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We define a new structure on a space endowed with convexities, and call it a fractoconvex struc-
ture (or, a space with fractoconvexity). We introduce two operations on a set of fractoconvexities
and in a special case we show that they satisfy the laws for a distributive lattice. We establish a
connection between fractoconvex sets and convex sets using the concept of independent convex-
ities, based on the possibility of representing a fractoconvex set as the intersection of its convex
hulls. Finally, we consider some examples of fractoconvexities on the 2-sphere and on Z.
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1. Introduction

The concept of a convexity plays an important role in many topics of mathematics.
In each of them the properties associated with convexity appear on an appropriate
abstract level. The theory that deals with convexity and its applications from a
general point of view was formed in the 1960-1980s and was called the theory of
convex structures. A fairly complete exposition of the theory of convex structures
can be found in the monographs [1, 2, 3]. Following [1], we recall the most general
viewpoint of the notion of convexity.

Let X be a set. A convezity G C 2% on X is defined, as a rule, in two equivalent
ways. In the first way, a collection G C 2% is called a convexity on X if X € G
and G is closed under arbitrary intersections of its elements. In the second way,
a convexity is generated by a conver hull operator g: 2X — 2% such that, for
any sets A, B satisfying the inclusions A C B C X, the following conditions
hold: A C gA, gA C gB, and gg A = g A; this convexity is in turn equal to
G={AC X :gA= A}. A convexity G is called finitely defined if for every
A C X it follows that g A = |J{g B : B C A,|B| < oo}. A convexity G is called
n-aryif A€ G < VB C A(|B| <n=gBC A) whenever A C X.

Now let the set X be endowed with a family of convexities on it. Clearly, in X we
can construct new structures based on the convexities, and these structures are not
necessarily convexities on X, but may have similarities with them. For example,
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in [4] the author proposed and investigated the notions of an n-semiconvex set
and an n-biconvex set. We briefly recall these notions.

Let G; and Gs be convexities on a set X, g; and g, be the convex hulls associated
with them, respectively, and let n be a natural number. A set A C X is called
n-semiconvexr with respect to Gy and G if

VB C A(|B|<n=3iec{l,2} g;BCA). (1)
A set A C X is called n-biconver with respect to G; and Gy if

VB C A(|B|<n=Vie{l,2} g,BCA). (2)

From (1) and (2) (see the quantifiers in the round brackets) it follows that, for fixed
n, Gi, and G, the family of all n-semiconvex sets is not stable for intersections,
but the family of all n-biconvex sets is in turn stable for intersections. Therefore,
the family of all n-biconvex sets is a convexity on X. At the same time, it has
been shown in [4] that

o  Some special n-semiconvex sets can be represented as the intersection of their
convex hulls.

e In some cases the theorems which are similar to the hyperplane separation
theorems in R™ can be applied to n-semi- and n-biconvex sets.

In this paper the notions of n-semi- and n-biconvex set are generalized for an
arbitrary, not necessarily finite, family of convexities. We define the notions
of “fractoconvexity” (fractional convexity) and “multiconvexity” and investigate
their properties. We shall briefly consider the question of how fractoconvex sets
can be represented by convex sets belonging to given convexities. Finally, we
provide four examples to illustrate the notions and statements proposed in our

paper.

2. Fractoconvexities

Let A be an index set, Gy, A € A be convexities on a set X, {M;} be a partition
of A such that

VZ'(/\LQ S Mia)\l 75 Ay = (}/\l 7£ G)\Q).

and, for every i, let m; be a cardinal number such that m; < |M;|. (Here and in

what follows, by | - | we denote the cardinality of a set).

We say that a set A is an n-ary fractoconvez set of the type {(M;, m;)} in X
m.

