sl SO+ (AL
2 2+/9 2 2
J V2 V2

11 11
1 2__ 241, 1 2424 343
\/_QAA + AA AA 2—\/_AA 2—\/_AA
1 1 11

A 2 AT — AIA2 + —A2A1 —A3A%
\/—2 2411 243 \/— 2\/—

2(AL? 4 Ll e 11 241 4 2\2 | 1/ 43)2
+2(A2) 2\/_AA 2\/_AA (Az) +2(A2) dx
:/g(A)da:.

Q

— A3 A3

Again by Corollary 4.6 the approximating metrics satisfy (18) and the other con-
ditions are clearly satisfied.
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