_Y{GA,AGMZ}

with respect to the convezities G (briefly, (n) -fractoconvez set

in X),

if VBCA<|B|<n:>(3iHQCMi, |Q|:mi:UgABCA)>.
AEQ
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Similarly, we say that a set A is an n-ary multiconvex set in X with respect to the
convezities G (briefly, (n) -{Gx, A € A}-multiconvez set in X), if

VBCA<|B| <n= UgABCA)
AEA

The collection of all (n)-\/ {GT—ZE]\/[}
A A i

-multiconvex) sets in X will be called a fractoconvexity (resp., multiconvexity)

and will be denoted by (n)-\/ ﬁ (resp., (n)-{Ga, A € A}). The pair
i As i

-fractoconvex (resp., (n)-{Gx, A € A}-

m<
X, (n)-\ —=———— will be called a fractoconvex structure (or, a space
(X0 g s ) f for, a sp
with fractoconvexity).
From these definitions we obtain that a multiconvexity is a particular case of a
AL
{G, A €A}

fractoconvex set. Also, a set that is n-semiconvex with respect to G; and Gy is

fractoconvexity, i.e. any (n)-{Gy, A € A}-multiconvex set is an (n)

an (n) -fractoconvex set, a set that is n-biconvex with respect to G,

1
{G1,Gy}
-fractoconvex set and is an (n) - { Gy, G }-multiconvex

1
{G1}

and G is an (n)

_
{Gla GQ}

set, a set that is convex with respect to an n-ary convexity Gy is an (n)-

fractoconvex set and is an (n)-{G }-multiconvex set.

Let &(™(X) be the collection of all n-ary convexities on X. By F™(X) (resp.,
ggﬁ) (X)) denote the collection of all (n)-fractoconvexities on X with respect to
all (resp., all finite) subsets of &(™(X). It is obvious that sg;‘) (X) c ™ (X) and
FU(X) € FW(X). If not otherwise stated, we assume that all convexities G,
A € A considered below are n-ary; additionally, the prefix (n)- for the fracto- and
multiconvexities will be omitted.
m’

Take arbitrary fractoconvexities F;, = \/ ———— € §"W(X), j € {1,2}.

y =V e € 80, € (1)
According to the definition of a fractoconvexity, we can also define a new frac-
toconvexity F; V Fy € §(™(X) and a corresponding operation V: F™(X) x
F(X) — F(X) as follows:

AeF,VF,
sVBC A (yB| <n=(3je{1,2} 330 C M, |Q] = m? : UgABCA)).

AEQ

It is readily seen that the operation V on the set Sg? (X) possesses the following
properties:
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(i) V is commutative and associative;

k l k
Vv = ;
{G1,....Gr}  {Gy,...,Gi} {Gy,...,Gy}
k k

1il = .
( ) {le-“aGm} 1<i1<.\../<ik<m {Gllqulk}

(ii) if k <, then

1 VIR
GGy M@y

We now consider the set-theoretic intersection operation on fractoconvexities.

Property (iii), in particularly, implies the equality

Proposition 2.1. For any convezities Gy, ..., Gy, k < 0o, we have

k B 1 1 1
(G . GJ (Gin. .Gy Gr "Gy

Proof. Without loss of generality, we put £ = 2. We shall show that the convexity
G1N Gy is n-ary. Indeed, let g be the convex hull associated with G; N Gs. From
the properties of the convex hull operator it follows that

Ae G NGy =VBCA(Bl<n=gBcCA).

On the other hand, if VB C A(|B| < n = gB C A), then, in view of the inclusions
g, B,g, B C gB, we have

VBC A(|B|<n=g, BCAg,BCA).
Since the convexities G; and Gy is n-ary, we obtain A € G;NGg, whence G1 NG
is n-ary.
1

Now, in our notation, we can write G; N G, = ———————. Since the convexities
{G1 NGy}
1 1

N

{Gi} {Go}

Hence, the second required equality has been proved. In the same way, we obtain

Ae

G and G are n-ary, the convexity G NGy coincides with the set

2
W < A € Gy N Gy, whence the first equality is true. O
1, “¥2

Thus, if the cardinality in the numerator equals the cardinality of the denom-
inator and G; are n-ary for all ©+ = 1,... k, k < oo, then the fractoconvexity

is the n-ary convexity G; N...N Gy. In other words, as in the case

ke
(G, Gy}

of biconvex sets, the collection of all n-ary multiconvex sets is an n-ary convexity.

Coroll 2.2. Fi t tyF =\ ———— X h
orollary or any fractoconvezity \/ N € F. (X) we have
1
F= V. Nes
i AN EQ {G)\Z}

QCMi,|Q‘:mi
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Proof. Evidently, this equality follows from (iii) and Proposition 2.1. O

Proposition 2.3. The operations V and N satisfy the distributive laws on &Eiz) (X):
VF,Fy,F; € SEZ)(X) we have

(F1VFy) NF3 = (FiNF;) Vv (FoNFy),
(FLNFy) VF; = (FLVFy) N (FyVFy).
Proof. These laws follow simply from (i)—(iii), Proposition 2.1, and the distribu-

1 n
[@aen <3

The last property follows from the definition of V. For example, we show the
distributivity of N over V.

tivity of the operations V and N for the fractoconvexities

1 1 1
A V N &
< ({GA, el {Gure A2}> {Ga A€ Ag)
(:)VBCA<|B| <n= ((Gn e g, BCAV@EMEN: g, BCA)

AN(EX3€Ns:gy, BC A))) &
(:)VBCA(]B\ <n=(G\ eAINs€N; g, BUg, BC A)

V(3 € Ay3N; €Ay g, BUgy, B C A))) =

1 1 1 1
S Ae N \Y% N .
({G)\,)\GAl} {G)\,)\EAg}> ({G)\,)\EAQ} {GA,A€A3}>

]

In the same way, one can prove the absorption law:

(F,vF)NF, =F;, (FiNFy)VvF =F;.

Let &%ﬁ) (X) be some subfamily of Sgﬁ) (X) which is closed under a finite number of
applications of the operations V and N. Obviously, from the properties obtained

above for these operations it follows that @éﬁ)(X ) is a distributive lattice.

3. Independent convexities.

Convexities G, € (" (X), A € A will be called mutually (n)-independent or,
briefly, independent, if the following condition holds

VA€ (n)- {GMeA} A= [)e A

AEA
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1
{Gy A e AV

for which the equality holds will be called

If the equality does not necessarily hold for all A € (n) then the

maximal subfamily of (n)

1
{G, A € A}
the (n)-independence domain of the convexities Gy, A € A, and will be denoted
by (n)-idc(Gy, A € A). The sets belonging to (n)-idc(Gy, A € A) will be called
the elements of (n)-independence of the convexities Gy, A € A. In what follows,
if not otherwise stated, the prefix (n)- will be omitted.

Given a set M C ———— we consider the question whether the inclusion
(G A e A} a

M C ide(Gy, A € A) is true. This question can be answered in two ways. First,
the condition of convexities independence is directly verified for every A € M.
However, as was shown by examples in [4], this way can be very laborious. Second,
the required inclusion may be checked by using some uncomplicated sufficient
condition of convexities independence. One of such conditions will be given by us
in Proposition 3.2.

The importance of the notion of independent convexities is that, in special cases,
we can obtain statements about the separation property for two certain elements
of independence of convexities, and the statements are analogous to the separation
theorems for two convex sets. Moreover, these elements are separated by a set
represented by intersection of some g,-halfspaces. A recent investigation on this
topic for semiconvex sets in S? has been carried out in [4] by the author.

Now we shall give the following definition, which will play an important role in
Lemma 3.1 and in Proposition 3.2.

Two finitely defined (not necessarily n-ary) convexities G; and Gy are said to be
conically independent provided the following condition is true

Vn>4Vr,...,e, € XVeeg o, ...,z Iy, e € gy, .o}
z € gi{y1, on} N &o{yn, 2n}-

(Here and in what follows, we use the notation: g"A =g, ANg, A.)

Lemma 3.1. Let the convexities G1 and Go be conically independent, and let the
set A satisfy the condition

Vi, xe, w3 € A: g™ {2y, 29,23} C A. (3)
Then we have A = g"A.
Proof. Since the convexities G; and G are finitely defined, we see that
Veeg'ATry,...,zne Arzeg{u, ...z} (4)

From (3) it follows that the proof is trivial if n < 4; therefore, we may put n > 4.
Iterating the conical independence of G; and G in (4), we get the following chain
of implications:
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Jyi, 2 € g {1, . wna} i w € g {yr, Tn} N go{yo, 20} =
= JY11, Y12, Y21, Y22 € gm{ﬂﬁl, ce ,$n—2} € gl{yn,%_l} N gg{ym,xn—ﬁ,
E 7xTL— ﬂ 7xTL— :>"':>3 ) (AR )
Y2 gl{ym 1} gg{ym 1} Yi..11,Y1..12 Ya...21

n—4 n—4 n—4
cgMay, ..., x4} € , Ty N T5f, ... = 5)
yz..iz g { 1 ) 4} yl..;lsl g1{y1..._141 5} gQ{ZUl..ff; 5}» ( )

= , c...egMay, 2, 23} € ,Tat N STy S
Y1..11,Y1..12 g{l 2 3} Y1..11 gl{yl...u 4} gg{y1...12 4}

n—3 n—3 n—4 n—3 n—3

Without loss of generality, consider the points v = yi.11, v1 = ¥y1.11, and
—4 -3
ve = yi.12. From (3) it follows that z4,v;,v9 € A; hence, again from (3),
n—3
g {xy,v1,v9} C A. Obviously, if u € {xy,v1,v2}, then u € A. Let u ¢ {xy, vy, 02}
Taking into account the properties of a convex hull operator, for each i € {1,2},
we obtain

gl{vla l‘4} N gQ{U27fE4} C gi{vi7x4} C gi{xlla U17/UQ}-

whence g {v1, 24} Ngy{va, x4} C g™ {xy,v1,v2}. Since u € g {v1, x4} Ngo{ve, 24},
we see again that u € A.

Moving back along the chain of implications (5) in which the previous procedure
applies to all points y... and z., we obtain g, {y1, x, }Ngy{y2, } C g™ {xn, v1, 2} C
A, whence x € A. From the arbitrariness of z, we conclude that g, Ang, A C A.
The reverse inclusion is evident. [

Proposition 3.2. Let the convezities G1, Gy € &3 (X) be conically independent;
then G and Go are independent.

Proof. Consider an arbitrary set A € (3) The 3-arity of G; and G,

1
{Glﬁ GQ}‘
imply that for any x1, z2, x5 € A there exists an i € {1, 2} for which g;{z1, x2, 23} C
A. Since g™ {x1, 0,23} C g;{x1, T2, 23}, it follows that A satisfy (3). Thus, by
Lemma 3.1 we have A = g A. O

4. Examples of spaces with fractoconvexity

To describe the fractoconvexities of the Examples 4.1-4.3, we need the following
construction [4].

Let S be the 2-sphere in R? with center at the origin, B be the closed ball bounded
by S, C be an arbitrary fixed set in the interior of B, and the symbol [;] denotes
the line segment operator in R®. The convexities G(c), ¢ € C, on S are defined
analogously to the convexity in the sense of Robinson [5] but with respect to the
points ¢ € C, respectively. This means that a set A C S is G(c)-convex iff, for
two distinct points x1, zs such that the straight line determined by them does not
pass through the point ¢, the set cut out by the 2-dimensional cone with vertex ¢
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and base [x1, 2] is entirely contained in A. Tt is readily seen that all convexities
G(c),c € C are binary, and the segment g.{z1, 23} joining two points 1,25 € S
coincides with the subset of S mentioned above if 21, x5, and ¢ are non-collinear
and equals {x1, 25} otherwise.
1
{G(co), G(e1)}
is the family of all 2-semiconvex sets with respect to G(cp) and G(c;). Among
these 2-semiconvex sets, the so-called g,,-regular 2-semiconvex sets are very im-
portant. (A set A is called gy, - regular if there exists an open halfspace H in R?
such that cg,c; € H and A C H°.) It has been shown in [4] that every g,-regular
2-semiconvex set belongs to the independence domain of G(cg) and G(cy).

Example 4.1. Let C = {¢g,c1}. The fractoconvexity F; = (2)

Example 4.2. Let C' = {cy := A¢p + (1 — Ny | A € [0,1]} and let us introduce

the convexities G'(cy), c¢x € C, which are the restriction of G(cy), ¢y € C to

the subfamilies of the sets that are g,,-regular with respect to some fixed open

halfspace H parallel to the segment [cg, ¢1]. Considering the fractoconvexity Fo =
1

- TGio) et

the convexities G/(cy), ¢y € C are independent.

by analogy with the previous example, one can prove that

Example 4.3. Let C be as in Example 4.2. Consider the multiconvexities

G = (2)- {G'(cx) | ex € [eo, (co + 1) /2]},
Gy = (2)- {G(en) [ ex € [(co +e1)/2,ca]},
1

) {G17 GQ} .
definition of an n-ary convexity, they are 3-ary as well.

and put F3 = (2) Obviously, these multiconvexities are binary. By

Consider the convexity G'((co + ¢1)/2). By g denote the corresponding convex
hull operator. It is easily seen that for all n > 2

Vay, ..., € X Ve eg{ay,...,x,} Iy gl{ar,...,xn1} :z € gly,z,}.  (6)
Moreover, the operators g;, g,, and g are related to each other by the condition

VneNVry,...,x, € X g{ay,..., 2} =g{x1,..., 2.} (7)

Combining (6) and (7), we see that the 3-ary convexities G; and Gy are conically

! d
-————— an
{Gh GQ}
using Proposition 3.2, we conclude that these convexities are independent.

independent; therefore, considering the fractoconvexity F3 = (2)

Example 4.4. Suppose that the binary convexities G; and Go and the fracto-
convexity F, are defined on Z as follows. Let G; be the collection of all sets ANZ,
where A C R is a standard convex set. Suppose f is a bijective function from
Z to itself. Using f, for any z1,z9 € Z we define the segment g,{x1, 22} by the

formula g,{z1, 2} := f(g1{f71($1)a ffl(fm)})'
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We put Go = {A CZ | Vry,15 € A go{xy, 20} C A}

If a set A C Z is bounded, then the operators g, and g, satisfy the following
equalities:

(1) gt A=ZN{aA+b1(1—=X) | A€0,1], a; =minA, b = maxA};

(2) g A= F(gi{as,02}) = g{ f(a2), F(b)}, @2 = min [ (2), by = max /' (x).

1

-————— . Then we have:
{G17 GQ}

Consider the fractoconvexity Fy = (2)

Proposition 4.5. If a set A € Fy is bounded, then A € idc(Gy, Go).

Proof. Since A C g, ANg, A, it suffices to verify the reverse inclusion. If g; A C
A or g, A C A, then proof is trivial. Therefore, we assume that g; A ¢ A and

g, Ad A

From the invertibility of the function f and from the definition of the points a, and
by it follows that the points f(ay) and f(by) belong to A. The set A is semiconvex;
hence, from the relations g,{a1,b1} = gy A ¢ Aand g,{f(as), f(b2)} =g, A ¢ A,

we obtain
go{ar,bi} = f(g{f (@), f'()}) C A and g {f(a2), f(b2)} C A (8)

Suppose that the set (g, ANg, A)\ A is nonempty, that is,

Jz € (g {ar, bi} Ngy{flaz), f(b2)}) \ A 9)

Under this assumption and by (8), we see that = ¢ gl{f(aQ), f(bz)} C A. But
from (9) it follows that x € g;{a;,b1}; hence, we have the following possible
locations of the point z: either x € gy{ay, f(:)} or x € g {f(-), b1}, where f(-)
belongs to {f(as), f(b2)} and is determined depending on the mutual position
of f(az) and f(by) (see below). Both these cases are investigated equally. For
example, consider only the first of them. We have two subcases:

either # € gy{a1, f(az)} if f(az) < f(b2); or @ € gy{ar, f(b2)} if f(az) > f(b2).
Here we have taken into account that f(ay) = f(rréig f7(z)) > min A = a;.

Without loss of generality it suffices to consider one subcase, e.g., f(as) < f(b2).

Since © ¢ A and = € g{a1, f(a2)}, we obtain
gi{ar, fla2)} £ A. (10)

Therefore, we have g,{a1, f(az2)} C A, since A is semiconvex. Hence, by the
definition of g,, we get

f(gilaz, [ (a1)}) € A. (11)

From (9) it follows that = € g,{ f(a2), f(b2) }, in other words, that = € f(g;{as, b2}).
The definitions of the points as and by imply that f~!(a;) € g;{az, bs}. Combining
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these remarks with (11) and z ¢ A, we obtain z € f(g,{f " (a1),b2}) ¢ A. At the
same time, f(g;{f " (a1),b2}) = gy {ar, f(b2) }; hence, g;{ai, f(b2)} C A, since A

1S semiconvex.

By virtue of the assumption f(as) < f(by), we have g,{a1, f(a2)} C g,{a1, f(ba2)},
whence g,{ai, f(az)} C A. But the last contradicts the inclusion (10). Thus,
(ggANgy,A)\ A =g, and since A C g, AN g, A, the last equality is true iff
A=g ANg,A. O
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